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Integer Area Dissections of Lattice Polygons
via a Non-Abelian Sperner’s Lemma

Aaron Abrams and Jamie Pommersheim

Abstract. We give a simple and complete description of those convex lattice polygons in the
plane that can be dissected into lattice triangles of integer area. A new version of Sperner’s
lemma plays a central role.

1. PROLOGUE. This article addresses the following main question:

Which convex lattice polygons can be dissected into lattice triangles of area 1?

A lattice polygon is a polygon P in the plane whose vertices have integer coordi-
nates. See Figure 1. To dissect a polygon into triangles is to express the polygon as a
union of triangles whose interiors do not overlap, as exemplified in Figure 2.

The area of a lattice polygon is always half an integer, and in fact every lattice
polygon can be dissected into lattice triangles of area 1/2. (This important fact features
prominently in many of the proofs of Pick’s theorem for the area of a lattice polygon
[1–4].)

A lattice polygon with integer area, however, cannot necessarily be dissected into
triangles of area 1. This is demonstrated by the smallest possible example, a 1 × 1
square.

Figure 1. Which of these polygons can be cut into lattice triangles of area 1?
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Figure 2. A dissection of a lattice pentagon into integer area lattice triangles.

In this article we will establish an easily checkable necessary and sufficient condi-
tion for a convex lattice polygon to have a dissection into lattice triangles of area 1.

Although this problem presents itself as a mix of combinatorial geometry and num-
ber theory, it ultimately yields to an argument that is inherently topological. The hero
of the story is a new version of Sperner’s lemma, which we will present in Section 9.

2. SETUP AND MAIN THEOREM. As we try to get a feel for how to think about
the main question, a few outer layers can be peeled off fairly readily.

Treating triangles. Suppose the whole polygon P is a triangle of integer area, or that
we have dissected P into lattice triangles of integer area. In this case, it is always
possible to finish the job: any such triangle can be dissected into lattice triangles of
area 1. We prove this in Section 11, using a bit of elementary number theory and linear
algebra that is independent of the rest of the paper.

As a consequence, we can reformulate our main question as follows.

Which convex lattice polygons can be dissected into lattice triangles of integer area?

This also motivates the following definition.

Definition 1 (Integral dissection). A dissection of a lattice polygon into lattice
triangles of integer area is called an integral dissection.

Pursuing parity. Parity considerations play a prominent role in our story, as one
might expect. The parity of a lattice point is one of the four pairs

A = (even, even), B = (odd, even), C = (odd, odd), D = (even, odd),

according to the parities of its coordinates. We will often refer to the parities A, B, C, D

as colors and speak of lattice points as being colored by parity.
Notice that two lattice points have the same color if and only if the midpoint of the

segment joining them is a lattice point. Thus if P is a lattice triangle with two vertices
of the same color, we can split P into two lattice triangles of equal area, so P itself has
integer area. Conveniently, the converse also holds: a lattice triangle has integer area if
and only if two of its vertices have the same color. We prove this Parity Proposition in
Section 3. (A similar fact appears as Lemma 1 in both [5] and [6].) This leads to yet a
third formulation of the main question.

Which convex lattice polygons can be dissected into lattice triangles such that each triangle
has (at least) two vertices of the same color?

Readers familiar with Sperner’s lemma may already sense its presence here.
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Dissecting diagonally. One way to dissect a convex polygon P is to draw diagonals,
without adding new vertices, until P is dissected into triangles. This special type of
dissection in which no new vertices are introduced is called a diagonal dissection.

Not every diagonal dissection is an integral dissection. But if we seek an integral
diagonal dissection, then by the Parity Proposition it suffices to know the colors of the
vertices of P .

If P is a lattice polygon, then the colors of the vertices of P , read counterclockwise,
form a cyclic word, by which we mean a finite string defined up to cyclic permutation.
We use notation (X1X2 . . . Xn) to denote a cyclic word; this is the same cyclic word
as (X2X3 . . . XnX1), and so on. We treat the subscripts as integers modulo n, so for
instance the notation Xn+1 refers to the symbol X1.

Definition 2 (Boundary Word). Let P be a lattice polygon, with vertices colored
according to parity. The boundary word of P is the cyclic word Word(P ) obtained by
recording the colors of the vertices in counterclockwise order around P .

For example, each of the polygons in Figure 1 has one vertex distinguished by a
solid dot, which represents the origin. One sees that the rectangle in the upper left
has boundary word (ABCD). The decagon P in the lower right has Word(P ) =
(ABCDACBADC).

Example 1. Consider the dodecagon P in the lower left of Figure 1. This dodecagon
has boundary word (ABABCCDCBBDB). An integral diagonal dissection of P is
illustrated in Figure 3. We have drawn P here as if it were regular in order to emphasize
that what matters for this process is only the coloring of the vertices, and not their exact
geometric positions.

To construct this dissection, we might start by drawing a diagonal joining the two
A’s, creating a triangle labeled ABA that has integer area by the Parity Proposition.
Eventually we might end up with the picture on the right, which shows (the combina-
torial structure of) an integral diagonal dissection of P .

Figure 3. A diagonally dissected dodecagon.

Conjuring contraction. We will see that integral diagonal dissections can be inter-
preted, and discovered, using only the boundary word. Consider the following opera-
tion on cyclic words.

