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Dynamic Half-Space Range Reporting and
: Its Applications’

P. K. Agarwal? and J. Matousek®

Abstract. We consider the half-space range-reporting problem: Given a set S of n points in R?,
preprocess it into a data structure, so that, given a query half-space y, all k points of S Ny can be
reported efficiently. We extend previously known static solutions to dynamic ones, supporting
insertions and deletions of points of S. For a given parameter m, n < m < nt%*! and an arbitrarily
small positive constant ¢, we achieve O(m' *%) space and preprocessing time, O((n/m-/*) log n + k) query
time, and O(m! *¢/n) amortized update time (d > 3). We present, among others, the following applica-
tions: an O(n! *®)-time algorithm for computing convex layers in R, and an output sensitive algorithm
for computing a level in an arrangements of planes in R3, whose time complexity is O((b + n)-n°),
where b is the size of the level.

Key Words. Arrangements, Cuttings, Range-searching, Dynamization.

1. Introduction and Summary of Applications. We consider the half-space range-
reporting problem: Given a set S of n points in R? (d is a small constant), preprocess
it so that, given a query half-space y, the points of § N y can be reported efficiently.

For d = 2, a half-plane query can be answered in time O(log n + k) using O(n)
space and O(n log n) preprocessing, where k is the number of points reported [10].
For d = 3, Aggarwal et al. [4] have presented an O(n log n)-size data structure
that can answer a half-space range query in time O(log n + k) (see also [11]). For
d > 3, Clarkson [14] gave a (randomized) solution with O(n-¥*/"%) space* and
expected preprocessing time and O(log n + k) query time. The preprocessing can
be made deterministic using the results of [24]. Recently, a solution with O(n log n)
preprocessing time, O(n log log n) space, and O(n'~-*)(log n)°¥ + k) query time
was given in [25]. Combining these last two solutions, we can obtain a space/query
time tradeoff: given a parameter m, n < m < n'¥?], we can use O(m'**) space and
preprocessing to achieve O((n/m'¥?*))log n + k) query time. See also [8], [12],
{22] for recent works on a related but more general simplex range searching
problem.
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Dynamic Half-Space Range Reporting and Its Applications 327

Next, we discuss several applications of these data structures to various
problems (not trying to provide an exhaustive list). Most of the problems are just
stated, since more detailed presentations are given in [3] and [23]. For some
problems, solutions are described in the second half of this paper.

Ray Shooting. Given a convex polyhedron P in R? defined as the intersection of
n half-spaces, preprocess it into a data structure, so that the first intersection
point of the boundary of P and a query ray can be computed quickly. In another
paper [3], we describe a data structure for this problem with O(m'™*) space
(n < m < n 9%, O((n/m"2}) log® n) query time, and O(m' *%/n) amortized update
time (for inserting or deleting a half-space determining P). The dynamic solution
uses our dynamic half-space emptiness data structure. If the ray originates inside
P, the query time can be improved by a log® n factor. Further minor improvements
in the query time are discussed in [23]. As we will see later, several other problems
can also be reduced to answering ray-shooting queries in a convex polyhedron.

Half-space range reporting has also been applied to some other ray-shooting
problems, see [3]. ‘

Nearest/ Farthest-Neighbor Queries. Given a set S of n points in R?, preprocess
it into a data structure, so that the k nearest (or k farthest) neighbors of a query
point can be determined quickly (k can be a part of the query). The static version
of the problem is well studied [4]. Since the problem is decomposable, it can be
easily dynamized efficiently if we allow only insertions, and if we are willing to
pay an extra logarithmic factor in the query time.

The problem however becomes much harder if we allow deletions. For d = 2,
the query and the update time for the best-known nearest- (or farthest-) neighbor
algorithm are Q?\m log n). (Of course, if we allow linear update time, a query can
be answered in O(log n) time.) We are not aware of any efficient solution in higher
dimensions except in some special cases, e.g., the closest pair in a set of n points
can be maintained in O(log? nloglogn) amortized time [34] (see also [35]).
Recently Mulmuley [29] showed that if the sequence of insertions/deletions is
random, then a k-nearest-neighbor query can be answered in O(k log n) expected
time, and a point can be inserted or deleted in amortized time O(n'%?1-1+9)
with high probability (other variants of the algorithm give slightly better expected
performance bounds, but not with high probability, see [29]). Again, the algorithm
is not guaranteed to perform very well on an arbitrary sequence of insertions and
deletions. .

