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We prove the following asymptotically tight lower bound for k-color discrepancy:
For any k > 2, there exists a hypergraph with n hyperedges such that its k-color
discrepancy is at least €(y/n). This improves on the previously known lower bound
of Q(y/n/logk) due to Caragiannis et al. [CLS25]. As an application, we show that
our result implies improved lower bounds for group fair division.

1 Introduction

In the classical combinatorial setting of discrepancy theory (see e.g. [Cha0l]), we are given
a hypergraph and the goal is to color each vertex using one of the two colors, say red and
blue. The discrepancy of a hyperedge is the difference between the number of its blue vertices
(equivalently, red vertices) and half of the total number of vertices in the hyperedge!. The goal
is to find a coloring that minimizes the corresponding discrepancy of the hypergraph—which is
defined as the maximum discrepancy across all the hyperedges.

In this work, we focus on the k-color generalization of discrepancy, pioneered by Doerr and
Srivastav [DS03]. Here we color each vertex using one of k colors, and the discrepancy of each
hyperedge is the maximum difference between the number of its vertices of each color and % of
the total number of its vertices. For notational convenience, we formalize this using a matrix
notion, where the matrix A can be viewed as the incidence matrix of the hypergraph, as follows.

Definition 1.1 ([DS03]). The k-color discrepancy of a matriz® A € [0,1]"*™ is defined as®

Afa-icio)|

We are interested in a bound on the k-color discrepancy among all matrices A with n rows
(corresponding to hypergraphs with n hyperedges?), as formalized below.

disc(A, k) := min max
x:[m]—[k] s€[k]

Definition 1.2. For all k,n € N, let disc™®(n, k) 1= sup,,cn SUp ejo,1jnxm disc(A, k).

1Sometimes the discrepancy is defined to be twice this amount, i.e. the difference between the numbers of its
blue vertices and its red vertices

ZWhile this allows A € [0,1]™*™, our lower bound holds for A € {0,1}™*™, which corresponds to a hypergraph.

3We use 1 to denote the all-1 vector and 1(S) to denote the indicator vector of S.

“We use n to denote the number of hyperedges to conform with the notations in fair division (e.g. [MS22]).
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For the case of two colors (k = 2), the celebrated result of [Spe85])® implies that disc™**(n, 2) <
O(y/n). Doerr and Srivastav [DS03] extended this bound® for all £ € N. However, they only
provide a lower bound of Q(+/n/k), leaving a gap of ©(vk). In a recent work of Caragiannis et
al. [CLS25], an improved lower bound of Q(1/n/ log k) is established, thus significantly reducing
the gap to just O(y/logk).

Caragiannis et al. also shows that their probabilistic construction and argument can be
extended to yield improved lower bounds for group fair division, which will be defined formally
in Section 4. Interestingly, unlike previous work of Manurangsi and Suksompong [MS22] which
obtains such lower bounds via direct reductions from discrepancy results, Caragiannis et al. use
separate (slightly different) constructions and arguments for each of their results.

Our Contributions. First, we close the aforementioned gap on the bound for disc™**(n, k) by
showing that it is ©(y/n) regardless of the value of k (Theorem 3.3). Our proof is based on a
very simple modification of the k = 2 case. In fact, our technique gives the same lower bound
(Theorem 3.2) for a smaller quantity called 1/k-weighted discrepancy (defined in Section 2),
which, as explained below, can be useful in subsequent applications.

Our second contribution is to give asymptotically improved bounds for group fair division.
The improvement is at least a factor of Q(y/log k) in all regime of parameters and, in some regime
of parameters, can be as large as Q(k+v/logk). (See Section 4 for a more detailed discussion.)
Unlike [CLS25], we achieve these improvements via simple reductions from our lower bound on
1/k-weighted discrepancy. These reductions can be viewed as strengthenings of those in [MS22].

Finally, we give an improved upper bound for an approximate fairness guarantee (propor-
tionality) for group fair division. Note that this result does not use our main lower bound on
discrepancy, but rather is based on a simple refinement of current upper bound proof techniques
from [DS03, MS22|. The full details are deferred to Section 5.

