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Beyond 2-Approximation for k-Center in Graphs

Ce Jin* Yael Kirkpatrick' Virginia Vassilevska Williams? Nicole Wein®

Abstract
We consider the classical k-Center problem in undirected graphs. The problem is known to have a
polynomial-time 2-approximation. There are even (2 + ¢)-approximation algorithms for every ¢ > 0 running in
near-linear time. The conventional wisdom is that the problem is closed, as (2 — €)-approximation is NP-hard

when k is part of the input, and for constant & > 2 it requires n*~°®) time under the Strong Exponential
Time Hypothesis (SETH).

Our first set of results show that one can beat the multiplicative factor of 2 in undirected unweighted graphs
if one is willing to allow additional small additive error, obtaining (2 — ¢, O(1)) approximations. We provide
several algorithms that achieve such approximations for all integers k with running time O(n*~%) for § > 0.
1-— %1 -approximation to

For instance, for every k > 2, we obtain an O(mn + nk/QH) time (2 — 5%
k—141/(k+1)+0(1)

1
2k—17
k-Center, and for every k > 10 we obtain an (3/2,1/2)-approximation algorithm running in n

time. For 2-Center we also obtain an O(mn®/?) time (5/3,2/3)-approximation algorithm, where w < 2.372 is
the fast matrix multiplication exponent. Notably, the running time of this 2-Center algorithm is faster than
then the time needed to compute APSP.

Our second set of results are strong fine-grained lower bounds for k-Center. We show that our (3/2,0(1))-
approximation algorithm is optimal, under SETH, as any (3/2 — ¢, O(1))-approximation algorithm requires

n*=°M) time. We also give a time/approximation trade-off: under SETH, for any integer ¢ > 1, pk/t?—1=o(1)
time is needed for any (2 — 1/(2¢t — 1), O(1))-approximation algorithm for k-Center. This explains why our
(2—¢,0(1)) approximation algorithms have k appearing in the exponent of the running time. Our reductions
also imply that, assuming ETH, the approximation ratio 2 of the known near-linear time algorithms cannot
be improved by any algorithm whose running time is a polynomial independent of k, even if one allows for any
constant additive error.

1 Introduction

The k-Center problem is a classical facility location problem in the clustering literature. Given a distance metric
on n points, k-Center asks for a set of k of the points (“centers”) that minimize the maximum over all points p
of the distance from p to its nearest center; this is called the radius. An important special case of the problem
is when the metric is the shortest paths distance metric of a given n-node, m-edge graph. This special case has
a huge variety of applications as seen for instance in the many examples in the 1983 survey [TFL83|. When & is
part of the input, the problem is well-known to be NP-hard as k-Dominating Set is just a special case: a set of k
nodes is a dominating set in an unweighted graph if and only if they are a k-center with radius 1.

As noted by [HN79], this same reduction shows that even for unweighted undirected graphs it is NP-hard to
obtain k centers whose radius is at most a factor of (2—¢) from the optimum for € > 0, as such an algorithm would
be able to distinguish between radius 1 and greater than 1, and would thus be able to solve Dominating Set. As
k-Dominating set is W [2]-complete, obtaining such a (2 — €)-approximation for k-Center is also W[2]-hard with
parameter k, as noted by [Fell9a]. Via [PW10|, the reduction also implies that under the Strong Exponential
Time Hypothesis (SETH), a (2 — )-approximation for k-Center requires n*=°(1) time for all integers k > 2.
Further (2 — €)-approximation hardness results are known for special classes of graphs and restricted metrics (e.g.
[Fel19al, [FG&8, [KLP19)]).

Several 2 and (2+¢) (for all € > 0) approximation algorithms for k-center have been developed over the years
[Gon85l, DF85] [HS86l [Tho04, [ACLM23|, even running in near-linear time in the graph size.
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Due to the aforementioned hardness of approximation results, it seems that the k-center approximation
problem is closed: factor 2 is possible and factor (2 —¢) for € > 0 is impossible under widely believed hypotheses.

However, what if we do not restrict ourselves to multiplicative approximations, and allow small additive error
in addition? That is, we allow for the approximate radius R to be between the true radius R and aR+ 3 for a < 2
and some very small 3. Such mized, (o, 3) approximations are often studied in the shortest paths literature.

Hochbaum and Shmoys [HS86] actually considered mixed approximations and showed that it is easy to modify
the reduction from k-Dominating set to show that it is still NP-hard to obtain («, 8)-approximations for any o < 2
and any 3, for k-Center on weighted graphs: From a dominating set instance G = (V, E), create a weighted graph
G' = (V,V x V,w) where if (u,v) € E, w(u,v) = W and if (u,v) ¢ E, w(u,v) = 2WE|Where W =28/(2 - a);
since aW + 8 < 2W, any (¢, 8)-approximation to k-Center solves the k-Dominating set problem.

Besides NP-hardness, the modified reduction of [HS86] also shows that n*~°(1) time is needed for any k > 2
for (2 —¢, B)-approximation to k-Center under SETH. However, the reduction crucially relies on the graph having
weights. For € = 2 — «, these weights behave as ©(/¢) and are in fact quite large if ¢ is small. We thus ask:

Question 1: Are there ((2 — ¢), 8)-approzimation algorithms for 3 = O(1) and ¢ > 0 that run in O(n*=?) time
for some § > 0 in unweighted graphs?

In particular, what is the best mixed approximation that one can get in O(n*~?) time for § > 07

Further, the Hochbaum and Shmoys [HS86] reduction implies that for any fixed € > 0, under SETH, any
O(n*=%) time (2—¢, B)-approximation algorithm for k-center must have additive error 3 at least a constant fraction
of the maximum edge weight in the graph. Thus, it is also interesting whether one can obtain such O(n*~%) time
(2 — &, B)-approximation algorithms for integer-weighted graphs, where g is allowed to be proportional to the
largest weight.

If the answer to question 1 is affirmative, then we ask:

Question 2: Can one get ((2 — ), B)-approzimation in near-linear time for e > 0, § = O(1) in unweighted
undirected graphs?

The question is also interesting for weighted graphs when S is allowed to be proportional to the largest weight in
the graph.
A last question is:

Question 8: When can one avoid computing all pairwise distances (APSP) in the graph?

The best algorithms for APSP in m-edge, n-vertex graphs run in ©(mn) time even when the graphs are unweighted
and undirected, when m < n*~!. This was (conditionally) explained by [LVWIS§|. The near-linear time (2 + ¢)-
approximation k-Center algorithms (e.g. [Tho04, [ACLM23]) show that APSP computation is not needed for any
k if one is happy with a (2 + €)-approximation. For the case of k = 1, 1-Center is also known as the Radius
problem in graphs. The hardness for (2—e¢)-approximation does not apply for & = 1 (as k-dominating set hardness
under SETH for instance only applies for k& > 2). Consequently, there has been a lot of work on O(mn'~?%) time
(2 — e)-approximation algorithms for 1-Center that avoid the computation of all-pairs shortest paths, and have
truly subquadratic running times in sparse graphs [ACIM99, [AGV?23|, [CGR16], BRS™21, [AVWT6, [CLR ™14, RVT3].
For what other values of k > 2 can one obtain such algorithms that achieve ((2 — ¢), #)-approximation?

1.1 Our results We present the first fast (2 — e, §)-approximation algorithms for ¢ > 0 and 8 = O(1) for
k-Center in unweighted undirected graphs, answering Question 1 in the affirmative and addressing Question 3.
We complement our algorithms with a variety of fine-grained lower bounds, showing strong hardness results, in
particular providing convincing evidence that the answer to question 2 is a resounding NO.

Lower bounds. Our conditional hardness results are largely based on the popular Strong Exponential Time
Hypothesis (SETH) of [IP01) [CIP10] that states that no O((2 — &)™) time algorithm for constant £ > 0 can solve
k-SAT on n variables for arbitrary k > 3. Due to a result by Williams [Wil05], SETH is known to imply strong
hardness for the k-Orthogonal Vector (k-OV) problem of Fine-Grained Complexity (see also [Vasl8]), and some

1Tt is actually not necessary to add edges (u,v) of weight 2W when (u,v) ¢ E. It suffices to keep the same graph but add weights
W to all edges.
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k Approximation Runtime Comments Reference
2 (5/3,2/3) mn®/3 Theorem 4.1
(5w—w2+1)—pw(w—2)

3 (7/4, M) n  Gu-wity Integer edge weights < M. | Theorem 4.26

3 (3/2,1/2) nets Theorem 4.5
k>4 | (3/2,1/2) nF- G-t Theorem |4.5
k>10 | (3/2, 1/2) pF It e o) Theorem |4.5

k (2 — 2k -1 — 52) | mn 4 /2 Combinatorial. Theorem [4.7]
k>3 | (2- 2k - 1 — o) | nk/2HR/0%+D Assuming w = 2. Theorem [4.12
k>3 | (2— Qk -1 — ) | pf/2HA /D Hw=2) gy = —&v;wi}gm ~ 1.5516. | Theorem [4.18
k>12 | (2— % 71— 527) nk/2+ﬂ1/(k+11::<i> By = 215 =21w=06 ~ .7533. | Theorem [4.18

k (2—3,1— ) mn + T 2Em T | Combinatorial, £ < k. Theorem 4.21

Table 1: Algorithmic Results.
We use “combinatorial algorithms” to refer to algorithms that do not use Fast Matrix Multiplication.

of our lower bounds are from k-OV. Some of our lower bounds are from an approximation version of k-OV, Gap
Set Cover, whose hardness due to [KLM19, [Lin19] is also based on SETH. One of our lower bounds is based on
the Exponential Time Hypothesis (ETH) that states that 3SAT on n variables cannot be solved in 2°(") time.
ETH is implied by SETH and is an even more plausible hardness hypothesis. All our conditional lower bounds
assume the word-RAM model with O(logn) bit words.

We start with a simple conditional lower bound (see Theorem [3.6)) from k-OV (and hence SETH) that implies
that for every k > 2, nF~°(1) time is needed for any (3/2 — §, §)-approximation algorithm for k-Center for &, > 0
and any constant 3.

This result implies that to get O(n*~%) time, one can at best hope for a (3/2,0(1)) approximation. In fact,
since our reduction constructs a sparse graph, we get that this is also true for sparse graphs, and a (3/2 — 4, §8)-
approximation in fact requires m*—°M time.

Next, we prove a more general result which is our main hardness result:

THEOREM 1.1. There is a function f: NT — NT such that the following holds. For all integers t,£ > 1 and

all k > 2f(t), under SETH n7o 100 fime s necessary to distinguish between radius < (2t + 1)¢ and radius
> (4t + 1)€ for k-center, even on graphs with m = O(n) edges. Here, f(t) =t fort € {1,2,3,4}, and f(t) <t
for allt € NT,

The proof of our theorem, to our knowledge, is the first use of Gap Set Cover for approximation hardness
results for graph problems. Some consequences of our result are as follows:

1. Under SETH, there is no (2 —
k:/t27176)

— g, B)-approximation algorithm for k-center for any ¢ > 0, 8 = O(1),
kflfo(l))

_1
2t+1

running in O(n time. E.g., a (5/3 — ¢, 8) approximation requires O(n time.

2. Because of the ETH-based hardness of Gap Set Cover [KLM19, [Lin19], we also get that under ETH there
can be no f(k)n°®) time (2 — ¢, 3)-approximation algorithm for k-Center for € > 0,3 = O(1).

Recall that there are O(mk) tim 2-approximation algorithms [Gon85, [DF85, [HS86], and O(m) time (24 ¢)-
approximation algorithms [Tho04l [ACT.M23], for k-center. Point 2 above shows that these are optimal in a strong
sense: even if we allow arbitrary polynomial time O(n¢) and allow additional additive error 3, one cannot beat
the multiplicative factor of 2 for all k£ simultaneously. We thus answer Question 2 strongly in the negative.

Algorithms. We present the first ever improvements over the known multiplicative factor of 2 for k-center,
with very small additive error, answering Question 1 in the affirmative. Our algorithmic results are summarized

in Table [Tl

2The notation O hides polylogarithmic factors.
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Our first algorithmic result is that for every k > 3, there is an O(n*~?) time algorithm for § > 0 that
achieves a (3/2,1/2)-approximation. The algorithm utilizes fast matrix multiplication, and the bound is in terms
of w < 2.372, the exponent of square matrix multiplication [VXXZ24]. We complement the algorithm with a
conditional lower bound showing that the approximation ratio of the algorithm is tight.

THEOREM 1.2. Given an unweighted, undirected graph G, there is a randomized algorithm that computes a
(3/2,1/2)-approximation to the k-center w.h.p. and runs in time

o O(n< /@) time for k =3,
. O(nk_(3_‘“)+1/(k+1)) for k>4, and

o ph— 11/ (k+1)+0(1) time for k > 10.

This result appears in the paper as Theorem [1.5]

Due to Theorem under SETH, the multiplicative part of the approximation guarantee is tight for sub-n*
time algorithms, as any (3/2 — €, O(1))-approximation algorithm requires 7*~°() time under SETH.

We then turn to address Question 3, and in particular the follow-up question asking for what values of k > 2
one can achieve (2 — ¢, O(1))-approximation algorithms that run faster than computing APSP. In particular, for
sparse graphs (when m < O(n)), when can such algorithms run in O(n?~%) time for 6 > 0?

The algorithms of Theorem [T.2] don’t address this question. In particular, they explicitly compute APSP in
unweighted graphs using Seidel’s O(n®“) time algorithm. One could improve the running time by instead using an
approximate APSP algorithm such as the additive approximations of [DHZ00L [SY24] or the mixed approximations
of [EIk05], with a slight cost to the approximation. However, even then, since all n? distances are computed, the
algorithm would always run in Q(n?) time.

We show that for 2-Center, one can in fact obtain an algorithm that is polynomially faster than mn and
hence polynomially faster than n? in sparse graphs. The following result appears in the paper as Theorem

THEOREM 1.3. There exists a randomized algorithm running in O(mn®/3) that computes a (5/3,2/3)-
approximation to the 2-center of any undirected, unweighted graph, w.h.p. If the 2-center radius is divisible
by 3, the algorithm gives a true multiplicative 5/3-approximation.

Thus, just like with 1-center [ACIM99, [AGV23] [CGR16] BRS™21, [AVWT6| ICLR ™14, [RV13], one can get
a better-than-2 approximation algorithm for 2-center, faster than n? time in sparse graphs. We also note that
the algorithm can be adapted to give a (5/3, M)-approximation for the 2-center of a graph with positive integer
weights bounded by M. As noted earlier, due to the reduction of Hochbaum and Shmoys [HS86], (M) additive
error is necessary for any mixed approximation algorithm with multiplicative stretch 2 — ¢.

We then extend the techniques used to construct the algorithm for 2-center to obtain a general approximation
scheme that works for any k-center. The following result appears in the paper as Theorem and Theorem |4.12
The value « below is the largest real number so that an n x n® matrix can be multiplied by an n® x n matrix in
O(n?*¢) time for all € > 0.

THEOREM 1.4. For any k > 2, there is a randomized combinatorial algorithm that in O(mn + n*/>t1) time,
computes w.h.p. a (2 — ﬁ, 1- qu) -approximation to k-center for any given unweighted, undirected graph.