In [3] we gave a data structure of size O(m* *) that could answer a k-nearest- (or
k-farthest-) neighbor query in time O((n/mT#*1)1og®® n + klog® n). Using the
dynamic half-space range reporting structure, we get, as usual, amortized update
time O(m!*%/n) for a dynamic version of this data structure. The same bounds
hold if we want to determine the k farthest neighbors. Let us remark that if
m = n'%? the query time can be improved to O(log® n + k log n), which matches
Mulmuley’s bound for k = Q(log n).

Dynamic Linear Optimization Queries. Let H be a set of n linear constraints
(half-spaces) in R?. We wish to preprocess H, so that the optimal point with respect
to a query objective function (hyperplane) can be computed efficiently.
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Dynamic Half-Space Range Reporting and Its Applications 329

C,, ... are defined inductively as follows: Let CH(S) denote the set of points lying
on the boundary of the convex hull of S. Let S; = S and, fori > 1, C;, = CH(S;_,)
and §;=S;_; — (C;n S;_,). In Section 3 we present an O(n**%)-time algorithm
for computing the convex layers of a set of n points in R®; the previously
best-known algorithm required O(n*? log n) time.

Levels in Arrangements, Higher-Order Voronoi Diagrams. Let H be a set of n
hyperplanes in R?. The level of a facet f in «/(H) is the number of hyperplanes
of H lying strictly above f. The k-level I1, = IT,(H) in the arrangement of H is the
set of (the closures of) facets whose level is k. Let |IT,| denote the total number
of faces of all dimensions in II, (the complexity of IT,). In Section 4 we present
an output-sensitive algorithm for computing a level in dimension 3, with time
complexity O((b + n)n®), where b is the complexity of the level.

As a corollary, we can compute the kth- oaoa Voronoi diagram of » points in
the plane in time O(n' "¢ k).

Our algorithm for computing a level can be extended to higher dimensions,
though the running time becomes worse.

2. Dynamizing Half-Space Range Reporting. In this section we prove Theorem
1.1. We begin by observing that the half-space range-reporting problem is
decomposable, ie., the answers for two disjoint point sets S; and S, can be
combined into an answer for §; U S, in constant time. It is known that a data
structure for a decomposable problem, which supports delete operations, can be
converted into another data structure that supports insertions as well [27]. In
particular,

THEOREM 2.1. Given a set S of n points, let Y(S) be a data structure for the
half-space range-reporting problem that supports deletions. Let P(n) be the pre-
processing time, Q(n) + O(k) the query time, and D(n) the amortized deletion time of
Y(S). Let B be a parameter, not necessarily constant. Then another data structure
can be constructed that answers a half-space range-reporting query in time O(k) +
M__._WWHEO (BY), can insert a point in amortized time OAMU:o@:jm..JfJ\mQ and can
delete a point in amortized time D(n) + O(log n + P(n)/n). The size and preprocessing
time of the new data structure remain the same.

A proof of a similar claim is given in [27] (see also [31]), but for the sake of
completeness we present the proof here.

ProOF. Let S be the set of input points in R?. The current set S is partitioned
into t = [loggn] subsets S, ..., S,, such that S; contains at most (8 — 1)’ points.
For each i<t we maintain W¥(S;) and a counter r; (varying in range from
0 to f — 1). Let y be a query half-space. To report the points of SNy, we query
all ¥(S;) with y and form the union of the (pairwise disjoint) answers.

Next consider the deletion of a point from S. As we delete points from S, we
periodically reconstruct the entire structure. We remember the number of points
deleted from S since it was constructed the last time, and we always reconstruct
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Jor S can be computed such that t = O(r), |S;| < 2n/r, and that every k-shallow
hyperplane intersects at most c,r' =192 simplices of T1 for d > 3, and at most
¢y logr simplices for d = 3. Here ¢, is a constant depending only on d. If r is
bounded by a constant, the computation can be performed in O(n) time.