Definition 3 (contracting step, contractible). Let w be a cyclic word (X1X2 . . . Xn).
As usual indices are taken modulo n, and we assume n ≥ 2.

Contracting step: If letters Xi−1, Xi, Xi+1 are not all distinct, then delete Xi from w.
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The cyclic word w is contractible if there is a sequence of contracting steps starting
with w that results in a word (X) consisting of a single letter.

Note that a contracting step can be used to reduce either of the words (XY) or (XX)

to the word (X), so a word is contractible if and only if it can be reduced until its length
is less than three.

Contractibility of Word(P ) is equivalent to the existence of an integral diagonal
dissection of P , as we prove in Section 5. In Section 7 we show that it is algorithmi-
cally easy to decide whether a given cyclic word is contractible. Together, these results
solve the problem of finding integral diagonal dissections of convex lattice polygons,
which is great progress toward our main question.

Main Theorem. We have just asserted that if the boundary word of P is contractible,
then there is a dissection (in fact, a diagonal dissection) of P into lattice triangles of
integer area. As it turns out, the converse is also true! That is, if the boundary word of
P is not contractible, then not only is there no integral diagonal dissection of P (again,
as asserted above), but there is no integral dissection of P at all. This is the heart of
our main theorem.

Theorem 4. For any convex lattice polygon P , the following are equivalent.

(1) P can be dissected into lattice triangles of area 1;
(2) P can be dissected into lattice triangles of integer area;
(3) P can be diagonally dissected into lattice triangles of integer area;
(4) The boundary word of P is contractible.

Moreover, there is a linear-time algorithm to decide whether or not (1)-(4) hold.

The final statement of Theorem 4 is proved as Proposition 12. Theorem 18 estab-
lishes the equivalence of (1) and (2), and Corollary 9 establishes the equivalence of (3)
and (4). That (3) implies (2) is trivial, but its converse is not. This article’s raison d’être
is to highlight a new “non-abelian” version of Sperner’s lemma (Theorem 15), which
is the key to showing the equivalence of (2) and (4) (and hence (3)). We recommend
as an exercise to try to prove that (2) implies (3) for quadrilaterals.

Topology. The resolution of our main question relies crucially on the famous Sperner’s
lemma [7], which has been written about extensively. The present paper builds on ideas
of John Thomas [5], whose work illuminated, perhaps for the first time, a beautiful
and surprising connection between dissection problems and Sperner’s lemma. What
makes the connection surprising is that questions that are highly sensitive to geometric
details are resolved by an argument that is inherently topological.

Thomas essentially gave a complete solution to our main question for rectangles,
although his motivation and context were different. His reasoning can be extended to
more polygons than just rectangles, but it has limitations; we discuss this further in
Section 10.

We were therefore delighted to find that the rest of the solution also comes from
Sperner’s lemma, after adapting it in a very natural way. Finding the right modification
of Sperner’s lemma requires us to think of the lemma from a topological perspective.
We will end up with what we call a “non-abelian” version of Sperner’s lemma which
will help us completely solve our main question.

In the end, our geometric theorems have entirely combinatorial proofs, with no
topological prerequisites. Yet the topological perspective provides the theorems with
extra richness, inspiration, and simplicity.
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3. TRIANGLES. Let P be a triangle in the plane, with vertices (xi, yi), i = 1, 2, 3.
We express the area of this triangle in terms of a determinant:

Area(P ) = 1

2

∣∣∣∣∣∣
1 1 1
x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣ . (1)

This is really a signed area: if the points are ordered in a counterclockwise manner,
the value will be positive and equal to the usual area. Points ordered clockwise will
yield a negative area. The area is zero if and only if the three points are collinear.

If P is a lattice triangle, then this area is evidently one half times an integer. For
the area to be an integer, the above determinant needs to be even, so the parities of the
coordinates come into play.

From now on, we will always assume lattice points are colored according to
parity, using colors A, B, C, D as defined in Section 2. In particular, all vertices
of lattice polygons and lattice dissections are automatically colored.

Proposition 5 (Parity Proposition). The area of a lattice triangle P is an integer if
and only if two if its vertices have the same color.

Proof. The area of P is an integer if and only if the determinant in equation (1) is
an even integer. This happens if and only if the columns of the matrix are linearly
dependent modulo 2. Because of the top row, none of the columns is the zero vector
mod 2 and no two columns add up to the remaining column. Thus the only possible
linear dependence is for two columns to be equal mod 2. Hence the determinant is 0
mod 2 if and only if two vertices have the same color.

We mention a useful byproduct of this, which one could also prove directly, as it
will come in handy later.

Corollary 6 (Collinear Corollary). Three collinear lattice points in the plane cannot
all be different colors.

This is a special case of the lemma because three collinear lattice points form a
triangle of area zero.

4. COMBINATORIAL POLYGONS. As suggested by Example 1, we will benefit
from having a purely combinatorial description of polygons and their triangulations.

For n ≥ 3, a combinatorial n-gon is an abstract cycle graph G with n vertices; a
combinatorial polygon is a combinatorial n-gon for some n. In contrast with lattice
polygons, a combinatorial polygon does not live in the plane; it is a combinatorial
object, not a geometric one.

What does it mean to triangulate a combinatorial polygon? The idea is to view a
triangle as being defined by its vertices. Any 3-element set is a triangle, and an abstract
triangulation is an arbitrary collection of triangles.

