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A
b
stract

W
e

consider
the

follow
ing

cake
cutting

gam
e:

A
lice

chooses
a

set
P

of
n

points
in

the
square

(cake)
[0

,1] 2,
w

here
(0,0)

∈
P

;
B

ob
cuts

out
n

axis-parallel
rectangles

w
ith

disjoint
interiors,

each
of

them
having

a
point

of
P

as
the

low
er

left
corner;

A
lice

keeps
the

rest.

It
has

been
conjectured

that
B

ob
can

alw
ays

secure
at

least
half

of
the

cake.
T

his
rem

ains
unsettled,and

it
is

not
even

know
n

w
hether

B
ob

can
get

any
positive

fraction
independent

of
n.

W
e

prove
that

if
A

lice
can

force
B

ob’s
share

to
tend

to
zero,

then
she

m
ust

use
very

m
any

points;
nam

ely,
to

prevent
B

ob
from

gaining
m

ore
than

1/r
of

the
cake,

she
needs

at
least

2
2

Ω
(r

)
points.

K
eyw

ords:
C

om
binatorial

G
eom

etry,
C

ake
C

utting,
P

acking
R

ectangles

∗T
his

research
w

as
partially

done
at

the
G

rem
o

W
orkshop

on
O

pen
P

roblem
s

2010,
and

the
support

of
the

E
T

H
Z

ürich
is

gratefully
acknow

ledged.

1
In

tro
d
u
ctio

n

A
lice

h
as

b
aked

a
sq

u
are

cake
w

ith
raisin

s
for

B
ob

,
b

u
t

really
sh

e
w

ou
ld

like
to

keep
m

ost
of

it
for

h
erself.

In
th

is,
sh

e
relies

on
a

p
ecu

liar
h

ab
it

of
B

ob
:

h
e

eats
on

ly
rectan

gu
lar

p
ieces

of
th

e
cake,

w
ith

sid
es

p
arallel

to
th

e
sid

es
of

th
e

cake,
th

at
con

tain
ex

actly
on

e
raisin

each
,

an
d

th
at

raisin
h

as
to

b
e

ex
actly

in
th

e
low

er
left

corn
er

(see
F

ig.
1).

A
lice

gets
w

h
atever

rem
ain

s
after

B
ob

h
as

cu
t

ou
t

all
su

ch
p

ieces.
In

ord
er

to
give

B
ob

at
least

som
e

ch
an

ce,
A

lice
h

as
to

p
u

t
a

raisin
in

th
e

low
er

left
corn

er
of

th
e

w
h

ole
cake.

M
ath

em
atically,

th
e

cake
is

th
e

sq
u

are
[0,1] 2,

th
e

raisin
s

form
an

n
-p

oin
t

set
P
⊂

[0,1] 2,
w

h
ere

(0,0)
∈
P

is
req

u
ired

,
an

d
B

ob
’s

sh
are

con
sists

of
n

ax
is-p

arallel
rectan

gles
w

ith
d

isjoin
t

in
teriors,

each
of

th
em

h
av

in
g

a
p

oin
t

of
P

as
th

e
low

er
left

corn
er.

B
y

p
lacin

g
p

oin
ts

d
en

sely
alon

g
th

e
m

ain
d

iagon
al,

A
lice

can
lim

it
B

ob
’s

sh
are

to
12

+
ε,

w
ith

ε
>

0
arb

itrarily
sm

all.
A

n
atu

ral
q
u

estion
th

en
is,

can
B

ob
alw

ay
s

ob
tain

at
least

h
alf

of
th

e
cake?

T
h

is
q
u

estion
(in

a
cake-free

form
u

lation
)

ap
p

ears
in

W
in

k
ler

[5]
(“P

ack
in

g
R

ectan
gles”,

p
.
133),

w
h

ere
h

e
claim

s
it

to
b

e
at

least
10

years
old

an
d

of
origin

u
n

k
n

ow
n

to
h

im
.

T
h

e
fi

rst
w

ritten
referen

ce
seem

s
to

b
e

an
IB

M
p

u
zzle

w
eb

p
age

[1].

W
e

tried
to

an
sw

er
th

e
q
u

estion
an

d
cou

ld
n

ot,
p

rob
ab

ly
sim

ilar
to

m
an

y
oth

er
p

eop
le

b
efore

u
s.