We construct a partition tree J = J(S) on S using the above theorem. Each
node v of J is associated with a simplex A, and a subset S, = S. If u is the root
of 7, then S, =S and A, = R

Let v be a node of ZIf |S,| < ¢, for some suitable constant ¢, then v is a leaf
(storing the list of points of S,). Otherwise, we proceed as follows: Let » be a
sufficiently large constant. We set n, = |S,| and k, = n,/r, and construct a simplicial
partition TI, = {(SL, A}),..., (S}, A})} for S, as in Theorem 2.3; t = O(r) and
|Si] < 2n,/r. We create a child w, for each simplex AL and set A, = AL, S,, = Si.
We also store S, at v. We recursively construct the structure at each w;. The depth
of 7 is obviously O(logn), it uses O(nlogn) space and can be constructed in
O(n log n) time.

For maintaining 7 under deletions of points from S, we also store a counter
d, with every node v. This counter is set to |S,|/2r when we build the subtree
rooted at v anew. Let us describe how a point is deleted from S. Every point of
S is stored in exactly one node at each level of the tree, so to delete a point p from
S, we follow a path in J starting from its root. At each interior node ve
we first delete p from S, and decrement d, by one. If d, > 0, we proceed with
deletion of p from the appropriate child of v. If d, = 0, we rebuild the whole subtree
rooted at v anew, using the current set S,. At a leaf node v, we simply delete p
from the list.

Since the initial value of d, is n,/2r and the time spent in reconstructing the
subtree rooted at v is ¢'n, log n, for some constant ¢/, we can amortize the time
spent in reconstruction by changing 2¢'r log n, time to each delete operation. We
visit O(log n) nodes of J to delete a point and we spend O(1) time at a node v if
the subtree rooted at v is not constructed, so the overall amortized time in deleting
a point is O(log? n).

By construction, each n,/r-shallow hyperplane with respect to the initial set of
points S, intersects the simplices of at most x = c,r! 42! (x = ¢, logr for
d = 3) children of v. Furthermore, we construct the subtree rooted at v after
deleting n,/2r points, therefore at any moment a hyperplane, (n,/2r)-shallow with
respect to the current set S,, intersects the simplices of at most x children.

Let y be a query half-space. We search  in a top-down fashion, starting from
the root. At each node v, we do the following: If v is a leaf, we test all points of
S, for membership in y. If v, on the other hand, is an interior node, we classify
each of its children w according to the relation of the simplex A, to y (A, may
lie completely outside y, completely inside y, or cross the bounding hyperplane
of y). If the number of children whose simplices cross h exceeds k, we may infer
that h is not (n,/2r)-shallow for the current S,, and thus at least n,/2r points of S,
lie in y. We can afford to test every point of S, for membership in y and charge
the time to the reported points; each point is charged at most 2r = O(1) units of
time. Otherwise, we recursively search at all children w for which A, intersects h,



urelnoo jouuwd ¥ + 4u < |Vg| yum y Aue JeY) 9AISSqO OM 'V IOJ JUBASRI
soue[diadAy jo uonos[od a2y} aousp Vi 19T 'Y SIOISIANUL I0 Y 9A0QE S I JI
v 1o} juvazpa. st [ oy ouediadAy e jey) ABs om ‘Zaoy xo[dums A10Ad 104

‘aui1g (4 oy U)o ut pamdwiod aq upd bupno v Yons (uoisudwlp
ay3 uo apuadap ‘JUDISUOD UIDIIPD D SI () < D 24aYM) U S A L0, °SIS1X2 ‘Saonjduits
(g0 = ()8 o Butisisuod *Ff fo 2a01-(y ) ay2 40f & bunna-(4/1)  uay L “(4fu)0 =
ynum ‘2aoqp sv aq 4y ‘g 127 ([67] epwwoT Sumnd Mmo[[eyS) ¢°7 WINOIH],

