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Lecture 11 - More on estimators.

In the previous lecture we saw two criteria of ‘goodness’ of an estimator: being consistent and being
(asymptotically) unbiased. Let us complete this discussion by introducing a third useful criterion, and
this time it is a quantitative one. Let us from now on assume that we work in a parametric model
(Q,F,Py:0 € 0).

Definition 1 (Mean square error (MSE)) The mean square error (MSE) of an estimator T of
g(0) is the function © — R defined as

MSE)(T) = Ey((T — g(9))?).
There is a useful alternative expression.

Lemma 1
MSEy(T) = Varyg(T) + biasy(T)>.

In particular, if 7' is unbiased, we have M SEy(T) = Vary(T).

Proof
MSEy(T) =Ey((T — g(19)*) = Varyg(T — g(9)) + (Ey(T — g(1)))* = Vary(T) + biasy(T)*,

where in the last step we used that, once ¥ has been fixed, g(¥) is just a constant, and so does not
affect the variance. O

The goal, of course, is to try to minimize the mean square error. This provides us with a good criterion
for comparing different estimators.

Example 1 Let us deal again with an unknown coin X ~ Bern(p). That is, © = [0,1], p = 9, and
Py = Bern(p). Note that we have p = E(X), and therefore a natural candidate for an estimator of
p =10 is the aforementioned empirical mean X,, = %(Xl + -4+ X,,). Since it is unbiased, we have

Vary(X) _ p(1—p)

MSE,(X,) = Var,(X,,) = . -

Now, let us consider a different estimator, namely

S Xi)+1  nX,+1
n+2  on+2

T, =To(X1,...,Xpn) = (



Note that Ty, > X,, if and only if X,, < 1/2, so, qualitatively speaking, “T;, pushes the estimate closer
to the middle of © = [0,1]”. Now, let us compute the mean square error of T,,. We have

nX, +1 n? - np(l —p)
Vary,(T,) =V = Var,(X,) = ————-
arp(Tn) arp< nto > (n+2)2 arp(Xn) (nt2)72°
and, by linearity of expectation,
. nX, + 1 np+1 1-2p
biasp(Tn) = Ep(Tn —p) = Ep(Tn) —p =K, <nT—L1-2) P TP T

So, we obtain
1—p)+(1-2p)
(n+2)? ’

Comparing the just computed values (and skipping a routine algebraic calculation) it turns out that
MSE,(T,) < MSE,(X,,) for any n if |p—1/2| < 0.35. So, if we suspect the true value of p to be
close to 1/2, it might be advised to to use T), instead of X, even though the former is not unbiased.

Ultimately though, all criteria are subjective and should be applied according to the situation and our

MSE,(T,) = Vary(Ty) + bi(wp(Tn)2 — np(

preferences.

Now that we have formulated some properties and parameters of estimators, it is natural to ask how
to actually design a good estimator of ¥ in a parametric model. We present two approaches.

Definition 2 (Method of moments (MoM) estimator) In a parametric model with k parame-
ters' (typically k =1 or k = 2) and a sample of size n, the Method of moments is the rule to choose
the estimator ¥ of ¥ satisfying for all j =1,...,k the equations

. 1<
E;(X7) = EZX?.
=1

Example 2 (MoM estimator in the Bernoulli model) Let k =1, © = [0,1], and for 9 = p, let
Py = Bern(p). Note that p is also the expectation. Then the MoM estimator for p is obtained by
setting

n
P=FEp(X) == X;=X,.
=1

In other words, for £ = 1 we infer 9 from the (hypothetical) assumption that the sample mean is the
true mean. Note that, although X, is an unbiased estimator of x, the resulting estimator for ¥ could
be biased.?

Example 3 (MoM estimator in the Gaussian model) Let k = 2, © = R x R" and for 9 =
(1, v), let Py = N'(u,v). Note that for X ~ N (i,v) we have E(X) = p and E(X?) = v + pu?. So, we
use the ansatz

1 n
Xo=p and = X7 =0+ ji’
=1

n

!Meaning © is k-dimensional, e.g. © =R x R" and k = 2
2That said, under very mild additional assumptions the MoM estimators are consistent.



From this we obtain

1 2 w2
V= — X - X
n (A n’
=1
which can be re-written as® .
p=> (X; - X,)? =52
=1

To summarize, the MoM estimator in the Gaussian model is (i1, 0) = (X, S2).
The second method of designing an estimator plays a fundamental role in Statistics.

Definition 3 (Likelihood function) In a parametric statistical model the likelihood-function L :
R™ x © — R is the joint pmf/pdf of X1,..., Xy, assuming X ~ Py. That is, with x = (z1,...,Ty),
when X s discrete we have

n n
L(z,9) = [[ pxo(x:) = [[Po(Xi = x2),
i=1 i=1
and when X is continuous we have

Lz, 0) = [ ] fxo(x).
i=1

Definition 4 (Maximum likelihood estimator (MLE)) The Maximum likelihood estimator (MLE)
for ¥ is given by

~

In other words, based on our sample, we choose 9 that gives our sample the highest likelihood among
all possible choices of .

Example 4 (MLE in the Bernoulli model) Consider the Bernoulli model from Ezample 2. For
a vector x € {0,1} We have

L(LB,p) = pé(]- _p)n_é)
where ( is the number of 1-coordinates of x. So, with a fized parameter £ = Y ;" | X;, we need to
mazimize the function p*(1 — p)"~¢ with respect to p. A helpful idea in this situation is to take the
logarithm®. Since log is a strictly monotone increasing function, the maxima of log L(x,19) is attained
at exactly the same values of the argument ¥ as the maxima of L(x,9). So, applying the logarithm
and differentiating,® gives
d(logL) d ¢ n—V¢

= 2 (Plogp+ (n — O log(l —p)) = = — :
b p( gp+ ( )1log(1 —p)) PR

which is 0 when p = {/n. This is indeed the mazimum. Thus, here the MLE again coincides with X,,.

3Exercise.
4Throughout these notes log always refers to the natural logarithm.
SExercise: deal with the boundary cases



The function log L is referred to as the log-likelihood function and denoted £, (1)

Example 5 (MLE in the Gaussian model) Consider the Gaussian model from Ezample 3, but
parametrize it with N'(u,0?) instead of N'(u,v) (this is purely for computational convenience, the
result will not be affected). We have

1 G
L<x7M70)_W1_116 202,
1=

Which (u, o) mazimizes this for a fixred x¢ Taking the logarithm again gives

n

N2
Cy(p,0) __;Z<ng N) —nlogo — nlog V2. (1)
i=1

Differentiating with respect to ju:

o1 - Ti— [ 1y 1 " ‘
8u__2,22( > ><—U>—02 2 (zi —p),

which is 0 when

thus the MLE for u is our ‘old friend’ X,,. Now, differentiating (1) with respect to o, we obtain

o _ I~ o @wi—pw? 1
%_—2;(—2)03_0—03 Z(ml /'L) no ’

i=1

which is 0 when

so we again obtain

n

&= lZ(X,-—Xn)2: S2.

n <
=1

So, in both the Bernoulli and the Gaussian model, we got the same estimators using MoM and MLE.
They also coincided with the generic estimators for the mean and the variance X,, and S2. We
emphasize though, that this is rather a coincidence, and perhaps a testimony to the ‘quality’ of both
methods. In general, however, they may produce different estimators.



