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1. Introduction

All graphs considered in this paper are finite, undirected and simple unless we particularly mention it. A Kempe change
was essentially introduced by Alfred Kempe to try proving the four color theorem. Each Kempe change interchanges the
colors used on a component of the subgraph induced by two color classes. Even today, this remains one of the fundamental
and most powerful tools in graph coloring theory. Two colorings are Kempe equivalent if they are transformed into each other
by a sequence of Kempe changes. Kempe equivalence of vertex colorings of graphs is deeply and widely studied, since it is
not only an important research subject in combinatorial reconfiguration but also is related to many other subjects in graph
theory; for example, random coloring [9], perfectly contractile graph [1], a recoloring version of Hadwiger’s conjecture [3,6]
and so on. It is easy to see that every two k-colorings of any bipartite graph with k > 2 are Kempe equivalent (cf. [7]). On
the other hand, it is PSPACE-complete to determine whether two given k-colorings of a graph G are Kempe equivalent for
any fixed k > 3 [2], where a k-coloring is a proper vertex coloring with k colors.

In this paper, we consider Kempe equivalence of 4-colorings of graphs on surfaces. Fisk [5] showed that every two
4-colorings of a 3-colorable triangulation on the sphere are Kempe equivalent. Mohar [7] extended this result to any 3-
colorable planar graph. Moreover, Fisk observed that:

(a) There exists a 4-chromatic triangulation G on the sphere with two 4-colorings which are not Kempe equivalent.
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(b) There exists a 3-colorable triangulation Ty on the torus (shown in Fig. 1) with two 4-colorings which are not Kempe
equivalent.

By the above results, Kempe equivalence of 4-colorings of graphs on orientable surfaces is solved with respect to its
genus. To deal with Kempe equivalence of 4-colorings of graphs on orientable surfaces, Fisk [5] used a “degree” of 4-
colorings, which is defined by regarding a 4-coloring of a graph G on a surface with a simplicial map from G to the surface
of a tetrahedron (which can also be considered as a triangulation on the sphere). Mohar and Salas [8] further investigated
the relation between “degree” and Kempe equivalence of 4-colorings of 3-colorable triangulations on orientable surfaces.
However, since the “degree” needs the orientability of a surface, it cannot be applied to Kempe equivalence of 4-colorings
of graphs on non-orientable surfaces. Hence we consider the similar problem for non-orientable surfaces, and then we have
the following. The projective planar case is already proved in [5] by using some topological fact, but Fisk did not precisely
mention it.

Theorem 1.1. Let G be a 3-colorable triangulation on the projective plane or the Klein bottle. Then every two 4-colorings of G are
Kempe equivalent.

Theorem 1.1 is best possible in terms of each condition:

(c) A “triangulation” cannot be replaced with a “graph”,
(d) the non-orientable genus cannot be extended to 3 or more, and
(e) the 3-colorability is necessary.

The claim (e) immediately follows from (a). The others (c) and (d) follow from (i) and (ii) of the following theorem,
respectively.

Theorem 1.2.

(i) There exists a 3-colorable graph G on the projective plane with two 4-colorings which are not Kempe equivalent.
(ii) There exists a 3-colorable triangulation G on the non-orientable surface with genus 3 with two 4-colorings which are not Kempe
equivalent.

By our results together with known results for the orientable case, Kempe equivalence of 4-colorings of graphs on closed
surfaces is solved with respect to its genus.

2. Definitions

For fundamental terminology and notation undefined in this paper, we refer the reader to [4]. In this section, we intro-
duce some terminology and notation that are frequently used in this paper but are not entirely standard.

For a graph G and a subset S C V(G), G[S] denotes the subgraph induced by S. For a vertex colored graph G, G(i, j)
denotes the subgraph induced by all vertices colored with i or j. Every connected component D of G(i, j) is called a Kempe
component (or K-component), and such a component D is also called an (i, j)-component. An edge e € E(G(i, j)) is called
an (i, j)-edge. When we simultaneously consider 3- and 4-colorings of G, an (i, j)-edge of G is defined with respect to the
4-coloring. By switching the colors i and j on D, a new k-coloring can be obtained. This operation is called a Kempe change
(or K-change). In particular, we call a K-change on a component of G(i, j) an (i, j)-change. If a K-change is applied on a
component containing a vertex v, then such a K-change is also called a K-change concerning v. Two k-colorings c¢; and c;
of a graph G are Kempe equivalent (or K-equivalent) without a (k 4+ 1)-th extra color, if ¢; can be obtained from ¢, by a
sequence of Kempe changes, possibly involving more than one pair of colors in successive Kempe changes.

