
Řešeńı cvičeńı 7: Limity funkćı

1 Limity funkćı (snadné)

(a) limx→0
cos(x)+1
cos(x)−1 = −∞.

(b) limx→0
x2−1

2x2−x−1 = 1.

(c) limx→1
x2−1

2x2−x−1 = limx→1
(x−1)(x+1)
(x−1)(2x+1) = 2

3 .

(d) limx→1
x3−3x+2
x4−4x+3 = limx→1

(x+2)(x−1)2
(x2+2x+3)(x−1)2 = 3

6 = 1
2 ,

(e) Tato limita neexistuje, protože limx→1−bxc − x = 1 a limx→1+bxc − x = 0.

(f)

lim
x→0

(1 +mx)n − (1 + nx)m

x2
= lim
x→0

∑n
i=0

(
n
i

)
(mx)i −

∑m
i=0

(
m
i

)
(nx)i

x2
=

lim
x→0

1 +mnx+
(
n
2

)
(mx)2 − (1 +mnx+

(
m
2

)
(nx)2) + o(x3)

x2
=

lim
x→0

n(n+ 1)(mx)2 −m(m+ 1)(nx)2 + o(x3)

2x2
=

lim
x→0

nm2x2 −mn2x2 + o(x3)

2x2
=
nm(n−m)

2
.

(g) limx→0 e
3
√

1−x2−1

5x2 = limx→0 e

1−x2−1

5x2((1−x2)
2
3 +

3
√

1−x2+1) = e
limx→0

−1

5((1−x2)
2
3 +

3
√

1−x2+1) = e−
1
15 .

2 Limity funkćı (obt́ıžněǰśı)

(a) limx→0
1−cos(x)

x2 = limx→0
1−cos2(x)

x2(1+cos(x)) = limx→0
sin2(x)
x2

1
1+cos(x) = 1

2 .

(b) Limita neexistuje, protože máme Heineho větu, která pro posloupnosti an = 1
πn a an = 1

π(2n+1) dává

odlǐsné výsledky.

(c) Použijeme sč́ıtaćı vzorec pro tan

lim
x→a

tan(x)− tan(a)

x− a
= lim
x→a

tan(x− a)(1 + tan(a) tan(x))

x− a
= lim
x→a

sin(x− a)(1 + tan(a) tan(x))

(x− a) cos(x− a)
=

lim
x→a

sin(x− a)

x− a
(1 + tan(a) tan(x))

cos(x− a)

x−a=h
= lim

h→0

sin(h)

h︸ ︷︷ ︸
→1

(1 + tan(a) tan(a+ h))

cos(h)
= 1 + tan2(x).

(d) limx→0+(1 + x)
1
x = limx→0+ e

ln(1+x)
x = e.

1



(e) limx→π
sin(mx)
sin(nx) = limx→0

− sin(mx)
− sin(nx) = limx→0

sin(mx)
mnx

mnx
sin(nx) = m

n .

(f) limx→1(1− x) logx(2) = limx→1− x−1
log2(x)

y=x−1
= limy→0− y

log2(1+y)
= limy→0− ln(2) y

ln(1+y) = − ln(2).

(g)

lim
x→0

(
1 + x2x

1 + x3x

) 1
x2

= lim
x→0

e
1
x2 ln( 1+x2x

1+x3x ) = lim
x→0

e
1
x2 ln

(
1+

x(2x−3x)
1+x3x

)
=

e
limx→0

x(2x−3x)
1+x3x

x2

ln

(
1+

x(2x−3x)
1+x3x

)
x(2x−3x)

1+x3x = e
limx→0

2x−3x

x(1+x3x)

ln

(
1+

x(2x−3x)
1+x3x

)
x(2x−3x)

1+x3x ,

kde je problém pouze v limitě

lim
x→0

2x − 3x

x
= lim
x→0

2x
1−

(
3
2

)x
x

= lim
x→0

2x
1− ex ln( 3

2 )

x
= lim
x→0

2x ln

(
3

2

)
1− ex ln( 3

2 )

x ln
(
3
2

) = ln

(
3

2

)
,

tedy

lim
x→0

(
1 + x2x

1 + x3x

) 1
x2

= eln( 3
2 ) =

3

2
.

(h)

lim
x→0

ln(a+ x) + 2 ln(a− x)− 2 ln(a)

x2
= lim
x→0

ln
(

(a+x)(a−x)2
a2

)
x2

= lim
x→0

ln
(

1 + (a+x)(a−x)2−a2
a2

)
x2

=

lim
x→0

ln
(

1 + (a+x)(a−x)2−a2
a2

)
(a+x)(a−x)2−a2

a2

(a+x)(a−x)2−a2
a2

x2
=

lim
x→0

ln

(
1 + (a+x)(a−x)2−a2

(a+x)(a−x)2−a2

a2

)
x2

a3 + a2x− 2a2x− 2ax2 + ax2 + x3 − a2

a2x2
=

lim
x→0

ln
(

1 + (a+x)(a−x)2−a2
a2

)
(a+x)(a−x)2−a2

a2︸ ︷︷ ︸
→1

a3 − a2x− ax2 + x3 − a2

a2x2
=

{
−∞ a ∈ (0, 1]

∞ a > 1
.