With the use of fast matriz multiplication, the algorithm’s running time can be sped up. In particular, if w = 2
the running time becomes O(n¥F/?+22/90+1) for k > 3. With the current best bounds on w and o, the algorithm
runs in time

o O(mn®/3) for k =2,

O(n§+%+(w’2)) for 3 < k <13, where By = %}fgm ~ 1.5516, and

o O(n§+m+o(l)) for k > 13, where $1 = 34“2?;% ~ 6.7533.
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We thus get that for every constant k, there is a (2 — &, 0(1))-approximation algorithm running in almost
n*/2 time. Compare this with our conditional lower bound Theorem [3.13] that says that nl#/2=1=0() time is
needed for any (9/5 — ¢, O(1))-approximation.

As the approximation quality depends on k, we also present a version of our approximation scheme that
trades-off running time for approximation quality.

THEOREM 1.5. For any integer 1 < (¢ < k, there is a randomized combinatorial algorithm running in

- e ket , .
O(mn + ntt* H?(k“)) time that computes a (2 - i, 1-— i)—appm:mmatwn to the k-center of G w.h.p.

This result appears in the text as Theorem The running time of the algorithm can also be improved
using fast matrix multiplication.

We note that our hardness result in Theorem explains why k appears in the exponent of our running
times: under SETH n*(*) time is needed for any (2 —&,0(1)) approximation for constant £ > 0 independent of k.

Finally, we focus on the special case k = 3 for which we have stated two approximation algorithms so far.
First, the (3/2,1/2)-approximation algorithm of Theoremruns in O(n*+1/«) time. Second, our approximation
scheme from Theorem gives a (9/5,4/5)-approximation with running time O(n'®/%) if w = 2. The latter is
faster than the former (which would run in O(n?) time if w = 2) but achieves a worse approximation ratio. As
a minor final result, we show that one can obtain a mixed approximation with multiplicative factor between 3/2
and 9/5 (namely, 7/4) that runs faster than the O(n“+1/¢) time of the 3/2-approximation, and for a nontrivial
set of graph sparsities m, runs faster than mn time even in weighted graphs. This result appears in the text as
Theorem [£.26]

Related work. While we cannot hope to exhaustively list all the extensive work on k-center, here is some
more. Approximation algorithms for the 1-center problem and the related diameter problem in graphs have
been extensively studied [ACIM99, [AGV23| [CGRI6, IBRS™21, [AVWT6], [CLR™14, [RVT3]. Dynamic (2 + ¢)-
approximation algorithms for k-Center is a recent topic of interest [CFG™24]. k-Center is studied in restricted
classes of graphs and metrics both for static and for dynamic algorithms (e.g. [EKM14, [DFHTO3| [Fel19bl, [FM20
GHL™ 21l [GG24] and many more). The asymmetric version of k-center (e.g. for directed graphs) is a harder
problem, although 2-approximation algorithms are possible for structured metrics (see [BHW20] and the references
therein).

2 Preliminaries

Let G = (V, E) be a weighted or unweighted graph. Throughout this paper all graphs will be undirected. Denote
by n the number of vertices in the graph |V| and by m the number of edges |E|. The distance d(u,v) between
two vertices u,v € V is the length of the shortest path in G between u and v.

The eccentricity of a vertex v is defined as max,¢cy d(v,u). The vertex with smallest eccentricity is called the
center of G and its eccentricity is the radius of G, min,cy max,ecy d(v,u). The k-center problem generalizes this
definition to sets of k points. Define the k-radius of G, Ry(G), to be

Ri(G) = CIpCH\} rnea&(d(v,C).
|Cl=k

The k-center of G is defined as the set of points that achieve the k-radius,

arg min maxd(v,C).
CCV veV
ICl=k

When £k is clear from context we refer to the k-radius as simply the radius.

Given a point v € V and r > 0 define the ball of radius r around v as B(v,r) == {u € V : d(u,v) < r}.
Similarly, for a set S C V, define the ball of radius r around the set S as B(S,r) = {u € V : d(u,S) < r}. We
often want to consider points that are far away from a point or set. For this we consider the complement of the
ball around a point or set, B(S,7)¢ := {u € V : d(u, S) > r}. For ease of notation, we define B((),r) = ) for any
r € R.

The following values are defined in the arithmetic circuit model. The exponent w is the smallest real number
such that n x n matrices can be multiplied in O(n**¢) time for all € > 0. The exponent w(p, q,r) is the smallest
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real number such that one can multiply an n? x n9 matrix by an n¢ x n” matrix in O(n*®%"+€) time for
all e > 0. It is known that w(p,q,r) is invariant under any permutation of p,q,r. We also use the notation
MM(a, b, ¢) to denote the best known running time to multiply an a x b matrix by a b x ¢ matrix, in particular
MM(nP,nd,n") = n®®47). The value « is the largest value in [0, 1] such that w(1,a,1) = 2.

3 Conditional Lower Bounds

In this section we will prove a simple lower bound for (3/2 — ¢, 8)-approximating k-center (Theorem [3.6)), and our
main lower bound result for (2 — &, §)-approximation (Theorem [1.1)), restated below with parameter k rescaled
for convenience.

THEOREM 3.1. (EQUIVALENT FORM OF THEOREM There is a function f: Nt — NT such that the following
holds. Let k > 2, t,£ > 1 be constant integers. Assuming SETH, distinguishing between radius < (2t + 1)¢ and
radius > (4t + 1)¢ for (f(t) - (k + 1))-center cannot be done in O(m*~%) time, for any constant § > 0. Here,
f@t) =t forte {1,2,3,4}, and f(t) <t* for allt € N*.

Since our proof of the main result is quite involved, we will present the proof in an incremental fashion by
first proving the simple lower bound (Theorem , and then two special cases (for ¢ = 1,2) of Theorem [3.1
before finally showing the full recursive construction for Theorem [3.1

All our lower bound results hold for undirected unweighted graphs with n nodes and m edges (assuming
m>n-—1).

3.1 Known hardness results for Set Cover Our lower bounds rely on several hardness results for the Set
Cover problem in the literature. A Set Cover instance is a bipartite graph G = (A, B, E) on n = |A| + | B| nodes,
where we want to find the smallest subset S C A, such that every b € B is adjacent to some node in S. Without
loss of generality, we assume each b € B is adjacent to at least one node A.

Our simple lower bound (proved in Section is based on the following SETH-based hardness result for
deciding whether a Set Cover instance has a size-k solution (or equivalently, solving the the k-Orthogonal-Vectors

problemED.

THEOREM 3.2. ([WiL05, [PWT10]) Assuming SETH, for every integer k > 2 and § > 0, there is no O(n*~?)-
time algorithm that can decide whether an n-node Set Cover instance (A, B, E) has a size-k solution, even when
|B| = Os(klogn).

Starting from Section [3:3] our lower bounds will crucially rely on the inapproximability of Set Cover from
the parameterized complexity literature [KLMI9, Lin19]E| These papers proved an inapproximability factor of
(logn)*™) | while in our applications we only need (arbitrarily large) constant inapproximability factor C.

LEMMA 3.3. (SETH-HARDNESS OF GAP SET COVER, IMPLIED BY [KLM19| THEOREM 1.5]) Assuming
SETH, for every integer k > 2 and for every § > 0,C > 1, no O(n*~%)-time algorithm can distinguish whether
an n-node Set Cover instance G = (A, B, E) has a solution of size k or has no solutions of size < Ck.

For our purpose, we need the hardness to hold even for Set Cover instances (A, B, E) with small |B|. This
can be obtained from Lemma [3.33] by a simple powering argument, as shown in the following corollary.

COROLLARY 3.4. (SMALL-B VERSION OF LEMMA [3.3|) Assuming SETH, for every integer k > 2 and for every
5,7 >0,C > 1, no O(n*=9)-time algorithm can distinguish whether an n-node Set Cover instance G' = (A', B, E")
with |B| < n" has a solution of size k or has no solutions of size < Ck.

Proof. Let g = [1/v]. Given a Set Cover instance G = (A, B, E), we can create a larger Set Cover instance
G' = (A9,B,FE’), in which a g-tuple (u1,...,uy) € A9 is adjacent to b € B in E’ iff there exists u; such that

3A k-Orthogonal-Vectors (k-OV) instance is a set A C {0,1}? of n binary vectors of dimension d, and the k-OV problem asks if
we can find k vectors ai,...,ar € A such that they are orthogonal, i.e., (a1)[i] - (a2)[i] - --- - (ax)[i] = 0 for all < € [d]. Solving the
k-OV instance A C {0,1}9 is equivalent to deciding whether the Set Cover instance G = (4, [d], E) defined by letting (a,i) € E iff
ali] = 0 has a size-k solution.

4These papers sometimes stated their results for the Dominating Set problem, which is essentially the same as Set Cover.
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(u;,b) € E. Observe that for any nonnegative integer k’, G has a size-k’g solution if and only if G’ has a size-k’
solution.

By Lemma it requires (|A|+|B|)*9~°(") time to decide whether G has a size-kg solution or has no solutions
of size < Ckg under SETH. Hence, the same time is required for deciding whether G’ has a size-k solution or has
no solutions of size < C'k under SETH. Note G’ = (A9, B, E') has |A|Y + | B| nodes, and we can pad dummy nodes
into the A9 side so that G’ now has n = (|A|+|B|)? nodes, and the number of nodes in B is only |B| < n'/9 < n?.
The time lower bound then becomes (|A| + |B|)*9—°() = Q(nkF—oM), O

We will also use the lower bound for Gap Set Cover under Exponential Time Hypothesis.

LEMMA 3.5. (ETH-HARDNESS OF GAP SET COVER, IMPLIED BY [KLMI19| THEOREM 1.4]|) Assuming ETH,
for any constant C > 1, no O(f(k)n°™)-time algorithm can distinguish whether an n-node Set Cover instance
G = (A, B, E) has a solution of size k or has no solutions of size < Ck.

3.2 A simple lower bound for (% — ¢, 8)-approximation Our simple lower bound is stated as follows.

THEOREM 3.6. Let k > 2, £ > 1 be constant integers. Assuming SETH, distinguishing between radius < 2¢ and
radius > 3¢ for k-center cannot be done in O(mF=°) time, for any constant § > 0.

As a corollary, for any constants € € (0,1),5 > 0, (% — ¢, B)-approzimating k-center radius requires m
time under SETH.

k—o(1)

To show the corollary, we set £ = L%J + 1 which satisfies (% —e)- 20+ 5 <3¢ soa (% — €, f)-approximation

algorithm can distinguish between radius < 2¢ and > 3¢ and hence requires m*—°()

We prove Theorem in the rest of this section.

Suppose we are given a Set Cover instance G = (A, B, E) where |A| = O(n) and |B| = n°) and want to
decide whether it has a size-k solution. By Theorem this requires n*~°() time under SETH.

Based on the Set Cover instance, we define a base gadget graph (which will be repeatedly used in this section
and later sections) as follows.

time.

DEFINITION 3.7. (BASE GADGET GRAPH Gad(A, B, ¢, L)) Let bipartite graph G = (A, B, E) be the given Set
Cover instance, and let L > 1 be an integer parameter. Then, the base gadget graph is defined by the following
procedure:

e (reate node sets A, B which are copies of the node sets A, B. By convention, let a € A denote the copy of
a € A (and similarly for b€ B and b € B).

e [or every (a,b) € E, connect a € A and b € B by an L-edge path (@,v, 1,0&32,...,1)&5L_1,l;)

a

e Add a new node ¢.
o For every a € A, connect é and ¢ by an L-edge path (G, wa,1,Wa2,. .., Wa L—1,C).

We denote this base gadget graph by Gad(jl,B,é, L). (If we have a base gadget graph named Gad(A’, B',c/, L),
then we will analogously use the convention that a' € A’ denotes the copy of a € A, and similarly for ¥’ € B’ and
be B.)

Note that a Base gadget graph with parameter L has L|E| + L|A| < O(L|A||B|) < Ln't°() edges.
Using the base gadget graph in Definition we now create a k-center instance G’ = (V’, E’) as follows (see

Fig. :
e Add a base gadget graph Gad(4’, B, ,?).
e For every b’ € B’, attach an f-edge path (b, up 1,up 2,...,up ¢) to b'.

Observe that the new graph G’ has O(¢ - n*+t°(M)) edges.
First we show a good k-center solution exists in the YES case.

5When we connect two nodes by a path, we mean we add new internal nodes and edges into the graph to form this path.
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Gad(A’, B', ', ¢)

Figure 1: The k-center instance G’ = (V', E’) constructed in the proof of Theorem (for distinguishing radius
< 2¢ or > 3¢). In this example, £ = 3. The dashed green box contains the base gadget graph Gad(A’, B’, ¢, ?).
Given a Set Cover solution of size k, picking their copies in A’ gives a k-center solution of radius 2¢.

LEMMA 3.8. If the original Set Cover instance G = (A, B, E) has a solution S C A of size |S| = k, then the
k-center instance G’ has a solution with radius 2¢.

Proof. Given the Set Cover solution S = {s1,...,s:} C A, in G' = (V', E’) we simply pick the copies of the same
k nodes, s,...,s), € A’ C V' as the centers, and we now verify that they cover every node in V' within distance
20

e Every node o’ € A" C V' can be reached from the center s; € A’ via a length-2¢ path through node ¢/,
namely (87, W 1,7+, Wy g—1,¢, War ¢—1,++ ,War,1,a’). This also means all intermediate nodes w. . and the
node ¢’ can be reached from the center s} within distance less than 2¢.

e For every b € B, the Set Cover solution S guarantees that there exists an s; such that (s;,b) € E. Then,
by definition of the base gadget graph, b’ € B’ C V' can be reached from the center s} via a length-¢ path
(82, Us;,b’,la ey Usg,b’,é—lv b/)

Then, since all nodes uy . on the path attached to b, as well as all nodes v. ;. on the paths between b’
and A’ in the base gadget graph, are reachable from b within distance < ¢, they are hence reachable from
s} within distance < ¢+ ¢ = 2¢.

We have verified all nodes in V’ are covered by some center s; within distance 2¢, finishing the proof. 0

Next, we show no good k-center solution can exist in the NO case. To show this, we prove the contrapositive.

LEMMA 3.9. If the k-center instance G' has a solution with radius < 3{, then the original Set Cover instance
G = (A, B, E) has a solution of size k.

Proof. Let {51,...,8,} C V' denote the k-center solution of G’ = (V', E’) of radius < 3¢. For each ¢ € [k], define
s} to be the node in A’ C V' that is the closest to §; on graph G’ (breaking ties arbitrarily). In other words,

o If 5; € {up j}jegU{b'} for some v’ € B’ (i.e., 5; is on the (-edge path attached to b’), then s; is the copy of
some s; € A such that (s;,b) € E (which exists by our initial assumption that b has at least one neighbor
in the Set Cover instance).
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o If 5; € {va v jtven je—1) U{a'} U{wa j}jcie—1) for some o’ € A’ (i.e., 5; is in the base gadget graph
excluding B’ and {¢'}), then s}, = a’.

o If 3, = ¢/ then s; € A’ is arbitrary (this case will not happen in our proof).

