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Abstract. Consider n independent, biased coins, each with a known probability of heads. Presented with
an ordering of these coins, flip (i.e., toss) each coin once, in that order, until we have observed both a head and a
tail, or flipped all coins. The Unanimous Vote problem asks us to find the ordering that minimizes the expected
number of flips. Gkenosis et al. [GGHK18] gave a polynomial-time ϕ-approximation algorithm for this problem,
where ϕ ≈ 1.618 is the golden ratio. They left open whether the problem was NP-hard. We answer this question
by giving an exact algorithm that runs in time O(n logn). The Unanimous Vote problem is an instance of the
more general Stochastic Boolean Function Evaluation problem: it thus becomes one of the only such problems
known to be solvable in polynomial time. Our proof uses simple interchange arguments to show that the optimal
ordering must be close to the ordering produced by a natural greedy algorithm. Beyond our main result, we
compare the optimal ordering with the best adaptive strategy, proving a tight adaptivity gap of 1.2± o(1) for the
Unanimous Vote problem.

1 Introduction. Suppose you have n independent biased coins with probability of heads p1, . . . , pn ∈ [0, 1].
You arrange the coins in some order, and then flip (that is, toss) each coin, in that order, until either you have
observed a head or you have flipped all coins. In what order should you flip the coins to minimize your expected
number of flips? The answer is obvious: flip the coins in decreasing order of their pi values.

Next, consider a slight variation of this problem, where you flip coins until you have observed both a head and
a tail, or until you have flipped all coins. Again, in what order should you flip the coins to minimize your expected
number of flips? Now the answer is not obvious at all. This problem, introduced by Gkenosis et al. [GGHK18],
is the one we consider in this paper. Viewing the coin flips as yes/no votes of n stochastic voters, Gkenosis et al.
framed the problem as seeking to determine whether the n votes are unanimously yes, unanimously no, or not
unanimous. We call it the Unanimous Vote problem.

Gkenosis et al. gave a simple 2-approximation algorithm for the problem, which produces an ordering whose
expected number of coin flips is at most twice the optimal [GGHK18]. They also gave a more involved ϕ-
approximation algorithm for the problem, where ϕ ≈ 1.618 is the golden ratio. They left as an open question
whether the Unanimous Vote problem is NP-hard. Indeed, this problem is a non-adaptive Stochastic Boolean
Function Evaluation (SBFE) problem (see e.g., [IK84, KBZ86, HKLW22a, GHKL22, GGN24, HNT25, Ünl25,
NRS25]). Very few of these problems are known to be solvable exactly in polynomial time.

Our main contribution is a simple, exact, O(n logn)-time algorithm for the Unanimous Vote problem, which
resolves the question of Gkenosis et al. We obtain our result by showing that the structure of an optimal ordering
must be very similar to a natural greedy solution to the problem. To produce the optimal ordering, our algorithm
constructs this greedy solution, and rearranges the positions of at most two coins.

In addition to our main result, we prove that the greedy solution itself is near optimal, flipping at most one
more coin in expectation than the optimal ordering. We also prove a result on adaptive strategies, which can
choose the next coin based on the outcomes of previous flips. For the Unanimous Vote problem, there is a simple
polynomial time optimal adaptive strategy [GGHK18]. The algorithm presented in this paper, in contrast, is
non-adaptive. In general, the non-adaptive ordering for an SBFE problem requires at least as many flips as the
best adaptive strategy, and there has been interest in quantifying the benefit of adaptivity [HKLW22b, GHKL22].
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To that end, in the full version of this paper (available at [DHM+25]), we prove that the adaptivity gap, i.e., the
worst possible ratio of the expected number of flips of the optimal non-adaptive ordering to the expected number
of flips of the optimal adaptive strategy, is 1.2±o(1). In this conference version of the paper, we provide a shorter
and simpler proof that it lies between 1.2− o(1) and 1.5.
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Figure 1.1: Two example orderings for an instance of the Unanimous Vote problem. The second ordering has a smaller
number of expected flips (cost). One intuitive strategy is to alternate between the highest and lowest bias coins, as in the
first sequence. As we can see, this is not always optimal. The second sequence is the one returned by a natural greedy
algorithm described below. For this instance, it happens to be optimal.

1.1 Algorithm overview. The Unanimous Vote problem asks for a fixed ordering of the coins that
minimizes the expected number of flips required until both heads and tails are seen, or all coins have been
flipped. Figure 1.1 compares two orderings on a small example instance. In Sections 3 and 4 we prove our main
result:

Theorem 1.1. There is an algorithm (Algorithm 4.2) that solves the Unanimous Vote problem (i.e., computes
the minimum cost ordering) in time O(n log n).

To understand our approach to Theorem 1.1, it is helpful to define biased blocks of an ordering, a concept that
we introduce, and which is central to our analysis. To define biased blocks, fix an ordering, and consider some
position k. Suppose we flip coins according to that ordering, terminating as soon as we observe a head and a tail,
or have flipped all coins. We will only flip the kth coin if the first k − 1 coins all come up heads, or all come up
tails. Using the convention that heads = 1, and tails = 0, we call the kth position 1-biased if the probability that
the first k − 1 coins all come up heads is greater than the probability that they all come up tails, 0-biased if the
opposite relationship holds, and unbiased if the probabilities are equal.

The n positions in the ordering can be partitioned into “blocks”, according to their biases. Each block is a
maximal set of contiguous positions of the same bias. See Figure 1.2 for an example.
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Figure 1.2: Plot of the probability of heads of a coin versus its position in an ordering. Unbiased blocks are in gray,
0-biased blocks are in blue, and 1-biased blocks are in red. For example, the fourth coin in the ordering has probability of
heads equal to 0.45 and is in a 0-biased block.

At a high level, our algorithm works by executing the following three steps:
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1. Generate an initial ordering of the coins using a greedy rule.

2. Generate O(n) alternative orderings by making small modifications to the initial greedy ordering.

3. Calculate the expected number of flips for each generated ordering and return the best one.

Our initial ordering (formalized in Algorithm 2.1) is constructed greedily from position 1 through position n.
The coin in the kth position is chosen from the remaining coins according to the following rule:

Maximize the probability of terminating on the kth flip, assuming that termination has not yet occurred.

We show in Subsection 2.2 that if position k is 1-biased, the greedy rule chooses the remaining coin with smallest
pi value. Symmetrically, if position k is 0-biased, then the greedy rule chooses the coin with largest pi value.
If the position is unbiased (for example, when k = 1), all coins satisfy the greedy rule. As a convention, our
algorithm chooses the remaining coin with the largest pi value when position k is unbiased.

In general, the greedy ordering is not optimal; see Section 5 for an example. Nonetheless, we prove that,
surprisingly, the optimal ordering can be produced by following the greedy rule except at one special position: the
last position in the second-to-last block. This is the only position where it may be better to choose a different
coin. With this key fact in place, it is easy to obtain Theorem 1.1: after sorting p1, . . . , pn in O(n log n) time, our
algorithm generates the greedy ordering and all alternatives that result from making a non-greedy choice at that
position. There are at most n − 1 such alternatives. We can evaluate the expected cost of all of these orderings
in linear time and then choose the one with minimum cost.

The key challenge in our work is proving that the optimal ordering is only “non-greedy” at one particular
location. To do so, we prove in Sections 3 and 4 that any optimal ordering must obey a set of “monotonicity”
properties that hold for the greedy ordering. For example, the first such property we prove is that coins within
a single 1-biased (resp. 0-biased) block have increasing (resp. decreasing) probability of heads. Each property is
proven using elementary interchange arguments, which consider the effect on the expected number of flips if you
interchange (swap) a certain pair of coins in an ordering.