A surface is a two-dimensional closed manifold. An embedding of a graph G on a surface IF is a drawing of G on IF' with
no pair of crossing edges. In this paper, we simply say an embedding of G on F as G on F. A cycle C of a graph (or a
closed curve) on IF is 1-sided (resp. 2-sided) if the regular neighborhood of C is homeomorphic to a Mobius band (resp. an
annulus). In addition, C is separating (resp. non-separating) if C separates (resp. does not separate) IF'.

A face f of G on a surface IF is a connected component of [F — G and a region of G is a union of several faces. For a
vertex v of G on ¥, the link of v is the boundary cycle (or walk) of the region formed by all faces incident to v. A facial
path FoF1...Fy of a triangulation G on a surface is a sequence of faces F; of G such that for any i € {0,1,...,k— 1}, F; and
Fi41 share exactly one edge if they are distinct (note that a facial path may traverse the same face more than once). We
say that the facial path passes an edge shared by F; and F;q if F; and F;;q are distinct. Similarly, a facial path P passes a
path or a cycle of G if P passes an edge of it.
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3. Proof of Theorem 1.1

Prior to the proof of the theorem, we present several facts and lemmas. Let Ty be the 12-vertex 6-regular triangulation
on the torus shown in Fig. 1. In the figure, each label ij (i € {1, 2, 3,4} and j € {a, b, c}) denotes a combination of two colors
defined by a 4-coloring f : V(Tg) — {1, 2, 3,4} and a (unique) 3-coloring g: V(To) — {a, b, c}.

1c 2a 1b 2c la 2b 1c
[ 4
A/
4b 3c 4a 3b 4c 3a 4b
A
@
la 2b 1c 2a 1b 2c la

Fig. 1. The 6-regular triangulation Ty and two faces A and A’.

Observation 3.1. The vertex set of Tg is the product of the set of four colors {1, 2, 3, 4} and that of three colors {a, b, c}. The
face set of To consists of all 24 tuples (i1 j1,i2j2,i3j3) of three elements in {ij:i € {1,2, 3,4}, j € {a, b, c}} such that is #i;
and js # j; for any s,t € {1, 2, 3} with s #t¢.

Lemma 3.2 ([5,8]). If a triangulation T on a surface has a 4-coloring f and a 3-coloring g, then thereis a simplicialmap g x f : T — Ty
such that (g x f)(x) = f(x)g(x) € V(Typ) for each vertex x € V(T).

Lemma 3.3. Let A be an annulus and let x and y be two points of A. Let | and ]’ be two lines connecting distinct boundaries of A and
suppose that they separate x and y (that is, any simple curve from x to y crosses ] or J'). Then, for any simple curve y between x and
y, either

e y crosses | an even number of times and J” an odd number of times, respectively, or
e y crosses | an odd number of times and |' an even number of times, respectively.

Proof. Since x and y respectively belong to distinct two regions R and R’ bounded by J, J’ and boundaries of A, y has to
pass J and J’ alternately starting from one of x and y. Thus, the total number of crossings of y and (J, J') is odd, which
implies the lemma. O

The following is a key lemma for proving our main theorem.

Lemma 3.4. Let A = (1a, 2b, 3c) and A’ = (1a, 2b, 4c) be two triangular faces of Tq (see Fig. 1). Let P = FoFy ... F;, where Fg = A
and Fy = A’ be a facial path of To which passes no (1, 2)-edge. Then there are two pairs (r,s) and (', s") such that P passes both
(r, s)-edges and (r', s')-edges an even number of times.

Proof. Since P passes no (1, 2)-edge, we can regard P as a facial path of a triangulation on the annulus. The faces A and
A’ are separated by sets of (i, j)-paths corresponding to J and J’ in Lemma 3.3 in the following two kinds:

(1) J1: two (2, 3)-paths 2a3c2b, 2c3b2a and two (1,4)-paths 1b4alc, 1a4c1b, Ji: a (2,3)-path 2b3a2c and a (1,4)-path
1c4b1a.