(i)

lim
x→0

ln(cos(ax))

ln(cos(bx))
= lim
x→0

ln(cos2(ax))

ln(cos2(bx))
= lim
x→0

ln(1− sin2(ax))

ln(1− sin2(bx))
=

lim
x→0

ln(1− sin2(ax))

− sin2(ax)

− sin2(bx)

ln(1− sin2(bx))

− sin2(ax)

− sin2(bx)
=

lim
x→0

ln(1− sin2(ax))

− sin2(ax)︸ ︷︷ ︸
→1

− sin2(bx)

ln(1− sin2(bx))︸ ︷︷ ︸
→1

sin2(ax)

(ax)2︸ ︷︷ ︸
→1

(bx)2

sin2(bx)︸ ︷︷ ︸
→1

(ax)2

(bx)2
=
a2

b2
.

(j)

lim
x→0

ln(tan(π4 + ax))

sin(bx)
= lim
x→0

ln(1 + (tan(π4 + ax)− 1))

tan(π4 + ax)− 1︸ ︷︷ ︸
→1

bx

sin(bx)︸ ︷︷ ︸
→1

tan(π4 + ax)− 1

bx
= lim
x→0

tan(π4 + ax)− 1

bx
,
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kde použijeme sč́ıtaćı vzorec tan(A+B) = tan(A)+tan(B)
1−tan(A) tan(B) a dostáváme

lim
x→0

tan(π4 + ax)− 1

bx
= lim
x→0

tan(ax)+1
1−tan(ax) − 1

bx
= lim
x→0

2 tan(ax)

bx(1− tan(ax))
=

lim
x→0

2 sin(ax)

bx cos(ax)(1− tan(ax))

sin(x)
x →0
= lim

x→0

2a

b cos(ax)(1− tan(ax))
=

2a

b
.

(k)

lim
x→0+

(cos(
√
x))

1
x = lim

x→0+
e

ln(cos(
√

x))
x = lim

x→0+
e

ln(1−sin2(
√

x))
2x = lim

x→0+
e

ln(1−sin2(
√

x))

− sin2(
√

x)

− sin2(
√

x)
2x =

lim
x→0+

e

− 1
2

ln(1− sin2(
√
x))

− sin2(
√
x)︸ ︷︷ ︸

→1


sin(
√
x)√
x︸ ︷︷ ︸
→1


2

= e−
1
2 .

(l) limx→1
sin(πxa)
πxb = 0.

3 Derivace

Spočtěte

F [f(x)] = lim
h→0

f(x+ h)− f(x)

h
pro

(a)

lim
h→0

(x+ h)α − xα

h
= lim
h→0

xα
(
1 + h

x

)α − 1

h
=

lim
h→0

xα
eα ln(1+h

x ) − 1

α ln
(
1 + h

x

) α ln
(
1 + h

x

)
h

= lim
h→0

xα−1
α ln

(
1 + h

x

)
h
x

= αxα−1.

(b)

lim
h→0

sin(x+ h)− sin(x)

h
= lim
h→0

sin(x) cos(h) + cos(x) sin(h)− sin(x)

h
=

lim
h→0

h
sin(x)(cos(h)− 1)

h2︸ ︷︷ ︸
→ sin(x)

2

+
cos(x) sin(h)

h
= 0 + cos(x).

(c)

lim
h→0

cos(x+ h)− cos(x)

h
= lim
h→0

cos(x) cos(h)− sin(x) sin(h)− cos(x)

h
=

lim
h→0

h cos(x)
cos(h)− 1

h2︸ ︷︷ ︸
→− 1

2

− sin(x) sin(h)

h
= 0− sin(x).
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(d)

lim
h→0

ex+h − ex

h
= lim
h→0

ex
eh − 1

h
= ex.

(e)

lim
h→0

ln(x+ h)− ln(x)

h
= lim
h→0

ln
(
x+h
x

)
h

= lim
h→0

ln
(
1 + h

x

)
h
x

1

x
=

1

x
.

(f)

lim
h→0

arctan(x+ h)− arctan(x)

h
= lim
h→0

arctan(x+ h)− arctan(x)

x+ h− x
,

kde zavedeme nové proměnné x+ h = tan(u) a x = tan(v), což dává

lim
u→v

u− v
tan(u)− tan(v)

=
1

1 + tan2(v)
=

1

1 + x2
.

což v́ıme z př́ıkladu 2(c).
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