
Cvičeńı 11: Integrál

1 Základńı integrály

f ′(x) f(x)

5 5x + c

xα xα+1

α+1 + c

ex ex + c

sin(x) − cos(x) + c

cos(x) sin(x) + c

1
cos2(x) tan(x) + c

1
1+x2 arctan(x) + c

2 Snadné integrály

(a)
∫
x3 + 2x2 + x

3 dx
linearita

=
∫
x3 dx + 2

∫
x2 dx + 1

3

∫
x dx = x4

4 + 2
3x

3 + x2

2·3 + c.

(b)
∫

5ex + 5e5x + 5
x − 5 cos(5x) dx = 5ex + e5x + 5 ln(x)− sin(5x) + c,

kde jsme použili Větu o substituci na integrály typu
∫
e5xdx

5x=y
= 1

5

∫
eydy = ey

5 + c = e5x

5 + c.

(c) Pro x > 0 máme
∫
|x| dx =

∫
x dx = x2

2 + c1. Pro x < 0 máme
∫
|x| dx =

∫
−x dx = −x

2

2 + c2. Pokud

nyńı chceme celkový integrál, muśıme ho správně “seš́ıt” v bodě x = 0. To vyžaduje limx→0− −x
2

2 +c2 =

limx→0+
x2

2 + c1, neboli c1 = c2. Výsledek tak jde přehledně zapsat jako
∫
|x| dx = sign(x)x

2

2 + c.

(d)
∫ (1−x)2

x
√
x

dx =
∫

1−2x+x2

x
√
x

dx =
∫

1
x
√
x
− 2√

x
+
√
x dx = − 2√

x
+ 4
√
x + 2

3x
3
2 + c,

(e) Buď můžeme výsledek uhádnout, nebo použijeme substituci
∫ √

1− x dx
1−x=y

= −
∫ √

y dy = − 2
3y

3
2 +

c = − 2
3 (1− x)

3
2 + c.

(f)
∫ √

x6 dx =
∫
|x3| dx. Odtud dál je postup zcela stejný jako v (c).
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3 Per partes

Per partes se většinou použ́ıvá v upravené podobě∫
f(x)G(x) dx = F (x)G(x)−

∫
F (x)g(x) dx,

neboli chceme řešit integrál, kde jednu z funkćı umı́me zintegrovat a druhé se chceme derivaćı “zbavit”

(a) V tomto př́ıpadě se nám neĺıb́ı integrálu x. Proto zvoĺıme G(x) = x, f(x) = sin(x). To dává∫
x sin(x) dx

pp.
= x(− cos(x))−

∫
− cos(x)dx = −x cos(x) + sin(x) + c.

Včimněme si, že bychom to uměli udělat, i kdybychom zvolili f, g obráceně. Tato varianta vede na∫
x sin(x) dx

pp.
=

x2

2
sin(x)−

∫
x2

2
cos(x)dx,

což nám ale v̊ubec nepomůže. . .

(b) Zde na prvńı pohled ani nemáme dvě funkce, ale trik je v tom vźıt f(x) = 1 a G(x) = ln(x). Potom∫
ln(x) dx

pp.
= x ln(x)−

∫
x

1

x
dx = x ln(x)− x + c.

4 Substituce

(a)
∫

e2x

1+e2x dx =

{
e2x = y

2e2xdx = dy

}
=
∫

1
2

1
1+y dy = 1

2 ln(1 + y) = ln(1+e2x)
2 ,

(b)
∫
xe−x

2

dx =

{
−x2 = y
−2xdx = dy

}
= − 1

2

∫
ey dy = − e

−x2

2 .

5 Parciálńı zlomky

Metoda parciálńıch zlomk̊u použ́ıvá následuj́ıćı rozklad

1

(xl1 − a1)k1 . . . (xlm − am)km
=

Axl1−1 + · · ·+ 1

(xl1 − a1)k1
+

Bxl1−1 + · · ·+ 1

(x− a1)k1−1
+ · · ·+ Cxlm−1 + · · ·+ 1

(xlm − am)2
+

Dxlm−1 + · · ·+ 1

xlm − am
,

což vypadá dost hr̊uzostrašně - zkusme to na př́ıkladě

(a) Zde můžeme integrand taky napsat jako 1
(1−x)(1+x) , na což aplikujeme náš vzorec. Chceme tedy naj́ıt

konstanty A,B takové, že

1

(1− x)(1 + x)
=

A

1− x
+

B

1 + x
=

A(1 + x) + B(1− x)

(1− x)(1 + x)
.

