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January 2, 2023

1 Revenue-maximizing auctions

We consider the Bayesian model, which consists of a single-parameter environment (x, p) with
n bidders, where, for each bidder i, the private valuation vi of i is drawn from a probability
distribution Fi with density function fi and with support contained in [0, vmax]. The distributions
F1, . . . , Fn are independent, but not necessarily the same. We recall that if F is a probability
distribution with density f and with support [0, vmax], then f(z) = d

dzF (z) and F (x) =
∫ x

0
f(z) dz.

Also, for a random variable X, we have Ez∼F [X] =
∫ vmax

0
x · f(x) dx.

The virtual valuation of bidder i with valuation vi drawn from Fi is φi(vi) = vi− 1−Fi(vi)
fi(vi)

. The

virtual social surplus is
∑n

i=1 φi(vi) · xi(v).
We consider only DSIC auctions.

Exercise 1. Let F be the uniform probability distribution on [0, 1]. Consider a single-item auction
with two bidders 1 and 2 that have probability distributions F1 = F and F2 = F on their valuations.
Prove that the expected revenue obtained by the Vickrey auction (with no reserve) is 1/3.

Exercise 2. Compute the virtual valuation function of the following probability distributions and
show which of these distributions are regular (meaning the virtual valuation function is strictly
increasing).

( a) The uniform distribution F (z) = z/a on [0, a] with a > 0,

(b) The exponential distribution F (z) = 1− e−λz with rate λ > 0 on [0,∞),

Exercise 3. Consider a single-item auction where bidder i draws his valuation from his own
regular distribution Fi, that is, the probability distributions F1, . . . , Fn can be different but all
virtual valuation functions φ1, . . . , φn are strictly increasing.

( a) Give a formula for the winner’s payment in an optimal auction, in terms of the bidders’ vir-
tual valuation functions φi. Verify that if F1 = · · · = Fn are uniform probability distributions
on [0, 1], then your formula yields Vickrey auction with reserve price 1/2.

(b) Find an example of an optimal auction in which the highest bidder does not win, even if he
has a positive virtual valuation.

Hint: It suffices to consider two bidders with valuations from different uniform distributions.

∗Information about the course can be found at http://kam.mff.cuni.cz/˜ryzak/
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