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Abstract

We give a randomized 1 + /80 _approximation algorithm for the minimum k-edge con-
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1 Introduction

In an instance of the minimum k-edge connected subgraph problem, or k-ECSS, we are given
an (undirected) graph G = (V,E) with n := |V| vertices and a cost function ¢ : E — R, and
we want to choose a minimum cost set of edges F C E such that the subgraph (V, F) is k-edge
connected. In its most general form, k-ECSS generalizes several extensively-studied problems
in network design such as tree augmentation or cactus augmentation. The k-edge-connected
multi-subgraph problem, k-ECSM, is a close variant of k-ECSS in which we want to choose a k-
edge-connected multi-subgraph of G of minimum cost, i.e., we can choose an edge ¢ € E multiple
times. It turns out that one can assume without loss of generality that the cost function ¢ in
k-ECSM is a metric, i.e., for any three vertices x,y,z € V, we have ¢(x,z) < c¢(x,y) + c(y, z).

Around four decades ago, Fredrickson and Jaja [FJ81; FJ82] designed a 2-approximation algo-
rithm for k-ECSS and a 3/2-approximation algorithm for k-ECSM. The latter essentially follows
by a reduction to the well-known Christofides-Serdyukov approximation algorithm for the trav-
eling salesperson problem (TSP). Over the last four decades, despite a number of papers on the
problem [CTO00; KR96; Kar99; Gab05; GG08; Gab+09; Prill; LOS12], the aforementioned approx-
imation factors were only improved in the cases where the underlying graph is unweighted or
k > logn. Most notably, Gabow, Goemans, Tardos and Williamson [Gab+09] showed that if
the graph G is unweighted then k-ECSS and k-ECSM admit 1 + 2/k approximation algorithms,
i.e., as k — oo the approximation factor approaches 1. The special case of k-ECSM where k = 2
received significant attention and better than 3/2-approximation algorithms were designed for
special cases [CR98; BFS16; SV14; Boy+20].

Motivated by [Gab+09], Pritchard posed the following conjecture:

Conjecture 1.1 ([Prill]). The k-ECSM problem admits a 1+ O(1)/k approximation algorithm.

In other words, if true, the above conjecture implies that the 3/2-classical factor is not optimal
for sufficiently large k, and moreover that it is possible to design an approximation algorithm
whose factor gets arbitrarily close to 1 as k — co. In this paper, we prove a weaker version of the
above conjecture.

Theorem 1.2 (Main). There is a randomized algorithm for (weighted) k-ECSM with approximation factor
(at most) 1 + |/ 81k,

We remark that our main theorem only improves the classical 3/2-approximation algorithm
for k-ECSM only when k > 164 (although one can use the more precise expression given in the
proof to, for example, improve upon 3/2 for even values of k > 66).

ForasetS C V,letd(S) = {{u,v} : [{u,v} NS| = 1} denote the set of edges leaving S. The
following is the natural linear programming relaxation for k-ECSM.

min ) xec(e)

ecE

st. x(6(v))=k VYoeV 1)
x(6(S)) >k VSCV
X >0 Ve € E.



Note that while in an optimum solution of k-ECSM the degree of each vertex is not necessarily
equal to k, since the cost function satisfies the triangle inequality we may assume that in any opti-
mum fractional solution each vertex has (fractional) degree k. This follows from the parsimonious
property [GB93].

We prove Theorem 1.2 by rounding an optimum solution to the above linear program. So, as
a corollary we also upper-bound the integrality gap of the above linear program.

Corollary 1.3. The integrality gap of LP (1) is at most 1 + %‘k.

1.1 Proof Overview

Before explaining our algorithm, we recall a randomized rounding approach of Karger [Kar99].
Karger showed that if we choose every edge e independently with probability x,., then the sample
is k — O(y/klog n)-edge connected with high probability. He then fixes the connectivity of the
sample by adding O(y/klogn) copies of the minimum spanning tree of G. This gives a 1+
O(+/logn/k) approximation algorithm for the problem.