Protože rovnost muśı platit pro členy s x0 i x1, máme odtud soustavu rovnic

1 = A + B

0 = A−B

což řeš́ı A = B = 1
2 . Odtud tedy∫

1

1− x2
dx =

1

2

∫
1

1− x
+

1

1 + x
dx =

1

2
(ln(1 + x)− ln(1− x)) + c.

2



(b) Obdobným postupem najdeme kořeny a rozklad

1

x2 + 3x + 2
=

1

(x + 1)(x + 2)
=

A

x + 1
+

B

x + 2
=

A(x + 2) + B(x + 1)

(x + 1)(x + 2)
.

To plat́ı pro A = −B a 1 = 2A + B, tedy A = 1, B = −1. Integrál jde tedy přepsat na∫
2x

x2 + 3x + 2
dx =

∫
2x

x + 1
− 2x

x + 2
dx = 2

∫
x + 1− 1

x + 1
− x + 2− 2

x + 2
dx =

2

∫
1− 1

x + 1
−
(

1− 2

x + 2

)
dx = 2

∫
− 1

x + 1
+

2

x + 2
dx = 2 (2 ln(x + 2)− ln(x + 1)) + c.

6 Obt́ıžněǰśı integrály

(a) ∫
x2 ln(x) dx

pp.
=

x3

3
ln(x)−

∫
x3

3

1

x
dx =

x3

3
ln(x)− x3

32
+ c.

(b)

I =:

∫
ex sin(x) dx

pp.
= ex sin(x)−

∫
ex cos(x) dx

pp.
= ex sin(x)− ex cos(x)−

∫
ex sin(x) dx =

ex sin(x)− ex cos(x)− I,

Neboli přeuspořádáńım

I =
1

2
(ex sin(x)− ex cos(x)) + c.

(c) ∫
arctan(x) dx

pp.
= x arctan(x)−

∫
x

1 + x2
dx =

{
x2 = y

2xdx = dy

}
=

x arctan(x)− 1

2

∫
1

1 + y
dy = x arctan(x)− 1

2
ln(1 + x2) + c.

(d) ∫
cot(x) dx =

∫
cos(x)

sin(x)
dx =

{
sin(x) = y

cos(x)dx = dy

}
=

∫
1

y
dy = ln(sin(x)) + c.

(e) ∫
tan(x) dx =

∫
sin(x)

cos(x)
dx =

{
cos(x) = y

− sin(x)dx = dy

}
= −

∫
1

y
dy = − ln(cos(x)) + c.

(f) ∫
2x2

cos(x3)
dx =

{
x3 = y

3x2dx = dy

}
=

2

3

∫
1

cos(y)
dy =

2

3

∫
cos(x)

cos2(y)
dy =

2

3

∫
cos(x)

1− sin2(y)
dy ={

sin(y) = z
cos(y)dy = dz

}
=

2

3

∫
1

1− z2
dy =

2

3
arctan(z) + c =

2

3
arctan(sin(x3)) + c

(g) ∫
1

x ln(x)
dx =

{
ln(x) = y
1
xdx = dy

}
=

∫
1

y
dy = ln(y) + c = ln(ln(x)) + c.
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(h) ∫
sin5(x) cos(x) dx =

{
sin(x) = y

cos(x)dx = dy

}
=

∫
y5 dy =

y6

6
+ c =

sin6(x)

6
+ c.

(i) ∫
ex

1 + e2x
dx =

{
ex = y

exdx = dy

}
=

∫
1

1 + y2
dy = arctan(y) + c = arctan(ex) + c.

(j) ∫
x + 2

x2 + 4x + 5
dx =

{
x2 + 4x + 5 = y
2x + 4dx = dy

}
=

1

2

∫
1

y
dy =

1

2
ln(y) + c =

1

2
ln(x2 + 4x + 5) + c.

(k) ∫
x

1 + x4
dx =

{
x2 = y

2xdx = dy

}
=

1

2

∫
1

1 + y2
dy =

1

2
arctan(y) + c =

1

2
arctan(x2) + c.
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