2 Preliminaries

For n € N, let [n] denote {1,...,n}. For z € R, we write [z]+ as a shorthand for max{0,z}. We
extend this notion naturally to vectors: for x € R?, [x]; is a vector whose i-th entry is [x;]+.

We will also work with the notion of p-weighted discrepancy for p € [0, 1]. Roughly speaking,
the goal here is to find a vector x € {0,1}"™ such that A - x is close to p times A -1, as
formalized below. When p = 1/2, this notation coincides with 2-color discrepancy (by letting
x = 1(x"1(1))). However, when p = 1/k for k > 2, this is a weaker notion than k-color
discrepancy, since we impose no requirement on 1 — x in p-weighted discrepancy.

Definition 2.1 ([DS03]). For p € [0,1], the p-weighted discrepancy of A € [0, 1]"*™ is

wdisc,(A) = xer{%hll}m lA(p 1 —x)|co-

Furthermore, for p € [0,1] and n € N, let wdiscy™(n) := sup,,en SUpaco,1jnxm Wdisc,(A).
It is known that the p-weighted discrepancy is at most O(y/n):
Theorem 2.2 ([LSV86]). There isy > 1 such that wdisc,™*(n) < v-y/n for alln € N,p € [0,1].

"While [Spe85] states the upper bound as O(y/mIn(2m/n)) when n < m, it is clear that this is at most O(:/n).
For an explicit statement, see [AS00, Corollary 12.3.4].

SWhile [DS03] focuses only on the case m > n, a “well known” technique [Spe85, Section 4] (see also [LSVS6])
can extend their bound to arbitrary m. See [MS22, Lemma 2.7] and the explanation therein for more detail.



The following is a simple but useful observation:

Observation 2.3 ([DS03]). For any k,n € N, disc™™(n, k) > wdiscy73*(n)

3 Proof of the Main Theorem

We recall the following well known construction in discrepancy literature: Let W be %(lnxn—i—H)
where 1,,«, is an n X n all-1 matrix and H is an n x n Hadamard matrix. This construction
appeared as early as [LSV86] (based on [Spe85]) and it yields the Q(y/n) lower bound for k = 2.

For our purpose, it will be convenient to employ the following property (where W is as defined
above), which was shown in [Cha01l] and stated more explicitly in [CNN11].

Lemma 3.1 ([Cha0l, CNN11]). For any n € N that is a power of two, there exists W &€
{0,1}™*™ such that |Wzl|3 > 2 (31 ,27) for all z € R™.

We are now ready to prove our main result, an Q(y/n) lower bound on wdisc,'**

o (n) for any
p € (0,1). This improves on Q(,/pn) lower bound from [MS22], and is asymptotically tight in

light of Theorem 2.2.

Theorem 3.2. For any p € (0,1),n € N, we have wdisc,**(n) > /(n — 1)/16.

As alluded to in the introduction, our construction is very simple: Just take A to be ©(1/p)
copies of W horizontally stacked together! (Equivalently, the corresponding hypergraph of A
has ©(1/p) copies of each vertex in W and each new hyperedge contains all copies of the vertices
belonging to the original hyperedge.) This is formalized below.

Proof of Theorem 3.2. Since wdisc,'**(n) is non-decreasing in n, it suffices to prove wdisc,'**(n) >

V(n—1)/8 =: A for all n € N that is a power of two. Furthermore, it is obvious that
wdisc,®(n) = wdisc]¥7(n). Thus, we may assume that p < 1/2.

Let t = |1/2p] and W € {0, 1}"*" be the matrix guaranteed by Theorem 3.1. We construct
the matrix A € {0,1}"*™ as A := [W | --- | W] where there are ¢ blocks of W.

