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A Simple and Combinatorial Approach to Proving Chernoff Bounds and Their
Generalizations

William Kuszmaul*

Abstract

The Chernoff bound is one of the most widely used tools in theoretical computer science. It’s rare to find
a randomized algorithm that doesn’t employ a Chernoff bound in its analysis.

The standard proofs of Chernoff bounds are beautiful but in some ways not very intuitive. In this paper,
I’ll show you a different proof that has four features:

the proof offers a strong intuition for why Chernoff bounds look the way that they do;
the proof is user-friendly and (almost) algebra-free;

the proof comes with matching lower bounds, up to constant factors in the exponent;
the proof extends to establish generalizations of Chernoff bounds in other settings.

The ultimate goal is that, once you know this proof (and with a bit of practice), you should be able to
confidently reason about Chernoff-style bounds in your head, extending them to other settings, and convincing
yourself that the bounds you’re obtaining are tight (up to constant factors in the exponent).

1 Introduction

The Chernoff bound is one of the most widely used tools in theoretical computer science. It’s rare to find a
randomized algorithm that doesn’t employ a Chernoff bound in its analysis.

The standard proofs of Chernoff bounds are beautiful but in some ways not very intuitive. In this paper, I’ll
show you a different proof that, as far as I can tell, has not appeared in the literature. The proof will have four
noteworthy features:

1. Intuition: The proof offers a clean intuition for why Chernoff bounds have the shapes that they do.

2. Lower Bounds: The proof comes with matching lower bounds. In fact, one way to perform the proof is
to first prove lower bounds, and then directly argue that those lower bounds are tight (up to constants in
the exponent).

3. User-Friendliness: Most proofs of Chernoff bounds require various identities (and Taylor series
approximations) to obtain the final user-friendly bound. The proof here will lead directly to a user-friendly
bound without requiring intermediate algebra.

4. Generality: The proof can be extended to establish many of the classical generalizations of Chernoff
bounds (e.g., Hoeffding bounds, Azuma’s inequality, Bernstein-type inequalities, Bennett’s inequality, etc.).
In other words, the proof isn’t just a party trick.

The proof will also have a noteworthy drawback: It will give the correct bound up to constant factors in the
exponent. If those constant factors are important to you, then you’ll want to use other derivations.

How to think about Chernoff bounds. Before getting into proofs, it is worth first reviewing the basic bounds
that we will wish to prove. Let X;, Xs,..., X, be independent 0-1 random variables satisfying Pr[X; = 1] = p
for some p < 1/2. Let X =" | X; and let u = E[X] = np.

The Chernoff bound tells us that the probability of X deviating substantially above its mean y is small. That
is, we get an upper bound on Pr[X > u + ¢] as a function of ¢.
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Chernoff bounds are presented in many different forms, and students often have trouble figuring out which
version to memorize (the result is that many students end up using Wikipedia as a regular reference). So what
is the right way to think about Chernoff bounds?

The first thing to know is that n and p are red herrings. The only parameter that actually matters is pu. In
fact, one can obtain tight Chernoff bounds in all regimes by just remembering two simple bounds. The first is
the small-deviation bound, which says that

1

for any k = O(,/p) satisfying k/i < n. The second is the large-deviation bound, which says that

(1.2) Pr(X > pu+ryl = W
for any r > 1 satisfying u + rp > n.

There are three things to notice about these bounds. First, as I mentioned earlier, we are not worrying
about what the constants are in the exponents. As theoreticians, we are almost always interested in asymptotic
deviations (i.e., Pr[X > u+Q(¢)] for various t), so the constant in the exponent typically doesn’t matter. Second,
the fact that the exponents are in ©-notation, rather than (-notation, is no coincidence: both bounds turn out
to be tight up to constant factors in the exponent. Third, the two bounds become equivalent when we consider
Pr[X > pu+ O(p)], so there is a smooth transition from one regime to the other.

It is also worth taking a few moments to internalize the shapes of these bounds. The small-deviation bound,
should be viewed as telling us something about standard deviations. It turns out that the standard deviation of X
is guaranteed to be ©(/1t), regardless of n and p (as long as p < 1/2). Thus the bound says that the probability
of being k standard deviations above the mean shrinks at a rate of 1/ 20(+)  In fact, we will later see that the
previous sentence continues to be true in much more general settings, and that this is the source of what is known
as Bennett’s inequality (we will come back to this later).

The large-deviation bound also takes an interesting shape. It is much stronger than most students would
guess it should be. A priori, students typically assume that the bound should be something like 1/ 20(r1s) " This
is correct when r = ©(1), but when r is larger, gets stronger, replacing the denominator of 2 with 7.

Although the above Chernoff bounds are stated in the case where X1, Xo, ..., X,, are identically distributed 0-1
random variables, the same upper bounds hold for any independent real-valued random variables X, Xo,..., X,, €
[0,1] satisfying E[Y . X;] = p. The corresponding lower bounds do not necessarily hold in this more general setting
(for example, it might be that X7, X, ..., X, are all deterministically 1, so Pr[X = u] = 1), but we shall see that
it is a relatively simple task to reason about when the lower bounds do or do not hold.