First, we observe that where x is a solution to the LP (1), the vector 2x/k is in the spanning
tree polytope (after modifying x slightly, see Fact 2.1 for more details). Following a recent line
of works on the traveling salesperson problem [OSS11; KKO20] we write 2x/k as a A-uniform
spanning tree distribution, ). Then, we independently sample k/2 spanning trees' Ty, ..., Ty/».
It follows that T* = Ty W T W - - - W Ty /» has the same expectation across every cut as x, and due
to properties of A-uniform spanning tree distributions it is concentrated around its mean. Unlike
the independent rounding procedure, T* has at least k/2 edges across each cut with probability
1. This implies that the number of “bad” cuts of T*, i.e. those of size strictly less than k, is at
most (n — 1)k/2 (with probability 1). This is because any tree T; has strictly less than 2 edges in
exactly n — 1-“tree cuts,” and a cut lying on no tree cuts must have at least k edges in T*.

We divide these potentially O(nk) bad cuts into two types: (i) Cuts S such that 5(S)p« >
k — av/k/2 —1 and (ii) Cuts S where §(S) 1+ < k — av/k/2 — 1, for some & = ©(1/Ink). We fix all
cuts of type (i) by adding a+v/k/2 — 1 copies of the minimum spanning tree of G. To fix cuts S of
type (ii), we employ the following procedure: for any tree T; where 6(S)7, = 1 and S is of type
(ii), we add one extra copy of the unique edge of T; in §(S). To bound the expected cost of our
rounded solution, we use the concentration property of A-uniform trees on edges of T* to show
that the probability any fixed cut 6(S) is of type (ii) is exponentially small in &, < e~**/2, even if
we condition on 6(S)7, = 1 for a single tree T;.

1.2 Algorithm

For two sets of edges F, F/ C E, we write F W F’ to denote the multi-set union of F and F’ allowing
multiple edges. Note that we always have |F W F'| = |F| + |F/|.

Let x be an optimal solution of LP (1). We expand the graph G = (V,E) to a graph G° by
picking an arbitrary vertex u € V, splitting it into two nodes 1o and vy, and then, for every edge
e = (u,w) incident to u, assigning fraction @ to each of the two edges (o, w) and (vp, w) in G°.
Call this expanded graph G, its edge set E’, and the resulting fractional solution x°, where x°(e)

1If k is odd, we sample [k/2] trees. The bound remains unchanged relative to the analysis we give below as the
potential cost of one extra tree is O(OPT /k).



and x(e) are identical on all other edges. (Note that each of 1y and vy now have fractional degree
k/2 in x0.) In Fact 2.1 below, we show that Z - x0 is in the spanning tree polytope for the graph
GY. For ease of exposition, the algorithm is described as running on G° (and spanning trees” of
G), which has the same edge set as G (when 1 and v are identified).

Our algorithm is as follows:

Algorithm 1 An Approximation Algorithm for k-ECSM

1: Let 2 be an optimum solution of (1) extended to the graph G° as described above.

2: Find weights A : E® — R such that for any e € EO, P, [e] < 2x0(1+27"). > By
Theorem 2.2

3: Sample k/2 spanning trees Ty, - -, Ty/o ~ py (in G°) independently and let T* < T; W - - - ¥
Ty /2-

4: Let B be ay/k/2 — 1 copies of the MST of G. > a = ®(1/Ink) is a parameter we choose later.
5 fori € [§] and e € T; do

6: if Cr,(e)+ <k —avk/2—1and (up,v9) ¢ Cr,(e) then

7: F+ FUW {6}

8: end if

9: end for

10: Return T* W BWF.

2 Preliminaries

For any set of edges F C E and a set of edges T C E, we write
Fr:=|FNT|.

Also, for any edge weight function x : E — R, we write x(F) := Y ,cr x(e).

For any spanning tree T of G°, and any edge e € T, we write Cr(e) C E to denote the set of
edges in the unique cut obtained by deleting e from T. Of particular interest to us below will be
Cr.(e)r+ = |Cr,(e) N T*| where e is an edge in T;.

We will also use the notation (19, v9) ¢ C to indicate that uy and vy are on the same side of
the cut C.

2.1 Random Spanning Trees

Edmonds [Edm70] gave the following description for the convex hull of the spanning trees of
any graph G = (V, E), known as the spanning tree polytope.

z(E)=1|V| -1
z(E(S)) <|S] -1 VSCV (2)
ze >0 Ve € E.