:jusa1 Sumorioy oy A1dde ap “H jo souerdiadAy 4/u 1sow e Aq pajossisyul

st = jo xo[dwis yoes jey) pue {(woy) ssoqe Apowys Sulh] g jo souejdiadAy
¥ 1s0uI Je Yym L3 ul syurod [[B “97T ‘g 03 102d$a1 yiIm) 3 JSOW je [9A9] jo sjurod
[T 19400 = jo seordwurs oy yey) paplaoxd ‘fy Jo j2aa)-(3>) oy 10§ Butino-(4/1) €
PA[[ED ST SIOLIUI JUIOLSTP 3m SeoTjd WIS JO = TONDI[[0 B UONBNIIS SIY) U] "uonisod
[e1auad ur a1e fy jo seuejdiodAy oyy jey) ownsse urede am ‘Kyorduns jo ayes ay)
10,1 s1o1oweIed aq u S 4y 191 pue ‘3 ur ssuejdied£y Jo uordA[0d € °9q H 19T
*POYIST §,UOSYIB[D UI Pasn UONONIISUOD PAZIWIOPURI JIseq ) JO
tm&&nzoo panroxdur A73y31s e pue onsmurmIelep e Jurueidxs Aq uidaq sn 1971
‘H 10J wiajqoad adojaaua taddn 9y} se wdqoad [enp gl
01 I9J0I 9M\ "H Jo seuepdiadAy Jre aaoqe sar] d jutod £1onb e 1oyjoym Suruiunio)op
0} soonpar § I10j A1anb ooeds-jrey £idwe ue Sunomsue ‘Funjes [enp dYy) Ul 'S Ul
syurod ay) o) Tenp seue[diadAy u Jo 39s oY1 9q K 1977 FuIISS [enp B UL JIOM IM
‘sotronb
Sunioda1-ofuer ooeds-jey oy) SuIpURY I0J PIPISU UOISUIIXS Y] 91BIIPUL oM
uayy pue ‘weqoid ssoundure aoeds-jrey ay3 10j 9InjonIls BEP OrWRUAp € ure[dxs
am 3san] [$1] wosyIe) 03 onp ormjouxs eyep Suniodsr-oduer soeds-jiey Iyl
Surzrureup I19pISUOD oM TUOTI09S ST U] “audp} Auang) onuyravboy fo asv) ayy 7'

()11 weIooy ], seTduIT WM 9A0qe-9Y) ‘T'7 Wal0dy], ul 7 = ¢ Susooy)

"aw) pazijsoup (u ,301)Q Ut pagajop aq uvd Jurod v Y1 puv (f + 4oy — WO
auny u padamsup aq uvd Kianb abupa 2ovds-fipy v 1wy os ‘(U 3ol u)p 20vds
pup 2wy ui 1 §s2004dasd uvd> om ‘3 ul smiod u fo 1oS v UL “HT VAW

oABY oM
‘uay (WO = (WO 198 om ‘¢ = p 10 (00 « 4 Y1 () 01 FUIPUDI 3) (o4 1oy — U0
5q 01 UMOUY SI S0USLINOAX SIY} JO UOTIN[OS oY) ‘4 JUBISUOD YInous o8I © 104

.30+ : @Q\B\TlJ > W0

uayy, .E £q possord so1[dwurs UIPIYd 3 ULY) dI0W

yum) sapou rouayur je Sunse) drysrequuewa jurod o jueds awir) 3y} 3ununod jou

‘syurod # 3SOW & JO SISISUOD 19§ JUALIND asoyMm ‘x4 921 wonnied ® 10y sum Aronb
wnwxew 3y} ajousp (1) 197 4 U § jo syurod [re syrodar 13001100 WyILIOS[e Y L.

L ur
paurejuod Apje[duwos a1e saorduurs ssoym uaIp[ryo ur syurod [fe 110daI os[e oM pue

JyosnoleA [ pue femredy ) 'd : zee

|
i
]




Dynamic Half-Space Range Reporting and Its Applications 333

any point of level at most k, because at most n/r hyperplanes intersect A, and thus
more than k of its relevant hyperplanes must lie completely above A. We can
therefore drop A from E. Henceforth we assume |H,| < n/r + k for every AeE.

Clarkson’s original structure for the upper envelope problem is a tree-like
structure, built recursively as follows (we present it in a slightly different manner,
anticipating the changes needed for dynamization): If the number of hyperplanes
in H is smaller than a suitable constant, then we simply store the list of hyperplanes
of H; this will be a leaf node. A query is answered by testing the query point
against each hyperplane of H.