Paper outline. In the body of the paper, we will present the new Chernoff bound derivation from four different
perspectives:

e The One-Page Version (Section . We begin in Section [2| with a bare-bones version of the proof—a
one-page self-contained analysis that focuses on the special case where we have n fair coin flips. This version
of the proof is designed for readers who like to read first and digest after. It does not concern itself with side-
quests such as proving lower bounds or highlighting intuition. Additionally, to simplify the presentation,
and because we are focusing only on fair coin flips, we follow the convention in both this section and the
next that each X; is in {—1,1} rather than {0,1}.

e The Extended Edition (Section . In Section we present the same proof again, but with additional
commentary to motivate the steps and explain what’s going on at a higher level. This version of the proof
is designed for readers who like digest as they read. It includes a focus on intuition, as well as a small
side-quest to prove matching lower bounds. In fact, quite happily, the lower-bound proof serves as a strong
motivator for why the upper-bound proof should follow the structure that it does.

e Bias Coin Flips and the Large-Deviation Regime (Section . Section [4] extends the proof to the
setting of biased coin flips, where each coin has some probability p < 1/2 of being heads. This allows
us to present the large-deviation bound (Equation . The proof follows a very similar structure to the
small-deviation case, and comes once again with matching lower bounds.
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e Generalizing to an Adaptive Bennett’s Inequality (Section . Having proven both the small
and large deviation bounds for classical Chernoff bounds, we turn our attention in Section [] to proving a
powerful generalization of Chernoff bounds, namely, an adaptive version of Bennett’s Inequality. Here, we
are intentionally picking one of the most “heavy-weight” generalizations of Chernoff bounds. The point is
to demonstrate how, with the same basic techniques that we used to proof the basic Chernoff bounds, and
by just filling in a few more details, we can walk away with bounds that would traditionally be viewed as
out of reach for combinatorial proofs.

We remark that the one-page proof in Section [2] is short but is not necessarily the right starting place for
every reader. Some readers (especially students seeing Chernoff bounds for the first time) may wish to start with
Sections [3]and [] and then to optionally add on additional sections from there.

The ultimate goal of the paper is that, once you have digested the proof (and with a bit of practice), you
should be able to confidently reason about Chernoff-style bounds in your head, extending them to other settings,
and convincing yourself that the bounds you're obtaining are tight (up to constant factors in the exponent).

Historical context and past work. Chernoff bounds first appeared in the literature in 1952 paper by
Herman Chernoff [6] (although Chernoff himself attributes them to Herman Rubin [7]). The bounds and their
generalizations have also been independently formulated by many other authors, including Kazuoki Azuma [1],
Wassily Hoeffding [15], and Sergei Bernstein [4].

The classical proof of Chernoff bounds proceeds by applying Markov’s inequality to the moment-generating
function of a random variable. This is an important technique, that has also served as a core foundation for much
of the work on concentration inequalities in statistics and probability theory [2,|10H14L17,19-22}[2527[29] (see [5]
or [8] for a survey). There have also been several other proofs [9,(16,23.[28], using techniques from areas ranging
from coding theory [23] to differential privacy [28]; see Mulzer’s survey [24] for a description of the five main proof
approaches that have been proposed.

Most of these proof approaches [24] struggle to generalize to more diverse settings—indeed, besides the
classical moment-generating function approach, only one of the other approaches covered in [24], namely the
proof of [16], appears to extend to prove Azuma’s inequality (which, in turn, is weaker than the generalization
that we prove in Section . Additionally, all of the previous proofs [24] share the unfortunate property that, in
order to get to a user-friendly bound (i.e., to either of Equations or ), one must first apply algebraic
identities such as Taylor expansions.

There is, not surprisingly, much less of a focus on lower bounds than there are on upper bounds. The
classical moment-generating-function argument can be extended (non-trivially) to obtain essentially matching
lower bounds see, e.g., [18[30]. The simple combinatorial approach to proving lower bounds that is taken in the
current paper does not appear to have been observed in past work, and the most general lower bound that we
prove (Section does not appear to follow from the standard lower-bound techniques [18}30].
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2 Fair Coin Flips: The Bare-Bones Proof
In this section, we consider a sum X = Y " | X; of independent unbiased coin flips X; € {1, -1}, and we prove
that Pr[X > ky/n] <272 Our starting point is a simple extension of Chebyshev’s inequality:

LEMMA 2.1. (EXTENDED CHEBYSHEV) For any k > 1, we have Pr[max; Ele X; > kyn]< 5.

Proof. By Chebyshev’s inequality, we have Pr (Y. | X; > ky/n] < 1/k?. Thus, it suffices to show that

(2.3) Pr

J
ma X; > kvn| <2Pr

En:XZ- > k\/ﬁ] .
=1

On the other hand, 2.3) follows from the following simple observation: If there exists j > 0 such that
>i—1 Xi > ky/n, then with probability at least 0.5 we have that 37 .| X; > 0, and thus that >3i" | X; > ky/n.
O

Using Lemma we can derive a very simple (but already interesting) concentration bound:

LEMMA 2.2. (POOR MAN’S CHERNOFF BOUND) For k > 1, Pr[X > ky/n] = 279,

Proof. For j > 0, let t; be the smallest index such that 377, X; > j - (2¢/n + 1), if such an index exists. For
j > 1, if t; exists, then Z:Ltj_1+l X; > 2y/n. So, if we condition on t;_; existing, we can apply Lemma
to Xy, y41,--.,Xn to get Prlt; exists | ¢;_; exists] < 1. By induction on j, this implies Pr[t; exists] < 2790,
]

In addition to the result above, we will need a Chernoff bound for sums of geometric random variables.

LEMMA 2.3. (CHERNOFF BOUND FOR GEOMETRIC R.V.s) LetY1,Ys,...,Y, be independent real-valued random
variables and let p € (0,1). If each Y; satisfies Pr[Y; > j| < p’ for all j € N, then Y = .Y, satisfies
Pr[Y > 2n] < (4p)™.