If you wanted to convey to a friend over the phone the combinatorial structure
of a triangulation, but not its specific geometric shape, this would be a good way
to do it. For example one possible triangulation T has triangles {1, 2, 5}, {2, 3, 5},
{3, 4, 5}, {4, 1, 5}. Your friend will undoubtedly picture this triangulation by drawing
the vertices in the plane and drawing the triangles as in Figure 4. (You should agree
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ahead of time to draw each vertex and each edge1 only once.) Drawings may differ
slightly, but any such picture reveals the topological structure of the triangulation:
there are four triangles that fit together around a central vertex (number 5), forming a
quadrilateral with the other vertices as corners. See Figure 4.

Some readers will recognize these as examples of simplicial complexes. To focus
on the topological features of the triangulation T , we can imagine building an ab-
stract topological space by gluing together triangles in the pattern specified by T .
If two triangles share two vertices, they should be glued along the corresponding
edge. The result is called the underlying space of T and is denoted |T |. It is not a
subset of the plane; it is its own space. In general, it may or may not be possible
to realize |T | as a subset of the plane. For example, the triangulation with triangles
{1, 2, 3}, {1, 2, 4}, {1, 2, 5} is not planar.

Since we are ultimately interested in triangulating planar polygons, we will require
our triangles to fit together to form a disk. In this case, |T | has a boundary circle which
naturally inherits the structure of a combinatorial polygon. Figure 4, for example, de-
picts a triangulation of a combinatorial 4-gon.

Figure 4. Possible pictures of the triangulation T .

Definition 7 (Triangulation). A triangulation of a combinatorial polygon G consists
of a collection T of 3-element sets called triangles, such that the underlying space |T |
built out of triangles is a topological disk with boundary equal to G. The boundary
vertices are called corners.

Because the triangles always fit together to form a disk, every triangulation can be
drawn in the plane, and in practice we infer the combinatorial structure from such a
drawing.

The abstraction of triangulations of combinatorial polygons begins to pay off in
Corollary 9 in the next section. After developing this perspective a bit further, we
will explicate the full relevance of these objects to the study of dissections of lattice
polygons in Section 8.

5. INTEGRAL DIAGONAL DISSECTIONS. Part of the main theorem asserts that
our notion of contractibility for Word(P ) corresponds exactly to the existence of a
diagonal dissection of P into triangles of integer area. In fact, utilizing the language
introduced in the preceding section, we prove a slightly more general statement that
applies to combinatorial polygons.

Some of the terminology for lattice polygons can be transferred to this context.
For example, if G is a combinatorial polygon, then a diagonal dissection of G is a

1An edge is a 2-element subset of a triangle.
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triangulation of G that has no vertices other than the corners. Also, just as vertices
of lattice polygons are colored by parity, the vertices of a combinatorial polygon can
be colored with arbitrary colors; a colored polygon is a combinatorial polygon with
colored vertices. If G is a colored polygon, then the boundary word is the cyclic word
consisting of the colors in order2 around G.

Still, to emphasize the transition from lattice polygons to combinatorial ones, we
also introduce a bit of new terminology. If � is a colored triangle, then we call � good
if two vertices of � have the same color. Likewise if G is a colored polygon, then a
good dissection of G is a diagonal dissection of G into good triangles.

Proposition 8. A colored polygon G has a good dissection if and only if Word(G) is
contractible.

A triangle formed by three consecutive vertices of a combinatorial polygon is called
external. For example, the dissection in Figure 3 has four external triangles. It is not
hard to show that every diagonal dissection includes at least one external triangle.

An external triangle � with (consecutive) vertices x, y, z can be removed from a
combinatorial n-gon G by deleting y and adding an edge connecting x and z. As
long as n ≥ 4 this leaves a combinatorial (n − 1)-gon G′ = G \ �. If G is colored,
then Word(G′) is obtained from Word(G) by deleting the color of y. For example, in
Figure 3, removing the ABA triangle results in deleting the letter B from the boundary
word. Conversely, deleting a letter X from Word(G) can be mimicked by removing
from G an external triangle whose middle vertex corresponds to the deleted X.

Proof. Suppose first that Word(G) is contractible. This means that there is a sequence
of contracting steps that reduces Word(G) to a single letter. Each such step (except
the very last one) corresponds to the removal of a good external triangle from the
remaining polygon. These triangles collectively form a diagonal dissection of G into
good triangles.

Conversely, suppose G has a diagonal dissection into good triangles. This dissection
includes at least one external triangle. Removing this triangle executes a contracting
step on Word(G), and repeating this process results in a word of length two, showing
that Word(G) is contractible.

In the context of convex lattice polygons, the Parity Proposition implies that a good
dissection corresponds exactly to an integral diagonal dissection.

Corollary 9. Let P be a convex lattice polygon. Then P has an integral diagonal
dissection if and only if Word(P ) is contractible.

Proof. Let G be a combinatorial polygon with vertices colored so that Word(G) =
Word(P ). By Proposition 8, Word(P ) is contractible if and only if G has a good dis-
section, which is the case if and only if P has an integral diagonal dissection.