Consider any x € {0,1}"™. Let z € {0,...,t}" be defined by z; = Z?;B Xitnj. It is simple
to see that A(p-1 —x) = W(pt -1 — z). Notice, by our choice of ¢, that 1/4 < pt < 1/2. As
a result, pt - 1 — z is a vector such that every coordinate has an absolute value at least 1/4.
Applying Theorem 3.1, we thus have |A(p-1—x)||3 = |[W(pt-1—2)[5 > 2 (n—1)/16 = nAZ.
This implies that |[A(p-1 —x)||cc > A. Thus, wdisc,(A) > A, which concludes our proof. [

Theorem 2.3 and Theorem 3.2 together yield our main lower bound for disc™**(n, k):

Corollary 3.3. For any n,k € N such that k > 2, we have disc™**(n, k) > /(n — 1)/16.

4 Applications to Group Fair Division

We consider the following setting of (approximate) fair division of indivisible goods for groups
of agents, which has been studied in a number of recent works [MS17, Suk18a, Suk18b, SHS19,
KSV20, MS22, MS24, CLS25]. There is a set G of items and k groups of agents of sizes
ni,...,ng. We use n to denote nq + - -+ + ng. Let a(®/) denote the j-th agent in group i and
u(®) be her utility function; we assume that these utilities are monotone and additive”. An
allocation A = (Ay,..., Ax) is a partition of G into k bundles where the bundle A; is allocated
to group i. We study three notions of approximate fairness, similar to [MS22]:

"This means that u(#9(9) = > ges u™(g) for all S C @, and that (") (g) > 0 for all g € G.



Quantity Our Lower Bounds Bounds in [CLS25] Bounds in [MS22]
P (n) Q(yi) (/) 2 (VF)
I CTRY () @ (\/rr) (V)
FROP(ny, o ing) | Q (maxieep - /i) | Q <\/ksﬂ§gk>v Q ( l:;k) 2 (Vi)

Figure 1: Summary of our lower bounds for group fair division and known lower bounds. Here, we assume
ny > -+ >ny > 1. As discussed below, our lower bound is a strict improvement over previous
lower bounds by a factor of Q(log k) for all values of ny, ..., n;. Moreover, the improvement for
cPF and ¢PROP can be as large as Q(y/klogk) and Q(kv/logk) respectively for some values of
ni,...,n;. Finally, note also that the previous three lower bounds for ¢PROF are incomparable.

e An allocation A is envy-freeness up to ¢ goods (EFc) if, for all i,i' € [k],j € [n;], there
exists a set B C G of size at most ¢ such that u()(A;) > u(%)(A4; \ B).

e An allocation A is proportional up to ¢ goods (PROPc) if, for all i € [k],j € [n,], there
exists a set B C G\ A; of size at most ¢ such that u(%)(4;) > u®)(G)/k — w9 (B).

e An allocation A is a consensus 1/k-division ¢ goods® (CDyec) if, for all i,i’ € [k] and any
agent a (which can be from any group), there exists a set B C G of size at most ¢ such
that a values A; at least as much as A, \ B.

We define ¢ (ny,...,ny) (vesp., cPROP(ny, ... ng)) to be the smallest value of ¢ such that

an EFc (resp., PROPc) allocation always exists. Let cf®(n) denote the analogous value for
CDgc (which only depend on the total number of agents n but not on nq,...,ng). Since
these quantities are independent of the orders of nq,...,ng, we will assume throughout that
ny > --+ > ng > 1 which will allow us to state the results in a more convenient manner.

Our Results. We provide improved lower bounds for all three quantities, as stated below.

Corollary 4.1. For positive integers k > 2 and n > k, c¢P(n) > Q(/n).

Corollary 4.2. For positive integers k > 2 and ny > --- > ng, cEF(nl, ce,n

k) 2 Q).

PROP( 7”]@) >

Corollary 4}.3. For positive integers k > 2 and n1 >
Q (maxi*e[k] = w/ni*).