1.2 Additional results. Beyond our main algorithmic result, we prove two additional results on the
Unanimous Vote problem. First, we show in Section 5 that, even though the greedy ordering is not optimal, it is
always close to optimal:

Claim 1.2 (Greedy is near-optimal). For any instance of the Unanimous Vote problem, the greedy ordering
(Algorithm 2.1) flips at most 1 more coin in expectation than the optimal ordering. There is a family of instances
where this claim is asymptotically tight.

Finally, in Section 6 we prove a new bound on the adaptivity gap of the Unanimous Vote problem:

Theorem 1.3 (Bound on adaptivity gap). The adaptivity gap of the Unanimous Vote problem is at least
1.2− o(1) and at most 1.5.

The family of instances that give the lower bound is simple to describe and analyze: one coin has pi = 0, and the
remaining coins all have pi =

1
2 . The proof of the upper bound analyzes a specific non-adaptive ordering (which is

not necessarily optimal) that mimics properties of the optimal adaptive strategy. In the full version of this paper
(available at [DHM+25]), we use an extended version of this approach to sharpen the upper bound to 1.2 + o(1),
which essentially settles the adaptivity gap for the Unanimous Vote problem.

1.3 Related work. The Unanimous Vote problem is a Stochastic Boolean Function Evaluation (SBFE)
problem. For a comprehensive survey on SBFE problems, which are also referred to as “sequential testing”
problems in the Operations Research literature, we refer the reader to the surveys of Ünlüyurt [Ünl04, Ünl25].

In unit-cost SBFE problems, the goal is to exactly evaluate a given Boolean function f : {0, 1}n → {0, 1},
while observing as few of the inputs bits, x1, . . . , xn, as possible. Each input bit xi is assumed to be drawn from
an independent Bernoulli distribution with given parameter pi. The problem is to determine the optimal order
in which to observe the bits, so as to minimize the expected number of observations.1

1In arbitrary-cost SBFE problems, there is a cost ci associated with observing a bit xi, and the expected total cost of the
observations must be minimized. In what follows, any previous result said to hold for the “SBFE problem” rather than for the
“unit-cost SBFE problem” should be understood to apply to the arbitrary cost version as well.
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SBFE problems are studied in the adaptive setting, which allows adaptive strategies, and in the non-adaptive
setting, where the observation order must be fixed in advance. One motivation for non-adaptive strategies is that
they can always be represented compactly as a permutation and deployed efficiently (we simply read the ID of the
next bit to reveal). Adaptive strategies typically require computation at each step. The Unanimous Vote problem
is equivalent to the unit-cost, non-adaptive SBFE problem when f is the not-all-equal function, i.e., f evaluates
to 1 iff xi ̸= xj for some i, j. Our work shows that this SBFE problem can be solved in polynomial time.

For some other unit-cost, non-adaptive SBFE problems, designing a polynomial-time algorithm is trivial. For
example, for the Boolean OR function, the problem is equivalent to the coin-flipping problem mentioned at the
start of the introduction, where you flip coins until you see the first occurrence of heads. As another example,
consider the parity function: evaluating this function requires observing all bits, so the expected number of
observations is the same no matter which ordering you use. Our work appears to be the first to give a polynomial-
time algorithm solving a unit-cost, non-adaptive SBFE problem that is not trivial.

There is, however, interesting prior work on approximately solving non-adaptive SBFE problems. For
example, constant-factor approximation algorithms have been studied for a problem called “Stochastic Score
Classification” [GGN24, PS24, Liu22, GHKL22]. These methods yield constant factor approximation algorithms
for the non-adaptive SBFE problems for any symmetric Boolean function and for any linear threshold function.
Recall that a Boolean function is symmetric if its output depends only on the number of 1’s in the input, so
these results cover the Unanimous Vote problem (the not-all-equal function is symmetric). Before our work, the
best previous polynomial time algorithm for the Unanimous Vote problem achieved an approximation factor of
ϕ ≈ 1.618 using a method specialized to that problem [GGHK18].

Specialized approximation algorithms have also been developed for the k-of-n function, the symmetric Boolean
function whose output is 1 iff at least k of its inputs are 1. Recent work gives a PTAS for the unit-cost, non-
adaptive SBFE problem for the k-of-n function [NRS25]. There is also a very simple 1.5 approximation algorithm
for this problem [GHKL22]. Beyond symmetric functions, an 8-approximation algorithm is known for the unit-
cost, non-adaptive SBFE problem for Boolean read-once formulas [HHL22].

Adaptive Methods. In the adaptive setting, the Unanimous Vote problem can be easily solved by noting the
following: once you have flipped the first coin and observed its outcome, it will be optimal to flip the remaining
coins in either increasing or decreasing probability of heads, depending on whether your first flip is heads or
tails [GGHK18]. Thus the only difficulty is to determine the first coin. To do so, we can just compute the
expected cost associated with each of the n choices of the first coin, and choose the best one.

Other adaptive SBFE problems are more interesting. There is an elegant polynomial time algorithm that
solves the adaptive SBFE problem for the k-of-n function [BD81, CSF90, SB97], and also works for the exactly-k
function, whose output is 1 iff exactly k of the inputs are 1 [GGHK22, AJO11]. The adaptive SBFE problem
has also been studied for functions represented by read-once CNF (dually, DNF) formulas [BÜ00] and for linear
threshold functions and symmetric functions [DHK16, GGN24, AJO11, DJO+12, KK13].

There has also been interest in the gap between the best adaptive and non-adaptive solutions to SBFE
problems. The unit-cost SBFE problem for arbitrary symmetric functions has an adaptivity gap that is between
1.5 and 2 [GHKL22, PS24]. The unit-cost SBFE problem for the k-of-n function has an adaptivity gap of
1.5 [GHKL22, PS24]. For some other Boolean functions, the problem has non-constant gaps [HKLW22b].

Hardness. Few NP-hardness results are known for unit-cost SBFE problems. The unit-cost SBFE problem
for functions represented by arbitrary CNF formulas is trivially NP-hard, in both the adaptive and non-adaptive
settings: if the formula is not satisfiable, the optimal evaluation strategy does not observe any bits at all. By
a simple reduction from vertex cover, NP-hardness also holds even if the CNF formula has no negations and
is restricted to have 2 literals per clause [AHKÜ17]. Analogous results hold for DNF formulas by duality. We
note that NP-hardness of the unit-cost SBFE problem for linear-threshold functions is still an open question.
NP-hardness was shown for arbitrary costs in [CQK89], but contrary to what was stated in [DHK16], that result
did not apply to the unit-cost case.

Related Problems. Finally, we note that there is a large body of work on Boolean function evaluation
problems in both adversarial and probabilistic models with other assumptions or goals; see for example
[KBZ86, IK84, CFG+00, KKM05, CGLM11, BLT21, Ünl25, HNT25]. There has also been interest in functions
over larger alphabets, like voting problems with more than two choices [HLS24, BSZ19]. More generally, stochastic
probing problems (where each input is 1 with some known probability) are studied beyond function evaluation. For
example, there is interest in solving encoded optimization problems, where input bits can be queried sequentially;
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see e.g. [GN13, GNS17, Sin18, PRS23, SS21].

2 Preliminaries. In this section we review notation and terminology used throughout the paper. We also
formalize a greedy algorithm for the Unanimous Vote problem that plays a central role in our main result.