We now show that {s1,...,sx} C A, namely the nodes corresponding to si,..., s, € A’, is a Set Cover solution.

Fix any b € B. Consider uy ¢, the last node on the f-edge path attached to o', and suppose it is reachable
from the center 5; within distance < 3¢. By inspecting the construction of G’, observe that within < 3¢ distance
up ¢ cannot reach node ¢’ or any other b € B’ \ {b’}. Hence, such center §; within < 3¢ distance from wuy ¢ can
only be one of the following two cases:

o Case 1: 3; € {uy j} cig U{D'}.

By earlier discussion, we have (s;,b) € E in this case.

o Case 2: 3; € {Var b j}vren jeje—1) U{a'} U{wa j}jep—1) for some a’ € A’
By earlier discussion, we have s; = a in this case.

By inspecting the construction of G’, we can observe that in this case we must have (a,b) € F (and
hence (s;,b) € E). Intuitively speaking, the shortest path from w; , to the center §; can exit b’ only through
some vq p o—1 for which (a,b) € E, and from there it cannot reach ¢’ or any other ¥ € B’ \ {0'}, so it
always remains the closet to the same a’ € A’.

This finishes the proof that every b € B is covered by some s;, so {s1,...,s;} is a Set Cover solution. 0

Proof of Theorem[3.6, By combining Lemma and Lemma, we see that any algorithm on graphs of
m < nlite®) edges that distinguishes between k-center radius < 2¢ and > 3¢ can be used to decide whether
the original Set Cover instance has a size-k solution, which requires n*=°(1) > m*F=°() time under SETH. ]

3.3 Warm-up I: Lower bounds via Gap-Set-Cover In this section, we prove the following special case of
our full lower bound result Theorem which achieves better inapproximability ratio (5/3 —¢) than the previous
(3/2—¢), but has a lower time lower bound m*~1=°(1), We prove this special case first in order to clearly illustrate
how the hardness of Gap Set Cover is helpful, which is one of the main ideas behind our full result.

THEOREM 3.10. (SPECIAL CASE OF THEOREM Let k > 2, £ > 1 be constant integers. Assuming SETH,
distinguishing between radius < 3¢ and radius > 50 for (k + 1)-center cannot be done in O(m*=%) time, for any
constant § > 0.

As a corollary, for any constants e € (0,1),8 > 0, (% —e, B)-approzimating k-center radius requires m

time under SETH.

k—1—o0(1)

We will use a similar construction as the simple lower bound (Theorem from the previous section. In
order to improve the ratio from (3/2 —¢) to (5/3 —¢), we would like to increase the parameter of the base gadget
graph from ¢ to 2¢, while the paths attached to B’ still have length ¢. But naively doing this would make some
parts of the graph no longer covered by the k chosen centers in A’ within the desired radius 3¢. To solve this issue,
we pick the node ¢’ as an extra center to cover the remaining parts. In this way, a size-k Set Cover solution of
implies a (k 4 1)-center solution of radius 3¢. And, in the converse direction, the same argument as before shows
that a (k + 1)-center solution of radius < 5¢ would imply a (k + 1)-size Set Cover solution. Therefore, we can use
the hardness of Gap Set Cover (distinguishing between solution size < k or > k + 1) to conclude the proof.

Proof of Theorem[3.10. Suppose we are given a Set Cover instance G = (A, B, E) where |A| = O(n) and |B| < n?
(where constant v > 0 can be chosen arbitrarily small), and want to decide whether it has a size-k solution or
has no solutions of size < k + 1. By Corollary this requires n*—°(Y) time under SETH.

We will create a (k 4 1)-center instance G’ = (V/, E'), in a similar way to the proof of Theorem (3.6

e Add a base gadget graph Gad(A4’, B’,c,2¢) (Definition [3.7)).
e For every b’ € B’, attach an f-edge path (b, up 1, up 2, ..., up ¢) to b'.

Copyright (© 2025

183 Copyright for this paper is retained by authors



Downloaded 04/06/25 to 109.81.82.1 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

Figure 2: The (k + 1)-center instance G’ = (V’, E’) constructed in the proof of Theorem (for distinguishing
radius < 3¢ or > 5¢). Here we use a thick segment to denote a path of prescribed number of edges. Given a Set
Cover solution of size k (this example has k = 2 attained by {a1, as}), picking their copies in A" together with ¢/
gives a (k + 1)-center solution of radius 3¢. In this example, on the 2¢-edge path from af € A’ to b5 € B, the
first half of nodes are covered by center ¢, and the second half are covered by center aj.

Observe that the new graph G’ has O(¢|A||B|) < n'™7 edges.

LEMMA 3.11. If the original Set Cover instance G = (A, B, E) has a solution A" C A of size |A’| = k, then the
(k + 1)-center instance G' has a solution with radius 3£.

Proof. Given the Set Cover solution S = {s1,...,sx} C A, in G' = (V', E’) we pick the copies of the same k
nodes, si,...,s, € A’ C V' together with ¢ € V' as the (k + 1) centers, and we now verify that they cover every
node in V’ within distance 3¢ (see Fig. [2)):

o As before, the Set Cover solution guarantees that every ¥ € B’ C V' can be reached from some center s
within distance 2¢ via the path (s, Vgl b/ s+ -+ 5 Vst b7 20— 15 b).

Then, the second half of the 2/-edge paths between A’ and b, namely the nodes v.y ; for j > ¢, are

reachable from b’ within distance < ¢, and hence reachable from that center within distance < 2¢ + ¢ = 3/.

Similarly, all nodes wy . on the f-edge path attached to b’ are also reachable from the center within
distance 34.

e Observe that the center ¢’ has distance < 3¢ to the first half of the 2¢-edge paths between A’, B, namely
v..; for j < /L.
Similarly one can check that ¢’ covers all the remaining nodes in G’ (including ¢/, w. ., and nodes in A’)
within distance 3¢.

|

LEMMA 3.12. If the (k + 1)-center instance G' has a solution with radius < 5¢, then the original Set Cover
instance G = (A, B, E) has a solution of size (k + 1).

Proof Sketch. The proof of this lemma uses exactly the same argument as Lemma from the previous section.
The current lemma holds for radius < 5¢ because the shortest distance from wuy , to node ¢’ or any other
b e B'\ {b'}is 0 +20+2¢ = 5¢4. 0

By combining the previous two lemmas, we see that any algorithm on graphs of m < O(n!™) edges that
distinguishes between (k 4 1)-center radius < 3¢ and > 5¢ can be used to decide whether the original Set Cover
instance has a size-k solution or has no solutions of size < k 4 1, which requires nk=o(1) > pk/(A+7)=0(1) time,
Since v > 0 can be chosen arbitrarily small, we rule out O(m*~%)-time algorithms for all constant § > 0. |
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3.4 Warm-up II: Recursively covering the paths In Section we saw how using more centers can lead
to higher inapproximability ratio. In this section we develop that idea further and prove the following result.

THEOREM 3.13. (SPECIAL CASE OF THEOREM Let k > 2, ¢ > 1 be constant integers. Assuming SETH,
distinguishing between radius < 5¢ and radius > 9 for (2k 4 2)-center cannot be done in O(m*=%) time, for any
constant § > 0.

As a corollary, for any constants € € (0,1),8 > 0, (% — g, B)-approzimating k-center radius requires
mlk/21=1=0() time under SETH.

Compared to the previous construction in Section [3.3] here we will increase the inapproximability ratio by further
increasing the parameter of the base gadget graph (namely the distance between A’, B’ and between A’, ¢), which
would again cause some of the A’-to-B’ paths to be uncovered. This time we have to add more centers in order
to cover everything: we will create another copy of the base gadget graph Gad(A, B,¢, L) (for some smaller
parameter L), and additionally pick k centers from A (and ¢) as well. We will connect edges appropriately so
that the originally uncovered part on the A’-to-B’ path between node b’ € B’ and any o’ € A" will be covered by
the new centers by going through b € B.

We remark that our construction for proving Theorem will be slightly redundant, and (2k + 2) in the
theorem statement can in fact be improved to (2k + 1) (see Footnote @ We present this slightly weaker version
just to keep consistency with the full generalized construction to be described in the next section.

The rest of this section proves Theorem Suppose we are given a Set Cover instance G = (A, B, E) where
|A] = ©(n) and |B| = n" (where constant v > 0 can be chosen arbitrarily small), and want to decide whether
it has a size-k solution or has no solutions of size < 2k + 2. By Corollary this requires n¥~°() time under
SETH.

We will create a (2k + 2)-center instance G’ = (V', E’) of O(¢|A||B|) < n'™" edges, as follows. See Fig.

e Add two base gadget graphs Gad(A’, B',¢’,4¢) and Gad(A, B, ¢,2() (Definition [3.7)).
e For every b’ € B’, attach an f-edge path (b, up 1, up 2,...,up ¢) to b'.

e Then, for every (a,b) € E, let vy 20 denote the middle node on the 4/-edge path between a’ and b’ in
Gad(A’, B',c,4f), and we add a 2(-edge path that connects v, 1 2, and b (depicted as dashed blue paths
in Fig. . Here we stress that both b € B and ' € B’ are copies of the same b € B.

LEMMA 3.14. If the original Set Cover instance G = (A, B, E) has a solution S C A of size |S| = k, then the
(2k + 2)-center instance G' has a solution with radius 5¢.

Proof. Given the Set Cover solution S = {s1,...,s;} C A, in G' = (V', E') we pick both copies of the same k
nodes, si,...,s; € A',s1,...,8, € A, and ¢/, ¢ as the (2k + 2) centers, and we now verify that they cover every
node in V'’ within distance 5¢:

e Similarly to Lemma from the previous section, here we see that within 5¢ radius the centers
s1,...,s, € A’ together cover all the (-edge paths attached to B’, as well as the last 1/4 fraction of
every 4f-edge path from A’ to B’. Also, within 5¢ radius, ¢’ covers all the 4/-edge paths between ¢’ and A’,
as well as the first 1/4 fraction of every 4¢-edge path from A’ to B’.

e This is the key part in our construction: For every 4¢-edge path between o’ € A and b’ € B’, it remains
to verify that its middle 1/2 fraction (namely the nodes v,/ ; where £ < j < 3() are also covered within
5¢ radius, for which it is sufficient to show that the middle node v, p 2¢ can reach some center within
4¢ distance. To show this, suppose b is covered by s; € S in the Set Cover solution, and note that the
center §; € A can reach the middle node via a 4¢-edge path s; 2 b 2 Vo pr,2¢- (This also shows that the

. . - 20
intermediate nodes on the path b ~~ v,/ 3 2¢ are covered.)

e Then, observe that the remaining nodes in the graph, namely the nodes on the 2(-edge paths between A, B
and between ¢, A, are covered by the center ¢ within 4¢ < 5¢ distanceﬂ

6 Alternatively, one can show that they are covered by the centers 31, ..., 35, within 4¢ distance. Hence it is actually not necessary
to include ¢ as a center.
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Figjure/ 3: The (2k .+ 2)-center instance G’ = Figure 4: The “skeleton graph” of the graph G’ =
(V a_E ) (.JOH.S‘EYUCted in the PrOOf of Theorem (V', E’) in Fig.[3] Here, each super-node represents
(distinguishing between radius < 5¢ or > 9¢). For a subset of nodes in G’, and the lengths denote
example, the 4(-edge path between a’ and b’ can be shortest distances between subsets of nodes.

covered within radius 5¢ by centers a’,, G, c.

Now we proceed to the NO case. For the sake of analysis, we introduce a few terminologies. We associate
each node in the (2k + 2)-center instance G’ to at most one node in A, and to at most one node in B in the most
natural way. Also, some of the nodes in G’ are called type-A (or type-B, type-C). Their precise definitions are
given as follows (we state the definitions with a little bit of generality so that it can be reused in the next section
where G’ may contain even more copies of the base gadget graph):

DEFINITION 3.15. In each copy of the base gadget graph Gad(fl,B,é, L) (Definition :

Each a € A is associated to a € A (recall that G is a copy of a), and we say a is a type-A node.
Similarly, each b € B is associated to b € B, and we say bisa type-B node.
¢ is not associated to any node. We say ¢ is a type-C node.

For each L-edge path between a € Aandb e E, all internal nodes on this path (namely, v, ij,j e[L-1])
are associated to both a € A and b € B.

For each L-edge path between a € A and ¢, all internal nodes on this path (namely, ws j,j € [L —1]) are
associated to a € A.

Then, in the main construction of G' = (V' E'):

For each l-edge path (', upy 1,uy 2,-..,uy o) attached to b € B’, all nodes on this path are associated to
be B.

Whenever we add a path from some v, b inside a base gadget graph Gad(A, B, ¢, L) to another node outside
this base gadget graph, we associate all internal nodes on this added path to both a € A and b € B. (In the
example in Fig. @ these paths are depicted as dashed blue paths.)

Now we observe a few simple but useful properties of the constructed instance G’ = (V’, E’) and the way we
associated nodes of V' to nodes of A, B:
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OBSERVATION 3.16. If a node in G’ is associated to both a € A and to b € B, then (a,b) € E in the original Set
Cover instance.

OBSERVATION 3.17. For every edge (z,y) in G':
1. (“Remember a”): If x is associated to some a, € A and y is associated to some a, € A, then a; = a,.

2. (“Forget a”): If © is associated to some a, € A, and y is not associated to any a € A, then y is a type-B or
type-C' node.

3. (“Remember b”): If x is associated to some b, € B and y is associated to some b, € B, then b, = b,.

4. (“Forget b but still remember a”): If x is associated to some b, € B, and y is not associated to any b € B,
then y is a type-A node, and y is associated to an a, € A such that (ay,b,) € E in the Set Cover instance.

Both observations can be directly verified by carefully examining Definition our definition of G' = (V', E’)
(see Fig. |3)), and Definition

Now we can prove the lemma for the NO case:

LEMMA 3.18. If the (2k + 2)-center instance G' has a solution with radius < 9¢, then the original Set Cover
instance G = (A, B, E) has a solution of size 2k + 2.

Proof. Let {31,..., 82,42} C V' denote the (2k 4 2)-center solution of G' = (V', E’) of radius < 9¢. We define
{$1,...,82k12} C A as follows.

DEFINITION 3.19. Given a center 5; € V', we define s; € A as follows:
e [f 5; is associated to some a € A (see Definition , then let s; = a.

e If 8, is associated to b € B but not to any node in A, then take an arbitrary a € A such that (a,b) € E
(which ezists by our initial assumption of the Set Cover instance) and let s; = a.

e If §; is mot associated to any node in A or B, then just let s; be an arbitrary node in A.

We will show that {s1,...,s2x+2} C A is a Set Cover solution. Fix any b € B, and consider uy ¢ (the last node
on the f-edge path attached to b’ € B’). There is a center §; at distance < 9¢ from uy . It remains to prove that
(si,b) € E in the Set Cover instance.

Let P denote the shortest path from uy ¢ to the center §; of length |P| < 9¢. We make the following definition.

DEFINITION 3.20. We say a path P = (po,p1,...,p|p|) is bad, if there exists 0 < x < y < |P| such that p, is a
type-A node, and p, is a type-B or type-C node.