6. YOU CAN’T GO WRONG. There is a subtlety to the contracting process that
we want to address here. Suppose you are given a colored n-gon G, and you want
to determine whether or not G has a good dissection. If there is no good external
triangle, then you know for sure that there is no good dissection. On the other hand, if
you find a good external triangle, then you can remove it, with the hope of continuing
this process. However, you may have a choice to make: if there is more than one good
triangle, it seems like you may be at risk of removing the wrong one and heading
down a path that does not ultimately lead to a good dissection. For example, consider

2This is well-defined up to reversing the cyclic ordering; the ambiguity causes no trouble.
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the dodecagon from Figure 3. In Example 1, we first removed the good external ABA

triangle, leaving an 11-gon3G′, which we then continued to dissect. But if we had
removed one of the good external BAB triangles instead, we would have been left
with a different 11-gon G′′. Could it be that G′′ has no good dissection, even though
G does?

As it happens, fortunately, you can’t go wrong. The following lemma shows that
removing a good external triangle is never a bad option.

Lemma 10 (Diamond lemma, polygon version). Let G be a colored n-gon, n ≥ 4.
Suppose that � is a good external triangle and let G′ = G \ �. Then G has a good
dissection if and only if G′ does.

Proof. One direction is easy: if G′ has a good dissection, then so does G, since one
can add � to a good dissection of G′ to obtain a good dissection of G.

We now assume that G has a good dissection and show that G′ does also.
We argue by induction on the number of vertices. Consider the base case n = 4.

If the four vertices of G are colored using only two distinct colors, then the triangle
G′ must be good, and we are done. Thus we may assume that at least three distinct
colors are used for the vertices of G. Since G has a good dissection, one can see that
there must be two opposite vertices of G that are the same color, and � must be a
triangle that includes both of them. Hence G′ = G \ � also includes these vertices,
and therefore G′ is good.

Now suppose that n > 4. Since G has a good dissection, there is a good external
triangle � such that G \ � has a good dissection. There are some easy cases: if � = �,
then we are done, and if � ∩ � is empty or a single vertex, then since G \ � has a
good dissection and has fewer vertices than G, G \ (� ∪ �) has a good dissection by
induction. Adding back the good triangle �, we see that G′ has a good dissection.

The remaining possibility is that � shares an edge with �. Label so that � has
vertices v1, v2, v3 and � has vertices v2, v3, v4, and let Q be the polygon obtained by
deleting the quadrilateral v1v2v3v4 from G. See Figure 5. Let vi have color ci , for
i = 1, 2, 3, 4. Suppose first that only two colors are represented here. Then v1, v2, v4

is good, so by induction Q has a good dissection, hence adding the triangle v1, v3, v4

shows that G′ has a good dissection. On the other hand suppose that more than two
colors are represented. Then we must have c2 = c3. In this case the boundary word
for G \ � is the same as the boundary word for G \ � = G′. Hence G′ has a good
dissection.

The previous lemma is stated in terms of polygons, but it has the following equiva-
lent formulation in terms of words.

Lemma 11 (Diamond lemma, word version). Let w be a cyclic word and let w′
be obtained from w by a contracting step. Then w is contractible if and only if w′ is
contractible.

Readers familiar with combinatorial group theory might recognize elements of the
Diamond Lemma for reduction of words in free groups. Indeed this is exactly what is
going on here. In reducing words in free groups, it doesn’t matter in what order the
reductions are done. Our argument for Lemma 10 may be viewed as a geometric proof
of this fact. Indeed, many basic facts from combinatorial group theory can be given
pictorial proofs of this kind.

3Despite being Canadian, the first author just learned the word hendecagon.
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Figure 5. Proof of the diamond lemma.

7. A STACK OF DIAMONDS. The Diamond lemma suggests an easy method to
decide whether a given cyclic word w is contractible. Given w, simply look for any
contracting step. As soon as you are able to do a contracting step, do it and continue.
If you eventually succeed in contracting w to a single letter, then of course w is con-
tractible; on the other hand if you ever get stuck in the process at a string that has no
available contracting steps, then w is not contractible by Lemma 11.

This algorithm has an extremely efficient and simple implementation using a stack.
Starting at any letter of w, push the letters one by one onto the stack. After each
push, check the top letters of the stack for contracting steps and execute any that are
possible. After processing the last letter of w, if the stack has a single letter, then you’ve
contracted w. Otherwise, Lemma 11 guarantees that w is not contractible. This gives
a linear time algorithm for deciding whether the word w is contractible. The integral
diagonal dissection shown in Figure 3 is the result of running this algorithm on the
dodecagon in Figure 1.

We formalize this observation in the following proposition.

Proposition 12. There is an algorithm that takes as input a cyclic word w of length n

and decides in time linear in n whether w is contractible.

Note that given a lattice n-gon P , computing Word(P ) also requires only linear
time in n, as the color of a vertex depends only on the least significant bit of each
coordinate.

8. POOFING. We now shift our attention back to the main question. We have shown
that if Word(P ) is contractible, then P has an integral dissection (a diagonal one, in
fact). We also know that if Word(P ) is not contractible, then P has no diagonal integral
dissection. But we are interested in more than just diagonal dissections. If there were
no integral dissection at all, how could we prove it?

A similar problem for rectangles was solved very cleverly by John Thomas [5],
using Sperner’s lemma. We will give a new version of Sperner’s lemma which allows
us to extend Thomas’s argument to arbitrary lattice polygons.