2.1 Notation and terminology. Throughout, we use the term “increasing” (resp. “decreasing”) as a
synonym for “non-decreasing” (resp. “non-increasing”). We use “ordering” to refer to a permutation a on n
elements, with order a(1), a(2), . . . , a(n). The outcome “heads” is synonymous with 1, and “tails” with 0. The
input to our problem is a set of n coins with biases p1, . . . , pn ∈ [0, 1]. Without loss of generality, we assume
p1 ≤ · · · ≤ pn. The first step in all of our algorithms is to sort the probabilities in O(n log n) time. We denote
pi

def
= 1− pi.
The cost of an ordering is the expected number of flipped coins to determine whether or not a vote is

unanimous. The cost can be written as the expectation of a sum of {0, 1} indicator random variables {Xj}j≥1,
where Xj = 1 if we reach the jth coin in the ordering without terminating (i.e., we flip the jth coin). We never
terminate before the second coin. Moreover, for all j ≥ 3, we only fail to terminate if the coins prior to the jth

coin all come up heads or all come up tails. Thus,

cost(a) =
∑
j≥1

E[Xj ] = 2 +
∑
j≥3

(
j−1∏
i=1

pa(i) +

j−1∏
i=1

pa(i)

)
.

Since these quantities will be important later, we introduce the notation z1j (a)
def
=
∏j−1

i=1 pa(i) to be the chance that
the first j− 1 coins are heads in ordering a, and z0j (a)

def
=
∏j−1

i=1 pa(i) to be the chance that the first j− 1 coins are
tails in ordering a. As above, for j ≥ 3, E[Xj ] = z1j (a) + z0j (a). It follows that

cost(a) = 2 +
∑
j≥3

z0j (a) + z1j (a) = 1 +
∑
j≥2

z0j (a) + z1j (a) .(2.1)

We call an ordering, a, 0-biased at position j if z0j (a) > z1j (a); i.e., it is more likely that the first j−1 coins flipped
are all tails (0) than all heads (1). If z0j (a) < z1j (a), we call the ordering 1-biased at position j. If z0j (a) = z1j (a),
we call the ordering unbiased at position j.

Using this language, we can uniquely partition the sequence [a(1), . . . , a(n)] into contiguous blocks [B1, . . . , Bq]
so that for each j, a(j) and a(j + 1) belong to the same block if and only if a has the same bias type (0-biased,
1-biased, or unbiased) at positions j and j + 1. See Figure 1.2 for an example partitioning of an ordering into its
biased blocks.

2.2 The greedy algorithm. A natural greedy algorithm for the Unanimous Vote Problem is to always
choose the coin that, if flipped, has the highest probability of terminating the algorithm. This probability can be
expressed as follows:

Fact 2.1 (Probability of terminating the sequence). Fix an ordering a and position x > 1. Assuming we
flip x− 1 coins without terminating, the probability of terminating after flipping the coin a(x) is

pa(x)z
1
x(a) + pa(x)z

0
x(a)

z1x(a) + z0x(a)
= 1−

z1x+1(a) + z0x+1(a)

z1x(a) + z0x(a)
.

The value of pa(x) that maximizes the expression in Fact 2.1 depends on the bias type of a at position x. If it is
0-biased, the expression is increasing with pa(x); if it is 1-biased, the expression is decreasing with pa(x); if a is
unbiased at position x, then the expression always equals 1

2 . So, in a 0-biased block, the choice that maximizes the
probability of termination is to select the remaining coin with the largest heads probability. In a 1-biased block,
it is to select the coin with the smallest heads probability. For unbiased blocks, selecting any coin terminates the
sequence with probability exactly 1

2 , so the greedy choice is not unique. By convention, we always choose the
remaining coin with largest heads probability, although our analysis would also works if we chose the coin with
smallest heads probability. We may now construct a “greedy” algorithm:
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Greedy Algorithm (Algorithm 2.1)
Assume coins are in increasing order; i.e. p1 ≤ · · · ≤ pn.
Start with an empty ordering. Repeat the following rule until all coins are chosen:

If the ordering is 1-biased, choose the remaining coin with smallest probability of heads.
Otherwise, choose the remaining coin with largest probability of heads.

We assume the algorithm can break ties arbitrarily (i.e. if two coins have the same probability of heads). See
Figure 2.1 for an example output of the algorithm.
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Figure 2.1: Plot of the probability of heads of a coin versus its position in an example greedy ordering. This is the same
instance as in Figure 1.2. Unbiased blocks are in gray, 0-biased blocks are in blue, and 1-biased blocks are in red.

3 Structural results. In this section, we show that any optimal ordering for the Unanimous Vote problem
must share several natural characteristics of the greedy ordering (Algorithm 2.1).

3.1 Monotonicity within a block. Consider the coins in a single 0-biased biased block of the greedy
solution. Since, in a 0-biased block, Algorithm 2.1 chooses the next coin with largest probability of heads, the
coins in this block will have decreasing probability of heads. Similarly, the coins in any 1-biased block of the
greedy solution will be sorted so that the probability of heads is increasing in the block. Our first structural
result is that the same fact holds for any optimal ordering.

The proof proceeds via an intuitive “swap” argument: if we have not terminated by the time we reach a
0-biased block, this is most likely because we have observed all tails (0s) up until that point. This remains true
even if we swap the positions of coins in the block. Accordingly, we can increase our probability of termination
by reordering the coins to flip a heads as quickly as possible, i.e., by moving coins with larger probability of heads
to the front of the block. Formally, we require the following expression for how the cost of an ordering changes if
adjacent coins are swapped:

Claim 3.1 (Cost of swapping adjacent positions). Choose an ordering a and position x ∈ [1, n− 1]. Let b be
the ordering starting from a but swapping position x and x+ 1. Then

cost(b)− cost(a) =
(
z1x(a)− z0x(a)

) (
pa(x+1) − pa(x)

)
.

Proof. The orderings a and b are identical except at positions x and x + 1. So we have that z0j (a) = z0j (b)
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and z1j (a) = z1j (b) for all j ∈ [1, . . . , n] \ {x+ 1}. Using the cost expression (2.1), we then have:

cost(b)− cost(a) =

1 +
∑
j≥2

(
z1j (b) + z0j (b)

)−

1 +
∑
j≥2

(
z1j (a) + z0j (a)

)
= z1x+1(b)− z1x+1(a) + z0x+1(b)− z0x+1(a)

= z1x(a)
(
pa(x+1) − pa(x)

)
+ z0x(a)

(
pa(x+1) − pa(x)

)
=
(
z1x(a)− z0x(a)

) (
pa(x+1) − pa(x)

)
.

Corollary 3.2 (Optimal ordering is sorted within each block). Consider any optimal ordering a with block
sequence [B1, . . . , Bq]. Within each 0-biased block, the coins have decreasing probability of heads. Within each
1-biased block, they have increasing probability of heads.

Proof. Since a is optimal, we have cost(b)− cost(a) ≥ 0 for all orderings b. Suppose x is a position within a
0-biased block, i.e. z0x(a) > z1x(a). By Claim 3.1, we must have pa(x) ≥ pa(x+1); i.e. the next coin must have an
equal or smaller probability of heads. The argument is symmetric for 1-biased blocks.

3.2 Monotonicity across non-final blocks. The greedy solution obeys a stronger property than
monotonicity within each block. Every coin in a 1-biased block has a smaller (or equal) probability of heads
than all future coins. Similarly, every coin in a 0-biased or unbiased block (because of our convention) has a
larger or equal probability of heads than all future coins. We show there is an optimal solution that also obeys
this “across block” monotonicity, at least among all coins in non-final blocks. To prove this statement, we first
require the following basic fact:

Claim 3.3 (Optimal ordering uses coins on one side of 1
2 in non-final blocks). Consider any optimal ordering

a with block sequence [B1, . . . , Bq]. For all 1 ≤ k < q, if Bk is 0-biased, then it only contains coins with probability
of heads > 1

2 . If Bk is 1-biased, then it only contains coins with heads probability of < 1
2 .

Proof. Fix a block Bk = [a(i), . . . , a(j)] with k ̸= q. If Bk is 0-biased, then in the last position z0j (a) > z1j (a)

but z0j+1(a) ≤ z1j+1(a). Since z1j+1(a) = pa(j)z
1
j (a) and z0j+1(a) = pa(j)z

0
j (a), this implies pa(j) > pa(j); i.e.

pa(j) >
1
2 . By Corollary 3.2, all other coins in block Bk have probability of heads at least pa(j), which is greater

than 1
2 . (The argument is symmetric for 1-biased blocks.)