W
e

b
elieve

th
at

th
ere

are
n

o
sim

p
le

ex
am

p
les

leav
in

g
m

ore
th

an
12

to
A

lice,
b

u
t

on
th

e
oth

er
h

an
d

,
it

seem
s

d
iffi

cu
lt

to
p

rove
even

th
at

B
ob

can
alw

ay
s

secu
re

0.0001%
of

th
e

cake.
W

e
w

ere
th

u
s

led
to

seriou
sly

con
sid

erin
g

th
e

p
ossib

ility
th

at
A

lice
m

igh
t

b
e

ab
le

to
lim

it
B

ob
’s

sh
are

to
less

F
ig.

1.
E

xam
ple:

A
lice’s

points
(left)

and
B

ob’s
rectangles

(right)



th
an

1/r,
for

every
r
>

0,
b

u
t

th
at

th
e

n
u

m
b

er
of

p
oin

ts
n

sh
e

w
ou

ld
n

eed
w

ou
ld

grow
en

orm
ou

sly
as

a
fu

n
ction

of
r.

H
ere

w
e

p
rove

a
d

ou
b

ly
ex

p
on

en
tial

low
er

b
ou

n
d

on
th

is
fu

n
ction

.
F

irst
w

e
in

tro
d

u
ce

th
e

follow
in

g
n

otation
.

F
or

a
fi

n
ite

P
⊂

[0,1] 2,
let

B
ob

(P
)

b
e

th
e

largest
area

B
ob

can
w

in
for

P
,

an
d

let
B
ob

(n
)

b
e

th
e

in
fi

m
u

m
of

B
ob

(P
)

over
all

n
-p

oin
t
P

as
ab

ove.
1

A
lso,

for
a

real
n
u

m
b

er
r
>

1
let

n
(r)

:=
m

in{n
:
B
ob

(n
)≤

1/r}
∈
{
1,2,...}

∪
{∞
}.

T
h
e
o
re

m
1
.1

T
here

exists
a

con
stan

t
r
0

su
ch

that
for

all
r
≥
r
0 ,
n

(r)≥
2

2
r
/
2.

T
h

e
on

ly
p

rev
iou

s
resu

lts
on

th
is

p
rob

lem
w

e
cou

ld
fi

n
d

is
th

e
M

aster’s
th

esis
of

M
ü

ller-Itten
[3].

S
h

e
con

jectu
red

th
at

A
lice’s

op
tim

al
strategy

is
p

lacin
g

th
e
n

p
oin

ts
on

th
e

m
ain

d
iagon

al
w

ith
eq

u
al

sp
acin

g
(for

w
h

ich
B

ob
’s

sh
are

is
12 (1

+
1n )).

S
h

e
p

roved
th

is
con

jectu
re

for
n
≤

4,
an

d
also

in
th

e

“grid
”

case
w

ith
P

=
{(0,0)}

∪
{(

in
,
π
(i)
n

)
:
i
∈
{1,...,n

−
1}},

w
h

ere
π

is
a

p
erm

u
tation

of{1,...,n
−

1}.
S

h
e

also
sh

ow
ed

th
at

B
ob

(n
)≥

1n
.

T
h

e
p

rob
lem

con
sid

ered
h

ere
can

b
e

p
u

t
in

to
a

w
id

er
con

tex
t.

V
ariou

s
p

rob
lem

s
of

fair
d

iv
ision

of
resou

rces,
often

p
h

rased
as

cake-cu
ttin

g
p

rob
lem

s,
go

b
ack

at
least

to
S

tein
h

au
s,

B
an

ach
an

d
K

n
aster;

see,
e.g.,

[4].
E

ven
closer

to
ou

r
p

articu
lar

settin
g

is
W

in
k
ler’s

pizza
problem

,
recen

tly
solved

b
y

C
ib

u
lka

et
al.

[2].

2
P

re
lim

in
a
rie

s

W
e

call
a

p
oin

t
a

a
m

in
im

u
m

of
a

set
X
⊆

[0,1] 2
if

th
ere

is
n

o
b
∈
X
\
{a}

for
w

h
ich

b
oth

x
(b)
≤
x

(a
)

an
d
y
(b)
≤
y
(a

).
L

et
p

1 ,p
2 ,...,p

k
b

e
an

en
u

-
m

eration
of

th
e

m
in

im
a

of
P
\{(0,0)}

in
th

e
ord

er
of

d
ecreasin

g
y
-co

ord
in

ate
(an

d
in

creasin
g
x

-co
ord

in
ate).