Then we will prove the following two lemmas, which together with |P| < 9¢ immediately imply (s;,b) € E as
desired, finishing the proof of Lemma [3.18

LEMMA 3.21. In G', any bad path P starting from wy o must have length > 9¢.

LEMMA 3.22. If there is a path P from uy 4 to §; that is not bad, then s; (as defined in Deﬁm’tion satisfies
(si,b) € E in the Set Cover instance.

Proof of Lemma[3.21 In our construction of G’, type-A nodes are A’ U A, type-B nodes are B’ U B, and type-C
nodes are {c’,¢}. In a bad path P = (po,...,pp|) where py = uy ¢, suppose p, is a type-A node and p, is a
type-B or type-C node (0 < z < y < |P|). We now use a case distinction. (The distance lower bounds we are
using here can be seen more transparently from the “skeleton graph” of our construction depicted in Fig. )

e Case p, € A’: Observe x > dg' (up ¢, A’) = 5¢, and y — x > dg/ (A', {¢',e} UB' U B) = 4/.
e Case p, € A: Observe x > dg/(uy ¢, A) = 7, and y — v > dg/ (A, {c/,e} U B' U B) = 2L.
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Algorithm 1 Recursive construction for proving Theorem

1: Global Input: A Set Cover instance G = (A, B, E) and constant integers ¢, ¢ > 1.

2:

3: procedure RECURSE(p)

4: Input: positive integer 1 < p < 2t

5. Output: a tuple (G, A, B), where G = (V, E) is a graph, and A, B C V are copies of A, B

6: G <+ a fresh copy of the base gadget graph Gad(4, B, ¢, (2t + 1 — p)¢)

7: for g € {1,2,...,[22—;”“ do > Non-empty iff p < 2t/3
8: (G", A", B") + RECURSE((2¢ + 1) - p) > (2¢ + 1)p < 2t holds
9: Add G” into G
10: for (a,b) € E do
11: Add a 2¢pf-edge path in G between Va b, (2t+1—p—2qp)¢ € Gad(A, B,¢, (2t +1 —p)f) and b’ € B" >

By convention, b € B, b € B" are copies of b € B

12: end for
13: end for

14: return (G, A, B)

15: end procedure

16:

17: procedure MAIN

18: (G', A", B") +— RECURSE(1)

19: For every b/ € B’, attach an f-edge path (', upr 1, upr 2,...,up ¢) to 0.
20: return G’

21: end procedure

In both cases we have |P| >y =z + (y —z) > 9¢. |

Proof of Lemma[3.23. Let P = (po,p1,--.,pyp|)- Pick the smallest € [0,|P|] such that p, is not associated to
any node in B (if none exists, let x = |P| 4 1). Since py = up ¢ is associated to b, by repeatedly applying Item
of Observation [3.17] we know p,_; is also associated to b. If 2 = |P| + 1, then this means p|p| = 8 is associated
to b, and then from Definition and Observation we have (s;,b) € E as claimed. So we assume z < |P)|
from now on.

Since p,_1 is associated to b € B but p, is not associated to any node in B, by Item E| of Observation We
know p, is a type-A node and is associated to some a € A such that (a,b) € E. Pick the smallest y € [z, |P|] such
that p, is not associated to any node in A (if none exists, let y = |P| + 1). Then, by repeatedly applying Item
of Observation we know p,_1 is also associated to the same a. If y = [P| + 1, then this means p;p| = 3; is
associated to the same a € A satistying (a,b) € E, and we have s; = a by Definition and hence (s;,b) € E
as claimed. So we assume y < |P| from now on.

Since py_1 is associated to a € A but p, is not associated to any node in A, by Item [2] of Observation
we know p, is a type-B or type-C node. Hence, we have found 0 < z < y < |P| witnessing that P is a bad path,
contradicting the assumption that P is not bad. 0

d

Proof of Theorem[3.13 By combining Lemma and Lemma we see that any (2k + 2)-center algorithm
on graphs of m < O(n'™7) edges that distinguishes between radius < 5¢ and > 9¢ can be used to decide
whether the original Set Cover instance has a size-k solution or has no solutions of size < 2k + 2, which requires
nk=o(D) > mk/(+7) =) time. Since v > 0 can be chosen arbitrarily small, we rule out O(m*=9)-time algorithms
for all constant § > 0. a0

3.5 The full recursive construction for (2 — ¢, §)-inapproximability In this section we prove our full
hardness result Theorem The proof generalizes the construction from the previous section (Theorem [3.13)
by adding even more copies of the base gadget graph, and hence achieves better inapproximability ratio. More
specifically:
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Figure 5: The “skeleton graph” of graph G’ constructed by Algorithm [l for ¢ = 7 (for distinguishing between
radius < 15¢ or > 29¢ for f(7)- (k + 1)-center). To avoid clutter, we do not draw the graph G’ itself; one can refer
to Fig. [3] and Fig. [4] to understand the relation between G’ and its skeleton graph by analogy.

e In the proof of Theorem we only had one junction point on each 4¢-edge path between A’ and B’. Now
we will put more junction points (in order to cover a bigger fraction of the path).

e The proof of Theorem [3.13] only had one level of recursion, but in general we may continue the recursion
by, for example, adding junction points on the paths between A and B and connect them to another copy
of the base gadget graph.

Throughout, let ¢, > 1 be fixed integers, and suppose we are given a Set Cover instance G = (A, B, E)
where |A| = ©(n) and |B| < nY (where constant v > 0 can be chosen arbitrarily small). We describe the general
construction of graph G’ = (V/, E’) as a recursive procedure in Algorithm [I} The recursion is parameterized by
a positive integer variable p. We remark that the constructions from Section and Section can be obtained
from running Algorithm [I| with ¢ = 1 and ¢ = 2, respectively. For reference, in Fig. [5| we include the “skeleton
graph” of the graph G’ returned by Algorithm [1] for ¢t = 7.

Let h(p) denote the total number of base gadget graphs contained in the graph returned by RECURSE(p).
The final graph G’ returned by Algorithm [1| contains h(1) copies of base gadget graphs (h(1) is a function of t),
and in total O(h(1) - |A||B|tf) < O(n'™7) many edges and nodes. We will analyze the dependence of h(1) on ¢ in
the end of this section.

As in the previous section, we use the same rule as Definition to associate each node in the constructed
instance G’ to at most one node in A and at most one node in B, and use the same definition of type-A (type-B,
type-C) nodes as Definition We use the same definition of bad paths as Definition

By inspecting our recursive construction, we can see that both Observation and Observation still
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hold for the constructed G’.
We inductively prove the following properties of the recursive construction.

LEMMA 3.23. Suppose RECURSE(p) returns (G, A, B). Then both of the following hold.
1. Any bad path in G starting from any b € B must have length at least > (4t + 2 — 2p)L.

2. Suppose the original Set Cover instance has a size-k solution. If we pick the copies of these k nodes in A
and node ¢ in all base gadget graphs Gad(A, B, ¢, L) in G as centers (picking h(p) - (k+ 1) centers in total),

then all nodes in G are covered within radius (2t + 1). Moreover, all nodes in B are covered within radius
(2t +1—p)e.

Proof of Lemma[3.23, Item[1 Take the shortest bad path P = (po,...,p p|) in G starting from any po = b € B,
and let p, be the first type-A node on P. It ends at some type-B or type-C node p p| (since otherwise P has a
proper prefix that is also bad). There are two cases:

e Case 1: p, € A.

We have © > dg(B, A) = (2t +1—p){ by Line@ The type-B or type-C node p|p| is either from Bu{e},
or from some subgraph G” constructed in a recursive call to RECURSE((2¢ + 1) - p) at Line|8| In the former
case, observe that |P| — 2 > dg(A, BU{¢}) = (2t + 1 — p)¢ (by Lines @) In the latter case, from Line
we observe that |P| —x > dg(A, B") = (2t + 1 —p — 2qp){ + 2pgf = (2t + 1 — p){. In either case we get
|P| =z + (|P| —z) > (4t + 2 — 2p)¢.

o Case 2: p, ¢ A.

Then, p, can only be some type-A node from some subgraph G’ constructed in a recursive call to
RECURSE((2¢ + 1) - p) at Line |8] Note that the path from py to p, has to visit B” in order to enter G”.
Let p; be the maximum j < x such that p; € B”. Then the path (pj;,...,p,) must be entirely in G”.
Note that the path (ps,...,pp|) is also entirely in G”, since otherwise it has to exit G” through some
py € B”, but in that case the path (po,...,Ps,...,py) is a shorter bad path. Hence, we have argued that
the bad path (pj,...,ps,...,pp|) starting from p; € B” is entirely in G, and hence by the inductive
hypothesis it must have at length |[P| —j > (4t + 2 — 2(2¢ + 1) - p)¢. On the other hand, from Line
observe that j = dg(b,p;) > da(B,B") = ((2t +1-pl—2t+1—p-— 2qp)€) + 2gpl = 4qpl. So
Pl =j+ (P~ ) > (4 42— 2p)t.

|

Proof of Lemma Item[3 Inside Gad(A, B,¢, (2t +1— p)¢) added at Line[6} within radius (2¢+ 1)¢, center ¢
covers all the (2¢+1—p)l-edge paths adjacent to ¢, and also covers all v, ; where 1 < j < (2t+1)0—(2t+1—p)l =
pl. Also, the Set Cover solution guarantees that picking the k centers in A can cover all nodes in B within radius
(2t + 1 — p)£ (this proves the “Moreover” part), and hence cover all v, ; ; where j > (2t + 1 — 2p)¢ within radius
(2t +1)¢.

The remaining nodes on the A-to-B paths are those v

b

with pf < j < (2t+1—2p)¢, and we can check that
each of them is at distance < pf to a junction node v j (9441_p_2gp)e for some ¢ € {1,2,..., LQ’;—;’)J}, which is
connected via a 2gpl-edge path to b € B” (by Line. Since (G"', A”, B") is returned from RECURSE((2g+1)-p),
by the inductive hypothesis, b” is covered by some center within radius (2t +1— (2¢g+1)-p)¥¢, so this center covers
Va b, (2t4+1—p—2qp)¢ (and all nodes on that 2gpl-edge path) within radius (2t +1—(2¢+1)-p)l+2gpl = (2t +1—p)L.
Hence, all remaining nodes v, 3 ; (where pl < j < (2t +1 — 2p){) are covered within radius (2¢t + 1 —p)l + pl =
(2t + 1)¢.

By the inductive hypothesis, all nodes in the recursively created subgraphs G are also covered within radius
(2t + 1)¢. Hence, we have verified that all nodes in G are covered within radius (2¢ + 1)¢. |

a,b,j

Now we get the corollary for the top level of the recursion.

COROLLARY 3.24. Suppose Algorithm [1] returns (G', A', B') (where G' contains h(1) copies of the basic gadget
graph). Then both of the following hold.
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1. Any bad path in G' starting from any wy ¢ (defined in Line@) must have length at least > (4t + 1)£.

2. Suppose the original Set Cover instance has a size-k solution. We can cover all nodes in G' within radius
(2t + 1)¢ by picking h(1) - (k + 1) centers.

Proof. For Itemm note that in order for the bad path P from uy ¢ to reach any type-A node, it must first traverse
the f-edge path (up e, ..., up 1,b"). Since none of the traversed nodes so far are type-A nodes, by the definition
of bad paths (Definition we know the suffix of P starting from &' is still a bad path. By Lemma Item
(for p = 1), this suffix path must have length at least (4¢ + 2 — 2)¢ = 4t¢. Hence |P| > ¢ + 4tf = (4t + 1)L.

For Ttem [2] note that every b’ € B’ is covered within radius (2t + 1 — 1)¢ = 2t/ by Lemma Item 2}, and
hence all nodes on the ¢-edge path attached to b (at Line are covered within (2¢+1)¢ radius. All the remaining
nodes in G’ are also covered within (2¢ + 1)¢ radius by Lemma Item d

Corollary [3:24) Item [2] already deals with the YES case. Now we can use Corollary [3.:24) Item [T] with the same
arguments as before to analyze the NO case.

COROLLARY 3.25. If the graph G’ constructed by Algorithm |1| has a h(1) - (k + 1)-center solution with radius
< (4t + 1)¢, then the original Set Cover instance G = (A, B, E) has a solution of size h(1) - (k + 1).

Proof. The proof uses the same argument as Lemma from previous section. Let {51,...,5501).e41)} C V'
denote the (h(1)-(k+1))-center solution of G' = (V', E”) of radius < (4t+1)¢. We define {s1,...,s501).(e+1)} C 4
using Definition For any b’ € B’, consider uy ¢ (the last node on the ¢-edge path attached to b’ € B’), and
consider its shortest path P to a center §; at distance < (4t + 1)¢. By Corollary Item |1} P cannot be
a bad path. Then by Lemma we have (s;,b) € E in the Set Cover instance, finishing the proof that
{515, 8n1)-(k+1)} C A is a Set Cover solution. 0

Proof of Theorem[3.1 By combining Corollary Item [2] and Corollary we see that any (h(1)(k + 1))-
center algorithm on graphs of m < O(n'*7) edges that distinguishes between radius < (2t + 1)¢ and > (4t + 1)¢
can be used to decide whether the original Set Cover instance has a size-k solution or has no solutions of size
< (h(1)(k + 1)), which requires nF=°(1) > mk/0+7)=0() time by Corollary Since v > 0 can be chosen
arbitrarily small, we rule out O(m*~°)-time algorithms for all constant § > 0. Here, h(1) = f(¢) is a function of
t. The last lemma gives a (loose) upper bound on f(t).

t o 1<t<d4,
LEMMA 3.26. f(t) =h(1) < {6 t=05,

t2  otherwise.

Proof. By Algorithm [I] we have the following recurrence:
1 2t/3 < p < 2t,

3.1 = _

&y v {1 PR (2 1)) 1< p < 23

Equivalently, h(1) counts the number of integer sequences (p1, ..., ps—1,ps) (with flexible length s > 1) where
p1 =1, ps <2t and p;/pi—1 € {3,5,7,9,...}. As an alternative way to count these sequences, let g(T') denote the
number of sequences (p1,...,ps—1,ps) (with flexible length s > 1) where p; = 1, p;/p;—1 € {3,5,7,9,...}, and
ps < T. Then h(1) = g(2t), and g has the recurrence

1+9(1T/3])+9(|T/5])+9g(|T/7])+g(|T/9])+... T >1
(3.2) g(T):{ (17/3)) +9(T/5)) + g(1T/7)) + 9(17/9))

0 T=0

Here are values of ¢g(T') for some small T: ¢g(0) = 0, g(1) = ¢g(2) = 1,9(3) = g(4) = 2,9(5) = g(6) = 3,9(7) =
9(8) = 4,9(9) = ¢(10) = 6.