Edmonds also [Edm70] proved that the extreme point solutions of this polytope are the charac-
teristic vectors of the spanning trees of G.

2A spanning tree in G is a 1-tree in G, that is, a tree plus an edge.
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Fact 2.1 ([KKO20]). Let x be the optimal solution of LP (1) and x° its extension to G° as described above.
Then % - x° is in the spanning tree polytope (2) of G°.

Proof. For any set S C V(G°) with ug,vg ¢ S, x°(E(S)) = w < k(S| —1). Ifu €
S,v0 & S, then x°(5(S)) > k/2, so x°(E(S)) < "0‘5‘—"/+xo<5(5” < 5(|S| = 1). Finally, if up, vy € S,
then x°(6(S)) > k. Thus, x°(E(S)) = w 5(|S| —2). The claim follows because
() = 158 = §(V(E0)] - 1). =

IN

Given nonnegative edge weights A : E — R>(, we say a distribution y, over spanning trees
of G is A-uniform, if for any spanning tree T,

Pry, [T) < [ A(e).
ecT
Theorem 2.2 ([Asa+17]). There is a polynomial-time algorithm that, given a connected graph G =
(V,E), and a point z € RIEl in the spanning tree polytope (2) of G = (V,E), returns A : E — Rsxq such
that the corresponding A-uniform spanning tree distribution ) satisfies

Z pr(T) < (1427")z, Ve € E,
TeT:ecT

i.e., the marginals are approximately preserved. In the above T is the set of all spanning trees of G.

2.2 Bernoulli-Sum Random Variables

Definition 2.3 (Bernoulli-Sum Random Variable). We say BS(q) is a Bernoulli-Sum random variable
if it has the law of a sum of independent Bernoullis, say By + By + --- 4 By for some t > 1, with
E[Bi+---+B]=4q.

Fact 24. If X = BS(q1) and Y = BS(q2) are two independent Bernoulli-sum random variables then
X+Y = BS(q1 + q2).

Lemma 2.5 ([BBL09; Pit97]). Given G = (V,E) and A € E — Rx, let y, be the A-uniform spanning
tree distribution of G. Let T be a sample from u,. Then for any fixed F C E, the random variable Fr is
distributed as BS(E [Fr]).

Theorem 2.6 (Multiplicative Chernoff-Hoeffding Bound for BS Random Variables). Let X = BS(q)
be a Bernoulli-Sum random variable. Then, for any 0 < e < land q' <gq

2y

P[X<(l—e)]<e 2.

3 Analysis of the Algorithm

In this section we prove Theorem 1.2. We first observe that the cuts of G are precisely the cuts of
GV that have ug and vy on the same side of the cut, and for any such cut the set of edges crossing
the cut in G and in G° is the same (once 1 and vy are contracted). We begin by showing that the
output of Algorithm 1 is k-edge connected (in G) with probability 1.



Lemma 3.1 (k-Connectivity of the Output). For any a« > 0O, the output of Algorithm 1, F& BWT* is
a k-edge connected subgraph of G.

Proof. Fix spanning trees T, -+, Ty, in G° and let C = §(S) for some S, where (ug,v9) ¢ C.
We show that Cr«yrwp > k. If Cr+ > k —a+/k/2 — 1, then since B has a+/k/2 — 1 copies of the
minimum spanning tree, Ct+yp > k and we are done. Otherwise Cr+ < k —a+/k/2 — 1. Then, we
know that for any tree Tj, either Cr; > 2 or Cr, = 1. If Cr, = 1, since (uo,v9) ¢ Cr,, F has one
extra copy of the unique edge of T; in C. Therefore, including those cases where an extra copy of
the edge e is added, each T; has at least two edges in C, so Cr+yr > k as desired. O

Lemma 3.2. Forany 0 <a <+k/2—-1,1<i<k/2,andanye € E,
P |:CT,-(€)T* <k—aVvk/2—1le € T; A (ug,v0) ¢ CT,-(E)} < e 2,

where the randomness is over spanning trees Ty, - -+ ,Ti_1, Tiz1,- - -, Tx/2 independently sampled from
Ha-
Proof. Condition on tree T; such that e € T; and (up, v9) € Cr(e;).