L
et

stairs(P
)

b
e

th
e

u
n

ion
of

all
th

e
ax

is-
p

arallel
rectan

gles
w

ith
low

er
left

corn
ers

at
(0,0)

w
h

ose
in

terior
avoid

s
P

;
see

F
ig.

2(a).

F
u

rth
erm

ore,
let

s
b

e
th

e
area

of
stairs(P

),
an

d
let

α
b

e
th

e
largest

area
of

an
ax

is-p
arallel

rectan
gle

con
tain

ed
in

stairs(P
).

L
et

u
s

also
d

efi
n

e
ρ

:=
sα
.

F
or

a
p

oin
t
p
∈
P

an
d

an
ax

is-p
arallel

rectan
gle

B
⊆

[0,1] 2
w

ith
low

er
left

corn
er

at
p,

w
e

d
en

ote
b
y
a

b
e

th
e

m
ax

im
u

m
area

of
th

e
cake

B
ob

can
gain

in
B

u
sin

g
on

ly
rectan

gles
w

ith
low

er
left

corn
er

in
p

oin
ts

of
B
∩
P

.
B

y
re-scalin

g,

1
It

is
easily

checked
that,

given
P

,
there

are
finitely

m
any

possible
placem

ent
of

B
ob’s

inclusion-m
axim

al
rectangles,

and
therefore,

B
ob(P

)
is

attained
by

som
e

choice
of

rectan-
gles.

O
n

the
other

hand,it
is

not
so

clear
w

hether
B

ob(n)
is

attained;w
e

leave
this

question
aside.

w
e

h
ave

a
=
β
·
B
ob

(P
B

),
w

h
ere

β
is

th
e

area
of
B

an
d
P
B

d
en

otes
th

e
set

P
∩
B

tran
sform

ed
b
y

th
e

affi
n

e
tran

sform
th

at
m

ap
s
B

on
to

[0,1] 2.

W
e

w
ill

u
se

th
e

m
on

oton
icity

of
B
ob

(·),
i.e.,

B
ob

(n
+

1)
≤

B
ob

(n
)

for
all

n
≥

1.
In

d
eed

,
A

lice
can

alw
ay

s
p

lace
an

ex
tra

p
oin

t
on

th
e

righ
t

sid
e

of
th

e
sq

u
are,

say,
w

h
ich

d
o
es

n
ot

in
fl

u
en

ce
B

ob
’s

sh
are.

3
T

h
e

d
e
co

m
p
o
sitio

n

W
e

d
ecom

p
ose

th
e

com
p

lem
en

t
of

stairs(P
)

in
to

h
orizon

talrectan
gles

B
1 ,...,B

k

as
in

d
icated

in
F

ig.
2(a),

so
th

at
p
i

is
th

e
low

er
left

corn
er

of
B
i .

L
et
β
i

b
e

th
e

area
of
B
i ;

w
e

h
ave

s
+ ∑

ki=
1
β
i

=
1.

B
y

th
e

ab
ove

an
d

b
y

an
ob

v
iou

s
su

p
erad

d
itiv

ity,
w

e
h

ave

B
ob

(P
)≥

α
+

k
∑i=

1

β
i B

ob
(P

i ),
(1)

w
h

ere
P
i

:=
P
B

i .
(T

h
is

is
a

som
ew

h
at

sim
p

le-m
in

d
ed

estim
ate,

sin
ce

it
d

o
esn

’t
take

in
to

accou
n
t

an
y

in
teraction

am
on

g
th

e
B
i ).

T
h

e
follow

in
g

lem
m

a
cap

tu
res

th
e

m
ain

p
rop

erties
of

th
is

d
ecom

p
osition

.

L
e
m

m
a

3
.1

L
et

u
s

assu
m

e
that

ρ
=

sα
≥
r
0 ,

w
here

r
0

is
a

su
itable

(su
ffi

-
cien

tly
large)

con
stan

t.
T

hen

•
s
≤

14 ·2
−
ρ

(the
staircase

has
a

sm
all

area),
an

d

stairs(P
)

p
1

p
2

p
k

B
1B

2

B
k

(a)
stairs(P

)
and

the
sub-

problem
s.

p
i

p
i+

1

R
′R

y
i

y
i+

1

(
α

y
i+

1
,y

i+
1 )

R
′′

H

(b)
Illustration

to
the

proof
of

L
em

m
a

3.1.