Claim 3.3 only considers 0-biased and 1-biased blocks. However, it is possible that the optimal ordering has
unbiased blocks. This makes the optimal ordering non-unique: by Claim 3.1, swapping a coin in an unbiased
block with the following coin in the ordering does not change the cost. Nonetheless, we show there is an optimal
ordering where all coins in non-final blocks have probability not equal to 1

2 :

Claim 3.4. There is an optimal ordering a with block sequence [B1, . . . , Bq] where every unbiased block that
is not Bq has just one coin, and that coin has probability of heads not equal to 1

2 . Moreover, if Bq is unbiased
and contains more than one coin, all coins in the block have probability of heads equal to 1

2 .

Proof. We begin with an optimal ordering a with block sequence [B1, . . . , Bq], and argue that we can swap
adjacent coins, without changing the cost of the ordering, in such a way that the properties above are eventually
satisfied. Note that the last coin of any non-final unbiased block must have probability of heads not equal to 1

2 ,
since a is unbiased at j and not unbiased at position j + 1.

Let k be the first block Bk = [a(i), . . . , a(j)] in a such that Bk is unbiased, has more than one coin,
and k ̸= q. For any i ≤ x < j, a is unbiased at positions x and x + 1; i.e., both z1x(a) = z0x(a) and
pa(x)z

1
x(a) = z1x+1(a) = z0x+1(a) = pa(x)z

0
x(a). So the probability pa(x) must be equal to 1

2 .
By Claim 3.1, for any i ≤ x ≤ j, we can swap position x and x + 1 without changing the cost. Suppose we

do this with position x = j − 1. Since the new coin at position j − 1 has probability of heads not equal to 1
2 , the

coin initially at position j − 1 moves to the block Bk+1. We may now swap position j − 2 and j − 1, moving the
coin initially at position j− 2 to the block Bk+1. We continue this process until we swap position i and i+1. At
this point, the block Bk has one coin in it. Moreover, since Bk is unbiased, Bk+1 must be 0-biased or 1-biased.
Since the coins previously in block Bk have probability of heads equal to 1

2 , by Claim 3.3, Bk+1 must be the final
block. So, by making these swaps, we satisfy the first part of Claim 3.4.
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Suppose at this point, the final block Bq = [a(x), . . . , a(n)] is unbiased and has more than one coin. By the
same argument as before, every coin except possibly the last coin in Bq has probability of heads equal to 1

2 . If
pa(n) = 1

2 , we are done. Otherwise, we may repeat the process from before until Bq has one coin in it. In this
case, a new block Bq+1 is created which is either 0-biased or 1-biased.

By Claim 3.3 and Claim 3.4, there is an optimal ordering where the coins in non-final blocks can be partitioned
into S+ and S−, such that all coins in S+ have probability of heads greater than 1

2 , and all coins in S− have
probability of heads less than 1

2 . We show that all coins in S+ are sorted in decreasing probability of heads, and
all coins in S− are sorted in increasing probability of heads. It is in this sense we show that there is an optimal
ordering with monotonicity across non-final blocks. To show this, we give an expression for the change in cost of
an ordering when coins are swapped across blocks:

Claim 3.5 (Cost of swapping across a block). Choose an ordering a. Fix positions s, t ∈ [n] where s < t.
Let b be the ordering obtained from swapping positions s and t in a. Suppose cost(a) ≤ cost(b). Then:

• If a is 0-biased at s and pa(x) ≤ 1
2 for all s < x < t, then pa(s) ≥ pa(t).

• If a is 1-biased at s and pa(x) ≥ 1
2 for all s < x < t, then pa(s) ≤ pa(t).

• If a is unbiased at s and pa(x) ≤ 1
2 for all s < x < t and pa(y) <

1
2 for some s < y < t, pa(s) ≥ pa(t).

• If a is unbiased at s and pa(x) ≥ 1
2 for all s < x < t and pa(y) >

1
2 for some s < y < t, pa(s) ≤ pa(t).

Proof. By construction, z0j (a) = z0j (b) and z1j (a) = z1j (b) for all j ≤ s and j ≥ t+ 1. The cost difference is

0 ≤ cost(b)− cost(a) =

1 +
∑
j≥2

(
z1j (b) + z0j (b)

)−

1 +
∑
j≥2

(
z1j (a) + z0j (a)

)
=

t∑
j=s+1

z1j (b)− z1j (a) + z0j (b)− z0j (a)

=

t∑
j=s+1

(
z1s(a) · (pa(t) − pa(s))

(
j−1∏

x=s+1

pa(x)

)
+ z0s(a) · (pa(t) − pa(s))

(
j−1∏

x=s+1

pa(x)

))

= (pa(t) − pa(s))

z1s(a) ·

 t∑
j=s+1

j−1∏
x=s+1

pa(x)

− z0s(a) ·

 t∑
j=s+1

j−1∏
x=s+1

pa(x)

 .

Suppose pa(x) ≤ 1
2 for all s < x < t. Then for each x, pa(x) ≤ pa(x), and so the first summation of products is at

most the second summation of products. We can conclude then:

• If a is 0-biased at s, then z0s(a) > z1s(a), and so the second term is strictly less than 0. Since the difference
in cost must be non-negative, we have pa(s) ≥ pa(t).

• If instead a is unbiased at s, then z1s(a) = z0s(a), and so the second term is at most 0. Since the difference
in cost must be non-negative, it is possible that pa(s) < pa(t) only if the second term is equal to 0. This can
only occur if pa(x) = 1

2 for all s < x < t.

The parts of the claim when pa(x) ≥ 1
2 for all s < x < t follow from a symmetric argument.

Corollary 3.6 (Optimal ordering is sorted across blocks). There exists an optimal ordering a with block
sequence [B1, . . . , Bq] where the following holds:

• The coins in blocks [B1, . . . , Bq−1] can be partitioned into a set S+ and a set S−, where all coins in S+ have
probability of heads more than 1

2 , and all coins in S− have probability of heads less than 1
2 .

• The ordering a restricted to the coins in S+ are sorted in a by decreasing probability of heads.

• The ordering a restricted to the coins in S− are sorted in a by increasing probability of heads.
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Proof. Take the ordering guaranteed by Claim 3.4. By Claim 3.3 we can partition the coins in blocks
[B1, . . . , Bq−1] into S+ and S−. Note that no coins in S+ or S− have probability of heads equal to 1

2 . The
monotonicity of coins in S+ and S− then follows by Claim 3.5.

4 Constructing an exact algorithm. In this section, we show how to generate an optimal ordering from
small modifications to the greedy ordering. This relies on the structural results from Section 3.

4.1 Monotonicity almost everywhere. In the greedy ordering, “monotonicity across blocks” holds even
for the final block. A coin in a 0-biased block has probability of heads at least that of every following coin.
Similarly, a coin in a 1-biased block has probability of heads at most that of every following coin. Surprisingly,
it turns out that the optimal ordering guaranteed by Claim 3.4 also has this property, except possibly at one
location.

Claim 4.1 (There exists an optimal ordering that is almost greedy). There is an optimal ordering a with
block sequence [B1, . . . , Bq] where the following statement holds at each position x except for the position of the
last coin of Bq−1:

• Suppose a is 0-biased at position x. Then for all positions x′ > x, pa(x) ≥ pa(x′) .

• Suppose a is 1-biased at position x. Then for all positions x′ > x, pa(x) ≤ pa(x′).

• Suppose a is unbiased at position x and pa(x) >
1
2 . Then for all positions x′ > x, pa(x) ≥ pa(x′).