Proof. If 37 Y; > 2n then )| Y;| > n. Thus there must exist @ = (a1, as,...,a,) € (NU{0})" such that >, a; =n
and such that max(Y;,0) > a; for each i € [n]. Let A denote the set of possible vectors d@. For a given @ € A,

Pr[max(Y;,0) > a; for all 4] < HPr[max(Y;, 0) > a] < Hp‘“ = pXi® = p",

By a union bound,
Pr[Y > 2n] < Z Pr[Y; > a; for all 4] < |A] - p™.
acA
To complete the proof, it suffices to prove |A| < 4. We can encode each @ € A as a binary string given by a;
zeros followed by a one, then as zeros followed by a one, and so on. The string has ), a; = n zeros and n ones,
making for a length of 2n. We therefore have |A| < 22" = 4" as desired. O

Finally, combining the previous lemmas in the right way, we can extract the full bound:
THEOREM 2.1. (CHERNOFF BOUND FOR FAIR COIN FLIPS) For k > 1, Pr[X > ky/n] < 2790,

Proof. Break the coins into k? groups of size n/k* 41 each, and define Y1,Y5, ..., Y2 so that Y; is the sum of the
X;s in group . By Lemma [2.2] we have

Pr [Yi > j\/n/W} < 9700),

Thus there exists a positive constant ¢ such that Y/ := Y;/(c\/n/k?) = Yi/(c\/n/k) satisfies Pr[Y/ > j] < 877.
The Y/s are independent geometric random variables, so we can apply Lemma (with p = 1/8) to get
]{32
Pr (Y v/ > 2k | <2700,
i=1

Plugging in > X; = ©(y/n/k) - > Y/ proves the theorem. 0
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3 Fair Coin Flips: The Same Proof But With Commentary

We will now repeat the proof in the previous section, but this time with ample additional commentary. The goal
is to add flavor and intuition to the proof. Along the way, we will also prove a matching lower bound, concluding
that Pr[X > k+/n] is not just 2_9(’“2)7 but is actually 2-0(*) To simplify the exposition in this section, we
will often ignore rounding errors when discussing division and square roots—alternatively, so that these rounding
errors do not exist, you can feel free to imagine that we are focusing only on values of n that are powers of four
and k that are powers of 2.

As before, let X1, Xs, ..., X, be independent random coin flips, where X; = 1 represents heads and X; = —1
represents tails. Each X; independently satisfies Pr[X; = —1] = Pr[X; = 1] = 0.5. Let X = ), X, count the
total number of heads minus the total number of tails. We want to prove the following:

THEOREM 3.1. (Chernoff Bound for Fair Coin Flips) For k € {1,...,/n},

(3.4) Pr[X > ky/n] = 27 0%,

We will present the proof of Theorem in four bite-sized pieces. The first three pieces can be viewed as
warm-up results, each of which has a very simple (almost straightforward) proof. Then, in the final piece, we will
show how to combine the warm-up results in order to get the full theorem.

The first warm-up establishes what we call the Poor Man’s Chernoff Bound. This bound gets the wrong
dependence on k, but it will be incredibly simple to prove. Moreover (and perhaps surprisingly) the bound will
play an important role in the proof of the full theorem.

PRrROPOSITION 3.1. (Poor Man’s Chernoff Bound) For even k < \/n,

(3.5) Pr[X > ky/n] < 27%/2,

The second warm-up establishes a very simple Chernoff bound for geometric random variables. This bound
might seem like a niche special case, but we will see that it is actually a critical building block for getting tight
Chernoff bounds (no matter what parameter regime you care about).

PROPOSITION 3.2. (Sum of Geometric Random Variables) Let Y1,Y5,...,Y, be independent real-valued random
variables and let p € (0,1). Suppose each Y; satisfies for all non-negative integers j that

(3.6) Prly; > j] < p’.

Then the sum'Y =), Y; satisfies
Pr[Y > 2n] < (4p)™.

The third warm-up result establishes the lower-bound side of Theorem

ProposITION 3.3. (Fair Coins Lower Bound) For k < /n,

(3.7) Pr[X > ky/n] > 2700,

Each warm-up individually has a very simple combinatorial proof. On the other hand, once we have completed
the warm-ups, the full proof of Theorem will be almost immediate. This final part, where we put the pieces
together to get the full theorem, is my favorite part of the proof.
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3.1 The Poor Man’s Chernoff Bound Our first warm-up is to prove Proposition [3.1

PrOPOSITION 3.1. (Poor Man’s Chernoff Bound) For even k < \/n,

(3.5) Pr[X > ky/n] < 27F/2,
We will make use of one basic fact:
(3.8) Pr[X > 2y/n] < i
which follows directly from Chebyshev’s inequality. If you don’t have Chebeyshev’s inequality in cache, you can

also feel free to take (3.8) as a black-box fact.

Proof. [Proof of Poor Man’s Chernoff Bound] Suppose we flip the n coins one after another, so that X; gets
revealed at time i. Say that we have achieved an upper deviation of R at time ¢ if Z§=1 X, = R. We will be
interested in the checkpoints at which we first achieve upper deviations of 2v/n, 4y/n, 64/n, etc. That is, for
s=1,2,..., define the checkpoint ts to be the earliest point in time at which we have achieved an upper deviation

of 2s4/n. See Figure

8/ -

6/1 -

4y/n

2y/n -

1 f 2 P
Time ¢

¢
Sio X

Figure 1: A graph of 25:1 X; over time t, with labels for the times t1,ts,t3 at which we first achieve upper
deviations 2y/n, 44/n, and 6y/n, respectively. The time ¢4 does not exist in this example, because an upper
deviation of 8y/n is never achieved.

Notice that, a priori, the checkpoint ¢; may not exist. (We may flip all n coins and never get an upper
deviation of 2y/n). Even if t; exists, to may not exist. And even if ¢y exists, t3 may not, etc. Of course, if
X > ky/n then the checkpoint t; /5 must erist (although the converse is not true). Thus, in order to bound
Pr[X > k+/n], we can instead bound Pr[t; /s exists].

Let’s begin by proving that Pr[t; exists] < 1/2. Observe that

Pr[X > 2v/n] = Pr[t; exists] - Pr[Xy, 41 + -+ X, > 0] t; exists].

The probability on the left side is at most 1/4 by , and the second probability on the right side is at least
1/2 by symmetry between heads/tails. Thus 1/4 > Pr[t; exists] - 1/2, implying that Pr[t; exists] < 1/2.

Next we argue that Pr[t; exists | ¢1,...,¢;—1 exist] < 1/2 for any ¢ > 1. Indeed, ¢; occurs only if, starting at
time t;_q + 1, there is some point in time during the remaining n — t;_; < n coin flips at which we have again
achieved an (additional) upper deviation of 24/n. However, we already know from our analysis of Pr[t; exists]
that any sequence of < n coin flips has probability at most 1/2 of ever achieving upper deviation at least 24/n.
Thus Pr[t; exists | ¢t1,...,t;,—1 exist] < 1/2.