We will not attempt to study the asymptotics of g(T'). Instead, we prove a very loose upper bound
g(T) < max{1,0.257?} by induction: For T < 10, this inequality holds. For T' > 11, we have g(|T/(2k+1)]) =1

Copyright (© 2025

191 Copyright for this paper is retained by authors



Downloaded 04/06/25 to 109.81.82.1 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

if T/(2k + 1) € [1,3), and otherwise g(|T/(2k +1)]) < 0.2572/(2k + 1)? by the inductive hypothesis. Hence,

g(T) <1+ {k e N :T/(2k+1) € [1,3)}[ + > 0.25T7/(2k +1)°
keN+t
<T/2+0.25T%-0.234

< 0.257°.
Hence, f(t) = g(2t) < t2. 0
a

Finally, we remark that if we assume ETH instead of SETH, we can use the same proof as above (but
using the ETH-hardness of Gap Set Cover Lemma instead) and show that there can be no f(k)n°*) time
(2 — &, B)-approximation algorithm for k-Center for ¢ > 0, 5 = O(1).

4 Improved Approximation Algorithms for k-Center

We now turn to our upper bounds and show that if we allow a small additive error, we are able to break
the 2-approximation barrier for k-center. In fact, we achieve a < 2 multiplicative approximation for any
unweighted graph with k-radius > 1. We begin by showing an approximation algorithm for 2-center that
obtains a multiplicative error of 5/3 and additive error of < 2/3. We then construct a general algorithm
for any k that achieves a (3/2,1/2)-approximation. Next we construct a faster algorithm that achieves an

approximation of (2 — Tl—p 1-— ﬁ . We then show how to interpolate between these two algorithms and
obtain a (2 — ﬁ, 1-— i) approximation for any ¢ < k. We conclude with an improved algorithm for 3-center,

which allows for bounded integer edge weights.

4.1 Warm Up - 5/3 Approximation for 2-Center We begin by presenting the first < 2 approximation
algorithm for k-center running in o(n*) time (in sparse graphs), a 5/3 approximation algorithm for 2-center
running in O(mn®/3) time, which incurs an additive error when the radius is not divisible by 3. Our algorithm
runs in two steps, both of which we generalize later to use in k-center approximation for any k. We prove the
following statement.

THEOREM 4.1. There exists an algorithm running in O(mn®/3) that computes a (5/3,2/3)-approzimation to the
2-center of any undirected, unweighted graph, w.h.p. If the 2-center radius is divisible by 3, the algorithm gives a
true multiplicative 5/3-approzimation.

Proof. We construct an algorithm that is given an integer R that is divisible by 3 and determines whether
R2(G) > Ror Ry(G) < %. By performing a binary search for the correct value of R, we obtain a multiplicative
5/3 approximation if the 2-radius of G is divisible by 3. If R is not divisible by 3, the following algorithm can
instead determine if Ry(G) > R or Ro(G) < 2R — | £]. This gives an additional additive error of at most 2. For
the sake of readability, we will only prove the case when R is divisible by 3, and note that by replacing % with
either R — L%J or 2 L%J we obtain the general case.

Assume Ry(G) < R, in this case we show that we are able to find a pair of points that cover all vertices with
radius %. If we are unable to find such a pair, we output Re(G) > R.

Let ¢1,co be the optimal 2-centers, so that for every v € V| either d(c¢1,v) < R or d(ce,v) < R. Set
6 = (2w — 3)/(3w — 3) and sample a random subset S of V of size O(n'~%logn). In O(mn'~?%) time compute all
distances between every s € S and v € V.

Let w be the furthest node from the set S. Run BFS from w and let W be the closest n’ nodes to w. In
O~(mn5) time compute the distances between all s € W and v € V. Note that § < 1 — ¢ < w/3, and thus so far
we have spent O(mn’ +mn'=%) < O(mn*/?) time.

SR

5, or w.h.p for some s3 € W

LEMMA 4.2. FEither there are two nodes s1,se € S that cover the graph with radius
we have d(s3,¢;) < & fori=1 ori=2.
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Proof. If 3s1,82 € S such that d(s1,¢1) < % and d(sg,c2) < %R, then any vertex v € V will have either
d(s1,v) < 28 or d(sz,v) < 3E.

Otherwise, for some ¢;, j = 1,2, d(s, ¢;) > % for all s € S. As w is picked to be the furthest node from S we
have that d(w, S) > % Since S is large enough, w.h.p it hits the closest n’ nodes to every vertex in the graph.
Thus in particular SNW # (). Let s € SNW. Since d(w, s) > % and every node closer to w than s is in W, W
must contain all nodes at distance < % from w. Next note that for one of i =1 or i = 2, d(w,¢;) < R. Let s3
be the node on the shortest path between w and ¢; at distance exactly 2R/3 to w, d(w, s3) = %, d(s3,c;) < g
By the above observation, s3 must be in W and is at distance < R/3 from c¢;, as desired. ]

We begin by handling the first case, when there exist s, so € S that cover all vertices with radius %. Build
an |S| by |V| matrix X such that for any s € S and v € V, X[s,v] = 0 if d(s,v) < 5R/3, and X|[s,v] = 1
otherwise. Multiply X by X!. The running time exponent for this product is

wl=-611-0)<d4+w- (1-0)=w—-90(w—-1)=w—(2w—3)/3=1+w/3.

By construction, X X*t[s,s’] = 0 if and only if s and s’ together cover all vertices of V at distance 5R/3.
Therefore X X*[s1, s3] = 0, and so we are able to find this pair.

We are left to handle the second case. We can assume that case 1 did not work, and so there is a node
s1 € W, s.t. d(s1,c1) < R/3 (up to relabeling c1,c2). Set v = (w? — 3w + 3)/(3w — 3) and let T be a random
subset of V' of size O(n'~7logn). Note that this choice of v, § gives:

Y40 =(w?—3w+3+2w—3)/(Bw—3) =w/3,
and
3w—3—-w+3w—-3+2w —dw—-3w+6 w-w
3w—3 S 3w-3
Run BFS from T to compute all distances between T' and V in time O(mn'~7logn) < O(mn*/3). For every
s € W, define U(s) to be the nodes v € V with d(s,v) > 4&. Note that if d(sy,c1) < £, then all the nodes in
U(s1) are at distance > R from ¢;, and hence must be covered by c¢; within distance R. Further define w(s) to
be the furthest node from 7" in U(s), and let W (s) be the closest n” nodes to w(s). We again show that one of
two cases holds.

1=y (=) +8w-2) =

=w/3.

LEMMA 4.3. Given s1 such that d(s1,¢1) < %, w.h.p either there exists a node so € W(s1) such that s1,sq cover
all vertices with radius %, or Q = ﬂteTmU(sl) B(t,R) # 0 and for any s4) € Q, the pair s1, sy cover all vertices

with radius % .

Proof. If d(w(sy1),T) > %, then by the same argument as we made in the proof of Lemma since T hits W (sy)
w.h.p, all nodes of distance < £ from w(s;) will be contained in W (s1). As previously noted, d(w(s1), c2) < R and
so there exists a node s3 on the shortest path from w(s;) to ¢z of distance d(s2,w(s1)) = £ and d(s2, cz) < 2.
Therefore, so € W(s1) and the nodes s1, s cover all vertices with radius %

Otherwise, any node u € U(s;) has d(u,T) < £. Since all nodes in U(s;) are covered by ca, ¢z € B(t, R) for
all t € TNU(s1). Therefore, co € Q so Q # 0.

Let s, € Q and let u € V. If d(s1,u) > 2E then u € U(s1) and so there exists a node ¢ € T such that
d(t,u) < %. If d(s1,t) < %, then d(s1,u) < %. Otherwise, t € TN U(s1) and so d(s5,t) < R, in which case

d(sh,u) < E. We conclude that s1, sj cover all vertices with radius 5. 0

To handle the first case of Lemma for every sy € W run BFS from all nodes in W(s;) in time
O(mn%) < O(mn®/3). For every s, € W(sy), check if the pair s1, sy cover all vertices with radius 58 in
total time O(n'*79) < O(n'++/3). If we are in the first case, for the s; € W such that d(s1,c1) < £ we will
find the appropriate so and complete the algorithm.

To handle the second case of Lemma create an [W| = O(n?) by |T| = O(n'~") Boolean matrix A with

rows indexed by W and columns indexed by T'. Define

Als,t] =1iff d(s,t) > 4R/3.
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Next, create an O(nl_'y) by n Boolean matrix B with rows indexed by T and columns indexed by V. Define
Blt,v] =1 iff d(t,v) > R.
Multiply A and B in time O( w(%1=71)) Notice that by our choice of parameters we get
w@l-—71H<Q-7v-)+(1-0)+wi=2-w/3+0(w—-1)=2—-w/3+ (2w—-3)/3=1+w/3.

Consider the sj-row of AB, where d(s1,¢1) < g. ABls1,v] = 0 if and only if v € Q. Therefore, after
computing AB, for every s; € W we can look for AB[s1,sh] = 0 and then check if s, s}, cover all vertices with
radius 2. As all the distances have already been computed, and we only need to check one pair for every s; € W,
this step takes O(|W|-n) < O(n'+e/3),

The total running time (as m > n — 1) is within polylog factors mn®/3. If w = 2, the running time is

O(an/ 3). If w > 2, one can obtain some improvements using rectangular matrix multiplication. a

We note that similar to Subsection one can obtain an (5/3, O(M))—approximation algorithm running in
time O(mn®/3) for graphs with integer weights bounded by M < poly(n).

4.2 3/2 Approximation for k-Center Next, for k-center for any k, we present a simple 3/2 approximation
algorithm that incurs an additive error of —|—% when the k-radius is odd.

First we see a lemma we will use in many of our algorithms, which generalized Lemma to any value of k.
Let G be a graph with k-radius < R achieved by centers ci1,ca,...,cx. Let S C V be a random sample of size
O(n'~%logn) and let w be the furthest node in V from S. Take W to be the closest n’ vertices to the vertex w.

LEMMA 4.4. For any r € N, either there exist k nodes ty,ts, ...t € S that cover the graph with radius R + r,
or w.h.p there exists some s1 € W such that d(s1,¢;) < R—r for some i € [k], w.l.o.gi=1.

Proof. If for every center d(c;, S) < r, denote the closest node to ¢; in S by t;. Now these k nodes t1,ts, . .., ty cover
the entire graph with radius R+ r, as any node v € V has d(v, ¢;) < R for some i € [k], and thus d(v,t;) < R+r.

Otherwise, there exists a center such that d(c;,S) > r and therefore d(w,S) > r. W.h.p, the set S hits the
closest n® nodes to every vertex in the graph, and so S hits W. Therefore, there exists a node v € W N S such
that d(w,u) > r. By the definition of W, the set must contain all the nodes closer to w than u and so it contains
all nodes of distance < r from w.

For some i € [k], d(w, ¢;) < R. Consider the shortest path between w and ¢;. There exists a vertex s; on the
path that has d(w, s1) = r and d(s1,¢;) < R —r. By the above observation, we have that s; € W. O

Using this lemma we can now prove our 3/2 approximation algorithm.

THEOREM 4.5. Given an unweighted, undirected graph G, there is an algorithm that computes a (3/2,1/2)-
approrimation to the k-center w.h.p. and runs in time

o O(neTV WD) time for k =3,
o O(nk=B=)F1/(+D)Y for k> 4, and

o ph— 11/ (k+D)+0(1) time for k > 10.

Proof. For any integer R we will construct an algorithm that finds a set of k points that cover all vertices with
radius < R+ [£], if R,(G) < R, thus determining if Rx(G) > R or Ri(G) < R+ [£]. By performing a binary
search over the possible values of R, this algorithm achieves a 3/2 approximation to the k-center if Ry (G) is even.
If R;(G) is odd, we obtain a (3/2,1/2)-approximation.

Assume Ry (G) < R and begin by computing APSP in O(n*) time via Seidel’s algorithm [Sei95]. Sample a
vertex set S of size |S| = O(n'~%logn). Let w be the furthest point from S and take W to be the closest n’
nodes to w. By Lemma either there exist k points in S that cover the graph with radius R + (%] or there
exists a point s; € S such that d(sy,c;) < R— [&] < &

To check if we are in the first case, construct an |S|/%/2] x n matrix A with rows indexed by [k/2]-tuples
of points in S and columns indexed by V, such that A[(t1,...,t[x/27),v] = 0 if Ji d(v,t;) < { RW and 1
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otherwise. Similarly, construct an n x |S|*/2] matrix B such that Blv, (t1,... tey2))] =0 <= Jid(v,t;) <
[%] Multiply A by B. By construction, AB[(t1,...,trk/27), (t],... ’t/Lk/2J)] = 0 if and only if the points

(t1ye e trrye) - - ’t/[k/QJ) cover all vertices of V' with radius {%W Thus, if we are in the first case, where there

exist t1,...,t; € S that cover V with radius [%1, we have AB[(t1,...,trx/21), (trk/2141, - - - tr)] = 0 we are able
to find this k-tuple at this point.

Otherwise, we have a point s; € W such that d(sq,c;) < & 5, and hence s; covers all nodes with radius < 3R
We now search for the remaining k—1 centers. To do so we construct an n®T1%/21=1 xp matrix C' with rows mdexed
by W x VI*/21=1 and columns indexed by V where C[(s1,v2,...,v1/21),v] = 0 if d(v,{s1,v2,...,vp/21}) < 28
and 1 otherwise. Similarly define an n x nl*/2] matrix D where D[v, (vy, ... JUky2))] =0 <= Fid(v,v;) < 22
Multiply C' by D and note that, as before, CD[(s1,v2,...,V[k/2]), (V[k/2]41, - - -» V)] = 0 if and only if the points
S1,V2, ..., cover all vertices with radius < %. Therefore, we are able to find such a k-tuple.
The runtime of this algorithm is dominated by computing APSP and the two matrix products. Assuming

k > 3, we can bound the final runtime within polylogs by

n® + MM (nu—a)[km ., n(l—é)Lk/2J) MM (nwkm—g n, nLkm) ,

Let’s consider the running time for £ = 3. We bound all rectangular matrix multiplication bounds by
appropriate square matrix multiplications; we also set d = %H:

0 (n“’ + MM (nQ(l_‘s),n, ) + MM n’ttn )
O (n- MM (nl_‘;,nl_‘; ) +n° - MM (n,n n)) <
O (n1+w(1—6) + nw+5) _ O(nw+w—+1).

We proceed similarly for k£ > 4 but setting § = We omit the O below:

1
1+k"

n® + MM (n(175)[k/21’mn(lf&)tk/?J) MM (n6+[k/2]717n’n[k/2j) <

n® 4+ n(=00k/21=1 ,(1=8)k/2]-1 - MM(n,n,n) + ndtk/21=2  lk/2]-1 -MM(n,n,n) =
n® +n(1—5)k+w—2 +n5+k+w—3 < nk—i—%ﬂ-i-w—?).