• Suppose a is unbiased at position x and pa(x) <
1
2 . Then for all positions x′ > x, pa(x) ≤ pa(x′).

Furthermore, if the last block Bq is unbiased, then the above statement holds at all positions.

Proof. Consider an optimal ordering a guaranteed by Corollary 3.6. Suppose it has block sequence
[B1, . . . , Bq], and the coins in the non-final blocks are partitioned into S+ and S−. S+ and S− are already
sorted by probability of heads, and each coin in S+ has probability of heads larger than every coin in S−. So if a
violation of the statement occurs, the violating position x′ must be in the final block.

Suppose the final block Bq is unbiased. In this case we show that the statement holds at all positions:

• Suppose Bq contains more than one coin. Then all coins in Bq have probability of heads 1
2 . The statement

is vacuous for any position x ∈ Bq. Moreover, 1
2 is smaller than the probability of heads of all coins in S+

and larger than the probability of heads of all coins in S−, so there are no violations for any x /∈ Bq and
x′ ∈ Bq. So the statement holds at all positions.

• Suppose Bq contains just one coin (x′, at position n). Suppose the coin at position n − 1 is in S+. (A
symmetric argument holds if it is in S−). Since Bq is unbiased, this coin must belong to a 0-biased block;
by Claim 3.5, it has probability of heads at least pa(n). By Corollary 3.6, all coins in S+ have probability
of heads at least pa(n). Now consider the last coin in S−, which is in position at most n − 2. Note that
the coin at position n − 1 has probability of heads at least 1

2 . So then by Claim 3.5, the last coin in S−
has probability of heads at most pa(n). By Corollary 3.6, all coins in S− have probability of heads at most
pa(n). So, the statement holds for any x < n = x′.

Next, we consider when the final block Bq is 1-biased. (A symmetric argument holds when Bq is 0-biased.)
First of all, by Corollary 3.2, the coins in Bq are sorted in increasing probability of heads. Moreover, by Claim 3.5,
all coins in S− have probability of heads at most that of any coin in Bq. So if there is a violation of the statement,
it occurs between a position x in S+ and x′ in Bq.

Suppose for the sake of contradiction there are two positions k, ℓ in S+ where the statement does not hold.
Let k < ℓ; then pa(k) ≥ pa(ℓ). So, there exists a position x′ in Bq where pa(x′) > pa(k) ≥ pa(ℓ). Since the coins in
S+ are sorted in decreasing probability of heads, we can take k, ℓ to be the last two coins in S+; so pa(x) <

1
2 for

all k < x < ℓ. We choose x′ to be the earliest position where the violation with k and ℓ occurs.
We show that swapping positions k and x′ decreases the cost, which contradicts our claim of an optimal

ordering. Let b be the ordering starting from a but swapping k and x′. Then (as in the proof of Claim 3.5),

cost(b)− cost(a) = (pa(x′) − pa(k))

z1k(a) ·

 x′∑
j=k+1

j−1∏
x=k+1

pa(x)

− z0k(a) ·

 x′∑
j=k+1

j−1∏
x=k+1

pa(x)

 .
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Since pa(x′) > pa(k), the sign of the difference in cost depends on the sign of the term in parentheses. We split this
term into two parts: the first with summation terms where j ∈ [k+1, . . . , ℓ− 1], and the second with summation
terms where j ∈ [ℓ, . . . , x′]. Recall that at positions k, ℓ, the ordering a is not 1-biased; i.e. z1k(a) ≤ z0k(a) and
z1ℓ (a) ≤ z0ℓ (a).

• The first part of the expression involves terms pa(x) for k+1 ≤ x ≤ ℓ− 2. For all these terms, pa(x) < 1
2 ; so

z1k(a) ·

 ℓ−1∑
j=k+1

j−1∏
x=k+1

pa(x)

− z0k(a) ·

 ℓ−1∑
j=k+1

j−1∏
x=k+1

pa(x)

 ≤ 0 .

• The second part of the expression also involves terms pa(x) for ℓ− 1 ≤ x ≤ x′ − 1. Since position x′ has the
first coin where x′ > ℓ such that pa(x′) ≥ pa(k), we have pa(x) ≤ pa(k) for all these terms. We upper-bound
the second part, setting p

def
= pa(k) for convenience:

z1k(a) ·

 x′∑
j=ℓ

j−1∏
x=k+1

pa(x)

− z0k(a) ·

 x′∑
j=ℓ

j−1∏
x=k+1

pa(x)


= z1k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)1 +

x′∑
j=ℓ+1

j−1∏
x=ℓ

pa(x)

− z0k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)1 +

x′∑
j=ℓ+1

j−1∏
x=ℓ

pa(x)


≤ z1k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)1 +

x′∑
j=ℓ+1

j−1∏
x=ℓ

p

− z0k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)1 +

x′∑
j=ℓ+1

j−1∏
x=ℓ

p


= z1k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)
· 1− px

′−ℓ+1

p
− z0k(a) ·

(
ℓ−1∏

x=k+1

pa(x)

)
· 1− px

′−ℓ+1

p

= z1k(a) ·

(
ℓ−1∏
x=k

pa(x)

)
· 1− px

′−ℓ+1

p · p
− z0k(a) ·

(
ℓ−1∏
x=k

pa(x)

)
· 1− px

′−ℓ+1

p · p

=
1

p · p

(
z1ℓ (a) · (1− px

′−ℓ+1)− z0ℓ (a) · (1− px
′−ℓ+1)

)
.

The inequality holds because pa(x) ≤ pa(k) for all ℓ ≤ x < x′. Since p = pa(k) >
1
2 , we have pt > pt for any

t ≥ 1. Since z1ℓ (a) ≤ z0ℓ (a), the first term is strictly less than the second term, so the expression is negative.

The sign of cost(b)− cost(a) is the sign of the sum of these two terms. So cost(b)− cost(a) < 0. This contradicts
our assumption that a was an optimal ordering.

Finally, we remark on which block the last coin of S+ is in. Since Bq is 1-biased, Bq−1 must be 0-biased or
unbiased. If it is 0-biased, we are done. Otherwise, Bq−1 is unbiased, and so it contains one coin. If the coin in
Bq−1 has probability of heads less than 1

2 , then Bq is 0-biased, which is a contradiction. So the coin in Bq−1 must
have probability of heads larger than 1

2 , and so belongs to S+. So the only coin that can violate the statement in
the claim is the last coin in S+, which is also the last coin in Bq−1.

4.2 Handling unbiased blocks. Claim 4.1 implies there is an optimal ordering where at all positions
except one, the correct choice of coin is the remaining coin with largest or smallest probability of heads. This of
course depends on the bias: the largest probability when 0-biased, and the smallest probability when 1-biased.

What happens for unbiased blocks? Since this optimal ordering is the same as any one guaranteed by
Claim 3.4, any unbiased block that is not the last block contains only one coin. Let the block sequence of the
ordering be [B1, . . . , Bq]. By Claim 4.1, unless this block is Bq−1, it uses either the smallest or largest probability of
heads. We argue that Claim 4.1 still holds if we assume unbiased blocks (that are not next-to-last) always use the
coin with largest remaining probability of heads. We do this to match our choice of convention in Algorithm 2.1.

Claim 4.2. There is an optimal ordering a with block sequence [B1, . . . , Bq] satisfying the properties of
Claim 4.1, and each unbiased block Bk (for k ̸= q − 1) uses the coins with largest probability of heads among
coins in [Bk, . . . , Bq].
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Proof. Start with an ordering a generated by Claim 4.1. We prove this in cases:

• Suppose the unbiased block Bi has i < q − 2, and uses a coin with probability of heads less than 1
2 . Then

the next block Bi+1 is 0-biased, and its first coin has the largest probability of heads among all coins in
[Bi+1, . . . , Bq]. By Claim 3.1, we may swap the coin in Bi with the first coin in Bi+1 without changing the
cost; now the coin in Bi has the largest probability of heads among coins in the rest of the ordering.