Putting the pieces together,

k/2
. . . 1
Pr[X > ky/n] < Prlt), /o exists] < H Pr[t; exists | t1,...,t,_1 exist] < S
i=1
0
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It’s worth taking a moment to understand the moral of the Poor Man’s Chernoff bound. What the bound is
really saying is that if we consider thresholds 0, 2v/n, 4\/n, 64/n, ... for X, the marginal probability of getting
from the i-th threshold to the (i + 1)-st is decreasing as a function of 7. That is, the first upper deviation of 2/n
is the easiest (occurring with probability roughly 1/2). The next 24/n is the next easiest, and so on. This is an
almost trivial fact (since each subsequent deviation has fewer coin flips to make use of than the previous ones),
and, as we will see later on, it is also a fact that holds in many settings (not just coin flips). But even this simple
fact is enough to get a nontrivial bound.

3.2 A Simple Chernoff bound for Sums of Geometric Random Variables Our next warm-up is to
prove Proposition [3.2]

PROPOSITION 3.2. (Sum of Geometric Random Variables) Let Y1,Y5,...,Y, be independent real-valued random
variables and let p € (0,1). Suppose each Y; satisfies for all non-negative integers j that

(3.6) Pr[y; > j] < p’.

Then the sum'Y =), Y; satisfies
Pr[Y > 2n] < (4p)™.

Proof. If Y > 2n, then Y’ = " |Y;| must be at least n. Thus, there exists a tuple of non-negative integers
(q1,92---,qn) such that >, ¢; = n and such that max(Y;,0) > ¢; for each i. Call such a tuple a witness
sequence.

We will complete the proof in two pieces. First, we bound the number of possible witness sequences by 4.
Next, we bound the probability of a given witness sequence occurring by p™. Combining these facts, we have by
a union bound that the probability of any witness sequence occurring is at most 4"p™ < (4p)™.

To bound the number of possible witness sequences, observe that each witness sequence (g1, g2, ..., qn) can
be viewed as a way to throw n balls into n bins (i.e., place ¢; balls into each bin i). There is a classic trick for
bounding the number of ways to do this: encode the witness sequence as a binary string with n zeros and n ones,
where the string consists of g; ones, followed by a zero, then ¢s ones, followed by a zero, then g3 ones, followed by
a zero, and so on. This creates an injection from witness sequences to binary strings of length 2n. Since there are
trivially at most 22 = 4™ such binary strings, it follows that there are also at most 4™ possible witness sequences.

To bound the probability of a given witness sequence occurring, we can simply apply . This tells us that
each Y; has probability at most p% of satisfying Y; > ¢;. As the Y;s are independent, it follows that

(3.9) Pr[Y; > ¢; for all 4] < HPr[Yi >q) < Hpqi =p",
i=1 i=1
where the final equality makes use of the fact that Y. ; ¢; = n. This completes the proof. |

Note that, if the Y;s are guaranteed to be integers, then the preceding argument gives us a slightly stronger
bound (since we can use Y in place of Y”).

COROLLARY 3.1. If the Y;s are guaranteed to be integers, then

Pr[Y > E[Y] 4+ n] < (4p)".

3.3 The Lower Bound Our third warm-up is to prove the lower-bound side of our Chernoff bound. Although
we don’t typically prove the lower-bound side when we teach Chernoff bounds, we will see that its proof is
remarkably simple.

PROPOSITION 3.3. (Fair Coins Lower Bound) For k < /n,

(3.7) Pr[X > ky/n] > 270%),
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To prove (3.7]), we will make use of another basic fact:
(3.10) Pr[X > v/n/4] > 1/4.

To streamline our exposition, we will take (3.7)) for granted. For completeness, however, we also include a simple
combinatorial proof in Appendix [A]

Proof. [Proof of Proposition Partition the coins into k% groups each of size S = n/k?. Define E; to be
the event that group i achieves sum of at least v/S/4 = /n/k2/4 = /n/(4k). Notice that, if all of events
Ei, Es, ..., E2 were to occur, then the total sum would be at least k2 - \/n/(4k) > kv/n/4. See Figure

Each chunk has size S = n/k* and contributes v/S/4 to X.

/oL N

T
k2 chunks

Figure 2: The lower-bound construction partitions the coins into k2 groups, and considers the event that every
group contributes Q(v/S) to X, where S is the size of each group. This would imply that X > k2 - Q(v/S) =

Q2 - /n/k2) = Q(k/n).

Applying (3.10) to each group ¢ (with n = |S|), we see that each E; occurs with probability at least 1/4. The
probability that all of Ey, Es, ..., Ey2 occur is therefore at least 1 /4k2. Thus we have that

(3.11) Pr[X > ky/n/4] > 1/4F°.

This is not quite what we set out to prove, since we want Pr[X > k+/n]. Notice, however, that by a simple
change of variables, (3.11)) implies that Pr[X > ky/n] > (1/4)'¥* for all k < \/n/4. And the case of k > \/n/4
follows from the simple fact that, for k = ©(y/n), we have Pr[X > ky/n] > Pr[X =n] = 27" = 2-0(*+*), 0

It is important to understand why we broke the coins into k2 groups, rather than some other number: k? is
the magic number such that, if each group misbehaves just a little (i.e., incurs a sum of at least 0.1v/S, which
occurs with probability at least 0.1), then the cumulative effect is a sum of Q(kv/n).