(2) J2: a (2,4)-path 2c4a2b and a (1,3)-path 1a3blc, J4: two (2,4)-paths 2b4c2a,2a4b2c and two (1,3)-paths
1c3alb, 1b3cla.

Note that y passing J or J' in Lemma 3.3 an odd (resp. even) number of times corresponds to P passing any path of J;
or J{ odd (resp. even) times for each i € {1,2}. By Lemma 3.3, for each i € {1,2}, if P crosses J; is an even (resp. odd)
number of times, then P crosses J; is an odd (resp. even) number of times. Moreover, the parity of the number of inter-
sections between P and J; is the same as one between P and J; where {i, j} = {1, 2}. Therefore, one of ((2, 3), (1,4)) and
((2,4),(1,3)) is a set of desired color pairs. O

We have prepared to prove Theorem 1.1.
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Proof of Theorem 1.1. Let G be a 3-colorable triangulation on the projective plane or the Klein bottle. It suffices to show
that any 4-coloring of G can be transformed into a 3-coloring, since G has a unique 3-coloring up to permutation of the
colors (that is, all 3-colorings of G are Kempe equivalent).

Suppose G has a 4-coloring f : V(G) — {1,2,3,4}. Let e be an edge of G and let F, and F, be two triangular faces
sharing e. For a face p of G, we denote by C(p) the set of colors used on the vertices of p. An edge e of G is singular
(resp. non-singular) if C(Fe) = C(F}) (resp. C(Fe) # C(F})). For a coloring g of G, let NS(g) be the set of non-singular edges
of G by the coloring g. Note that if g is a 3-coloring, NS(g) = ¢, and hence we will make NS(f) =@ by a sequence of
K-changes.

We suppose that K-changes are already applied to f to reduce [NS(f)| as small as possible. We suppose to the contrary
that NS(f) # @, and without loss of generality, we may assume that NS(f) contains at least one (1, 2)-edge. Let H be the
subgraph of G[NS(f)] consisting of all (1, 2)-edges.

Claim 3.5. The degree of any vertex in H is even.

Proof. For any vertex v of G, it is known in [5, Lemma 2] that the length of the link of v in G is the same as the number of
non-singular vertices on the link modulo 2, where a vertex of a 3-colored cycle is non-singular if the two neighbors of it on
the cycle have distinct colors. Note that the length of the link of any vertex is even since G is Eulerian by the 3-colorability
of G. Moreover, the parities of the number of non-singular vertices of each color are all the same [5, Lemma 2]. Therefore,
since the number of non-singular (1, 2)-edges incident to v is even, the claim holds. O

Claim 3.6. Every cycle in H is non-separating.

Proof. If a cycle in H is separating, then by applying K-changes to all (3, 4)-components in one region bounded by the
cycle, we can make all edges of the cycle be singular. This contradicts that [NS(f)| is minimum. 0O

Claim 3.7. Let C be a 1-sided cycle in H. At least one edge e in E(H) \ E(C) is incident to C, that is, one end of e is in V (C).

Proof. Suppose to the contrary that no edge in E(H)\ E(C) is incident to C. Let C = XoX1 ... Xk_1. Let ug_1Xk_1Xo, UrXoX1 and
u;x;xi+1 be faces of G for each i € {0,1,2, ...,k — 2} such that for each i € {1,2,...,k}, there is a facial path P; =ryr} "'rZ
from ré = ujXj_1X; to rj;i = ujXx;jXj+1 (subscripts of x; are modulo k). Note that the boundary of r;. contains x; for each
je{0,1,...,¢;} but P; does not pass any edge of C (see Fig. 2). Let L; be the path in the link of x; between u;_1 and u;
such that all vertices of L; are contained in boundary cycles of faces of P; as shown in Fig. 2.

Fig. 2. A 1-sided cycle C with k =4.

Observe that f(u;) € {3,4} for each i € {0, 1,2, ..., k}. By the assumption that no edge in E(H) \ E(C) is incident to C,
the following two properties hold:

(i) If f(ui—1) = f(uj), then |V (L;)| is odd.
(ii) If f(uj—1) # f(u;j), then |V (L;)| is even.