If w > 2 we can improve on this runtime using the current fastest techniques for rectangular matrix
multiplication. We give the best improvement which holds for £ > 10. We again set § = p%k For k£ > 10
we can use the fact that for all a < 0.3213, MM(N, N¢, N) < N?+°() (see [VXXZ24]) to bound the running time.
We omit n°() factors below:

n® + MM (n(175)[k/21’mn(lf&)tk/?J) MM (n6+[k/2]717n’n[k/2j) <

n® 4 nA=9(k/21=1k/2]) . NIM (nu—a)tkm , nm(l—é)tk/ﬂ) 1l HTk/21=R/2] M (n5+tk/2J—1,n7n6+Lk/2J—1) <

n“ + n(l—é)k + n6—1+k _ nk—u—,ﬂ%l’
where the last inequality holds because for k£ > 10, 0.3213(1—0) |k/2] > 0.3213(1—-1/(k+1))5 > 1.5(1—1/11) > 1
and 0.3213(5 + [k/2] —1) > 0.3213-4>1. O

4.3 2-— 2k ; Approximation for k-Center Next we show a faster algorithm for approximating k-center, with
the approximation factor growing with k. Our algorithm will begin the same way as the 3/2 approximation, by
sampling a set S that either contains k£ points that can act as approximate centers, or finding a set W which has
a point s; € W such that d(sy,¢;) is small. We then show that we can find k£ — 1 centers in S to cover all vertices
along with s1, or we find a point sy which is close to co. We repeat this process until we have s1, s, ..., s such
that d(s;, ¢;) is bounded for every i, and use these k points as approximate centers. We first prove a combinatorial
version of our algorithm, with a simple running time analysis. In the following section we show how to improve
the runtime using fast matrix multiplication.
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k/2+1)

THEOREM 4.6. There exists an algorithm running in O(mn+n time that, when given an integer R and an

unweighted, undirected graph G, determines w.h.p one of the following

1. Rk(G) > R,
2. Ri(G) 2R - | 5t .

By binary searching over the possible values of R we obtain the desired approximation. If Ry (G) is divisible
by (2k — 1), this algorithm gives a multiplicative (2 — qu) approximation. Otherwise, we incur an additive error

of at most + (1 — qu) This gives us our desired result:

THEOREM 4.7. There exists an algorithm running in O(mn + nF/>t1) that computes a (2 - %%1’ L- %%)’

approrimation to k-center.

Proof of Theorem[{.6 Denote by a = {%%J Assume Ry (G) < R, we will show in this case that we are able

to find a set of k& points that cover all vertices with radius 2R — «. If we are unable to do so we determine that
Ri(G) > R. As with the 3/2 approximation, we begin by computing APSP in time O(mn) and then randomly
sampling a set S of size |S| = O(y/nlogn). Let w; be the furthest node from S and let W; be the closest /n
vertices to wy.

By Lemma [£.4] either there exist k points in S that cover all vertices with radius 2R — «, or there exists a
point s; € Wy with d(s1,c1) < . To check if we are in the first case, check for every every k-tuple in S* whether
it covers all vertices with radius 2R — «, doing so takes n - |S|* = O(n*/2+1) time.

If we have not finished, we can assume ds; € Wy d(s1,¢1) < a. Fix a vertex s; € Wp and define
U = B(s1, R+ «)¢, the points of distance > R + « from s1, and Y = B(s1,2R — «)°. If we have the correct s;
(i.e. d(s1,¢1) < «), then none of the points in U are covered by ¢;. Let wo be the furthest point in U from S.
In particular, there exists a center ¢; for i # 1 such that d(c;, ws) < R, w.lo.g i = 2. Let W5 be the y/n closest
nodes to we. If d(ws, S) > R — 3, then W5 contains all the vertices of distance < R — 3« from ws, and therefore,
there exists a point so € W on the shortest path from ws to ¢ such that d(ws, s2) = R — 3a and d(s2, c2) < 3a.
Otherwise, we claim that k£ — 1 points in S can cover Y with radius 2R — «. More generally, we show the following
key lemma.

LEMMA 4.8. Let 1 < i < k, let rya € Z be such that r + « < R, and let C; = {s1,...,s;} be a set of i points
where d(sj,c;) < r for every 1 < j <+i. Define U = B(C;, R+1)%,Y = B(C;,2R — )°. Let w;y1 be the furthest
point in U from S and let W; 1 be the closest \/n nodes to w;y1. One of the following two holds.

1. 3si41 € Wigq such that d(s;q1,¢j) <1+ 2a for some j >4, w.lo.gj=1i+1.
2. There exist k — i points in S that cover Y with radius 2R — «.

Proof. First consider the case when d(w;y1,S) > R —r — 2a. By the argument we have shown before, since S
hits W;41 and w;4 is covered by a center c; for some j > %, there exists a point s;; € W;;1 on the shortest path
from w;11 to ¢; that has d(wit1,8i+1) = R — 7 — 2 and d(si41,¢;) < 7+ 2a.

Otherwise, any point v € U has d(u,S) < R —r — 2a. We claim that in this case, any center ¢; that has
d(c;,y) < R for some point y € Y, must have d(c;,S) < R — .

If ¢; € U, then d(c¢j,S) < R—1 —2a < R— o and we are done. Otherwise, fix a shortest path from ¢; to
y, let x be the first vertex on the path that belongs to U (it must exist since y € Y C U). Since 2 € U we know
d(z,S) < R —r — 2a. Thus, it suffices to show that d(c;,z) < o+ r, in which case we would have

d(c;,S) <d(cj,z)+d(z,S)<a+r+R—-r—2a=R—a.

Let p be the predecessor of x on the shortest path from c; to y, see Fig. @ By our choice of z we know p ¢ U
and so d(p, sg) < R+ r for some 1 < ¢ < i, by the definition of U. Then, since d(s¢,y) > 2R — «, we have by the
triangle inequality,

d(p,y) > d(se,y) —d(p,s¢) >2R—a— (R+r)=R—r— .
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<R+4r/ “<R-2a-r

Sie

Figure 6: Shortest Path from c; to y

Now, since d(c;,y) < R we conclude that d(c;,p) < r + « and so d(c;,z) <+« + 1. Since d(c;,z),r and «
are all integers we can conclude that d(c;,x) <17+ .

Therefore, since the points in Y are covered by k — i centers ¢;y1,...,ck, there exist k — ¢ points in S, each
within distance R — « of the appropriate center, that cover Y with radius 2R — a. 0

Using this lemma, we perform k — 1 iterations of the following algorithm. At step i + 1 we have defined
Wi,...,W; and are guaranteed to have s; € W1,...,s; € W; such that d(sj,c;) < (2§ — 1)a for every j < i. We
check if there exists a k-tuple in Wy x Wa x ... x W; x S*~% that covers all vertices in V with radius 2R—« and if so,
return this k-tuple. This takes us O(n*/2t1) time. Otherwise, for every i-tuple in W x ... x W; define w;,; and
Wi+1 asin Lemma By Lemmawe know that there exists s; 11 € W;41 such that d(s;y1,¢i+1) < (26 + 1o
and so we can begin step ¢ + 1.

If we were to perform this step k times we would have that d(sg,cx) < (2k — 1)a. In order for sy,..., s to
cover all vertices in V' with radius 2R — «, we would need o < %, which would give us a 2 — ﬁ approximation.
Instead, we do something slightly different at the last step that allows us to get a 2 — %%1 approximation, using
the approach from our 5/3 approximation for 2-center.

At step k — 1, we have W1, ..., Wi_1 such that s, € W; d(s;,¢;) < (2k — 3)a for any i < k. For every
(k—1)-tuple 7 € Wi X ... x Wy_; define U7, Y7, w], W] as in Lemma using r = (2k — 3)a. We use the
following lemma, generalizing Lemma

LEMMA 4.9. Given 7 = (81,...,85—1) such that d(s;,c¢;) < (2k — 3)a for every i < k, one of the following two
holds.

1. s, € W[ such that d(sy,cx) < (2k — 2)a.
2. Q= Vesnu- B(t,R) #0, and any point sj, € Q covers all points in Y with radius 2R — c.

We will prove a slightly more general statement, which we will use in other contexts later on in the paper.
Setting r = (2k — 3), 6 = % in the following lemma gives us Lemma

LEMMA 4.10. Let r,ac € Z be such that r + o < R, let S be a random subset of vertices of size O(n*~%logn)
and C = {s1,...,8k—1} be nodes such that d(s;,¢;) < r for every i < k. Define U = B(C,R + r)¢ and
Y = B(C,2R — a)°. Let w be the furthest point in U from S and let W be the closest n® vertices to w. One of
the following two holds.

1. sk, € W such that d(sg,cx) <1+ a.

2. Q= Vyesnu B(t,R) # 0, and any point s}, € Q covers all points in Y with radius 2R — a.

Proof. If d(w,S) > R — (r + a), then by the argument we have seen in previous proofs we have that 3s, € W
such that d(sg,cr) <1+ a. Otherwise, any point v € U has d(u, S) < R — (r + «).

Any point ¢t € SN U is not covered by ¢1,...,cr—1 and must be covered by c;. Thus, ¢, € B(t, R) for any
te€ SNU and ¢; € Q, meaning Q # 0.
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Let s}, be an arbitrary vertex in @ and let y € Y. Let ¢t € S be the closest vertex to y in S. Since
Y CU,dlty <R—-(r+a«). If t ¢ U, then there exists some s; such that d(s;,t) < R + r and hence
d(s;,y) < R+r+ R— (r+a) = 2R — . However, this would imply y ¢ Y and so we conclude ¢t € U. Therefore,
by definition of @, d(s),t) < R, and so d(s;,,y) < R+ R— (r +a) < 2R —«a. O

We can now finish the algorithm. For every 7 € Wi x ... x Wj,_1, compute W/ and check if any point in
sk € W] covers all vertices in Y7 within distance R + (2k — 2)a < 2R — .. If so, return (7,s;). Otherwise,
compute @, and if it is not empty check if an arbitrary point in s} € @ covers all vertices in Y7 within distance
2R — a. If so, return (7, s},). For some 7 € Wy x ... x Wj,_1 we know that the conditions of Lemma [4.9] hold, and
so we will be able to find the appropriate s; or s}, and complete the algorithm.

We describe the entire algorithm in Algorithm [2]

Algorithm 2 (2 — %%)—Approximation Algorithm for k-Center

1: Input: G, R, k such that Rx(G) < R.

2: Output: Vertices s1, sg, ..., s that cover all V' with radius < 2R — «, where o == {%J
3: Compute APSP, randomly sample a subset S C V of size |S| = O(y/nlogn).

4: STEP(R, k, S, 0, ()).

5:

6: procedure STEP(R, k, S, 4, (s1,...,5i))

7: w;+1 < furthest vertex from S in B({s1, s2,...,s:}, R+ (2i — 1)a)".

8: W11 < closest \/n vertices to w;i1.

9: if i <k —1 then

10: if 3(tiz1,...,tr) € ¥ that covers B({s1, s2,...,5;},2R — a)¢ with radius 2R — a then
11: return sy,...,S8;,tiv1,. .., tk.

12: end if

13: for Si+1 € Wi-i—l do

14: STEP(R,k,S,i+1,(51,...,51,8@4_1)).

15: end for

16: else > Last step, i =k — 1
17: if s, € Wy, that covers B({s1, s2,...,Sk—1},2R — «)¢ with radius 2R — « then
18: return si,...,S—1, Sk.

19: end if

20: Q +— ﬂteSmB({sl7.__’3k71}7R+(2k_3)a)c B(t, R), s), + arbitrary point in Q.

21: if (s1,...,8k—1,5},) cover all vertices with radius < 2R — a then

22: return (si1,...,85-1,5%).

23: end if

24: end if

25: end procedure

Runtime: Denote by T; the runtime of the function STEP(R,k,S,4,(s1,...,5;)). The final runtime of
Algorithm [2|is O(mn) + Ty = O(mn + n*/2%1) as we prove in the following claim.

CLAIM 4.11. T; = O(n(k=9/2+1),

Proof. For i < k — 1, the function STEP(R, k, S, i, (s1,...,5;)) checks for |S|*~% tuples whether they cover a set
of points, taking O(n*~9/2+1) "and then runs STEP(R, k, S,i+ 1, (s1,...,si4+1)) on |[Wiy1| = /n different values
of s;+1. Therefore,

T, = O™ =9/24Y) 4 - Ty

We prove the claim by induction on i. For i = k—1, STEP(R, k,k—1,5, (s1,...,5,_1)) checks for \/n vertices
if they cover a set of point, and then computes the intersection of < [S| = O(y/n) balls and checks if a single
k-tuple covers all points with a sufficiently small radius. Both these steps run in O(n3/ 2). Now assume the claim
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is true for i 4+ 1, we have
T; = O(n* =924 4 \/n - Ty

_ O(n(kfi)/2+1) + \/,ﬁ O(n(kfifl)/QJrl)
— O(n(k_i)/2+l).

a
a

4.3.1 Improving the Runtime Using Fast Matrix Multiplication In this section we use fast matrix
multiplication to speed up the running time of the algorithm presented in Theorem To introduce the
techniques, we first assume in our analysis that w = 2. We then get rid of that assumption and prove Theorem

The approach will be analogous to the algorithm above, but we will produce a new random sample S; during
each stage of the algorithm, instead of using the same set S in all stages. The sample sizes |S;| and the sizes of
the sets W; will vary (unlike before when they were \/n). We then use fast matrix multiplication to check if there
exists a set of points covering another set with sufficiently small radius.

We first prove the following result, which generalizes our earlier algorithm for k = 2 in Theorem We still
include the result of Theorem as a special case of the following theorem.

THEOREM 4.12. If w = 2, there is an algorithm that computes w.h.p. a (2 — ﬁ, 1- Tal)-approximation to
the k-center of any unweighted, undirected graph, and runs in time

. O(mn2/3) for k=2, and

o O(nk/2+22/9(k+1)y for | > 3,
Proof. We begin by recursively defining a sequence of values dp—1,0k—2,...,00. For every 1 < ¢ < k, let
tp—; =1+ 23:1 (Sk,j.

® 0p1 =0k—2 =13,

® 0j_3= %, and

o For 4 <i<k, fp_; = =L,

We note several properties.

OBSERVATION 4.13. For alli >4, i+ (1 — 0k—y) = Op—i + tp—it1 = tp—i-

CLAIM 4.14. For alli >3, ty—; = % + g(fjl).

We will prove a slightly more general claim.

CLAIM 4.15. Let dg,...,0;,t0,...,t—; be such that tp_; = Op—; +tp—ir1 and dp—; = Zte—it1¥C f£or some constant
) » Yy 9 J + 1+1

c for all i > j. Then there exists a constant a such that tp_; = % + Z% +c foralli>j.
Proof. By induction on 4. For ¢ = j pick a such that t;_; = % + ]% + ¢. Now assume the claim holds for 7 — 1.
1 —tgp_jy1+c

i+ 1

—1 i— (4240 —¢c
_izlje, imFritgTe
) i1+ 1

th—i = th—it1 + Ok—i = th—ig1 +

2
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Proof of Claim[f.14) Fori =3, ty_3=14+3++1+2 =
' a

ol

= % + %. Therefore, by Claim , for all 7 > 3,

_ 22
tk—i = % + m

CLAIM 4.16. Let 6o, ...,05,t0,...,tk—; be such that ty_; = Op—; + tpe—iy1 and tg—; = % + H_Ll for a > 0 for all
i>j. Then p—; < % foralli>j.

Proof. 0p—; =tp—; —tk—iy1 =

We conclude that d_; < % forall 1 <i<k.