Our lower bounds and those from [MS22, CLS25] are summarized in Figure 1. Our lower
bound for CED(TL) is asymptotically tight and improves upon the Q(y/n/log k) lower bound from
[CLS25]. Our lower bound for c¢®¥(n1, ..., n) improves upon the Q <, /ﬁgk) lower bound from
[CLS25] since n; > n/k; moreover, in the case where n; = (n), our improvement can be as large
as Q(v/klogk). Finally, our lower bound ¢"ROP (ny, ..., n;) is also an improvement over all three
(incomparable) lower bounds from [MS22, CLS25] by a factor of at least 2(y/log k) in all regime
of parameters; moreover, when e.g. n1, -+, 12 = O(n/k) and n;/941,...,n% = O(1), our
lower bound of 2 ( %) is an Q(k+/log k) factor improvement over the previous bounds.

e 2N, C N, ...

8This notion does not depend on how the users are divided across the different groups.



4.1 Consensus 1/k-Division

In [MS22], it was shown that c®F(nqi,...,ng), PROP(ny, ... ng) and ¢{P(n) are all at most
O(y/n). Furthermore, they provide a lower bound through the following:

Theorem 4.4 ([MS22]). For positive integers k > 2 andny > -+ > ny, (withn =ni+---+nyg),

o cFF(ny,... mg) > weliseB (| /2]) /K

o cPROP(n . my) > wdiscli* ([n/2]) /k

o c¢IP(n) > disc™™(n, k).

Combining Theorem 3.3 with the above theorem, we immediately arrive at the the tight lower
bound for ¢{P(n) (Theorem 4.1).

4.2 Improved Bounds for EF and PROP

Interestingly, however, applying the known reduction (Theorem 4.4) to our bound on 1/k-
weighted discrepancy (Theorem 3.2) does not yet yield strong lower bounds for ¢®F and ¢PROP,
In fact, the bound we would have gotten for ¢® is strictly worse than that from [CLS25] in
all regimes of parameters. To overcome this barrier, we give better lower bounds for ¢®F and
cPROP hased on 1/k-weighted discrepancy, as stated below.

Theorem 4.5. For positive integers k > 2 and ny > -+ > ny,

»k

PROP ¢ . max [ | TW*
c ni,...,NnE) > max — - wdisc Q—J)
(m k) = max 1k (|5
TP EF wise (175])
Theorem 4.6. For positive integers k > 2 andny > --- > ng, ¢ (ny,...,ng) > ——5——.

Combining these theorems with Theorem 3.2 immediately yield Theorems 4.2 and 4.3.

We note that our lower bound in Theorem 4.5 for ¢PROP is a generalization of that from
[MS22], which corresponds to the case i* = 1. Meanwhile, our lower bound for ¢®¥ in Theo-
rem 4.6 is a direct improvement of that from [MS22] by a factor of Q(k).

In our constructions, the utility of each item will always be at most 1. Throughout this section,
we will assume this without stating it explicitly. We say that a utility u is a complement of
a utility «' iff u(g) = 1 — u(g) for all g € G. Similarly, an agent is a complement of another
if their utilities are complements. We start with the following lemma, which will be useful in
subsequent proofs. This lemma is a generalization of a property shown in [MS22, Theorem 4.1].

Lemma 4.7. Let A= (Ay,...,Ay) be any PROPc allocation. Suppose that a group i contains
two agents j,j' that are complements. Then, we have

o (:9)
w@ (4;) — 2 (@)

§c+[|Ai|—%L.

Proof. Since A is PROPc and the valuation of each item is at most one, we have u(*7)(4;) >

% —cand w41 (4;) > % — ¢. The former is equivalent to u(»7) (A4;) — % > —c.
Moreover, Since u(%7) is a complement to u(*/) the latter can be rearranged as
— u (G o . i) (G
m—u m u
c> kz() _ (|A1’ _ u(m)(Ai)> - (? - |AZ|) +ultD(4;) — k()
Combining these two inequalities yields the claim. O



Construction for PROPc. Theorem 4.7 provides a clear intuition for the construction: We
use the agents’ utilities in the first i* groups to encode the matrix (and its complement). In
any PROPc allocation A = (Ay,...,Ag), if one of the first i* group has small bundle size
(only slightly above m/k), then the lemma immediately allows us to related ¢ back to 1/k-
weighted discrepancy. To ensure the condition, we have an agent with all-1 utility in each of
the remaining k& — ¢* groups; this ensures that the bundle these groups receive cannot be too
small, which implies that one of the first i* groups has a small bundle.