• Suppose the unbiased block is Bq−2, and Bq−1 has more than one coin. Then the argument in the last case
works here as well.

• Suppose the unbiased block is Bq−2, and Bq−1 has exactly one coin. If Bq−2 uses a coin with probability
less than 1

2 , then Bq−1 is 0-biased and uses a coin with probability more than 1
2 . We may switch the two

coins without changing the cost; then the ordering in Bq−1 is now 1-biased.

– If Bq is also 1-biased, then the two blocks “merge” into a single block after switching the two coins.
Then Bq−2 is the “next-to-last” block, and is exempt from the claim.

– If Bq is unbiased, then by Claim 4.1, the optimal ordering can be greedily chosen. The number of
blocks remains q after switching the two coins, so the new coin in Bq−2 is larger than all subsequent
coins in the ordering.

• Suppose the unbiased block Bi has i = q. Then it trivially uses the coin with smallest remaining probability
of heads, unless it has more than one coin. If so, this is also true, because by Claim 3.4, all of its coins have
probability of heads equal to 1

2 .

4.3 A polynomial-time algorithm. Putting all of this together, Claim 4.2 guarantees an optimal ordering
can be constructed by applying this local rule at every position except one:

If the ordering is 1-biased, select the remaining coin with smallest probability of heads.
Otherwise, select the remaining coin with largest probability of heads.

This is exactly the rule of the greedy algorithm in Algorithm 2.1! As a result, there is a O(n3) algorithm to find
the optimal ordering, which we state as Algorithm 4.1:

Modified Greedy Algorithm (Algorithm 4.1)
Assume coins are in increasing order; i.e. p1 ≤ · · · ≤ pn.
For all j ∈ [1, . . . , n], generate the following orderings:

(Greedy) For the first (j − 1) coins:
If the ordering is 1-biased, choose the remaining coin with smallest probability of heads.
Otherwise, choose the remaining coin with largest probability of heads.

(Brute Force) For every coin x in the set of remaining coins, let cj,x be the following ordering:
Choose coin x.
(Greedy) For the remaining (n− j) coins:

If the ordering is 1-biased, choose the remaining coin with smallest probability of heads.
Otherwise, choose the remaining coin with largest probability of heads.

Compute the expected cost for all cj,x, and return an ordering c that minimizes this cost.

Theorem 4.3. Algorithm 4.1 exactly solves the Unanimous Vote problem and runs in time O(n3).

Proof. Algorithm 4.1 generates all orderings that use the greedy algorithm’s rule for at least (n−1) positions.
By Claim 4.2, it must find an optimal ordering. Algorithm 4.1 considers O(n2) orderings, and the cost of any
ordering can be computed in O(n) time.

4.4 A faster algorithm. We can construct a faster algorithm to recover the optimal ordering. This is
because one can use the output of the greedy algorithm (Algorithm 2.1) to identify the “non-greedy position” in
the optimal ordering.
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Faster Modified Greedy Algorithm (Algorithm 4.2)
Assume coins are in increasing order; i.e. p1 ≤ · · · ≤ pn.
Generate the ordering b from Algorithm 2.1. Let x be the position just prior to the final block.
For each x′ ∈ [x + 1, . . . , n], generate the ordering cx′ by starting from b, moving the coin at position x′ to
position x+ 1, and moving the coin at position x to the end of the ordering.
Compute the expected cost for b and for all cx′ , and return an ordering c that minimizes this cost.

Theorem 4.4. Algorithm 4.2 exactly solves the Unanimous Vote problem and runs in time O(n2).

Proof. Algorithm 4.2 generates all orderings that use the greedy algorithm’s rule at every position except
possibly position x. It generates O(n) orderings. The cost of any ordering can be computed in O(n) time.

We now argue that the algorithm is correct. Consider an optimal ordering a generated by Claim 4.2, and
let x be the position just prior to the final block. If x was greedily chosen, then we are done. So we assume the
coin at position x was not chosen greedily. By Claim 4.1, this can only happen if the final block is 0-biased or
1-biased.

We assume the final block is 1-biased; a symmetric argument holds if it is 0-biased. Then the coin at position
x has probability of heads greater than 1

2 , yet there is a coin in the final block which has probability of heads
greater than pa(x). Since the final block is sorted in increasing probability of heads, pa(n) > pa(x). Moreover,
because the final block is 1-biased, z1x′(a) > z0x′(a) for all x+ 1 ≤ x′ ≤ n.

Now consider the ordering b output by Algorithm 2.1. Before position x, a and b are identical. So
z1x(b) = z1x(a) ≤ z0x(a) = z0x(b). But at position x, the greedy ordering chooses coin a(n); i.e. the coin with
largest remaining probability of heads. So then for all x+ 1 ≤ x′ ≤ n,

z1x′(b) =
pa(n)

pa(x)
· z1x′(a) >

pa(n)

pa(x)
· z0x′(a) >

pa(n)

pa(x)
· z0x′(a) = z0x′(b) .

This implies the greedy ordering is 1-biased for all positions x′ ∈ [x + 1, . . . , n], but not before. Thus, for both
orderings a and b, position x is just prior to the final block.

As a result, Claim 4.2 implies that we can find an optimal ordering if we apply the greedy algorithm’s rule
to all positions except possibly position x. Since Algorithm 4.2 searches over all such orderings, it will find an
optimal ordering.

In fact, the cost of the all orderings from Algorithm 4.2 may be simultaneously computed in O(n) time by
storing partial sums. This allows us to achieve the runtime claimed in the introduction.

Theorem 4.5 (Theorem 1.1, restated). Algorithm 4.2 exactly solves the Unanimous Vote problem and runs
in time O(n logn). If the input probabilities are already sorted, the algorithm runs in time O(n).

Proof. We know that Algorithm 4.2 is correct by Theorem 4.4. It remains to show that the cost of all
generated orderings can be simultaneously computed in time O(n).

In Algorithm 4.2, we create cn starting from b and then swapping positions x and n. But for any
x′ ∈ [x + 1, n − 1], we may create cx′ starting from cx′+1 and then swapping positions x and x′. So we set
b

def
= cn+1 (and b(n+ 1)

def
= b(x)), and look at the difference for all x′ ∈ [x+ 1, n]:

cost(cx′)− cost(cx′+1) =

(
x−1∏
i=1

pb(i)

)
(pb(x′) − pb(x′+1))(pb(x+1) + pb(x+1)pb(x+2) + · · ·+

x′−1∏
i=x+1

pb(i))

+

(
x−1∏
i=1

pb(i)

)
(pb(x′) − pb(x′+1))(pb(x+1) + pb(x+1)pb(x+2) + · · ·+

x′−1∏
i=x+1

pb(i)) .
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We may factor out (pb(x′) − pb(x′+1)) from the above expression:

cost(cx′)− cost(cx′+1)

pb(x′) − pb(x′+1)
=

(
x−1∏
i=1

pb(i)

)
x′−1∑

j=x+1

j∏
i=x+1

pb(i) −

(
x−1∏
i=1

pb(i)

)
x′−1∑

j=x+1

j∏
i=x+1

pb(i)

=
1

pb(x)

x′−1∑
j=x+1

j∏
i=1

pb(i) −
1

pb(x)

x′−1∑
j=x+1

j∏
i=1

pb(i)

=

x′∑
j=x+2

(
z1j (b)

pb(x)
−

z0j (b)

pb(x)

)
.

We now explain how to compute the cost of all orderings:

1. Compute the cost of the greedy ordering b
def
= cn+1.

2. For all j ∈ [x+ 2, . . . , n]:

• Compute z1j (b) and z0j (b) using dynamic programming (e.g., z1j+1(b) = pb(j)z
1
j (b)).