Here we give a proof to the above statement (i): Suppose f(x;) =2, f(ui_1) = f(u;j) = 4. If L; has no vertex with color 1,
then only two colors 4 and 3 appear alternately on L;, that is, |V (L;)| is odd since f(u;j_1) = f(u;). Thus we suppose L; has
a vertex with color 1. By the assumption of the claim, the neighbors of x; with color 1 in L; lie on the between two vertices
in L; with the same color. In this case, by regarding the color of all vertices with color 1 in L; as color 3 or 4 suitably, only

4
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two colors 4 and 3 appear alternately on L;. Therefore, |V (L;)| is odd in each case. (Since the proof of (ii) is similar to that
of (i), we omit it.)
Moreover, since f(ug) # f(u) and the length of C is even, we have

(iii) The number of indices i € {0, 1, ...,k — 1} satisfying (i) is odd.

Let g: V(G) — {a,b,c} be a 3-coloring of G such that g(xo) =a, g(xq) =b and g(up) = g(ux) = c. We consider the
permutation of the three colors a, b, ¢ of triangular faces x;x;1u; in the following order

XoX1Up — X1XU1 — -+ - — XpX1Ug.

For eachie{0,1,...,k— 1}, we let

it (8(Xi), gXiy1), 8(Wi)) = (8(Xit1), 8(Xit2), §(Ui+1))
be an element of the symmetric group S3; note that mp_5 : (g(Xk—2), g(Xk_1), g(Uk_2)) — (g(Xk_1), &(x0), g(Uuk_1)) and

-1 (§Xk—1), E(X0), &(Uk—1)) — (&(X0), &(X1), g(uk)). Since (g(x0), g(x1), &(Uo)) = (g(x0), &(x1), &) = (a,b,¢), the
composition of permutations

[M=my_q1o0mKk_p0---0T

must be the identity map. By (i) and (ii), 7r; is order 2 (resp. 3) if |V (L;)| is odd (resp. even) for i € {0, 1, ..., k—1}. However,
since the number of m;’s with order 2 is odd by (iii), IT is never the identity map, a contradiction. O

Remark 3.8. As a corollary of Claims 3.5-3.7, we are done for the projective plane: By Claim 3.6, every cycle in H is 1-sided
when G is embedded on the projective plane. By Claims 3.5 and 3.7, there are two 1-sided cycles C; and C, in H which
must cross, since every non-separating cycle on the projective plane is 1-sided. Therefore, we can find a separating cycle in
H consisting of several edges of C; and C», contrary to Claim 3.6.

By Claims 3.6, 3.7 and Remark 3.8, we may assume that

e G is a 3-colorable triangulation on the Klein bottle, and
e there exists a non-separating 2-sided cycle C in H and there may exist exactly one 1-sided cycle C’ in H which crosses
C exactly once.

Note that as every non-separating 2-sided cycle on the Klein bottle passes two cross caps, the second assumption follows.

Let F =xyz and F' = xyw be two faces sharing an edge xy € E(C) where f(x)=1, f(y) =2, f(z) =3 and f(w)=4. Let
g:V(G) — {a, b, c} be a 3-coloring of G such that g(x) =a, g(y) =b and g(z) = g(w) =c. Let P = FoFy...F; with Fp=F
and F, = F’ be a facial path in G, which passes no (1, 2)-edge.

By Lemma 3.2, the map (g x f) (specifically) gives a facial map from P to a facial path Pr, in Ty from A to A" shown
in Fig. 1. Note that since all edges of Ty are non-singular, if two consecutive faces in P share a singular (resp. non-singular)
edge, then they are mapped to the same face (resp. two adjacent faces) of To. By Lemma 3.4, there are two pairs (r,s) and
(', s") such that Pr, passes both (r,s)- and (i, s")-edges of To an even number of times. This implies that

(*) P passes both (r,s)- and (i, s’)-cycles of G[NS(f)] an even number of times.

We see that P must pass a (3, 4)-edge of G[NS(f)] at least once since Pr, passes a (3, 4)-edge of Ty at least once. Note
that a simple closed curve y passing only xy and edges passed by P is 1-sided since P passes no (1, 2)-edge. Therefore, if
there is a non-separating 2-sided (i, j)-cycle in G[NS(f)] for (i, j) # (1, 2), then

(**) P passes each non-separating 2-sided (i, j)-cycle of GINS(f)] an odd number of times

since a non-separating 2-sided curve intersects a 1-sided curve an odd number of times on the Klein bottle. Moreover, there
is neither 1-sided (1,2)- nor (3, 4)-cycle in G[NS(f)] since there are non-separating 2-sided (1,2)- and (3, 4)-cycles in
G[NS(f)] (the latter follows from that P must pass a (3, 4)-edge of G[NS(f)] at least once).