Typically, Sperner’s lemma is proved and applied in the context of triangulations
of combinatorial n-gons (often n = 3). A concern one might have about Definition 7
is that at first glance, it seems that these objects are not as general as dissections.
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For example, Figure 2 does not appear to depict a triangulation of a pentagon. This
is because in any triangulation, two triangles (viewed officially as triples of vertices)
intersect in either the empty set, a single vertex, or two vertices. Geometrically, this
means that two triangles of |T | that intersect in more than a vertex must meet along an
entire edge of both triangles. This is not the case in Figure 2 (reproduced in Figure 6),
where the top left triangle intersects the triangles below in only part of an edge. So,
maybe Sperner’s lemma will not apply to dissections.

Luckily, there is a way around this. The idea is to view a dissection D as a picture
of a triangulation T , specifically a picture in which some triangles may be drawn with
area zero. For example, the bottom edge of the dissected pentagon in Figure 6 contains
a third vertex of the dissection. We can view all three vertices as forming a triangle
that happens to have area zero in this particular planar picture.

Figure 6. Poofing up a dissection into a triangulation.

Generally where more than two vertices of the dissection D are collinear, we can
view the collinear points as degenerate polygons which “poof up” the dissection. Using
the triangles of D together with the “poofagons” that are invisible in D, we can build
a triangulation T of which D is a partially degenerate picture. This is illustrated in
Figure 6, in which the poofagons are shaded.

The horizontal segment running through the middle of the pentagon contains not
just three but four vertices of the dissection. The resulting poofagon is a quadrilateral,
so we must add an extra edge to triangulate it. This edge is shown as a dashed line
in the triangulation. We made a choice here: we could have chosen the other diagonal
of this quadrilateral instead. So the triangulation T is not completely well-defined,
but this doesn’t matter since in the dissection we care about, all those triangles are
degenerate.

Note also that no new vertices are formed when creating T from D. An eager reader
can work out a general procedure for carrying out this process; alternatively, details can
be found in [8]. For our purposes it is enough to record the following fact.

Fact. If P is a dissected polygon in the plane, then there is a triangulation T of a
combinatorial polygon and a map f : |T | → P so that f maps each triangle of |T |
either to a triangle of the dissection or to a degenerate triangle in R2. Moreover f gives
a one-to-one correspondence from the vertices of T to the vertices of the dissection.

Sperner’s lemma is back in play!

9. NON-ABELIAN SPERNER. Sperner’s original lemma [7, 9] is about triangula-
tions of a triangle, with vertices colored using three colors. Many versions of Sperner’s
lemma, including the original, identify a property of a coloring on the boundary that
guarantees the existence of a triangle somewhere in the triangulation whose vertices
are all different colors. Our version does this too.
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Definition 13 (Colored triangulation). Let G be a combinatorial polygon. A colored
triangulation of G is a triangulation T of G and an assignment of a color to each vertex
of T . If G is colored to begin with, then the coloring of T is required to extend the
coloring of G. The boundary word Word(T ) = Word(G) is the cyclic word consisting
of the colors of the corners (i.e., of G) in cyclic order.

Definition 14 (Tricolor). A colored triangle is called tricolor if its vertices all have
different colors.

Theorem 15 (Non-abelian Sperner). Let T be a colored triangulation of a combina-
torial polygon. If Word(T ) is not contractible, then T contains a tricolor triangle.

Proof. Assume T is a triangulation of a combinatorial n-gon whose boundary word is
not contractible. We will show that there is a tricolor triangle. We proceed by induction
on the number of triangles in the triangulation. If there is just one, then n = 3. Since
Word(T ) is not contractible, the corners of T must all be different colors, so T is
already the tricolor triangle we seek.

Now suppose T has some number of triangles. Choose a boundary edge uv and let
x be the other vertex of the triangle containing uv. If uvx is tricolor, we are done, so
suppose this is not the case. Our strategy will be to delete the triangle uvx and proceed
by induction. There are three possibilities for the location of x: (1) in the interior of T ;
(2) a corner of T , adjacent to u or v; or (3) a corner of T , not adjacent to u or v. See
Figure 7.

Figure 7. Where’s x?

It is an exercise to show that it is always possible to choose the edge uv so that we
are in Case 1 or Case 2. (Alternatively one could deal with Case 3 directly, without
much trouble.) In each of these cases, deleting the triangle uvx from T results in a
triangulation T ′ with fewer triangles than T . And in each case, Word(T ) and Word(T ′)
differ by a single contracting step. Lemma 11 implies in each case that Word(T ′) is
not contractible. Therefore, by induction, T ′ contains a tricolor triangle, which is also
a tricolor triangle of T . This completes the proof.

If we view the Non-abelian Sperner lemma as an assertion about colored poly-
gons (rather than triangulations), then we can state it as a biconditional. Compare with
Proposition 8.

Theorem 16 (Non-abelian Sperner). Let G be a colored polygon. Then there ex-
ists a colored triangulation of G with no tricolor triangles if and only if Word(G) is
contractible.

Moreover, if such a triangulation exists, then one exists with no interior vertices.
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Example 2. Figure 8 shows a combinatorial decagon whose boundary word is
(ABCDACBADC), which is also the boundary word of the lattice decagon from
Figure 1. This word is not contractible, as there are no contracting steps available. By
the Non-abelian Sperner lemma, any combinatorial triangulation of the decagon with
any coloring of the interior vertices will contain a tricolor triangle.