F
ig.

2.



• ∑
j:j6=

i β
i ≥

2
ρs

for
every

i
=

1,2,...,k
(n

on
e

of
the

su
bproblem

s
occu

pies
alm

ost
all

of
the

area).

P
ro

o
f.

F
irst

w
e

n
ote

th
at

sin
ce

n
o

rectan
gle

w
ith

low
er

left
corn

er
(0,0)

an
d

u
p

p
er

righ
t

corn
er

in
stairs(P

)
h

as
area

b
igger

th
an

α
,

th
e

region
stairs(P

)
lies

b
elow

th
e

h
y
p

erb
ola

y
=

αx
.

T
h
u

s
s
≤
α

+ ∫
1α
αx

d
x

=
α

+
α

ln
1α
.

T
h

is
y
ield

s
α
≤
e −

ρ
+

1,
an

d
so
s

=
ρ
α
≤
ρ
e −

ρ
+

1≤
14 ·2

−
ρ

(for
ρ

su
ffi

cien
tly

large).

It
rem

ain
s

to
sh

ow
th

at ∑
j:j6=

i β
i ≥

2
ρs;

sin
ce ∑

kj=
1
β
j

=
1
−
s,

it
su

ffi
ces

to
sh

ow
β
i ≤

1
−

2
·2

ρs
for

all
i.

L
et
y
i

b
e

th
e
y
-co

ord
in

ate
of
p
i

for
i≥

1,
an

d
let

y
0

=
1;

w
e

h
ave

β
i+

1
≤

y
i −

y
i+

1
for

i≥
0.

F
irst,

if
y
i ≤

12 ,
th

en
β
i+

1 ≤
12
≤

1−
2·2

ρs
b
y

th
e

ab
ove,

an
d

w
e

are
d

on
e.

S
o

w
e

assu
m

e
y
i
>

12 .

T
h

e
area

of
stairs(P

)
can

b
e

b
ou

n
d

ed
from

ab
ove

as
in

d
icated

in
F

ig.
2(b

).
N

am
ely,

th
e

rectan
gle

R
h

as
area

at
m

ost
α

(sin
ce

it
is

con
tain

ed
in

stairs(P
)),

an
d

th
e

rectan
gle

R
′

ab
ove

it
also

h
as

area
n

o
m

ore
th

an
α

(u
sin

g
y
i
>

12 ).
T

h
e

top
righ

t
corn

er
of
R
′′

lies
on

th
e

h
y
p

erb
ola

y
=

αx
u

sed
ab

ove,
an

d
th

u
s

R
′′

h
as

area
at

m
ost

α
as

w
ell.

F
in

ally,
th

e
region

H
on

th
e

righ
t

of
R
′′

an
d

b
elow

th
e

h
y
p

erb
ola

h
as

area ∫
1α
/
y

i+
1

αx
d
x

=
α

ln
(y
i+

1 /α
).

S
in

ce
stairs(P

)⊆
R
∪
R
′∪

R
′′∪

H
,

w
e

h
ave

s
≤
α

(3
+

ln
(y
i+

1 /α
)).

U
sin

g
ρ

=
sα

w
e

ob
tain

y
i+

1 ≥
α
e
ρ−

3
=
se
ρ−

3/ρ
≥

2·2
ρs

(again
u

sin
g

th
e

assu
m

p
tion

th
at
ρ

is
large).

F
in

ally,
w

e
h

ave
β
i+

1 ≤
1
−
y
i+

1 ≤
1
−

2
·2

ρs,
an

d
th

e
lem

m
a

is
p

roved
.2

4
P

ro
o
f
o
f
T

h
e
o
re

m
1
.1

P
ro

o
f.

L
et
r
≥
r
0 .

W
e

m
ay

assu
m

e
th

at
r

is
of

th
e

form
r

=
1/

B
ob

(n
),

w
h

ere
n

=
n

(r).
In

p
articu

lar,
B
ob

(m
)
>

1r
for

all
m
<
n

.