By Lemma 2.5, for any j < k/2 such that j # i, Cr,(e)r, is a BS(E [CTi(e)T]} ) random variable,
with E [CTi(e)T]} = 2x(Cr,(e)) > 2. Also, by definition, Cr,(¢)7, = 1 (with probability 1). Since
Ti,- -+, Tx/2 are independently chosen, by Fact 2.4 the random variable Cr,(e)7- is distributed as

BS(q) for g > k — 1. Since each T; has at least one edge in Cr,(e), Cr,(e)7+ > k/2 with probability
1. So, by Theorem 2.6, with ¢’ =k —1—k/2, when 0 < a < v/k/2 —1,

P [CTi(e)T* <k—avk/2—1le € T A (ug,v0) & CTZ.(e)}

w/ VET2Z=1)2(k/2—
— P [CTi(e)T* —k/2 < k/2—avk/2—1le € T; A (uo,v0) & CTi(e)} S s e
Averaging over all realizations of T; satisfying the required conditions proves the lemma. O

Proof of Theorem 1.2. Let x be an optimum solution of LP (1). Since the output of the algorithm
is always k-edge connected we just need to show E [c(FUT*UB)] < (1 + w%) c(x). By
linearity of expectation,
. k k 2
E[e(T)] = Y Ele(T)] = 5 ) c(e)Py, [e] = 5 Y e(e) - L - xe = e(x),
i€[§] ecE ecE
where for simplicity we ignored the 1+ 27" loss in the marginals. On the other hand, since by

Fact 2.1, & is in the spanning tree polytope of G°, ¢(B) < @ cavk/2—-1< "\‘/le% It remains to

bound the expected cost of F. By Lemma 3.2, we have,
k/2

E[c(F)] = Y c(e) Y IPle € T A (uo,v9) & Cr,(e)] P [CTZ.(e)T* <k—avk/2—1le € T: A (ug,v0) & CTi(e)]
ecE i=1
< Y c(e)xee™ ™/ < e 2 (x).

ecE
Putting these together we get, E[c(T* UBUF)] < (1+ a/vk/2 + e */2)c(x). Setting & =
+/In (%) finishes the proof. O



References

[Asa+17] Arash Asadpour, Michel X. Goemans, Aleksander Mdry, Shayan Oveis Gharan, and
Amin Saberi. “An O (log n /log log n )-Approximation Algorithm for the Asymmetric
Traveling Salesman Problem”. In: Operations Research 65.4 (2017) (cit. on p. 4).

[BBL09]  Julius Borcea, Petter Brandén, and Thomas M. Liggett. “Negative dependence and the
geometry of polynomials”. In: Journal of the American Mathematical Society 22.2 (2009),
pp- 521-567 (cit. on p. 4).

[BES16]  Sylvia Boyd, Yao Fu, and Yu Sun. “A 5/4-approximation for subcubic 2EC using
circulations and obliged edges”. In: Discrete Applied Mathematics 209 (2016), pp. 48-58
(cit. on p. 1).

[Boy+20] Sylvia Boyd, Joseph Cheriyan, Robert Cummings, Logan Grout, Sharat Ibrahimpur,
Zoltan Szigeti, and Lu Wang. “A 4/3-Approximation Algorithm for the Minimum 2-
Edge Connected Multisubgraph Problem in the Half-Integral Case”. In: APPROX/RANDOM.
Ed. by Jarostaw Byrka and Raghu Meka. Vol. 176. Schloss Dagstuhl-Leibniz-Zentrum
fiir Informatik, 2020, 61:1-61:12 (cit. on p. 1).

[CR98] Robert Carr and R. Ravi. “A New Bound for the 2-Edge Connected Subgraph Prob-
lem”. In: IPCO. Ed. by Robert E. Bixby, E. Andrew Boyd, and Roger Z. Rios-Mercado.
Berlin, Heidelberg: Springer Berlin Heidelberg, 1998, pp. 112-125 (cit. on p. 1).

[CTO0] J. Cheriyan and R. Thurimella. “Approximating minimum- size k-connected spanning
subgraphs via matching”. In: SIAM ] Comput 30 (2000), pp. 528-560 (cit. on p. 1).