Figure 8. This colored decagon cannot be triangulated and colored without a tricolor triangle.

10. IMPOSSIBILITY. Here is the heart of our main theorem.

Theorem 17. Let P be a lattice polygon, with corners colored according to their
parities. If Word(P ) is not contractible, then P has no integral dissection.

Proof. Assume Word(P ) is not contractible. Suppose that P is dissected into lattice
triangles, and as usual color each vertex of the dissection according to its parity.

Now form a poofed triangulation T with corresponding map f : |T | → P as de-
scribed in Section 8. In T , assign each vertex the same color as the corresponding
vertex of the dissection.

Note that T satisfies the hypothesis of Theorem 15. Therefore T contains a tricolor
triangle �. What happens to � when we apply the map f ? By the Collinear Corol-
lary, f (�) cannot be a degenerate triangle, so it must be one of the triangles of the
dissection. Since it is tricolor, its area is not an integer.

Example 3. The 3 × 5 rectangle (Figure 1) has boundary word (ABCD), and there-
fore cannot be dissected into integer area lattice triangles. This is an instance of the
theorem proved by Thomas [5], and it can be shown using the usual Sperner Lemma.

The hexagon in Figure 1 has boundary word (ABCABC), and therefore also has
no integral dissection. In this case we could deduce this using another classical version
of Sperner’s lemma in which orientations are considered.

To the best of our knowledge, though, no previously known version of Sperner’s
lemma can treat the decagon from Figure 1. Its boundary word (ABCDACBADC)

is not contractible (see Example 2), so by Theorem 17, it has no integral dissection.
And lest we forget, the dodecagon from Figure 1 has contractible boundary word,

and we have explicitly seen that it has an integral (diagonal) dissection.

Our route to Theorem 17 started with a careful study of Thomas’s ideas. He essen-
tially used Sperner’s lemma to provide a significant first step in solving a dissection
problem that he and Fred Richman posed [10]. Shortly thereafter the problem was
fully resolved by Paul Monsky [1, 11, 12], who proved that a square cannot be dis-
sected into an odd number of triangles of equal area. Monsky’s theorem and its clever
proof have captured the imagination of many mathematicians and inspired quite a bit
of new and fascinating mathematics. Attempting to better understand Monsky’s work
led us to Thomas, and then to our main theorem.

748 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 132



11. ALTERING INTEGRAL TRIANGLE. We finally address the triangle case of
our main question, which establishes the equivalence of (1) and (2) in Theorem 4.

Theorem 18 (The triangle case). Every lattice triangle P with (positive) integer area
can be dissected into lattice triangles of area 1.

To prove this, we first put our triangle in a standard position. This idea is used in
many proofs of Pick’s theorem and other contexts. See, for example, the x-axis Lemma
in [13]. Here we will make use of linear transformations defined by the 2 × 2 matrices
in the group

GL2(Z) = {A ∈ M2,2(Z) | det A = ±1}.
If A ∈ GL2(Z) then A has an inverse whose entries are also integers, and both A and
A−1 preserve the lattice. Such automorphisms of the lattice preserve straight lines and
areas, and hence also preserve dissections into integer area triangles.

Lemma 19. Let P be a lattice triangle. Then using matrices in GL2(Z) and lattice
translations, we can map P to a triangle P ′ with vertices at (0, 0), (d, 0), (p, q), where
d, p, q are integers such that d > 0, and 1 ≤ p ≤ q.

Proof. First a lattice translation can be used to move one vertex of the triangle to the
origin. Suppose the other two vertices map to the lattice points v1 and v2, labeled so
that det(v1, v2) > 0. Let (a, b) be the coordinates of v1 and let d = gcd(a, b). Write
d = ra + sb as an integer linear combination of a and b. Then the matrix(

r s

−b/d a/d

)

has determinant 1 and maps v1 to (d, 0) and v2 to a point (t, q) with q > 0.
Finally, the integer t can be reduced mod q. Specifically, there exists an integer p

with 1 ≤ p ≤ q such that p = t + kq, where k ∈ Z. The matrix(
1 k

0 1

)

is in GL2(Z), maps (t, q) to (t + kq, q) = (p, q), and fixes the other two vertices
(0, 0) and (d, 0). Thus we are done.

Note that any such map preserves equality of colors. (Recall that all lattice points
are colored by parity.) That is, if two points have the same color, then their images also
have the same color. To see this, note that two points have the same color if and only
if the midpoint of the segment joining them is a lattice point.

Observe also that if P is any triangle and x is any point of the interior of P , then we
may dissect P into three triangles by connecting x to the three corners of P . Similarly,
if x is in the interior of an edge of P , we may dissect P into two triangles, each having
x as a vertex. In either case, we refer to this as “using x to dissect P .” Also note that
if P has two vertices of the same color and x has the same color as any vertex of P ,
then no triangle of this dissection will have three vertices of different colors. Hence all
triangles of this dissection will have integer area.

Proof of Theorem 18. We will proceed by induction. If the area of P is 1, then nothing
needs to be done. So suppose that the area of P is larger than 1. By induction, it suffices
to dissect P into lattice triangles of smaller integer area.
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Since the area of P is an integer, there are two vertices that are the same color. Label
these v0, v1, and the third vertex v2, so that the signed area of v0v1v2 is positive. By the
previous lemma, there is a matrix in GL2(Z) that takes v0, v1, v2 to a triangle P ′ with
vertices (0, 0), (d, 0), (p, q), respectively. Since (0, 0) and (d, 0) are the same color,
d must be even. If d > 2, then we may use (2, 0) to dissect P ′ into two triangles of
smaller integer area. Thus we may assume d = 2. If q is even, then we may use (1, 0)

to dissect P ′ into two triangles of area q/2. Also note that since P and P ′ have the
same area, we may assume q > 1.

