
3. cvičeńı z MA — 27.10.2008

Suprema a infima

Napřed si zopakujte definici suprema a infima, rozd́ıl oproti maximu a minimu, uved’te jednoduchý př́ıklad
množiny, která má supremum, ale nemá maximum. Naleznete množinu, která nemá supremum?
Najděte suprema a infima následuj́ıćıch množin (pokud existuj́ı). Existuj́ı maxima a minima? (Dohodněme
se, že N znač́ı množinu {1, 2, 3, . . . }, zat́ımco N0 = N ∪ {0}.)
1. (a) A1 = {(n − 1)/n; n ∈ N}, (b) A2 = {p/(p + q); p ∈ N, q ∈ N},
2. (a) B1 = {sin x; x ∈ 〈0, 2π〉}, (b) B2 = {sin x; x ∈ (0, 2π)}, (c) B3 = {sin x; x ∈ (0, π)},
3. (a) C1 = {n2 − m2; n ∈ N, m ∈ N}, (b) C2 = {n2 − m2; n ∈ N, m ∈ N, n > m},
(c) C3 = {n2 − m2; n ∈ N, m ∈ N, n ≤ m},
4. (a) D1 = {2−n + 3−n; n ∈ N}, (b) D2 = {2−n + 3−n; n ∈ Z},

5. E = {5(−1)j3k

; j ∈ Z, k ∈ Z}.
6. (a) F1 = {cos(n + 1/n)π; n ∈ N}, (b) F2 = {cos(n + 1/n)π; n ∈ N sudé},
(c) F3 = {cos(n + 1/n)π; n ∈ N liché}.

Limity posloupnost́ı

Co ř́ıká definice limity? Spočtěte př́ımo podle definice limitu posloupnost́ı ( 1
1+n2 )∞

n=1 a (n+1
n+2 )∞

n=1. Spočtěte
následuj́ıćı limity (nebo dokažte, že neexistuj́ı). Budou se vám k tomu hodit (mimo snad prvńı př́ıklad)
věty o aritmetice limit.

7. (a) lim
n→∞

(−1)n, (b) lim
n→∞

cos(−1)n, (c) lim
n→∞

(−1)n!, (d) lim
n→∞

pn.

8. (a) lim
n→∞

n + 1

n + 2
, (b) lim

n→∞

2n2 + n − 3

n3 − 1
, (c) lim

n→∞

2n3 + 6n

n3 − 7n + 7
, (d) lim

n→∞

2n5 + 3n − 2

n5 − 3n3 + 1
.

9. (a) lim
n→∞

(√
n + 1 −

√
n
)

, (b) lim
n→∞

(

3
√

n + 11 − 3
√

n
)

, (c) lim
n→∞

√
n(
√

n + 1 −
√

n).

10. (a) lim
n→∞

1 + 2 + · · · + n

n2
, (b) lim

n→∞

(

1 + 2 + · · · + n

n + 2
− n

2

)

, (c) lim
n→∞

12 + 22 + · · · + n2

n3
.

Maličko přitvrd́ıme . . . Budeme použ́ıvat též větu o policajtech.

11. (a) lim
n→∞

n
√

a, (a ≥ 0), (b) lim
n→∞

n
√

n.

12. (a) lim
n→∞

na + na−1 + · · · + n + 1

nb + nb−1 + · · · + n + 1
(a, b ∈ N parametry) (b) lim

n→∞

an + an−1 + · · · + a + 1

bn + bn−1 + · · · + b + 1
(a, b ∈ R

parametry, |a|, |b| < 1)

13. lim
n→∞

b√nc√
n

,

14. (a) lim
n→∞

nqn (q > 0 je parametr), (b) lim
n→∞

qn

n!
, (c) lim

n→∞

n!

nn
, (d) lim

n→∞

n!

n3
, (e) lim

n→∞

n
√

n!,

(f) lim
n→∞

n
√

An + Bn + Cn (kde A,B,C > 0), (g) lim
n→∞

3n + n5

n6 + n!
.

15. (a) lim
n→∞

n
∑

k=1

1

k(k + 1)
, (b) lim

n→∞

n
∑

k=1

bkxc

n2
(parametr x ∈ R), (c) lim

n→∞

n
∑

k=1

1√
n2 + k

.