[Edm70] Jack Edmonds. “Submodular functions, matroids and certain polyhedra”. In: Com-
binatorial Structures and Their Applications. New York, NY, USA: Gordon and Breach,
1970, pp. 69-87 (cit. on p. 3).

[FJ81] G. N. Fredrickson and Joseph F. JaJ4. “Approximation Algorithms for Several Graph
Augmentation Problems”. In: SIAM ]. Comput. 10.2 (1981), pp. 270-283 (cit. on p. 1).

[F]82] G. N. Fredrickson and Joseph F. JdJa. “On the relationship between the biconnectivity
augmentation and traveling salesman problem”. In: Theoretical Computer Science 19
(1982), pp. 189 —201 (cit. on p. 1).

[Gab05] H. Gabow. “An improved analysis for approximating the smallest k-edge connected
spanning subgraph of a multi-graph”. In: SIAM | Disc Math 19 (2005), pp. 1-18 (cit. on
p-1).

[Gab+09] Harold N. Gabow, Michel X. Goemans, Eva Tardos, and David P. Williamson. “Ap-

proximating the smallest k-edge connected spanning subgraph by LP-rounding”. In:
Networks 53.4 (2009), pp. 345-357 (cit. on p. 1).

[GB93] Michel X. Goemans and Dimitris Bertsimas. “Survivable networks, linear program-
ming relaxations and the parsimonious property”. In: Math. Program. 60 (1993), pp. 145
166 (cit. on p. 2).

[GG08]  H. Gabow and S. Gallagher. “Iterated rounding algorithms for the smallest k-edge
connected spanning subgraph”. In: SIAM ]. Comput. 41 (2008), pp. 61-103 (cit. on

p-1).



[Kar99]

[KKO20]

[KR96]

[LOS12]

[OSS11]

[Pit97]

[Prill]

[SV14]

D. Karger. “Random sampling in cut, flow, and network design problems”. In: Math
OR 24 (1999), pp. 383413 (cit. on pp. 1, 2).

Anna R. Karlin, Nathan Klein, and Shayan Oveis Gharan. “A (Slightly) Improved
Approximation Algorithm for Metric TSP”. In: CoRR abs/2007.01409 (2020) (cit. on

pp- 2, 4).
S. Khuller and B. Raghavachari. “Improved approximation algorithms for uniform
connectivity problems”. In: | Algorithms 21 (1996), pp. 434-450 (cit. on p. 1).

Bundit Laekhanukit, Shayan Oveis Gharan, and Mohit Singh. “A Rounding by Sam-
pling Approach to the Minimum Size k-Arc Connected Subgraph Problem”. In: ICALP.
Ed. by Artur Czumaj, Kurt Mehlhorn, Andrew M. Pitts, and Roger Wattenhofer.
Vol. 7391. Lecture Notes in Computer Science. Springer, 2012, pp. 606-616 (cit. on

p-1).
Shayan Oveis Gharan, Amin Saberi, and Mohit Singh. “A Randomized Rounding

Approach to the Traveling Salesman Problem”. In: FOCS. IEEE Computer Society,
2011, pp. 550-559 (cit. on p. 2).

Jim Pitman. “Probabilistic bounds on the coefficients of polynomials with only real
zeros”. In: Journal of Combinatorial Theory, Series A 77.2 (1997), pp. 279-303 (cit. on p. 4).

David Pritchard. “k-Edge-Connectivity: Approximation and LP Relaxation”. In: Ap-
proximation and Online Algorithms. Ed. by Klaus Jansen and Roberto Solis-Oba. Berlin,
Heidelberg: Springer Berlin Heidelberg, 2011, pp. 225-236 (cit. on p. 1).

Andrés Sebo and Jens Vygen. “Shorter tours by nicer ears: 7/5-Approximation for the
graph-TSP, 3/2 for the path version, and 4/3 for two-edge-connected subgraphs”. In:
Combinatorica 34.5 (2014), pp. 597-629 (cit. on p. 1).



	1 Introduction
	1.1 Proof Overview
	1.2 Algorithm

	2 Preliminaries
	2.1 Random Spanning Trees
	2.2 Bernoulli-Sum Random Variables

	3 Analysis of the Algorithm