The remaining case is that P ′ has vertices (0, 0), (2, 0), and (p, q), where q > 1 is
odd and 1 ≤ p ≤ q. If p is also odd, then (p, q) has the same color as (1, 1), which
lies in P ′ and may be used to dissect P ′. If p is even, then (p, q) has the same color as
(2, 1), which lies in P ′ and may be used to dissect P ′.

In all cases, P ′ and therefore P can be dissected into lattice triangles of smaller
integer area.

12. EPILOGUE.

What’s new? Dissection problems are not new, nor is Sperner’s lemma, nor is the
connection between the two, as we have discussed. The concept of contractibility is not
new. The core idea underlying the proof of our main theorem, namely that colorings
define maps (see below), has been central to the chromatic theory of graphs since at
least [14] and is also not new in the present context. For instance there is a very nice
proof of Sperner’s lemma based on this idea due to the economists A. McLennan and
R. Tourkey [15]. Even the specific idea of using the parity coloring of lattice points to
define a map to K4 was used by D. Rudenko [16], whose Lemma 3 implies a weakened
version of our Theorem 17. (The additional power of our results comes from using
homotopy instead of homology.)

It seems a little strange that our theorems have gone undiscovered for the last
fifty years. One possible explanation is that in the study of polytopes, “integral” and
“lattice” are typically synonymous; thus the volume of an integral (in that sense) d-
dimensional polytope is an integer multiple of 1/d!. To our knowledge, little has been
written about simplices whose volumes are actual integers.

Colorings define maps. We believe the most natural way to view Theorems 15 and
16 is through a topological lens. The key idea is that colorings define maps. A colored
polygon G using m colors naturally defines a map from G to a complete graph Km

with nodes labeled by the colors: each vertex of G is mapped to the vertex of Km of
the corresponding color, and each edge is mapped in the obvious way either to an edge
of Km or to a point if both endpoints have the same color. Topologically, G is a circle
so this map is a loop f in Km. The combinatorial notion of contractibility for words
(Definition 3) is meant to mimic the topological contractibility of loops in a graph. In
particular, the word Word(G) is contractible if and only if the loop f is (topologically)
contractible in the space Km.

If T is a colored triangulation of G (using no new colors), then this extended col-
oring defines an extended map F from the disk |T | to the 2-dimensional simplicial
complex X obtained from Km by adding all possible triangles. (This complex is the
2-skeleton of an (m − 1)-dimensional simplex.) The map is defined as above on the
vertices and edges, and each triangle is then mapped by extending the already-defined
map on its boundary. The image of a triangle is a vertex, edge, or triangle, depending
on the number of distinct colors of its vertices.

750 c© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 132



In particular if T is a colored triangulation of a polygon using m colors then the loop
f : G → Km is contractible in X, since it bounds the disk defined by F . The loop f

may or may not be contractible in Km itself; the point is that f is indeed contractible
in Km if the entire image of F is contained in Km, which happens if and only if T has
no tricolor triangles.

Topological proof of Non-abelian Sperner. The given coloring defines a map F from
|T | to X, the 2-skeleton of an (m − 1)-simplex (where m is the number of colors in the
coloring). If T contains no tricolor triangle, then by the observation above the image of
F is contained in the 1-skeleton of X, which is the graph Km. Thus the boundary loop
is contractible in Km (not just in X), and therefore the boundary word is a contractible
word.

Why “non-abelian”? Our version of Sperner’s lemma arises from the interpretation
of boundary words as loops in the graph K4, whose fundamental group is a non-abelian
free group. The hypothesis is that the boundary word represents a nontrivial element
of this group.

If we had only three colors, as in the usual Sperner lemma, the boundary word
would represent a loop in the space K3, whose fundamental group is (isomorphic to)
the abelian group Z. The hypotheses in the usual versions of Sperner’s lemma also
express that the boundary is nontrivial, but on a circle, the non-contractibility of a
loop, or equivalently the property of having nonzero winding number, is detected more
simply, for instance by counting the (signed) number of AB edges.

In the fundamental group of K4 this doesn’t work. The decagon in Figure 1 has
boundary word (ABCDACBADC), which has a signed total of zero AB edges (and
any other type of edge), and yet is not contractible. This word represents a commu-
tator in the fundamental group, so its non-triviality is not detected by any abelian
measurement.

Convexity. Almost everything about our theorems is combinatorial. In particular,
the convexity hypothesis is not used in the application of the Non-abelian Sperner’s
lemma. Any lattice polygon, convex or not, with a non-contractible boundary word
has no integral dissection. However, convexity is used in the construction of diagonal
dissections: we use the fact that we can remove any external triangle we want.