If, on the other hand, H is large, we choose a suitable parameter r (a sufficiently
~large constant in Clarkson’s original construction), and compute a (1/r)-cutting E
for the (<O0)-level of H, consisting of s(r) = O(r‘¥*) simplices. We store the
cutting E at the root of the data structure, and, for every AeE, we recursively
build a subtree corresponding to the data structure for H,. The space S(n) occupied
by this data structure obeys the recursion

S(n) < O™ + 0G4S mv“
r

which for a sufficiently large but constant value of r solves to O(n-9/2/+%).

A query with a point p on H is answered as follows: We determine whether p
belongs to some simplex of E at the root of W(H). If there is no such simplex, then
there is a hyperplane of H lying above p (since = covers all points of level 0), and
we can conclude that p does not lie in the upper envelope of H. Otherwise, let
AeE be the simplex containing p. We recursively query the data structure for
H, with p. Since the depth of recursion is at most O(log n) and we spend a constant
time at each node for finding the simplex that contains p, the overall query time
is O(log n).

Let us examine what obstacles prevent a direct dynamization of this data
structure (recall that we are only interested in deletions). The first one is that if
we delete a hyperplane h from H, the level of some points changes from 1 to 0.
Since E does not cover all points of level 1 with respect to H, some points of level
0 with respect to H\{h} may not be covered by E. This problem can be resolved
rather easily if we use a (1/r)-cutting Z for, say, the (<n/r)-level of H (instead of
(<0)-level). Since the level of any point changes by at most one if we delete a
hyperplane, such a E covers all points of level 0 with respect to the current
H even after n/r deletions; then we can rebuild the data structure anew for the
current H.

At this point, another and more serious problem arises. When deleting a
hyperplane from the root of the data structure, we must propagate this deletion
into the children of the root, their children, etc., until the leaves. It is easy to see
that an average hyperplane in H intersects about 1/r of the simplices of the cutting
B, ie., O@r¥?!~!) simplices. When deleting such a hyperplane, the deletion is
propagated into O(**%2J~1) children, and we obtain a recurrence with the “right”
solution. However, some of the hyperplanes may intersect many more simplices
(it can be shown that this cannot be avoided in general). If it happens and these
bad hyperplanes are always among the first n/r hyperplanes deleted before the
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e For each hyperplane heG, the list L, of simplices AeZ, for which h is
relevant.

o A counter dcount (used for the deletion algorithm).

After the construction of W(G) (before any deletions takes place), these objects
have the following properties:

1. The counter dcount is set to v/2r.

2. For every i, the simplices of E; cover all points of level at most <\w with respect
to G.

For every i and Dm[: |Gy al < 2v/r.
4. For every hyperplane he G, h intersects at most

w

2.1 K = C,-rld2l-1+

simplices of Z;, where C, is the same constant as in (2.3) below.

Notice that property 3 implies that the depth of ¥(G) is O(log, v) = O(1/9).

The construction of these objects proceeds by induction on i. mcwwOmm that
collections Gy, G,,...,G;_; = G have already been constructed. Let G; = G\
(Gyu " UG;i_y), v; = |Gy Let

V; v V;
;=r— and k=-=-
hY T T

1

We compute a (1/r;)-cutting E; of size O(r+¥*)) for the (< k)-level of G, as mentioned
in Theorem 2.5, and preprocess Z; for point-location queries using Lemma 2.6.
For every AeE, let G, , denote the collection of hyperplanes of G; relevant for A

(recall that a hyperplane is relevant for A if it passes above or through A). As
explained above, we assume

(22) Goal <S4 k=022

A hyperplane he G, is called good if it is relevant for at most x hyperplanes of G,
Since

_ 2. \Ldf2]—-1
2.3) |Gl < OG22 < ¢y (B

AeE r; v

>

where C, is a constant appearing in the bound on the size of Z;, the number of
“bad” hyperplanes in G; is at most

M_q;_

Acs vi (v \FA!

— <2 <
K o o\v

Qﬂ
puE

Let G; be the set of good hyperplanes in G; and G;,, = G, — G;

i
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The correctness of the query-answering algorithm follows immediately from 2’
(actually even a weaker version of 2’, where all points of level 0 are covered, would
suffice; this stronger form anticipates the extension to half-space range reporting)
and the above discussion.