We note that our construction and our bound indeed coincide with that of [MS22] in the case
of i* = 1. Thus, ours may be viewed as a generalization of their construction.

Proof of Theorem 4.5. Suppose for the sake of contradiction that, for some i* € [k], ¢ :=
PROP (g, . my) < & - A where A = wdiscy)i* (n') and n' = |n;-/2].

Let A € [0,1]" ™ be such that wdiscy/,(A) > A. Let G = [m], and the utilities of the agents
be as follows. First, for groups i € {i*+1,...,k}, we let their first agent having an all-1 utility,

i.e. u®)(g) =1 for all g € [m]. For each of the remaining group i € [*] and for all j € [n/], we
set the utility for the j-th and (j 4+ n/)-th agents as follows:*

w)(g) = A, uBIT) () =1 - A, Vg € [m].

Let A = (Ay,...,A;) be an allocation that is PROPec. For all i € [i*], since u(*7)(g) and
ulbd +"I)(g) are complement, we can apply Theorem 4.7 to conclude that

o)),

Since wdiscy /5(A) > A, we have [4;] — 2 > A—c¢> (£ — 1) -c. Since [Ay|+ -+ |Ag] = m and
| A, JAi| > 2+ (£ = 1) - ¢, there exists i € {i* + 1,...,k} with [4;] < 2 — c. However,
this means that v (4;) < % — ¢. Thus, A cannot be PROPc, a contradiction. O

c+ [|Al| - ELF > lu(09)(4;) — k() Vj e [n].

Construction for EFc. Our construction for EFc is in fact the same as that of PROP in the
case i* = 1 above (which is also the same as that of [MS22]). The difference is that, we use EFc
to ensure that |A;| is smaller than m/k + c¢. This is formalized below.

Proof of Theorem 4.6. Let n’ := [n1/2] and A = wdisc}}*(n). Suppose for the sake of contra-
diction that ¢ := ¢ (ny,..., k) < A/2.

Let A € [0,1]" %™ be such that wdiscy /5 (A) > A. Let G = [m], and the utilities of the agents
be as follows. First, for groups i € {2,...,k}, we let their first agent having an all-1 utility, i.e.
u®)(g) = 1 for all g € [m]. For the first group and for all j € [n/], we set the utility for the
j-th and (j + n’)-th agents as follows:

u(l’j)(g) =Aj, u(l’j+”’)(g) =1-A,, Vg € [m].

Let A= (Ay,...,A) be an EFc allocation. Since any EFc allocation is also PROPc¢, we can

apply Theorem 4.7 to conclude that

m L u)(@G) 1 ,

ct [yAl\ - 7} > (o) (4y) - L o (A ( 1- 1(A1)>> Vi € [n].
k14 k j

9The remaining agents’ utilities can be set arbitrarily.



Since wdiscy/,(A) > A, we have [A1] — 7 > A —c > c. Since |A1] +---|Ax] = m and
|A1l > m/k + ¢, there exists i € {2,...,k} with |4;] < m/k. However, this means that
uD(A;) < uV (A1) — c. Thus, A cannot be EFc¢, a contradiction. O

5 Improved Upper Bound on PROP

We will prove the following bound on ¢"ROP which improves on the O(y/n) bound of [MS22].
PROP(nl, ces ,nk) < O(,/nl).

An interesting case to highlight is when ny = -+ = np = n/k. In this case, Theorem 5.1
yields an upper bound of O(y/n/k) which matches our lower bound from Theorem 4.3.

Corollary 5.1. For positive integers k > 2 andny > -+ > ng, ¢

Asymmetric Discrepancy. Similar to previous proofs, we will prove Theorem 5.1 by relating it
to a discrepancy-based notion. However, to achieve the improved bound, we need a new notion
of discrepancy, which we define as asymmetric discrepancy below in Theorem 5.2. At a high
level, this is similar to discrepancy except that there are k different matrices that is used to
measure the discrepancy of different colors.