• Compute yj
def
=

z1
j (b)

pb(x)
− z0

j (b)

pb(x)
.

3. Let ∆x+1
def
= 1. For each x′ ∈ [x+ 2, . . . , n], compute the partial sum ∆x′

def
=
∑x′

j=x+2 yj .

4. For each x′ ∈ [n, . . . , x+ 1], compute cost(cx′) = cost(cx′+1) + (pb(x′) − pb(x′+1)) ·∆x′ .

Each of these steps takes O(n) time. We can then identify the minimum-cost ordering in O(n) time.

The algorithm of Gkenosis et al. [GGHK18] for the adaptive variant of the Unanimous Vote problem, described
in Section 1.3, also computes the cost of n orderings and chooses the ordering with lowest cost. We remark that
a very similar idea can be used to improve the runtime of their algorithm from O(n2) to O(n logn), or O(n) if
the input probabilities are already sorted.

5 Comparing the greedy ordering with the optimal ordering. The greedy ordering constructed by
Algorithm 2.1 is not always optimal. Here is an explicit example:

Claim 5.1. The greedy ordering for the instance (p1, p2, p3, p4) = (0.49, 0.99, 0.99, 1) is not optimal.

Proof. Using Algorithm 2.1, the greedy ordering for this instance is (1, 0.49, 0.99, 0.99), which has cost

2 + 1 · 0.49(1 + 0.99) + 0 · 0.51(1 + 0.01) = 2.9751 .

Meanwhile, the ordering [0.49, 0.99, 0.99, 1] has cost

2 + 0.49(0.99 + 0.992) + 0.51(0.01 + 0.012) = 2.9705 .

In fact, there are instances where every algorithm using the natural greedy rule is suboptimal. In particular,
consider algorithms that may choose any coin that, if flipped, has the largest probability of terminating
the algorithm. At unbiased positions, including the first position, such an algorithm is free to choose any
remaining coin. It can be checked that any such algorithm is suboptimal on the instance (p1, p2, p3, p4, p5, p6) =
(0.02, 0.24, 0.7, 0.8, 0.9, 0.993).

For any δ > 0, we can construct an instance where the greedy algorithm (Algorithm 2.1) returns an ordering
that on average flips (1− δ) more coins than the optimal ordering:

Claim 5.2 (Lower bound of Claim 1.2). For all 0 < δ < 1, there exists a length-⌈ 4
δ2 ⌉ instance where

Algorithm 2.1 returns an ordering with cost greater than 1− δ plus the cost of an optimal ordering.

Proof. Consider one coin with probability of heads 1 and n coins with probability of heads 1− ϵ. There are
(n+ 1) coins in this instance. Let a be the optimal ordering and b be the ordering returned by Algorithm 2.1.
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Algorithm 2.1 will first select the coin with probability of heads 1, and then use all other coins. This has cost

cost(b) = 2 +

n∑
j=2

(
j∏

i=1

pb(i) +

j∏
i=1

pb(i)

)
= 2 +

n−1∑
j=1

(1− ϵ)j .

Meanwhile, consider the ordering that first uses all coins with probability of heads 1− ϵ. Then

cost(a) = 2 +

n∑
j=2

(
(1− ϵ)j + (ϵ)j

)
.

Then the difference in cost is at least

cost(b)− cost(a) = (1− ϵ)− (1− ϵ)n −
n∑

j=2

ϵj ≥ 1− ϵ

1− ϵ
− (1− ϵ)n .

We set ϵ
def
= lnn

n ; then ϵ
1−ϵ ≤ 2ϵ and (1 − ϵ)n ≤ e− lnn = 1

n for all n ≥ 1. So the difference in cost is at least
1− 2ϵ− 1

n = 1− 2 lnn+1
n . So for any desired δ, we set n large enough so that δ > 2 lnn+1

n , and this instance has a
difference in cost at least 1− δ. One can verify that δ > 2 ln⌈4/δ2⌉+1

⌈4/δ2⌉ for all 0 < δ < 1.

We show that the cost of Algorithm 2.1 is always at most 1 more than the optimal solution. Thus the instances
in Claim 5.2 are the asymptotically worst possible for Algorithm 2.1.

Claim 5.3 (Upper bound of Claim 1.2). For all instances, Algorithm 2.1 returns an ordering with cost at
most 1 plus the cost of an optimal ordering.

Proof. Let a be the optimal ordering guaranteed by Claim 4.2 and b be the ordering returned by Algorithm 2.1.
We need to prove that cost(b) ≤ cost(a) + 1. Let k be the position in a just before the last block. By Claim 4.2,
a and b agree on all coins in positions < k.

Suppose the last block of a is unbiased. Then by Claim 4.1, a = b and so cost(b) = cost(a). There are two
remaining cases:
Case 1: The last block of a is 1-biased.

Consider the coin in position k of a; it is the only coin that might not have been greedily chosen. Since the
last block is 1-biased, this coin must have probability of heads greater than 1

2 .
We split into two subcases: pa(k) ≥ pa(n), and pa(k) < pa(n).
In the first subcase, pa(k) ≥ pa(n), and it follows from Corollary 3.2 that pa(k) ≥ pa(x) for all k < x ≤ n. The

second-to-last block must be 0-biased or unbiased. Either way, a = b, so cost(b) = cost(a).
In the second subcase, pa(k) < pa(n), we generate two intermediate orderings:

1. Let a′ be the length-(n+1) ordering produced by starting from a, and then inserting a coin with probability
pa(n) at position k.

2. Let a′′ be the length-(n + 1) ordering produced by starting from a′, and then sorting all coins in position
≥ k + 1 in increasing probability of heads.

Since we added one coin to create a′, cost(a′) ≤ cost(a) + 1. Since pa(n) > pa(k) > 1
2 , the last block of

a′ begins at position k + 1. By Claim 3.1, sorting the last block of an ordering can only reduce its cost, so
cost(a′′) ≤ cost(a′). At position k, ordering a′′ is either 0-biased or unbiased. It follows that the first n coins of
a′′ exactly match b, so cost(b) ≤ cost(a′′) ≤ cost(a′) ≤ cost(a) + 1.

Case 2: The last block of a is 0-biased.
The second-to-last block can be either 1-biased or unbiased. If it is 1-biased, then the claim follows from a

symmetric version of the argument used in Case 1.
Suppose that the second-to-last block is unbiased. Let a′ be the ordering starting from a, but switching the

coins at positions k and k+1. Since a is unbiased at position k, cost(a′) = cost(a), and so a′ is also optimal. Then
a′ is unbiased at position k, either 0-biased, unbiased, or 1-biased at position k + 1, and 0-biased from position
k + 2 through position n. We consider each subcase:
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• If a′ is 0-biased at position k + 1, then the last block of a′ starts at this position. By Corollary 3.2, this
block is sorted in decreasing probability of heads. Then b = a′, and so cost(b) = cost(a′) = cost(a).

• If a′ is unbiased at position k+1, then the coin at position k has probability of heads 1
2 . Since a′ is 0-biased

at position k + 2, the coin at position k + 1 has probability of heads less than 1
2 . If k + 1 = n, then b = a′,

and so cost(b) = cost(a′) = cost(a). Otherwise, we repeat Case 2 on the ordering a′.

• If a′ is 1-biased at position k + 1, then the claim follows from a symmetric version of the argument used in
Case 1.