Given these values, we can now adjust Algorithm For k > 2, we begin by running APSP in O(n*) = O(n?)
time [Sei95]. For k = 2 we avoid running APSP and instead run BFS from the necessarily points and sets
throughout the algorithm. We adjust the subroutine STEP(R, k, S, 4, (s1,...,8;)) and optimize the final step of
the algorithm in a similar way to Theorem [41] We show that the runtime of the resulting algorithm, when w = 2,
is O( k/2+22/9(k+1))

First, instead of using the set S, the routine STEP(R,k,S,1,(s1,...,5;)) samples a set S; of size |S;| =
O(n'~%logn) and uses this set in place of the set S. We will therefore omit the S from calls to STEP() in the
remainder of this section. We then define W;; to be the n% closest vertices to w;4+1. W.h.p, the set S; hits W, 1,
so the resulting arguments still hold.

Second, to check whether there exist (t;41,...,tx) € SF~* that cover Z = B({sy,...,s;},2R—a)° (hneln
Algorithm ' we use fast matrix multiplication. Construct a n(1=0)L(k=0)/2] x| 7| boolean matrix X whose rows
are indexed by [(k — 4)/2]-tuples of vertices of S; and whose columns are indexed by Z. For a tuple 7 and a vertex
u, X[r,u] = 1if d(t,u) > 2R — a, and X|[r,u] = 0 otherwise. Similarly, we form a |Z| by O(n(1=0:)[(k=)/21)
matrix Y whose rows are indexed by Z and whose columns are indexed by [(k — ¢)/2]-tuples of nodes of S;. For
a tuple 7 and a vertex u, Y[u,7] = 1 if d(7,u) > 2R — «, and Y[, u] = 0 otherwise.

After multiplying X and Y we can determine if a (k — 4)-tuple of vertices of S; covers Z within distance
< 2R — a by finding a 0 entry in XY . By Claim 1—9; > % Therefore, the running time, when w = 2 and
k —1 >4, is up to polylogarithmic factors

< MM(n(=00L=0/2] py p(1=0)-[(k=0)/21) — p(1=60) (k=)

If we haven’t found an approximate k-center at this point (for i < k—1), we run STEP(R, k,i+1, (s1,...,8i+1))
for |W;y1| = n% different values of s;4;. Thus, if we denote by 7; the running time of the subroutine STEP at
stage i, we have for 1 < k — 1,

Ty = OMM(n(=0)LE=0/2] y n(1=80[(k=0)/21y 4 i Fy ).

If « < k — 4 we have,
Ty = O(nU-00k=0) 4 pdi .o 1y,

Finally, we change the final steps of the algorithm for ¢ = £k — 1 and ¢ = k£ — 2 using the technique from
Theorem [4.1} When calling STEP(R, k, &k — 1, (s1,..., Sp— 1) we only check for a point s, € Wy, that completes
the center and do nothing, i.e. we run line but not lines 2 Thus, Tx_1 = O(n!*%-1) = O(n*/3).

When calling STEP(R, k, k—2, (s1,...,Sk_2)) we add an addltlonal step. Construct a |Wy_1|x|Sk—_1| boolean
matrix A where Afsg_1,t] =1 <— d(sk,l,t) > R+ (2k — 3)a and a |Si_1| X V boolean matrix B where
Bt,v] =1 <= d(t,u) > R. Multiply them in time n“(x-21=%-1.1) Now, for every s;_; € Wj_1, if there is
a zero in the row corresponding to it AB[s;_1,u] = 0, check if u covers B({s1,...,8k-1}, 2R — a)¢ with radius
2R — a.. Otherwise, for every sp_1 € Wi_q run STEP(R, k, k — 1,(s1,...,8k-1))- As we showed in the proof of
Theorem [£.1] this obtains the same result as our original version of Algorithm Algorithm [2]

The new running time for STEP(R, k, k — 2, (s1,..., Skg—2)) now includes two matrix products and a recursive
call to STEP(R, k,k —1,(s1,...,8k—1)). So we have, omitting polylogarithmic factors,

Ty = pw(l=0k—2,1,1=8k—2) | pw(8k-2,1-0k—1,1) _|_n5k—2Tk_1

— n2—5k72 + n2_6k—1 + n1+5k—1+6k—2 — 715/3.
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Consider the running time for k = 2. In this case, Ty = Tj_o = n°/3. In addition to running STEP(R, 2,0, ()) in
Tp time, for k = 2 we need to run BFS from all points in the sets So, Sy in time O(mn!=% +mn!=01) < O(mn2/3)
Additionally, we run BFS from all points in W in time O(mn®) < O(mn?/3) during our call to STEP(R, 2,0, ()),
and from all points in Wy in every call to STEP(R, 2,1, (s1)). This takes O(mn’') and is called n% times, so in
total runs in time O(mn®*91) < O(mn2/3). Therefore, for k = 2 our algorithm runs in time O(mn2/3).

We can now use the properties we proved about dy, ..., dr_1 to compute the runtime of our adjusted algorithm
for k > 2.

CLAIM 4.17. For 1 <i <k, Tp_; = O(n™+).

Proof. For i = 1,2 we showed Ty_1 = O(n*3) = O(n'*~1) and Tj_o = O(n?/3) = O(nt*-2).
For ¢ = 3, since 1/2 > d_3 > 0 we have (1 —d,_3) < 1 < 2(1 —dx_3) and so the matrix product step running
time,
MM(n(liékig), n7 n2(17§k73)) — 77,3726’“3.

Thus, within polylogarithmic factors

I nd3— 2053 _|_n5k 3 Tk P 2053 _|_n5k 3+tr_2 _n19/9 nte-3
For i > 4, assume the claim holds for i — 1, then by Observation

~ _ O(n(lfﬁk—i)i + n5k_i . Tk—i+1) — O(n(lf&g—i)i + nék—i+tk:—i+1) _ O(ntk_l)
O

The final runtime of the algorithm is dominated by running APSP in O(n “)_time (and we assumed w = 2)
and calling STEP(R, k,0, (). Therefore, when & > 3, our algorithm runs in time O(n?) 4+ Ty = O(n?) + O(n') =

O(nk/2+22/9(k+1)). l

We can now compute the runtime of our adjusted Algorithm [2] without the assumption that w = 2.

THEOREM 4.18. There is an algorithm that computes w.h.p. a (2 — ﬁ,l — ﬁ)-appmximation to the k-

center of any unweighted, undirected graph, and runs in time

o O(mn®/3) fork =2,

o O(ng"’kﬂ*&"’(w”)) for 3 <k <13, where By = *&’?fwiw ~ 1.5516, and
. O(nngkBTllJ“O(l)) for k > 13, where p1 = W ~ 6.7533.

Proof. We begin by defining slightly different values of dq,...,dk_1. Let tx_; =1+ 22:1 0k—; as before.

2w—3
® Ok—1= 3573
2
o o= L0 and
2w
® k3= 3513

o For 4 <i <13, let ;= =it

. T—tr—;
e For i > 14, let §_; = i’i&-1+1'
We will again show that Tl = O(nt) and use the following two claims to compute our runtime. For the
remainder of this proof we omit logarithmic factors.

CLAIM 4.19. For 3 <i <13, ty; = § + “Setl8etls 4y —9),
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3w+3
Proof. For i = 3,

Note that =8«°+18w+18 - (for any 2 < w < 3) and so Claim holds for dg_4,...,0k_13.

; _1+2w—3+w2—3w—|—3+ 2w _w2—|—6w+3_§+—8w2+18w+18+(w_2)
T S T 3w =3 3w—3 3w+3  3w+3 2 (Bw+3) -4 '

Therefore, by Claim [£.15] the claim holds for all 3 <4 < 13. O

: _ i 34w®—24w—66
CLAIM 420 FOT (3 Z 13, tk_i =3 -+ m

Again note that 340° —24w—66 -, () (for any 2 < w) and so Claim holds for dx_14, ..., dp.

3w+3
Proof. For i = 13, by Claim
b 1B —8w2+18w+18+(w_2)_§+34w2—24w—66
ko187 5 (3w +3) - 14 ) (3w +3) - 14

Therefore, by Claim [I.15] the claim holds for all ¢ > 13. O

For £k = 2 these parameters are identical to the ones we chose in the proof of Theorem taking
6 =0p_1,7 = 0k_o. Therefore, by the calculations shown there,

Tk72 _ nw(175k—2,1,175k72) + nw(ﬁkfz,lfék,l,l) + n1+5k,1+6k,2 < TLler/S.

The running time for k = 2 is O(mn‘”/ 3), as shown in Theorem For k > 2, as computed previously,
Tk—S = pW(2=20k-3,1,1=0k—3) | pok-s+ti-z
Since 1 — 03 <1 <2 —2§,_3 we have

w(? —20p_3,1,1 — 5k—3) < (1 — 5k—3) + 0p_3 + (1 — 5k_3)w =1+ w(l — 5k—3)

2w w? +6w+3
+°"( 3w+3) 3w+ 3 ks

Thus,
Tk,3 < n1+w(1_5k—3) + nék—3+tk—2 — ptr-3.

Now consider k > 4. By Claim 1—06p_; > % and so for any 4 < i < 13, L%J - (1 = 0g—;) > 1. Thus,

w (M = G, m .(1—5,€_i)> < BJ =) — 14 m A=) —1tw

=i (1= 0p—i) +(w—2) =th—ip1 + Op—i = tp—i.
Where the final equations hold by the definition of dx_; for 4 < ¢ < 13. Therefore, for 4 < i < 13, assuming the
claim for ¢ — 1,
Tkﬂ‘ _ MM(nL%J.(l—ak,i)’mn[g](l—ak,i)) + pOki 'Tk7i+1 < phhi g Okttt = ptei
Now consider k > 14, we again use the fact that for all a < 0.3213, MM(N, N, N) < N?+°() [VXX724]. For

1 >14, 1 — 6p—y > % and so L%J (1= bp—i) > ﬁ. Thus for any 7 > 14, omitting n°") factors,

(3] 0 s 5] o) < 3]s [2] 06
=i (1= 6p_q) = thois1 + ki = tui.

And so once again,

Ty i = MM(nL%J'(l—fskfi)’ n7n|—%—"(1—5k—i)) 4 pfe—i . Tk7i+1 < pik—i 4 nOk—itth—it1 — pte—i

We conclude that for all 0 <i < k, T; = O(n') and so Ty = O(nfo) = O(n'*~*). The final runtime of the
algorithm for k > 3 is O(n*) 4+ Ty. Therefore, from Claim |4.19| and we get our desired runtimes. a0
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4.3.2 Obtaining a Runtime / Approximation Tradeoff In our proof of Theorem we introduced an
algorithm running in & steps that achieves a 2 — %%1 approximation to the k-radius. In each step the algorithm
finds an ‘approximate center’, a point s; that is close to one of the real centers ¢;. However, this distance grows
with each approximate center. In this section we optimize the algorithm to stop after ¢ steps, obtaining a tradeoff
between approximation and runtime.

In the following theorem we demonstrate how to achieve this runtime/approximation tradeoff with a
combinatorial algorithm. Similarly to Theorem we can speed up the algorithm using fast matrix
k:—@-l—%).

multiplication. If w = 2 we get a runtime of O(n Using the current bounds on w, if £ < k — 13

~ g ket . . . .. . o .
we get O(nk é+2<’€+1>+°(1)). We omit the details for the algebraic optimization as they are similar to previous

calculations.

THEOREM 4.21. For any integer 1 < ¢ < k, there exists a combinatorial algorithm running in O(mn +
2(0+1)
n}“”?(k“)“) time that computes a (2 - i,l — i)—appmm‘mation to the k-center of G with high probability.

Proof. Let a = LQ%J, and 7 be a parameter to be set later. Fix cq, ..., ¢ to be a k-center of G. We assume that
R, (G) < R and show how to find a set of k points that cover all vertices with radius < 2R — «. As before, this
allows us to distinguish between Ry (G) > R and R;(G) < 2R — «, and by binary searching over possible values of
R we obtain the desired approximation. We begin by computing APSP and running Algorithm [2] with different
sized hitting sets, as described in Theorem [£.12] However, after ¢ steps, when we have sy, ..., s¢, we stop and try
every k — ¢ tuple in V*=¢ to complete the approximate k-center. See Algorithm [3| for details.

Algorithm 3 (2 - i)—Approximation Algorithm for k-Center

1: Input: G, R,k such that R,(G) < R, ¢ < k, parameters 6 = (&g, ...,07_1).

2: Output: Vertices s1, o, ..., s; that cover all V' with radius < 2R — «, where « := L?ReJ
3: Compute APSP.

4. STEP(R, k,£,4,0,()).

5:

6: procedure STEP(R, k, 0, 6,1, (s1,...,5;))

7 if i < ¢ then

8: Sample a set S; of size n'~% logn.

9: w; 11 + furthest vertex from S; in B({s1,s2,...,8i}, R+ (2i — 1)a)c.

10: Wit1 < closest n% vertices to Wit1-

11: if 3(tiz1,...,tr) € S*7 that covers B({s1, s2,...,5;},2R — a)¢ with radius 2R — « then
12: return sy,...,S8;,tiv1,. .., tk.

13: end if

14: for Si+1 € Wi-i—l do

15: STEP(R,,ZC,&S,’L'+1,(517...751',81‘_._1)).

16: end for

17: else > Last step, i =/
18: if I(tesq,...,tx) € VFF that covers B({s1,s2,...,5¢},2R — )¢ with radius 2R — o then
19: return sy,..., 8¢, e41,.- -, bk

20: end if

21: end if

22: end procedure

Note that Lemma holds for any |S| = O(n'~7logn) and |W| = n?. Therefore, by Lemma and
Lemma [£.8] either we find a k-tuple that covers all V with radius 2R — a, or we will have at least one call to line
in which the points s1, ..., s satisfy d(s;,¢;) < (20 —1)a < 2R — £ for every 1 <4 < (. Therefore, there exist
k — ¢ points that complete this k-tuple to an approximate k-center, in particular ¢;41, ..., ¢k, and so line |19 will
return a k-tuple that covers the entire graph with radius < 2R — a.

Runtime: We define § = (&g, ...,8,_1) as follows. Define t;, =k — £+ 1 and t; = §; + t;4, for any i < /.

1
® -1 = =
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o For k—{+1<i <k define 6, = =512,

CLAIM 4.22. Forallk—(+1<i<k, tk,i:%—i—%—kl.

Proof. Fori=k —{,
k=t (k—0Ok—-£0+1)

=k-fl+1= 1.
Therefore, by Claim the claim holds for any i > k — /. |
COROLLARY 4.23. tg =k —(+ ;Eiill)) +1.
Proof.
ko, (k=OKk-C+1) ko (k=0k+1) (k=01
t :t _ = — 1 — _ 1
0 = lk—k 2+ 2k +1) + 2+ 30+ 1) 2(k—|—1)+
ko k—¢ Lk+1) L+41) L0+1)
D) - l=k—0+ % +1.
2+ 2 2(k+1)+2(k:—i—1)+ +2(k—|—1)+
]

Denote by T} the runtime of STEP(R, k, ¢, 3, j, (51, . .., 5;)). We claim that Tj = O(n%).

For j = ¢, STEP(R, k,£,8,(s1,...,5¢)) checks for O(n*~*) tuples if they cover a set of points. This takes
O(nF=t1) = O(n'*) time.