Definition 5.2. The asymmetric k-color discrepancy of k matrices A € [0,1]™*™ ... AF ¢

[0, 1]™*™ s defined as
1
asymdisc(Al,...,A%) := min X ‘As <k: 11— 1(X_1(5))> H :

= m
x:[m]—[k] s€[k]

For all k,nq,...,n € N, let

asymdisc™®(nq,...,ng) := sup sup asymdisc(Al, ..., A¥).
meN Alg[o,1]m1X™ . Ake[0,1]7kX™
Observant readers can probably see similarities between the above definition and that of
proportionality already. Indeed, we can formally show that an upper bound on the former
implies that of the latter, as stated below.

Theorem 5.3. For all k,ny,...,n; € N, ¢"BOP(ny, ... ny) < 2 [asymdisc™™(ny, ..., ng)].

Finally, via known techniques [DS03], we give the following upper bound on the asymmetric
discrepancy:

Theorem 5.4. For positive integers k and ny > - -- > ny, asymdisc

X (g, ., ng) < O0(Vnr)

Notice that our main upper bound (Theorem 5.1) is indeed an immediate corollary of the
above two theorems. The subsequent two subsections are devoted to the proofs of Theorem 5.4
and Theorem 5.3, respectively.

5.1 Upper Bound on Asymmetric Discrepancy

To prove Theorem 5.4, we employ the “recursion” construction similar to [DS03]. Namely, we
group the colors [k] into two groups {1,...,k1} and {k1 +1,...,k} where k; = |k/2]. We then
use the weighted discrepancy upper bound (Theorem 2.2) to partition the columns into two
groups such that the first group is roughly % fraction w.r.t. each row. We then recurse on the
two sides. The improvement here is due to the fact that, when we recurse on the first group,
we only have to consider the first k; matrices Al,..., A* instead of all the & matrices. This
intuition is formalized below.



Proof of Theorem 5.4. Let ¢ := 100y where « is the constant from Theorem 2.2. We will prove
the following statement by induction on &':

asymdisc™®(ny, ..., ng) < ¢ (1 —

&)m V< <mg. (1)

The base case k' = 1 is obvious. For the inductive step, consider any integer k > 2. Suppose
that (1) holds for any k¥ < k. We will show that it also holds for ¥ = k. For any matrices
Al e [0, 1]mxm . AF € [0,1]™>*™, we create our k-coloring x : [m] — [k] as follows:

1. Let ky = |k/2) and ky = k — ky = [k/2].

2. Let A € [0, 1)t +nme)xm pe the matrix resulting from vertically concatenating Al AR
Then, apply Theorem 2.2 to A with p = %1 to obtain x € {0,1}" such that

IA(p-1=%)]loc < 7V < /nik. 2)
Let S; :={i € [m] | x; = 1} and S := [m]\ Si. Notice that x = 1(S;) and 1 —x = 1(S2).

3. Apply the inductive hypothesis to Al,..., A to obtain ¥ : S; — [k1] such that

Jas (5 1<sl>1<>z—1<s>>>Hms<<1\/l,a)-m vsellal  (3)

Similarly, apply the inductive hypothesis to A¥+1 . AF to obtain a coloring X : Sy —
{k1 +1,...,k} such that

”AS (132 1(Sy) — l(X_l(s))> HOO <¢ <1 - V%) ST Vse{ki41,.. k) (4)

Set the final coloring x to be the concatenation of the two colorings y, X.

