
Cvičeńı 12: Určité integrály

1 Snadné integrály

(a) ∫ 5

0

x3 + 2x2 +
x

3
dx =

∫ 5

0

x3 dx+

∫ 5

0

2x2 dx+

∫ 5

0

x

3
dx =

[
x4

4
+

2x3

3
+
x2

6

]5
0

=
54

4
+

2 · 53

3
+

52

6
− 0.

(b) ∫ 2

0

x

(1 + 2x2)2
dx =

{
2x2 = y

4xdx = dy

}
=

1

4

∫ 4

0

1

(1 + y)2
dy =

1

4

[
− 1

1 + y

]4
0

= −1

4

[
1

1 + 4
− 1

]
=

1

5
.

(c)

∫ 1

4

√
xe1−

√
x3

dx = −
∫ 4

1

√
xe1−

√
x3

dx =

{
x

3
2 = y

3
2

√
xdx = dy

}
= −2

3

∫ 4
3
2

1

e1−y dy =

− 2

3

[
−e1−y

]4 3
2

1
= −2

3

[
1− e1−4

3
2

]
.

(d) ∫ ∞
0

3

5 + 2x
dx =

3

5

∫ ∞
0

1

1 + 2x
5

dx =

{
2x
5 = y

2
5dx = dy

}
=

3

2

∫ ∞
0

1

1 + y
dy =

3

2
[ln(1 + y)]

∞
0 =∞.

2 Složitěǰśı integrály

(a) ∫ ln(2)

0

√
ex − 1 dx =

∫ ln(2)

0

ex

ex
√
ex − 1 dx =

{
ex = y

exdx = dy

}
=

∫ 2

1

√
y − 1

y
dy =∫ 2

1

√
y − 1

2

√
y − 1

2
+ 1

1√
y − 1

dy

∫ 4π

0

1

1 + sin2(x)
dx = 2

∫ 1

0

z2

z2 + 1
dz =

2

∫ 1

0

1− 1

z2 + 1
dz = 2 [z − arctan(z)]

1
0 = 2(1− arctan(1)).

(b) ∫ 1

0

x ln(x) dx
pp.
=

[
x2

2
ln(x)

]1
0

−
∫ 1

0

x2

2

1

x
dx =

[
x2

2
ln(x)

]1
0

−
∫ 1

0

x

2
dx =

[
x2

2
ln(x)− x2

4

]1
0

= −1

4
,

kde jsme použili

lim
x→0+

x2

2
ln(x) =

1

2
lim
x→0+

ln(x)
1
x2

l′H
=

1

2
lim
x→0+

1
x

− 2
x3

= −1

2
lim
x→0+

x2

2
= 0.
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(c)

I =

∫ ∞
0

e−ax cos(bx) dx
pp.
= −

[
e−ax

a
cos(bx)

]∞
0

+

∫ ∞
0

e−ax

a
b sin(bx) dx =

1

a
+
b

a

∫ ∞
0

e−ax sin(bx) dx
pp.
=

1

a
− b

a

[
e−ax

a
sin(bx)

]∞
0

− b2

a2

∫ ∞
0

e−ax

a
cos(bx) dx =

1

a
− b

a2
− b2

a2
I,

tedy

I =
1
a −

b
a2

1 + b2

a2

=
a−b
a2

a2−b2
a2

=
1

a+ b
.

(d) ∫ ∞
0

x3e−
x2

2 dx =

{
x2

2 = y
xdx = dy

}
= 2

∫ ∞
0

ye−y dy
pp.
= 2

[
−ye−y

]∞
0

+2

∫ ∞
0

e−y dy = 2
[
−ye−y − e−y

]∞
0

= 2.

3 Oblasti mezi křivkami

(a) f1(x) = |x| − 1,
f2(x) = 1− x2

S =

∫ 1

−1

∣∣|x| − 1− (1− x2)
∣∣ dx =

∫ 1

−1
1− x2 − |x|+ 1 dx =

∫ 0

−1
2− x2 + x dx+

∫ 1

0

2− x2 − x dx =[
2x− x3

3
+
x2

2

]0
−1

+

[
2x− x3

3
− x2

2

]1
0

= 2− 1

3
− 1

2
+ 2− 1

3
− 1

2
= 3− 2

3
.

(b) f1(x) = x+ 1,
f2(x) = −x+ 1,
f3(x) = x− 1,
f4(x) = −x− 1,
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S =

∫ 0

−1
|(x+ 1)− (−x− 1)| dx+

∫ 1

0

|(−x+ 1)− (x− 1)| dx =

∫ 0

−1
|2 + 2x| dx+

∫ 1

0

|2− 2x| dx =∫ 0

−1
2 + 2x dx+

∫ 1

0

2− 2x dx = [2x+ x2]0−1 + [2x− x2]10 = 2.

(c) f1(x) = (x−1)2
6 − 1,

f2(x) = x2

10 + 2, Pr̊useč́ıky spočteme pomoćı

(x− 1)2

6
− 1 =

x2

10
+ 2

Wolfram⇒ x =
5

2
±
√

195

2
.
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Pak (označme x± := 5
2 ±

√
195
2 )

S =

∫ x+

x−

∣∣∣∣( (x− 1)2

6
− 1

)
−
(
x2

10
+ 2

)∣∣∣∣ dx =

∫ x+

x−

x2

10
+ 2− (x− 1)2

6
+ 1 dx =∫ x+

x−

(
1

10
− 1

6

)
x2 +

x

3
+ 3− 1

6
dx =

[(
1

10
− 1

6

)
x3

3
+
x

6
+

(
+3− 1

6

)
x

]x+

x−

Wolfram
=

13

2

√
65

3
≈ 30.26.

(d) f1(x) =
√

1− x2,
f2(x) = −

√
1− x2,

S =

∫ 1

−1
|
√

1− x2 − (−
√

1− x2)| dx = 2

∫ 1

−1

√
1− x2 dx =

{
x = sin(y)

dx = cos(y)dy

}
=

2

∫ π
2

3π
2

√
1− sin2(x) cos(x) dx = 2

∫ π
2

3π
2

| cos(x)| cos(x) dx = −2

∫ π
2

3π
2

cos2(x) dx,

kde

I =

∫
cos2(x) dx

pp.
= cos(x) sin(x)+

∫
sin2(x) dx = cos(x) sin(x)+

∫
1−cos2(x) dx = cos(x) sin(x)+x−I+c,

tedy
∫

cos2(x) dx = 1
2 (cos(x) sin(x) + x) + c a

S = −2

∫ π
2

3π
2

cos2(x) dx = −2
1

2
[cos(x) sin(x) + x]

π
2
3π
2

= −
(

0 +
π

2
− 0− 3π

2

)
= π.
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