The proof of Claim 5.3 relies on the convention used by Algorithm 2.1 for choosing the coins in unbiased
positions. It is natural to consider an algorithm that also generates a greedy ordering using the opposite convention
(smallest pi rather than largest pi) and outputs the best of the two orderings. This algorithm is optimal unless
p1 ≤ 1

2 ≤ pn. If p1 ≤ 1
2 ≤ pn, there is at least a 50% chance of terminating in two flips. One can modify the

analysis in Claim 5.3 to show that this algorithm finds an ordering with cost at most 1
2 more than the cost of the

optimal ordering. We may observe that this difference is asymptotically tight by adding a coin with probability
of heads 0.5− ϵ to the instance in Claim 5.2.

6 Adaptivity gap. The adaptivity gap is the worst-case ratio of the cost of the optimal non-adaptive
ordering and the cost of the optimal adaptive strategy. We first show this is at least 1.2−O( 1

2n ), where n is the
number of coins.

Claim 6.1 (Lower bound of Theorem 1.3). The adaptivity gap is at least 1.2−O
(

1
2n

)
.

Proof. Recall that the cost of a non-adaptive ordering a is

cost(a) = 2 +
∑
j≥3

(
j−1∏
i=1

pa(i) +

j−1∏
i=1

pa(i))

)
.

Consider one coin with 0 probability of heads and n − 1 coins with 1
2 probability of heads. Any non-adaptive

ordering is determined by the position of the coin with 0 probability of heads. Suppose it is at position k. Then
the cost is thus

2 +

k∑
j=3

(0.5j−1 + 0.5j−1) +

n∑
j=k+1

(0.5j−2 + 0) = 2 +

k∑
j=3

0.5j−2 +

n∑
j=k+1

0.5j−2 = 2 +

n∑
j=3

0.5j−2 .

This sum is independent of k; thus, all non-adaptive orderings have the same cost of

2 +
0.5− 0.5n−1

0.5
= 3− 1

2n−2
.

Consider the adaptive strategy that flips a coin with 1
2 probability of heads, then chooses all other coins optimally.

The strategy terminates unless all observed coins are tails, or we run out of coins to flip. The cost of this strategy
is

2 +

n∑
j=3

0.5j−1 = 2 +
0.5− 0.5n

0.5
= 2.5− 1

2n−1
.

So the adaptivity gap is at least

3− 0.5n−2

2.5− 0.5n−1
=

3

2.5
−

0.5n−2 − 3
2.5 · 0.5n−1

2.5− 0.5n−1
= 1.2− 0.8 · 0.5n−1

2.5− 0.5n−1
= 1.2−O

(
1

2n

)
.

Our proof of the upper bound uses a structure in any ordering we call crossover point. Each coin before or
at the crossover point has a good chance of terminating the sequence, but this is not true after this point.

Definition 6.2 (Crossover point). Fix an ordering a. The crossover point of a is the largest position t where
for all 2 ≤ x ≤ t, the probability of terminating after flipping the coin at position a(x), assuming termination has
not yet occurred, is at least 1

2 . If there is no such t, we say t = 1.
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The crossover point t of any ordering a naturally induces a partition of [a(1), . . . , a(n)] with a first region
[a(1), . . . , a(t)] and a (possibly empty) second region [a(t + 1), . . . , a(n)]. In the first region, the sequence is
likely to terminate quickly. By Claim 3.3, the crossover point of an optimal ordering guaranteed by Claim 3.4
occurs in the final block.

We now prove that the adaptivity gap is at most 1.5.

Claim 6.3 (Upper bound of Theorem 1.3). The adaptivity gap is at most 1.5.

Proof. We try to construct the following two orderings:

• The first coin has the smallest probability of heads. For every subsequent position, if the ordering is 0-biased,
use the coin with smallest probability of heads at least 1

2 ; else, use the coin with smallest probability of
heads.

• The first coin has the largest probability of heads. For every subsequent position, if the ordering is 1-biased,
use the coin with largest probability of heads at most 1

2 ; else, use the coin with largest probability of heads.

We explain why one of these orderings can be successfully created. Suppose in the first ordering, we run out of
coins with probability at least 1

2 . Since the ordering is 0-biased at this point, and all other coins have probability
of heads less than 1

2 , we have
∏n

i=1 pi <
∏n

i=1 pi. However, if in the second ordering, we run out of coins with
probability at most 1

2 , then
∏n

i=1 pi >
∏n

i=1 pi. Only one of these events can occur.
These orderings are constructed to guarantee the following property. Suppose the crossover point is t. Then

for all s ≥ t, the smallest (or the largest) s coins are in the first s positions. This makes the last few coins in the
ordering look similar to the adaptive strategy.

Choose an ordering a that was successfully created. By definition, the probability of terminating the sequence
is at least 1

2 for any coin in position at most t. The cost of this algorithm is thus at most

cost(a) = 2 +

n∑
j=3

(z1j (a) + z0j (a)) ≤ 2 +

(
1

2
+ · · ·+ 1

2t−1

)
+

n∑
j=t+2

(z1j (a) + z0j (a)) .

For the rest of this proof, we assume that we have chosen the first ordering; the argument if we choose the second
ordering is symmetric. By our assumption, all coins in the second region (if it exists) have probability of heads
greater than 1

2 . So then z0j+1(a) = pj · z0j (a) ≤ 1
2z

0
j (a) for all j > t. So

∑n
j=t+2 z

0
j (a) ≤ z0t+1(a) ≤ 1

2t−1 . So the
algorithm has cost at most

cost(a) ≤ 1 +

(
1 +

1

2
+ · · ·+ 1

2t−1

)
+

1

2t−1
+

n∑
j=t+2

z1j (a) = 3 +

n∑
j=t+2

z1j (a) .

Meanwhile, the cost of any adaptive strategy for the Unanimous Vote problem is lower-bounded by the cost of
the best strategy to see at least one tails while flipping at least two coins, which is 2+

∑n−1
j=2

∏j
i=1 pi (i.e. flip the

coins in increasing order of pi). So the adaptivity gap is at most

3 +
∑n

j=t+2 z
1
j (a)

2 +
∑n−1

j=2

∏j
i=1 pi

≤ max

(
3

2
,

∑n
j=t+2 z

1
j (a)∑n−1

j=2

∏j
i=1 pi

)
.

By construction, for all j ≥ t, we have z1j+1(a) =
∏j

i=1 pi. So the second ratio equals

∑n−1
j=t+1

∏j
i=1 pi∑n−1

j=2

∏j
i=1 pi

,

which is at most 1 since the crossover point t ≥ 1. So the adaptivity gap is at most max( 32 , 1) =
3
2 .

In the full version of the paper, we use the techniques in Claim 6.3 to sharpen the upper bound to 1.2 + o(1).
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7 Open questions. We conclude by highlighting open questions related to the Unanimous Vote problem.
First, as discussed in Subsection 1.3, SBFE problems are often studied with costs, and it is natural to consider

the problem in that setting, i.e., where it costs ci to flip coin i and the goal is to minimize the expected cost of
coins flipped before termination. It is unclear if our algorithm would generalize to this setting.

It is also interesting to consider the unit-cost setting for other symmetric Boolean functions beyond the
Unanimous Vote (i.e., not-all-equal) function. For example, recent work provides a PTAS for the unit-cost,
non-adaptive SBFE problem for the k-of-n function [NRS25]. We conjecture that there is a polynomial-time
exact algorithm. More generally, It is an open question whether there is a polynomial-time algorithm for the
unit-cost SBFE problem for arbitrary symmetric functions, in either the adaptive or the non-adaptive setting.
Some related work in the adaptive setting appeared in the information theory literature, motivated by problems
involving distributed sensors [AJO11, DJO+12, KK13].

Finally, the interchange arguments used in our analysis suggest that there may be a simple local-search
algorithm for the Unanimous Vote problem based on interchanges. It would be interesting to find such an
algorithm that converges to an optimal solution in polynomial time. We note that the algorithm would need to
interchange non-adjacent elements of the ordering; under adjacent interchanges only, there can be locally optimal
solutions that are not globally optimal.
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