It turns out that this poses no problem in the non-convex case either, if we are
willing to use triangles with negative (but still integer) areas! (See equation (1).) For
example, consider the dart-shaped quadrilateral in Figure 9. This polygon has no dis-
section into lattice triangles of integer area, in the usual sense of the word “dissection.”
Yet its boundary word (ACAB) is contractible. The recipe in the proof says to add the
“diagonal” joining the two A vertices, which is a horizontal segment shown in the fig-
ure as a dashed line. This segment lies outside the polygon. Nevertheless, if we add it
anyway, it “cuts” the polygon into two triangles, one of area 2 and one of area −1. We
might think of this as a sort of “signed” dissection.

We do not know a general criterion for a non-convex lattice polygon to have a
genuine integral dissection.

Figure 9. The boundary word of this polygon, (ACAB), is contractible.

October 2025] DISSECTIONS OF LATTICE POLYGONS 751



Higher dimensions. Sperner’s lemma and many of its generalizations can be applied
in all dimensions. Our version, as stated, is about contractible loops and the disks they
bound. The contractibility hypothesis arises because we allow an arbitrary number
of colors, even in just two dimensions. It came as a pleasant surprise to us that con-
tractibility in K4, interpreted in the context of lattice polygons and the parity coloring,
corresponds exactly to tiling lattice polygons with integer area triangles.

In higher dimensions, the colorings-define-maps principle readily applies. We
describe one related theorem; see also [17].

Let P be a simplicial n-dimensional polytope (this means that each (n − 1)-
dimensional face of P is combinatorially a simplex), with n ≥ 3. Suppose P is
triangulated and its vertices are colored. If the signed count of boundary simplices
with colors C1, . . . , Cn is nonzero then there must be a simplex of the triangulation
that uses n + 1 distinct colors. (Defining the signed count is slightly tricky because it
requires the notion of orientation. One could instead ignore the signs and require an
odd number of boundary simplices colored C1, . . . , Cn.)

Notice, though, that other than having an arbitrary number of colors, this looks a lot
like the usual n-dimensional Sperner lemma. Why? Here the coloring defines a map
from the boundary of P into a space X which is the (n − 1)-skeleton of a big simplex.
This map represents an element of the homotopy group πn−1(X). By an elementary
algebraic topology argument, this map is contractible if and only if all signed counts
of oriented simplices come out to zero; there is nothing non-abelian here.

Unfortunately we don’t know how to use these observations to say anything inter-
esting about volumes or dissections of higher dimensional lattice polytopes.

Figure 10. The boundary word (ABCABC) can be triangulated with no tricolor triangles on a Möbius strip.

Surface topology. Consider a combinatorial hexagon H with non-contractible bound-
ary word w = (ABCABC). This object was realized as a lattice polygon in
Figure 1 (upper right). The loop in K3 associated to this word wraps around the
circle twice. There is no continuous map from a disk to a circle that wraps the
boundary of the disk twice around the circle, so any triangulated disk with boundary
word w and with colored vertices must contain a tricolor triangle. This is Sperner’s
lemma.

On the other hand, there does exist a different surface M with one boundary compo-
nent with the property that there is a map from M to a circle that wraps the boundary of
M around the circle twice. This surface is the Möbius strip. And indeed, if we view H

as the boundary of a Möbius strip rather than the boundary of a disk, then it is possible
to triangulate H with no tricolor triangle. See Figure 10.

Another way to say this is that a small hexagon on the projective plane cuts the sur-
face into a disk and a Möbius strip. If the hexagon is colored with word (ABCABC)

then it can be triangulated in the projective plane without tricolor triangles, but only
using the Möbius strip and not the disk.

Similarly, our familiar decagon labeled by the commutator (ABCDACBADC)

(also from Figure 1) can be triangulated without tricolor triangles if it is placed on a
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small region of a torus. Again one has to use the “outside,” i.e., the punctured torus,
rather than the disk, to construct such a triangulation. It is an oddly satisfying exercise
to draw such a triangulation.

One can construct higher genus examples as well, starting from presentations of the
fundamental group of the corresponding surface.
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in making this work possible.

DISCLOSURE STATEMENT. No potential conflict of interest was reported by the authors.

REFERENCES

[1] Aigner M, Ziegler GM. Proofs from The Book. Berlin: Springer; 2018.
[2] Niven I, Zuckerman HS. Lattice points and polygonal area. Amer Math Monthly. 1967;74(10):1195–

1200.
[3] Varberg DE. Pick’s theorem revisited. Amer Math Monthly. 1985;92(8):584–587.
[4] Grunbaum B, Shephard GC. Pick’s theorem. Amer Math Monthly. 1993;100(2):150–161.
[5] Thomas J. A dissection problem. Math Mag. 1968;41(4):187–190.
[6] Joswig M, Ziegler G. Foldable triangulations of lattice polygons. Amer Math Monthly. 2012;121:706–

710.
[7] Sperner E. Neuer beweis für die invarianz der dimensionszahl und des gebietes. Abhandlungen aus dem

Mathematischen Seminar der Universität Hamburg. 1928;6(1):265–272.
[8] Abrams A, Pommersheim J. Generalized dissections and Monsky’s theorem. Discrete Comput Geom.

2022;67:947–983.
[9] Su FE. Rental harmony: Sperner’s lemma in fair division. Amer Math Monthly. 1999;106(10):930–942.

[10] Richman F, Thomas J. Advanced problem 5479. Amer Math Monthly. 1967;74(3):329.
[11] Monsky P. On dividing a square into triangles. Amer Math Monthly. 1970;77(2):161–164.
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