3.4 The Upper Bound We are now prepared to prove the full Chernoff bound, restated below.

THEOREM 3.2. (Chernoff Bound for Fair Coin Flips) For k € {1,...,1/n},
(3.4) Pr[X > ky/n] =290,

Proof. As we have already proven the lower bound (Proposition , we can focus here on the upper bound. We
will show that

1

Our proof will build on each of the three warm-ups from earlier. We will use essentially the same group
structure as in the lower bound, and we will analyze the groups by directly applying Propositions and

Break the coins into k% groups, each of size S = n/k?. Define C1,Cs,...,Cj2 to be the sums of the coin
flips in each group. One way to think about the event X > 16k+/n is that the C;s are, on average, at least
16k+y/n/k?> = 161/S. We know that for each group, having a sum of 161/S isn’t very likely—in fact, by the Poor
Man’s Chernoff Bound (Proposition [3.1]), we know that each C; satisfies the bound

Pr[C; > 8tV 5] < 2%
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for any positive integer t. If we define C; = C;/(8V/S), then the Poor Man’s bound translates to
Pr[C; > t] < 1/16".

In other words, C; is bounded above by a geometric random variable.
We are interested in the event that

k2
> Ci > 16ky/n.
=1

As noted above, this is equivalent to the event that, on average, each C; is at least 16v/S. Rewriting this in terms
of the (s, the event that we care about is

k}2
> Ci =2k
=1

Since the C;s are independent geometric random variables, we can apply Proposition to bound the probability
of the above event by

(4/16)F° = 4=+
which completes the proof. 0

4 Biased Coin Flips: The Large-Deviations Case

Next we extend our Chernoff bound to handle biased coin flips. Let p < 1/2 be a probability. Suppose that
each of X7, Xs,..., X, is 0 with probability 1 — p and 1 with probability p. As before, assume that the X;s are
independent, and set X =), X;. Notice that we have swapped from each X; being in {—1,1} to each X; being
in {0,1}. This perspective, it turns out, will significantly simplify the exposition when we present the analysis for
the large-deviation regime.

Let 4 = E[X] = pn. As discussed in the introduction, the Chernoff bound for X splits into two parameter
regimes. The small-deviation regime is governed by a bound that looks very similar to what we had for fair coin

flips: for k € {1,2,...,/n},
(4.13) Pr[X > p+ k) = 27 9¢),

The large-deviation regime is governed by a bound that looks a little different: for any r > 1 satisfying ru < n,
we have

(4.14) Pr[X > ru] = 1/0(r)®0H).

The small-deviation case follows from almost exactly the same arguments as in the previous section, so we
will skip its proof for now. (But, for completeness, it is worth noting that Theorems and in Section
directly imply ) Instead, this section will focus on the large-deviation regime. What'’s neat is that the
proof of will follow almost exactly the same structure as the proof that we have already seen.

PROPOSITION 4.1. Let 0 < p < 1/2. Let X1,...,X, be i.i.d. 0-1 random variables satisfying Pr[X; = 1] = p and
PriX; =0]=1—-p. Let X =%, X; and let p = E[X]| = pn. For any r > 1 satisfying rpn < n, we have

Pr[X > ru] = 1/0(r)90H).

To simplify our discussion, we will assume in our proof of Proposition that n is divisible by ru. This is
just to avoid some minor handling of rounding errors, and with a bit of casework one can actually show that this
simplification is without loss of generality.
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Proof. We begin with the lower bound. Break the coins into 7y groups. The coins in each group have cumulative
expectation p- % =p- 7_’%” = % With a bit of work, one can obtain the following basic fact: the probability of at
least one coin in the group evaluating to 1 is at least Q(1 /7’)E| It follows that, with probability at least Q(1/r)"",
every group will contribute at least 1 to X, making for a total of at least ru. Thus

Pr[X > rul > Q(1/r)™.

This establishes the lower-bound direction.

To derive the upper bound, we need to first derive something that closely resembles the Poor Man’s Chernoff
Bound for the X;s in a given group. Let X, ,..., X} be the X;s that comprise some group, and let C' = Zé’:a X;.
Since E[C] = 1/r, we know from Markov’s inequality that Pr[C > 1] < 1/r. That is, if we flip the coins X,, ..., X}
one after another, the probability that we ever get a 1 is at most 1/r. Similarly, once we get that 1, the probability
that we ever get another 1 in the same group is again at most 1/r. Continuing like this, we can conclude that

(4.15) Pr[C > k] <r "

Now we can complete the proof using Proposition (or, since the X;s are integers, we can actually use

Corollary . Define C4,Cy,...,Cy, so that C; is the sum of the X;s in the i-th group. Equation (4.15) tells us
that each C; is bounded above by a geometric random variable. It follows by Corollary that

Pr iCi > TM} < (4/r)™.

i=1

Since ), X; = ). C;, this completes the proof of the upper bound.
So, by following almost exactly the same template as before, we once again arrive at nearly matching upper
and lower bounds. ]

5 Generalizing to Bennett’s Inequality

Part of what makes the proof approach in this paper useful is that the basic approach naturally extends to many
other settings. To showcase, this, we will prove in this section an adaptive version of Bennett’s inequality [2]. More
generally, the proof also extends to give Azuma’s inequality [1], McDiarmid’s inequality [22], and various Bernstein-
type inequalities [3|4] (and, indeed, in their most basic formulations, all of these inequalities are corollaries of
Theorem hence our focus on Bennett’s inequality).

THEOREM 5.1. (ADAPTIVE VERSION OF BENNETT’S INEQUALITY) Let n € N and v € RY. Suppose that Alice
selects D1, Da, ..., Dy where each D; is a probability distribution over [—oo, 1] with mean 0 and with some variance
v;. Alice selects D1,Ds, ... one at a time, and once a given D; is selected, a random variable X; is drawn from
the distribution D;. Alice gets to select the D;s (and thus also the v;s) adaptively, basing D; on the outcomes of
X1,...,X;-1. The only constraint on Alice is that Z;;l v; <.

Define X = Y"1 | X;. Then, for k € [1,/v], we have that

(the small-deviation case) Pr[X > k] < 9—Q(k*)
And for r > 1, we have

(the large-deviation case) Pr[X > rv] < 0(1/70)9(“1),

In the small-deviation case, and with a few extra constraints on Alice (namely that X; € [—1,1] and that
> wv; = v), we can also get a matching lower bound. As far as I know, this lower bound has not appeared in past
work, and does not follow from standard techniques.