In order to finish the proof of Theorem 1.1(ii), it suffices to estimate the
amortized deletion time. To this end, let D(v, k) denote the maximum time needed
for deleting k hyperplanes from the data structure ¥(G) with |G| = v, starting at
the moment W(G) was built anew. As noted above, a deletion of one hyperplane
from G propagates into at most x children of the root of W(G), thus before the
next complete reconstruction of W(G), there are at most (v/2r)x deletions in the
children. We thus get the following recurrences:

QQQ._&\NLT& for ver,
D(v,—)+P "V4+p k—— f rs

v, — vV —— T o < v

D(, k) < 2r 2r, o o or vr k>o

max Mb — w M“w < krkp+ O(klogv) for v>r, »MW.

-

The above recurrence implies

UAF \Av < Q_omLW«_E\ﬁ -1+ m\rm\mn_ +e& ,

for some large enough constant C. In particular, we get bo: m) = O(m-421+9),
where the constant ¢, is independent of 4.

Hence, we obtain a data structure that, using O(n'%?/*%) space and preprocess-
ing, can answer an empty half-space query in time O(log n) and can delete a point
in O(n-%*1=1+¢) amortized time. Plugging this result into Theorem 2.1 and choosing
B = n°, we obtain

THEOREM 2.7. Given a set S of n points in R?, we can preprocess it in O(n-4>+?)
time and space, so that an empty half-space query can be answered in O(log n) time,
and a point can be inserted to or deleted from S in amortized time O(n-%*1=1+9),

Half-Space Reporting. We now briefly describe how to modify the above proce-
dure for half-space range reporting (actually its dual version—reporting hyper-
planes of H lying above a query point). Let v and G be as above. We preprocess
G for the half-space range-reporting problem using Clarkson’s (static) data
structure and store it at v as its secondary structure. It is easy to check that S(v),
P(v) = O((rv)-421+9), .

When we reconstruct W(G), we also reconstruct the secondary structure- with
the current G. However, when we delete a hyperplane h we just update the primary
structure as described earlier. The time spent in deleting a hyperplane obviously
remains the same. Notice that we update the secondary structure only when we
reconstruct W(G), so the secondary structure will store G, the set of hyperplanes
in G when W(G) was constructed last time, not the current set of hyperplanes.
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Fig. 1. Convex layers in two dimensions.

general, deleting a point requires O(log? n) time, deleting all points lying on the
boundary convex hull can be performed in O(logn) amortized time per delete
operation. Recently, Hershberger and Suri [21] have shown that if only deletions
are allowed, a point can be deleted from the convex hull in O(log n) amortized
time. Both of these approaches yield an optimal O(nlog n)-time algorithm for
computing the convex layers of a set of n points in the plane.

In three dimensions an explicit representation of the convex hull cannot be
maintained efficiently, since deletion.or insertion of a point may require a
linear number of changes in the convex hull structure. Nevertheless, our results
on dynamic data structures for the half-space emptiness problem provide an
implicit dynamic representation of the convex hull, supporting efficient procedures
for answering various queries concerning the convex hull. These procedures yield
an efficient algorithm for computing the convex layers in three dimensions. The
time complexity of the previously best-known algorithm for this problem was
0(n*? log n).

Our algorithm is a variant of the gift-wrapping method. For the sake of clarity,
we present the algorithm in a dual setting. Let H denote the set of planes dual to
the points in S, and let U(H) (resp. L(H)) denote the upper (resp. lower) envelope
of o/(H), i.e., the boundary of the unbounded cell in the arrangement of H lying
above (resp. below) all planes of H. Let HY (resp. HY) denote the set of planes
appearing in U(H) (resp. L(H)). The convex hull of S corresponds to U(H) and
L(H) in the sense that there is a one-to-one mapping between the vertices (resp.
edges, faces) of the convex hull of S and faces (resp. edges, vertices) of U(H) and
L(H). In the dual setting, the problem of computing the convex layers thus reduces
to computing the upper and lower envelopes of H, deleting the planes of HY U H”
from H, and repeating the process until H becomes empty.

Let H; denote the set of planes deleted from H in the ith repetition of this step,
ie., the planes dual to the points of the ith layer of S. We show that after O(n* ")
initial preprocessing, the ith step (detection and deletion of the planes of H;) can
be accomplished in O(|H;|n®) (amortized) time; this implies an O(n'*%) total
running time of the algorithm.