For j < ¢,let i = k—j > k— (. The subroutine STEP(R, k,d, 7, (51, - - - , s;)) checks for O(n(1—5j)'(k—j)) tuples
if they cover a set of points. This takes time,

O(n(lf(;j)'(k*j)Jrl) — O(ntk—i+1+i5k_i+l) _ O(nt’*‘l)

Further, STEP(R, k,¢,8,k — i, (s1,...,5¢_;)) performs n%— calls to STEP(R, k, &,k — i+ 1,(51,...,8k_i+1))
and so

Tk—i — O(ntk—i) + O(n‘;k—i+tk—i+l) _ O(ntkﬂ)
The final runtime is comprised of running APSP in O(mn) time and then running STEP(R, k,£,4,0, () and
~ ~ £(0+1
so Algorithm [3| takes O(mn) + O(n'0) = O(mn +n*~*" E’erl)ﬁl) time. O

We note that the mn component of the runtime comes from computing exact APSP. To avoid this runtime, we
could instead compute an additive approximation of APSP (e.g. [DHZ00| or [SY24]) and obtain a faster runtime
at the expense of a greater additive error.

4.4 Approximating 3-Center In this section we refine the techniques introduced in the approximation
algorithms for 2-center and general k-center for the case of 3 centers. By generalizing the ideas of Theorem
we obtain a nearly-7/4-approximation algorithm that works for graphs with integer edge weights bounded by a
polynomial in n and whose running time is always less than mn for some values of m.

We first adapt Lemma [£.4] to weighted graphs with a slight change in the proof:

LEMMA 4.24. Given a graph with positive integer weights bounded by M, let S be a random sample of size
O(n'~%logn). Let w be the furthest node from S and let W be the closest n® nodes to w.

For any real r > 0, either there exist k nodes t1,ts,...,t; € S that cover the graph with radius R+, or w.h.p
there exists some s; € W such that d(s1,¢;) < R—r + M for some i € [k], w.l.o.gi=1.

Proof. 1f for every center d(c;, S) < r, denote the closest point to ¢; in S by ¢;. Now these k points ¢1,ta, ...,
cover the entire graph with radius R + r, as any point v € V has d(v,¢;) < R for some ¢ € [k], and thus
d(v,t;) < R+r.
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Otherwise, there exists a center such that d(c;, S) > r and therefore d(w, S) > r. W.h.p, the set S hits every
set of size n® and so S hits W. Therefore, there exists a point u € W N S such that d(w,u) > r. By the definition
of W, the set must contain all the points closer to w than uw and so it contains all nodes of distance < r from w.

For some ¢ € [k], d(w,¢;) < R. Consider the shortest path between w and ¢;. There are two consecutive
nodes s1 and s} on the path so that d(w,s1) < r and d(w, s}) > r. Because the largest edge weight in G is at
most M, d(w, s1) > r— M. Hence, d(s1,¢;) < R—d(w,s1) < R—r+ M. By the above observation, we have that
s1 € W. ]

Now we slightly generalize Lemma [£.10] for weighted graphs.

LEMMA 4.25. Let G be a given n-node graph with positive integer edge weights bounded by M. Let r,« be positive
real numbers with r + a < R, let S be a random subset of vertices of size O(n*~%logn) and C = {s1,..., 551}
be nodes such that d(s;,c;) < r for every i < k. Define U = B(C,R+r)¢ and Y = B(C,2R — a)°. Let w be the
furthest point in U from S and let W be the closest n® vertices to w. One of the following two holds.

1. sk, € W such that d(sg,cx) <r+a+ M.

2. Q= Vyesnu B(t,R) # 0, and any point s}, € Q covers all points in Y with radius 2R — a.

Proof. If d(w,S) > R— (r+ «), then by our argument from the previous lemma, we have that 3s;, € W such that
d(sg,cr) < r+ a+ M. Otherwise, any point u € U has d(u,S) < R — (r + «).

Assume that the latter happens. Any point ¢ € SN U is not covered by ¢y, ..., cx—1 and must be covered by
c. Thus, ¢y € B(t,R) for any t € SNU and ¢; € Q, meaning Q # 0.

Let s}, be an arbitrary vertex in @ and let y € Y. Let ¢t € S be the closest vertex to y in S, by the above
observation, since Y C U, d(t,y) < R — (r + ).

If t ¢ U, then there exists some s; such that d(s;,t) < R+ and hence d(s;,y) < R+r+R—(r+a) =2R—o.
However, this would imply y ¢ Y and so we conclude ¢t € U.

Therefore, d(s),t) < R and so d(s},,y) < R+ R— (r+a) <2R —a. O
Let o =w -2+ %ﬂ and py = %. For the current bound on w, ug is about 0.6682 and g7 is about

0.835. For any w € [2, 3] we have pup < p1 < 2(w —1)/3.

THEOREM 4.26. Given an integer R and an undirected graph G with n vertices and m = n'™* edges. Suppose G
has positive integer edge weights bounded by M = poly(n). For u € [uo, 11, there exists an algorithm running in

time
- (Bw—w?+1)—pw(w=2)
Oln (Bw—w?2+1)

time that w.h.p. computes a (7/4, M)-approximation to R3(G). For all u € [uo, 1], the running time of the
algorithm is polynomially faster than both O(mn) and O(n*+/(@+1),

For the current bound on w we get that the running time is O(n?-90466=0-353881) for 4, € [0.6682,0.835] and
in this interval it is always better than O(mn), the runtime of exact APSP.

Proof. We will give an algorithm that w.h.p. returns an estimate of at most TR/4 + M whenever R3(G) < R.
The algorithm can detect when R3(G) > 7TR/4+ M. The statement of the theorem follows from binary searching
on R (there is a polynomial range).

Assume R3(G) < R and let ¢, ¢o, c3 be an optimal 3-center with radius < R, in this case our algorithm will
find three points which cover all vertices with radius < 7TR/4 + M. Let S1, 52, S35 be random samples of vertices
in V of sizes O(n'~%logn),O(n'~7logn), O(n' =% logn) respectively, for parameters 3, v, we will set later. In

O(m(nl_‘S +nl77 4+ nl_ﬁ))

time we compute all the distances between s € S1 U S U S5 and v € V' using Dijkstra’s algorithm.
Let w; be the furthest node from the set S, let W; be the closest n® nodes to w;. In time O(mn‘s) run
Dijkstra’s from every node in Wi. By Lemma [£.24] either there exist 3 points ¢y, ts,t3 € S; that cover the graph
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with radius R + x or there exists some s; € Wy such that d(s1,¢1) < R— a + M, for a choice of x (we will later
see that © = 3R/4 is optimal), where s; covers all nodes that ¢; covers, within 2R — x + M.

To handle the first case, construct a |S1| x |V| binary matrix X with rows indexed by S; and columns indexed
by V such that X[s,v] = 0 iff d(s,v) < R+ x and a |V| x |S1|? binary matrix Y such that Y[v, (s1,s2)] = 1 iff
both d(v,s1) > R+ x and d(v, $3) > R+ . Multiply X by Y in time asymptotically

p@(1=01.2-26) < o+ (1=6)+w(1-8) _ p1+w(1-6),

The nodes t1, ta, t3 will give XY [t1, (t2,¢3)] = 0 and any nodes that satisfy XY[a, (b, ¢)] = 0 cover all vertices
with radius R + x.

We are now left to handle the second case, where Js; € Wp with d(s1,¢1) < R— o+ M. We'll have
an n® overhead to the runtime and assume we have s; € Wj such that d(s1,¢1) < R— x4+ M. Define
Ui(s1) = {u € V : d(u,s1) > R+ x4+ M}. Note that by our choice of x = 3R/4, all nodes in U;(s1) have
more than (R+x + M) — d(s1,¢1) > 22 > R distance from ¢;, and hence must be covered by either ¢z or c3.

Let wy(s1) be the furthest node in Ui(sy) from Sy and let Wa(s1) be the closest n” nodes to wa(sy).
By the same argument as seen in the proof of Lemma either every point in Uj(s;) is within distance
R — (2R — 2z) = 22 — R of Sy or there exists a point so € Wa(s1) such that d(s2,c2) < (2R — 2z) + M.

Case I Yu € U;(s1) 3t € Sy such that d(u,t) < 2z — R.

Construct a |[W; x V| x |Sy| binary matrix X where X[(s,u;),#] = 1 iff both d(s,t) > 2R — z + M and
d(uy,t) > R, and a |Ss| x |V| binary matrix Y where Y[t,0] =1 < d(t,v) > R.

In time asymptotically

nw(1+6,17'y,1) < n5+2'y+w(1f'y) — n5+w7'y(w72)

compute the product XY.

We have that d(s1,¢1) < R— x4+ M so for all ¢ such that d(c;,t) < R, d(s1,t) < 2R —x + M. Hence any
point t € Sy with d(s;,t) > 2R — x + M must be covered by ¢, or ¢3. We thus have XY [(s1, ), c3] = 0.

Furthermore, we claim that any ss, s3 with X)A/[(sh $2), $3] = 0 will cover all vertices with radius < R+z+ M.

Any point v € V not covered by s; within distance R+ x+ M is in U;(s1) and so by our assumption for case
I there exists a point ¢ € Sy with d(u,t) < (22 — R). Therefore, d(s1,t) > (R+x+M)—(2x —R)=2R—x+ M
and since XY[(s1, 52), s3] = 0 we must have either d(t, s5) < R or d(t, s3) < R. We conclude d(u,s;) < R+z+ M
fori=2ori=3.

Case IT Jsy € Wy(sy) such that d(s2,c2) < (2R — 2x) + M. This node sy covers all nodes that ¢y covers
within radius 3R — 2x + M.

Define Us(s1,82) = {u € V : d(u,s1) > 3R — 2z Ad(u, s2) > 3R — 2z}.

Let ws(sy,52) be the furthest in Uy (s, s2) from S3 and define Ws(s1,s2) to be the closest n® points to
UJ3(81, 82).

We use Lemma with parameters « = R—x, r = 2R — 2z, S = S3,C = {s1,s2}, where we will
pick = 3R/4 > 2R/3 so that the conditions of the lemma apply. Either Js3 € W3(s1,s2) such that
d(s3,c3) < 3R — 3z + M or for any point s5 € Q = ﬂtES:;ﬁUz(Sl,SQ)(t’R) we have that sy, sq,s5 cover all
vertices with radius R + x.

To handle the first case, in total time

O(mnﬁ+’y+5)

run Dijkstra’s from every point s3 € Wi(s1,s2) and check if s1,s9,s35 cover all points in V' with radius
R+BR—-3x+M)=4R— 3z + M.

To handle the second case, construct a |Wa(s1)|x|Ss| binary matrix X where X[s,t] =1 <= d(s,t) > 3R—2z
and a |Ss| x |V| binary matrix Y where Y[t,u] =1 <= d(t,u) > R.

In time asymptotically

pdte(r1=F.1) < o+A=F=—1)+(A=7)+wy _ n0+2—F+(w=2)y

compute the product XY for every s; € W;. The inequality holds because we will ensure that v+ 8 < 1 and
hence v <1 and 1 — 3 < 1. By the same argument we have seen, for the correct s; we have XY |[s2,c3] = 0 and
for any s3 such that XY[ss, s3] = 0 the triple s1, 52, s3 will cover the graph with radius R + «.
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Thus, after computing the matrix product we need to check for every so € Wa(s1) at most one potential
center. This takes time O(n’+7+1).

Let’s see what x should be set to. In the worst case the approximate radius values that we get are 4R—3xz+ M,
2R—x+M,3R—2x+ M and R+x+ M.

If we set © = 3R/4, we get that 4R — 3z = R+ a = TR/4 and since R — z > 0 we have that
2R —x < 3R — 22 < 4R — 3x. Thus the final approximate radius is at most 7TR/4 + M.

Final runtime: Let m = n'*#, the runtime exponents from above are:

24+ p—9
24p—p
2+p—n
14+ w(l—9)

04+ w—v(w—2)
l+pu+B8+v+0d
0+2—B+v(w-2).

We will assume that
Y<By<dy+d+B<1,

which allows us to also conclude that v < < 3 + ﬁ and s0 2 — B+ y(w —2) < w—y(w —2). This allows us
to assume that several exponents above are dominated and what remains is:

2+p—n

14+ w(l—9)

4+ w—vy(w—2)
L+p+B+y+4

Let’s set

2w —1)—3pu
B

3—w+1l/w

1 Bw+1)
773 3w
i1 Bw-2)
3 3w

We want to show that 3,7,6 > 0,and y < 3,7y <§,~v+5+ 5 < 1.
As we assumed that p < 2(w — 1)/3 we gave that 5 > 0.
As we assumed that g > pg=w — 2+ %ﬂ, we get that

I (w+1) 2w—-1)—3p

T3 3w 3—wtljw
1 2w?—1)—3pw+1)
3 38w —w?+1) N
(Bw—w?+1) —2(w? - 1) +3puw+1)
3(Bw —w?2+1) N
@—w?+U+Mw+U>O
Bw—w?+1) -
By construction, since w +1>w —2, § > 7.
Since we assumed that p < p; = %ﬁ:{_l, we also have that
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2w —1)—3pu
3—w+1l/w
2w—1)(4w+1) —3(Bw? —3w—1)
B-—w+1/w)(dw+1)
8w? — 6w — 2 — 9w? + 9w + 3)
B-w+1/w)(dw+1)
w(l — w? + 3w) W
(Bw—w?+1)dw+1) dw+1

B =

Hence: LB 3
w+
Por=Pogt s, =
Bldw+1) —w >0,
3w -
and thus v < 3, as promised.
Let’s consider ) 5 ( D 2 2 )
w—(w+1)—(w— w+
) =- . == . )
YOG =g 0 3w 570 5,
The above is < 1 iff § < WLH Since we have that pu > po = “2;;"1_1, we get that
5< w2w?-1)-3w? —w-1)) w
- Bw—-—w?+1)(w+1) w1
and thus v+ § + 8 < 1, as promised.
Now let’s look at our running time exponents.
First we see that ) LA 0
w +
1-p—-6== —2—-3wdw =2(= ———= =2
B 5T Pw w3w (3 30 Vs

and so we have that two of the exponents are equal
24 p—y=14+p+B8+~vy+0.

Next we see that

w—l—l7w—276(w—2)(w+1)+B(w—2)(w+1)71
3 3 3w 3w S

Sdw+1l)—y(w—-2)=
And so another pair of exponents is equal:
l4w—wdi=w+0d§—75w-—2).

Now consider the implications:
ww-1)) 2w-1)

3w 3

is true and implies
w2(w—1) = 3u) +3wp  2(w—1)
3w 3

which by our setting of 5 implies
1—w?+3 2w —1
B 3) 2w 1)
3w 3

which implies
Blw+1) 2w—2 pw-—-2)

Pt =3, =73 T3
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which implies
1 Blw+1) w
l+p—c+ 2y 2
L

Blw—-2)
3
and thus
24 p—y=14w(l-9).
Thus all four exponents are the same and they equal

w—w?+14pw+1
24 pu—v=2+pu— A ):

(Bw —w?+1)
(w—2w+2)+Bw—-—w+ p—w+w? —1—plw+1)
(Bw —w?+1) B
(bw —w? + 1) — pw(w — 2)
(Bw—w?+1) '
]
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