Tndeed, the probability that exactly one coin evaluates to 1 is ("/(f“))p(l —p)/rw =1 Since n/(rp) = p~lr~1, this probability

is at least »—1(1 —p)P_lfl >r—1/e.
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THEOREM 5.2. (LOWER BOUND FOR BENNETT’S INEQUALITY) Let n,v € N. Suppose that Alice selects
D1,Ds, ..., D, where each D; is a probability distribution over [—1,1] with mean 0 and with some variance
v;. Alice selects D1, Ds, ... one at a time, and once a given D; is selected, a random variable X; is drawn from
the distribution D;. Alice gets to select the D;s (and thus also the v;s) adaptively, basing D; on the outcomes of
X1,...,X;_1. The only constraint on Alice is that Z?:l v; = V.

Define X =" | X;. Then, for k € [1,/v], we have that

Pr[X > Q(kyo)] > 2706,

It is worth noting that, as an immediate corollary of Theorem [5.1] we also get a general-purpose Chernoff
bound for non-iid real-valued coin flips (sometimes known as Hoeffding’s bound).

COROLLARY 5.1. (CHERNOFF BOUND FOR NON-IDENTICAL REAL-VALUED COIN FLIPS [15]) Let
Xi,..., X, €[0,1] be independent random variables with means p1,...,pn. Let p =73 .p; and let X =3 X;.
Then, for any integer k < \/j1,

(5.16) PriX > p+ ky/m) < 27909,

And for any r > 1,
Pr[X > p+ryu] < O(1/r)%rH),

Proof. Each X; has variance E[X?] — p? < E[X] < p;. So the result follows from Theorem 5.1 0

The rest of this section is structured as follows. Section [5.1]| presents some basic prelimanaries, culminating
in a variation of the Poor Man’s Chernoff Bound that can be used in the proof Theorem Sections 5.2 and
then prove the small and large deviation cases, respectively, for Theorem Finally, Section [5.4] proves Theorem

5.1 Preliminaries We begin by proving some preliminary lemmas that will be useful for both the upper and
lower bounds. Our first lemma bounds the variance of X by v.

LEMMA 5.1. We have E[X?] = E[}_, v;] <.

Proof. Define Y; = 23:1 X;. It suffices to show that for each i € [n], we have E[Y;? — Y2 ;] = E[v;]. By linearity
of expectation,
E[Y?] = E[(X; + Yi_1)?] = E[X?] + E[Y?2 ] + 2E[X;Y;_4].

No matter the outcome of Y;_;, we have that E[X;] = 0, so E[X;Y;_1] = 0. Thus E[Y?] = E[X?] + E[Y2,] =
E[v;] + E[Y?2 ], as desired. O

Let Yiax = max; Zgzl X; be the largest sum achieved by any prefix of the X;s. Our next lemma uses
Chebyshev’s inequality to bound Y ax.

LEMMA 5.2. For any ¢ > 1, Pr[Y2, > (] <

1
mazr = 7
Proof. By Lemma [5.1] we know that the variance of X is at most v. By Chebyshev’s inequality, it follows that
Pr[X2 > fv] < %.
Notice, however, that if Y2, > (v, then Alice can also force X? > (v: as soon as (}_7_, X;)? > (v for some
J, she simply sets X;1,..., X, to be deterministically 0. Thus any tail bound on X implies the same tail bound

on Yax, and the lemma is proven. O

Our next lemma establishes the key technical ingredient that we will need in order to obtain a Poor
Man’s Chernoff Bound. The lemma transforms bounds on Pr[Yi.x > af, for a given «, into bounds on
Pr[Yimax > a4+ 8+ 1| Yiax > 8] for a given a, §.
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LEMMA 5.3. (LAW OF DIMINISHING GROWTH) Let ¢ be a real number such that Pr[Yy.. > o] < q holds
independently of Alice’s strategy. For any > 0, if Alice follows a strategy A such that Pr[Yie. > 5] > 0,
then Pr[Yias > B+ a+1| Yy > 0] <q.

Proof. Suppose Alice follows strategy A and that Yy, > . Let j be the smallest j such that 5 < 23:1 X, < p+1.
Define Y, ,, = maxjs; Zf:jﬂ X; to be the maximum sum achieved by any prefix of X;1, Xj40,..., Xp.
If Viax > B+ a + 1, then we must have Y > «. On the other hand, by the definition of g, we have

max

Pr[Y /.. > a] < qE| Thus Pr[Yipax = 8+ @+ 1| Yinax > 5] < q. d

Building on Lemma [5.3] we can immediately obtain a Poor Man’s Chernoff Bound:

LEMMA 5.4. (POOR MAN’S CHERNOFF BOUND) Ifv > 1, then for any k € N,
(5.17) Pr[X > 4k < 1/4F.
And if v < 1, then for any k € N,

(5.18) Pr[X > k] < o*/2.

Proof. If v > 1, then Lemma bounds Pr[Y;2,, > 4v] < 1/4 and thus Pr[Y.x > 2y/v] < 1/4. By Lemma
it follows that for any j € N, we have Pr[Yiax > (200 +1)j] < 2, and thus that Pr[Yi. > 4y/vj] < .
If v < 1, then Lemma [5.2) bounds Pr[Y;2,. > 1] < v and thus Pr[Yyax > 1] < v. By Lemma it follows
that for any integer j > 0, Pr[Yiyax > 1+ 27] < vt which implies .
0

Of course, the bounds achieved in the previous lemma are much weaker than those stated by Theorem[5.1] On
the other hand, we achieved them with almost no work: we simply combined a trivial application of Chebyshev’s
inequality (Lemma with a natural observation about sums of random variables (Lemma .

Finally, we will also need an extension of Proposition|3.2] our Chernoff bound for Geomeric Random Variables:

PROPOSITION 5.1. Let Y7,Ya,...,Y, be real-valued random variables and let p € (0,1). Suppose that, for each
i € [n] and j € N, if we condition on any outcomes for Y1,Ya,...,Y;_1, then Y; satisfies

Pr[Y; > j | Y,...,Yiq] <pl.