We next bound ||A® (7 -1—1(x )H for each s € [k] based on whether s € [k;].
First, consider the case where s € [kzl] In this case, we have

[ (o)
<At sy -1 ) )|+ AT 51 1S

| (i ) a g )]
s (Lo —1E ) )| 1At e 1)

H <k1 >Hm ki

(2),(3) 1 1
o1 =) v — Sk
N (( \/E) n1+k1 v

1 0.01VEk
(- 2%)

1 0.01+/3k
(1 —— 1) N
Vi k1




S

Similarly, for the case s ¢ [k1], we have

o (e -omm)]

ki -1(S2) — 1(x‘1(s))> Hoo + HAS (;1 - 132 ' 1(52)> Hoo

(
~ |l (s awen)| + a1 -
(

El\/%"‘o.mk;/%)‘\/a

Thus, in both cases, we have [|A® (1 -1 —1(x"!(s))) HOO < (1 - ﬁ) -y/N1, and we can con-

clude that (1) holds for all £/ € N as desired. O

5.2 From Asymmetric Discrepancy to Proportionality

Finally, we prove Theorem 5.3 via a similar reduction from [MS22] who used it to relate discrep-
ancy with (approximate) consensus division. The rough idea of their reduction is that, for each
agent, we divide the items into “large” and “small” based on the utility values. Then, we create
two discrepancy constraints: The first is to ensure that the number of large items are balanced
between each part, and the second is to ensure that the utility of small items are balanced. The
latter involves scaling the utility values with an appropriate normalization so that the values
belong to [0,1]. We use almost the same reduction as this, except that the reduction is even
simpler. Specifically, we do not need the first type of constraints at all. This is because we seek
(approximate) proportionality, which is weaker than (approximate) consensus division.

Proof of Theorem 5.3. The case k = 1 is obvious; henceforth, we will focus on £ > 2. Let

H := [asymdisc™™(ny, ..., ng)]. Assume w.l.o.g. that G = [m] and!® m > kH.
For every agent a7, let Sl(;;;)e C G be the set of her KH most valuable goods, and gl(;fg)e -
Sgél be the set of her 2H most valuable goods. Furthermore, let p(t) = mingE wn w9 (g),

large

and z(%) € [0,1]™ be defined as'!

oo _ (1D ity S, o I
0 otherwise.

00therwise, we may add dummy goods with zero values to increase m.
'We use the convention that 0/0 = 0.



For each group i € [k], let A® = [z(i’l) ~--z(i7"i)]T. We have A’ € [0,1]%*™. From the
definition of asymdisc™®*, there exists x : [m] — [k] such that

HAi <]1€-1—1(X1(i))>Hoo <H vi € [k]. (5)

Consider the allocation A = (Ay, ..., Ax) where A; = x (i) for all i € [k]. We claim that this
allocation is PROPc¢ for ¢ = 2H. To show this, consider any agent a(*7). From (5), we have

ul®d) (G \ Slarge)

01 1
(64) = .1 _ A _ ., @09) (i,
H= <z 31 1(Az)> ) ? u (A \Slarge> . (6)

Let B = S \ A;. Since |S(m

Jarge Jargel = €, we have [B| < c¢. Furthermore, we have

u®)(A;) + ) (B) — (@) /K
> uld) (S50 + uli) (A \ S - u(i’j)(G)/k

larg large
o (s - SRR (IR o (4 s

(4,4)
O 1 Sl i) (Su,y))_ H . pld)

£ 15
%. (i-4) (Sl(arg)e> H - plid)
% |S1a}]g)e| p@) — . plid)
=0,
where the last inequality is from our definition of p(®J). Thus, the allocation is PROPc. O

6 Conclusion and Open Questions

We prove an asymptotically tight lower bound of (y/n) on both disc™*(n, k) and wdisc,**(n),
which in turn implies an asymptotically tight bound for ch(n). We also obtain improved lower
bounds for ¢®F(ny,...,ng) and ¢PROP(ny, ..., ny), although they are not yet tight. It remains
an interesting question to close this gap. A particularly natural case is when ny = -+ = ng =
n/k; our lower bounds for c®F is Q(y/n/k) whereas the upper bound from [MS22] is O(y/n).
Intriguingly, for n; = --- = nj = 1, it is known that ¢®¥(ny,...,n;) = 1 [LMMS04]. Thus,
closing this gap seems to require some innovation on the upper bound front.
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