W
e

w
ill

d
erive

th
e

follow
in

g
recu

rren
ce

for
su

ch
an

r:

n
(r)≥

2n
(r
−

2
−

(r
+

1
)/

2).
(2)

A
p

p
ly

in
g

it
iteratively

t
:=

2
r
/
2

tim
es,

w
e

fi
n

d
th

at
n

(r)≥
2
tn

(r
−

1)≥
2
t

as
claim

ed
in

th
e

th
eorem

.

W
e

th
u

s
start

w
ith

th
e

d
erivation

of
(2).

L
et

u
s

lo
ok

at
th

e
in

eq
u

ality
(1)

for
an

n
-p

oin
t

set
P

th
at

attain
s

B
ob

(n
).

2
S

in
ce
n
i

:=
|P
i |
<
n

for
all

i,
w

e
h

ave
B
ob

(P
i )
>

1r
for

all
i.

2
O

r
rather,

since
w

e
haven’t

proved
that

B
ob(n)

is
attained,

w
e

should
choose

n-point
P

w
ith

B
ob(P

)
<

B
ob(n ′)

for
all

n ′
<

n.

L
et
α

an
d
s

b
e

as
ab

ove.
F

irst
w

e
d

erive
ρ

=
sα
≥
r.

In
d

eed
,

if
w

e
h

ad
α
>

sr ,
th

en
th

e
righ

t-h
an

d
of

(1)
can

b
e

estim
ated

as
follow

s:

α
+

k
∑i=

1

β
i B

ob
(P

i )
>

1r (
s

+
k
∑i=

1

β
i )

=
1r
,

w
h

ich
con

trad
icts

th
e

in
eq

u
ality

(1).
S
o
ρ
≥
r
≥
r
0

in
d

eed
.

L
et

u
s

set
γ
i

:=
B
ob

(P
i )−

1r ;
th

is
is

B
ob

’s
“gain

”
over

th
e

ratio
1r

in
th

e
ith

su
b

p
rob

lem
.

F
rom

(1)
w

e
h

ave

1r
≥

k
∑i=

1

β
i (

1r
+
γ
i )
≥

1r (
k
∑i=

1

β
i )

+
k
∑i=

1

β
i γ
i

=
1
−
s

r
+

k
∑i=

1

β
i γ
i ,

an
d

so
k
∑i=

1

β
i γ
i ≤

sr
.

(3)

A
ccord

in
g

to
L

em
m

a
3.1,

w
e

can
p

artition
th

e
in

d
ex

set
{1,2,...,k}

in
to

tw
o

su
b

sets
I
1 ,I

2
so

th
at ∑

i∈
I
j
β
i ≥

2
ρs
≥

2
rs

for
j

=
1,2.

L
et
i
1

b
e

su
ch

th
at
γ
i1

=
m

in
i∈
I
1
γ
i ,

an
d

sim
ilarly

for
i
2 .

T
h

en
(3)

gives,
for

j
=

1,2,
sr
≥ ∑i∈

I
j

β
i γ
i ≥

γ
ij ∑i∈

I
j

β
i ≥

γ
ij 2

rs,

an
d

so
γ
ij ≤

γ
∗

:=
2
−
r/r.

L
et

u
s

d
efi

n
e
r
∗
<
r

b
y

1r ∗
=

1r
+
γ
∗.

T
h

en
w

e
k
n

ow
th

at
at

least
tw

o
of

th
e

sets
P
i

con
tain

at
least

n
(r
∗)

p
oin

ts
each

,
an

d
h

en
ce
n

(r)
≥

2n
(r
∗).

W
e

calcu
late

r
∗

=
r

1
+
r
γ
∗
≥
r(1
−
rγ
∗)

=
r
−
r2
−
r
≥
r
−

2
−

(r
+

1
)/

2
(again

u
sin

g

r
≥
r
0 ).

S
o

w
e

h
ave

d
erived

th
e

d
esired

recu
rren

ce
(2),

an
d

T
h

eorem
1.1

is
p
roved

.2

A
ckn

ow
ledgm

en
ts

W
e

w
ou

ld
like

to
th

an
k

M
ich

ael
H

off
m

an
n

an
d

B
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a
S

p
eck

m
an

n
for

u
sefu

l
d

iscu
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,
an

d
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e
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d
p

articip
an
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of

G
W

O
P
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