By (*) and (**), there are at least two pairs (i, j)'s such that there is a 1-sided (i, j)-cycle in G[NS(f)]. By Claim 3.7,
if there is a 1-sided (i, j)-cycle in G[NS(f)], then there is a non-separating 2-sided (i, j)-cycle in G[NS(f)] (since two
crossing 1-sided (i, j)-cycles produce a separating (i, j)-cycle formed by several edges of those 1-sided cycles). Therefore,
there are exactly two such pairs, and hence, without loss of generality, we may assume that (1, 3) and (2, 3) are such pairs.

Remember that a simple closed curve y passing only xy and edges passed by P is 1-sided. On the Klein bottle, we
can take two non-homotopic 1-sided simple closed curves. Thus, we can take P so that at least one of 1-sided (1, 3)- and
(2, 3)-cycles of GINS(f)] is non-homotopic to y, that is, P passes those non-homotopic cycles an even number of times.
Therefore, there exists at most one pair (i, j) such that P passes (i, j)-edges of G[NS(f)] an even number of times, which
contradicts (*). This completes the proof of Theorem 1.1. O
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4. Proof of Theorem 1.2

In this section, we construct graphs for statements (i) and (ii) in Theorem 1.2. As in Fig. 1, for a graph G in each figure,
each label ij (i € {1,2,3,4} and j € {a, b, c}) denotes a combination of two colors defined by a 4-coloring f : V(G) —
{1,2,3,4} and a 3-coloring g: V(G) — {a, b, c}.

See the graph G; shown in Fig. 3. As G1(i, j) is connected for any pair (i, j) (i, j € {1, 2, 3, 4}), one must change the color
of all i-colored vertices if one changes the color of any of them. So the only K-changes permute colors. Thus no 4-coloring
can be changed to a 3-coloring by K-changes. This implies (i) in Theorem 1.2 (we can obtain infinitely many such graphs
from G; by a repeated application of even subdivision, which is defined later).

1c

1c

Fig. 3. A 3-colorable graph G; on the projective plane which has two distinct non-Kempe-equivalent 4-colorings.

Secondly, we construct a desired 3-colorable triangulation on the non-orientable surface with genus 3. Let T; denote the
graph on the torus obtained from To shown in Fig. 1 by deleting the edge 1b3c. After that, we add one cross cap into the
4-region bounded by 2alb4a3c, that is, we remove a disc (from the interior of the 4-region) and identify opposite points
on the boundary. It is well known that the torus with one cross cap is homeomorphic to the non-orientable surface with
genus 3. Thus, it suffices to make a desired 3-colorable triangulation on this surface.

We can obtain a 3-colorable triangulation H with multiple edges from T by replacing the 4-region 2alb4a3c of T§ with
one shown in Fig. 4. The graph H has three pairs of multiple edges for 1b4a, 1b3c and 2alb. Note that H(i, j) is connected
for any pair (i, j) (i, j € {1,2,3,4} with i # j) in H.

2a e3 1b

€1

3c 4a
Fig. 4. A graph in the 4-region 2alb4a3c.

Here we introduce a local transformation (originally introduced by Fisk [5]), called an even subdivision, to obtain a desired
3-colorable triangulation G, on the non-orientable surface with genus 3 from the above triangulation H with multiple edges.
Let uvw and uvw’ be two triangular faces. An even subdivision of an edge uv is to place uv with a path uabv and to add
edges aw, bw,aw’, bw’. In this operation, if uv is a non-singular edge in H, then H’(i, j) is connected for any pair (i, j)
(i, j €{1,2,3,4}) in the resulting triangulation H’ (which may have multiple edges); for example, as shown in Fig. 5, we
can easily see that the connectivity of G(i, j) is preserved. (Note that 3- and 4-colorings of H’ are uniquely determined by

6
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3c 3c

2c 2c

Fig. 5. An even subdivision of a non-singular edge.

g and f of H.) Therefore, by applying three even subdivisions to three edges e1, e, and e3 each of which is one of multiple
edges, we have a desired 3-colorable triangulation G, on the non-orientable surface with genus 3. Moreover, we can obtain
infinitely many such graphs from G, by a repeated application of even subdivision. This implies (ii) in Theorem 1.2. O
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