
Applications of linearity of expected value: Tournaments

Tournament = directed complete graph

Every tournament has a directed
Hamiltonian path

There is a tournament with exactly one.
Are there tournaments with many directed Hamiltonian paths?

Theorem (Szele)

For every positive integer n, there is a tournament on n vertices
with at least n!

2n−1 directed Hamiltonian paths.
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Proof of Szele’s theorem

Theorem (Szele)

For every positive integer n, there is a tournament on n vertices
with at least n!

2n−1 directed Hamiltonian paths.

Proof.

Take a random tournament with vertices {1, . . . , n} and direct
each edge randomly with prob. 1/2 for each direction,
independently of other edges.

Take σ ∈ Sn. Let Xσ be the indicator of the event that
σ(1), σ(2), . . . , σ(n) is a directed Hamiltonian path.

E [Xσ] =?

σ(1) σ(2) σ(3) σ(n)

X . . . number of directed Hamiltonian paths

E [X ] =
∑

σ E [Xσ] = n!
2n−1 .
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Applications of linearity of expected value: MAXSAT

k-SAT instance: CNF formula Φ, each clause has k distinct
literals.

Target: Find an assignment with the maximal possible
number of clauses satisfied.

It is always possible to satisfy 2k−1
2k

m clauses, where m is the
number of clauses of Φ.

Take random assignment.

P[ci is satisfied] ≥ 2k−1
2k

.

E [no. of satisfied clauses] ≥ 2k−1
2k

m.
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Applications of linearity of expected value: MAXCUT

Given a graph G : Find a cut with a maximal possible number
of edges.

A B

Every graph G has a cut of size m
2 where m := |E (G )|.

Split randomly V (G ) into the disjoint union A t B: Each
v ∈ V (G ) appears with prob. 1/2 in A and with 1/2 in B
(independently of other vertices).

For e ∈ E (G ): P[e is an edge of the cut] =?.

E [no. of edges in the cut] = m
2 .
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Derandomization: How to find a cut?

Target: In the setting as above, find a cut of size m
2 .

Build A and B gradually.

First put one vertex a into A and one vertex b to B so that ab
is an edge. (Nothing to do if there is no edge.)

For a not yet assigned vertex v ∈ V , add
it to the side so that at least half of the
edges from v to already decided vertices
remain in the cut.

A B

v → B

In each step at least half of the considered edges enters the
cut.
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Derandomization for MAXSAT

Derandomization is also possible for MAXSAT but is slighlty
more complicated. (We only sketch it.)

Gradually assign the variables x1, . . . , xn TRUE or FALSE.

Assume that we already know the assignment for x1, . . . , xi .

Assign xi+1 according to which of the values
E [no. of satisfied clauses|xi = TRUE] or
E [no. of satisfied clauses|xi = FALSE] is higher.

Can be maintained above 2k−1
2k

m based on

E [IA] = 1
2(E [IA|B ] + E [IA|Bc ]) if P[B] = P[Bc ] = 1

2 .
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Applications of linearity of exp. value: Balancing vectors

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proposition cannot be improved.

v1

v2
v3
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Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.

E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.



Balancing vectors—proof

Proposition

Let v1, . . . , vn be unit vectors in Rn.

1. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≥

√
n.

2. Then there are signs εi ∈ {1,−1} for i ∈ [n] such that
‖
∑
εivi‖ ≤

√
n.

Proof.

Pick εi ∈ {−1, 1} randomly with prob. 1
2 .

Set X = ‖
∑
εivi‖2. Let us compute E [X ].

E [X ] = E [‖
∑
εivi‖2] = E [〈

∑
εivi ,

∑
εivi 〉] =

= E [
∑

i ,j εiεj〈vi , vj〉] =
∑

i ,j E [εiεj ]〈vi , vj〉.
E [εiεi ] = 1; E [εiεj ] = E [εi ]E [εj ] = 0 · 0 = 0 (for i 6= j).

Hence E [X ] =
∑

i 〈vi , vi 〉 =
∑

i ‖vi‖2 = n.

Therefore, there is a choice of εi as needed.
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Alterations: motivation

Our previous approach so far: Build randomly our object and
compute that it has a desired property with positive
probability.

May be sometimes difficult (almost impossible).

Find, using a probabilistic method, an object with ‘almost’
desired property and modify it to an object with the desired
property.
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Weak Turán theorem

Proposition (Weak Turán theorem)

Let G = (V ,E ) be an arbitrary graph with n vertices and m edges,
then α(G ) ≥ n

2d where α(G ) is the size of the largest independent
set in G and d := 2m

n is the average degree of G.

Proof.

Let S be a random subset of V , each vertex belongs to S with
probability p (which will be determined later).

Let X be the number of vertices of S . E [X ] = pn.

Let Y be the number of edges of G [S ]. E [Y ] = p2m.

E [X − Y ] = p(n − pm) = pn(1− p d
2 ).

We want to maximize this expression—we set p = 1
d .

E [X − Y ] = n
2d . Take S with X − Y ≥ n

2d .

Obtain S ′ ⊆ S by removing a vertex from each edge of G [S ].
Then S ′ is independent and |S ′| ≥ n

2d .
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Relation to the Turán theorem

Turán’s theorem: G without Kr+1 ⇒ m ≤ (1− 1
r )n

2

2 where
n := |V (G )| and m := |E (G )|.

Claim

Turán’s theorem is equivalent to α(G ) ≥ n
d+1 .

Proof.

Turán’s theorem for complements: G without Ir+1 ⇒(n
2

)
−m ≤ (1− 1

r )n
2

2 .

G without Ir+1 ⇔ α(G ) ≤ r(n
2

)
−m ≤ (1− 1

r )n
2

2 ⇔ m ≥ 1
r
n2

2 −
n
2 = n

2 (nr − 1) ⇔
⇔ 2m

n ≥
n
r − 1, ⇔ d ≥ n

r − 1 ⇔ r ≥ n
d+1 .

Thus, Turán’s theorem is equivalent to: α(G ) ≤ r ⇒ r ≥ n
d+1 .

This is same as α(G ) ≥ n
d+1 .
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