We describe how to compute U(H); L(H) can be computed in an analogous
way. For each plane he H, we pick up the half-space lying above h, and we set
up a dynamic data structure for ray shooting inside the convex polyhedron
determined by these half-spaces (according to [3], as explained in the introduction).
The query and the amortized update time are no worse than O(n°). For the sake
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Hence, we can conclude that

THEOREM 3.1.  The convex layers of a set of n points in R® can be computed in time
QA=H+J. .

ReMARrk 3.2. The above technique does not give an efficient algorithm in higher
dimensions, because the time spent at each layer is proportional to the number
of vertices in the envelopes (not to the number of facets), and the number of vertices
in a polytope defined by n hyperplanes in R? can be as large as Q(n'%*) in the
worst case.

4. Computing Levels in Plane Arrangements. Levels in hyperplane arrangements
play an important role in several geometric problems, including higher-order
Voronoi diagrams [17] and half-space range searching [11].

It is well known that Y *_,|TL;| = O(n-“*k %)) for an arrangement of n hyper-
planes in R? [15], and that this bound is tight in the worst case. Hence, the
expected complexity of j-level with j randomly chosen in range from 1 to k is no
worse than O(n 2k %21-1) but only little is known about the worst-case com-
plexity of a single level (see [17] for older results and references for dimension
2, and [6], [33], [37], [5], and [16] for recent results).

Since the complexity of a k-level varies a lot, a natural question is whether it
can be computed in an output-sensitive fashion. Edelsbrunner and Welzl [18]
showed that a level in an arrangement of »n lines in the plane can be computed in
time O(nlogn + blog?n), where b is the actual size of the level. Recently,
Mulmuley [28] presented a randomized algorithm for computing all levels
,,..., I, for a given k, whose expected running time is O(n'“>JI4*1) for
d > 4 and O(nk? log (n/k) for d = 3. We are not aware of any efficient algorithm
for computing a single level in arrangements of planes in R*. Here we present an
output-sensitive algorithm with O(n®) cost for every feature of the k-level. Our
technique also extends to higher dimensions, though we can only obtain weaker
bounds: _

THEOREM 4.1.

(i) Given a set H of n planes in R® and an integer k < n, the k-level in the
arrangement of H can be computed in time O((n + b)***), where b is the actual
size of the level.

(ii) Given a collection of n hyperplanes in R? (d > 4) and a positive integer k < n,
the k-level can be computed in time

O(n'** + min @:T&fﬁ J+D+e w&aii&&iié.

It is well known that computing the kth-order Voronoi diagram in R?

can be reduced to computing the k-level in an arrangement of n hyperplanes in
RY*1 Thus, we get
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where m is a parameter, n < m < n-%?), Choosing

m = nd2Ld2i+

b

the running time of the above procedure becomes
(4.1) O(n** + bn! ~HL21+1) 4 g),

If b is large, the running time can be improved by using the same technique but
a different data structure. Recall that at each step we are given a ray containing
an edge of I, and we want to determine the first hyperplane of H hit by this ray.
If we allow O(m!™®) (n < m < n') space and preprocessing, then a ray-shooting
query among a collection of n hyperplanes can be answered in time O((n/-
m*’?) log® n) [3]. Although the query time of this structure is considerably higher,
the advantage of this approach is that we do not perform insert/delete operations.
If b is the number of vertices in IT,, the running time is ,

n
(0] §H+m+ TyﬂOmn n

Setting m = n#@T VpE+ 1) the running time becomes
AA.NV QASEE+ :+m®&E+ i) + ::.mv.

Choosing the value of m in this second approach is somewhat tricky, because we
do not know the value of b in advance. We guess the value of b, say b. Initially,
we set b = pl2d—L421+DAL421+D and run the first algorithm. If it runs for more than
c,n?¥L421+1) steps, for some appropriate constant ¢, > 0, we stop. We double the
value of b, set m = n¥/@*+ Vpa@+ 1) and run the second algorithm. If it stops within
cynd@+ DA+ 1) steps. we are done. Otherwise, we repeat the above step. It is easily
seen that if we restarted the algorithm at least once, then the total running time
is the same as in (4.2). This finishes the proof of Theorem 4.1(ii).
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