Then the sum'Y =), Y; satisfies
Pr[Y > 2n] < (4p)".

Proof. The proof is the same as for Proposition except that the reasoning which we use to derive (3.9) now
becomes:

Pr[Y; > g; for all i] < [[Pr(Y; > i | Y1 > qr,...,Yic1 2 gia] < [ p% = p™
i=1 =1
O

With these preliminaries in place, we can now proceed to prove much stronger bounds using the same approach
as in previous sections.

2Here, we are implicitly using the following observation: any strategy that Alice an use to make Y., large could also be used to
make Ymax large, as Alice can set X1, X2,...,X; := 0 in order to force Y ax = Ymax-
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5.2 Upper Bound for the Small-Deviation Regime In this section, we establish an upper bound for the
small-deviation regime: we prove that for any k < /v, we have

1
(5.19) Pr(X > 33kV0] < 5.

Call an X; oversized if v; > v/k?. Since Y, v; < v, there can be at most k? oversized X;s. Since each X;
satisfies X; < 1, the total contribution of oversized X;s to X is at most k2 < k+/v. In the rest of the proof, we will
assume without loss of generality that there are no oversized X;s and that our task is to bound Pr[X > 32k\/v].

Partition the random variables X1, Xo, ..., X,, into at most k? groups such that the X;s in each group have
variances that sum to at most 2v/k?. We define the partition greedily: we end group j and begin group j + 1
once the X;s in group j have sum of variances at least v/k?. Note that, since the v;s are random variables, even
the outcome of which X;s are in each group are random variables.

Define C1, Cs, . .., Ck2 so that C; is the sum of the Xs in the i-th group (or 0 if no such group exists). Each C;
has expected value 0, variance at most 2v/k? (by Lemma, and standard deviation at most y/2v/k? < 2y/v/k.

Throughout the rest of the proof, define ¢ = 2,/v/k to be an upper bound on the standard deviation of each
C;. The statement X > 32k+/v is equivalent to the statement X > 16k%0. Thus our goal is to bound

(5.20) Pr[X > 16k%0] < =R
One should think of this as the probability that the average C; is at least 16 standard deviations large.
Condition on any outcomes for Cj,...,C;_;. Then, applying the Poor Man’s Chernoff Bound (Lemma
to C;, we have that
PI‘[CZ 2 dto ‘ Cl, ey Cifl] S 1/4t

Rewriting this in terms of C; := C;/(80) gives
Pr[@l 2 t | 61, PN ,62'_1] § 1/16t

In other words, C; | Cy,...,C;_1 is bounded above by a geometric random variable (with mean roughly 1/16),
and this holds no matter the outcomes of Cq,...,C;_1.
It follows by Proposition [5.1] that
k2
Pr|Y 0, > 2k <47
i=1

Rewriting this in terms of the C;s gives (5.20)), as desired.

5.3 Upper Bound for the Large-Deviation Regime In this section, we establish an upper bound for the
large-deviation regime: we prove that for any r» > 1 and for any v > 0 such that rv is a positive integer,

1

(5.21) Pr[X > 3rv] < @ajryE

This implies the large-deviation case in Theorem [5.1

Call an X; oversized if v; > 1/r. Since ), v; < v, there can be at most rv oversized X;s. Since each X
satisfies X; < 1, the total contribution of oversized X;s to X is at most rv. In the rest of the proof, we will
assume without loss of generality that there are no oversized X;s and that our task is to bound Pr[X > 2rv].

Partition the random variables X7, Xo, ..., X, into at most rv groups such that the X;s in each group have
variances that sum to at most % (Note that, by Lemma applied just to the X;s in the group, this implies
that the sum of the X;s in the group has variance at most =.) To construct the groups, we define the partition
greedily, meaning that we end group j and begin group j + 1 once group j has sum of variances at least % The
final X; in the group has variance v; < 1/r by assumption, so the sum of the variances in each group is at most
2/r.

Define C1,Cy,...,Cyy so that C; is the sum of the Xjs in the é-th group (or 0 if no such group exists),
conditioned on the outcomes of the previous groups C1,Cs,...,C;_1. Each C; has expected value 0 and variance

at most 2/r (by Lemma [5.1)).
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Condition on any outcomes for Cy,...,C;—;. By our Poor Man’s Chernoff Bound (Lemma to C;, we
have that
Pr[C; >t | C,...,Ciq] < (2/r)2

In other words, C; | Cy,...,C;_1 is bounded above by a geometric random variable with mean O(1/1/r), and
this holds no matter the outcomes of C1,...,C;_1.
It follows by Proposition [5.1] that

Pr [i C; > 2rv] < (4V/2/r) < (32/r)"V/2.

i=1
This completes the proof of (5.21).

5.4 Lower Bound for the Small-Deviation Regime Finally, we prove Theorem That is, we wish
to show that, if Alice is required to satisfy >, v; = v (rather than just ), v; < v), and if Alice is required to
guarantee that each X; € [—1,1] (rather than (—oo,1]), then for any k& < \/v, we have

1
Partition the random variables X1, X», ..., X,, into ©(k?) groups such that the variances of the X;’s in each

group sum to between v/k? and 2v/k%. We define the partition greedily, meaning that once a given group j
reaches v/k?, and if the total amount of remaining variance is at least v/k?, then we begin a new group j + 1.
Define C1,Cy, ..., Cgi2) so that C; is the sum of the Xs in the i-th group. Each C; has expected value 0,
variance at least v/k? (by Lemma , and standard deviation at least v/v/k.
We will prove the following lemma:

LEMMA 5.5. No matter the outcomes of C1,...,C;—1, we have

PrC; > Q(/o/k)] = Q).

It follows that,

Prlevery C; satisfies C; > Q(v/v/k)] > Q(l)o(kz) = %
On the other hand, if every C; satisfies C; > Q(y/v/k), then X = Zi@:(]f) C; > Q(k+/v). Thus, if we can establish
Lemma then we will have also proven @D
Before diving into the proof of Lemma [5.5] I should make a small apology. The following proof is somewhat
more messy than I would like it to be. With that said, the result that we are proving is ancillary—it’s only needed
for the lower bound. In fact, the lower bound in this subsection is so rarely discussed that I have not been able
to find any examples of it being discussed or even mentioned in the literature.

Proof. [Proof of Lemma We make use of two facts. The first is that C; has variance at least v/k?, so
(5.23) E[C?] > v/k?.
The second is that |C;] is unlikely to be large. For this, Lemma suffices, telling us that
Pr(|Cy| > 4j+/Var(C;)] < 1/47,
which, since Var(C;) < 2v/k? < (24/v/k)?, means that
(5.24) Pr{|Cy| > 8jv/u k] < 1/47 < 1/27.

For notational convenience, define QQ = \/% - Our goal is thus to establish that @) > Q(1) with probability

Q(1). Equations (5.23) and (5.24) translate to
(5.25) E[Q%] > 1.

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited

90



Downloaded 04/06/25 to 109.81.82.1 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

and
(5.26) Pr{|Q| > 8] < 1/2/.

It might seem strange that would be useful in this proof, since is an upper bound on |Q| and we
want a lower bound on (). Importantly, however, forces E[|Q|] and E[Q?] to be almost completely determined
by cases where |@| is small. Indeed, two immediate consequences of are that, if ¢ is a sufficiently large
positive constant, then

(5.27) EllQl - Tigzc] < 1/c
and
(5.28) E[Q* - Tig> < 1/e.

Take ¢ to be a sufficiently large positive constant and suppose for contradiction that Pr[|Q] > 1/c] < 1/c3.

Then by (5.28),

E[Q* < Pr(|Q| < 1/c]- 1/ + Pr[l/c <|Q < ] - ¢ + E[Q® - L jg|>]
<1/ +1/c+1/e< 1,

which contradicts (5.25). Thus Pr[|Q| > 1/c] > Q(1).

This doesn’t complete the proof, because we are interested in Pr[@Q > Q(1)], not Pr[|Q] > Q(1)]. However,
the fact that Pr[|Q| > 1/c] > Q(1) does establish that E[|Q]|] > ©(1). Since E[Q] = 0, it follows that if we define
Q' = Q -Ig>o to be the positive component of @, then

(5.29) E[Q] > Q(1).

Now take ¢’ to be a sufficiently large positive constant and suppose for contradiction that Pr[@Q’ > 1/¢] < 1/c2.

Then by (5.27),

EQ] <PrlQ <1/d]-1/d +Pr[1/d <Q <] - +E[|Q| Ig>c]
<1/ +1/d +1/,

which, if ¢ is sufficiently large, contradicts (5.29). Thus there exists some positive constant ¢’ such that
Pr[Q" > 1/c] > 1/¢? = Q(1). This establishes that

Pr[Q" > Q(1)] = (1),
which implies that Pr[Q > Q(1)] = Q(1) and thus that Pr[C; > Q(v/o/k)] > Q(1). g
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A Proof of (3.7)

In this appendix, we will give a simple combinatorial proof of the following basic lemma about coin flips:
PROPOSITION A.1. Let X1, Xs,..., Xy be fair and independent £1 coin flips. Then, Pr[X > \/n/4] > 1/4.

Define Z; = Z;:l X;. We can think of the Z;s as following a random walk, starting at 0, and progressing +1
with equal probability on each step. As a thought experiment, let us continue this random walk in perpetuity, so
we extend 7y, Zs, ..., Z, to an infinite sequence 21, Zs, . . ..

For each r > 1, let t,. be the first time that the random walk reaches +r, that is, the smallest t > 1 such that
|Z:| = r. It is a simple exercise to show that ¢, exists with probability 1E|

The main step in proving Proposition is to solve for E[t,].

LEMMA A.l. For every power of two r = 2¢, we have that

E[t,] = r*

Proof. We can prove this by induction. Since ¢; = 1, it suffices to show that for all r = 2! > 1,
(A1) Elt,] = 4Et, ).

We can prove with a simple thought experiment. Suppose we wish to solve for E[t,]. The expected time
to get from 0 to 47/2 is just E[t,/5]. Say, without loss of generality, that we get to r/2, rather than —r/2 first.
From there, the expected time to get to either 0 or r is again E[t,/5]. At that point, we are either done (we
have reached r), or we are back at 0 (with fifty percent chance). In the latter case, we need to restart the entire
process: our expected time to get to +r is once again E[t,]. Thus, we have the following recursion:

E[t,] = 2E[t, /2] + 0.5 - E[t,].
This, in turn, implies (A.1)), which completes the proof. 0
We can now prove Proposition with a simple application of Markov’s inequality.

Proof. [Proof of Proposition First observe that, if there exists any ¢ < n for which Z; > \/n/4, then
with probability at least 1/2 we will also have Z, > \/n/4. This is because the portion of the random walk
determined by X;t1,...,X, has (by symmetry) at least a 1/2 chance of being non-negative. It follows that, to
prove Pr[Z, > \/n/4] > 1/4, it suffices to show that

Pr[3i < n such that Z; > /n/4] > 1/2.

Let r be the power of two in the range [v/n/4,+/n/2). If t, < n, then there exists i < n such that Z; > 0.1y/n.
It therefore suffices to show that
Prlt, <n] >1/2.

By Claim we have that E[t,] = r2 < n/4. Tt follows by Markov’s Inequality that Pr[t, > n] < 1/4, and
therefore that Pr[t, < n] > 3/4 > 1/2, as desired. O

3Indeed, one can argue that every r steps, there is a probability of at least 1/2" that we escape the interval (—r,r). It follows
that, after kr steps, the probability that we fail to escape the interval is (1 — 1/2T)k7 which goes to 0 as k goes to infinity.
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