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Abstract

In this paper we derive a general comhoréal identity in terns o polynomials with
dual sequences of coefficients. Moreover, coratwrial identities involing Bernoulli and Euler
polynomials are deduced. Also,rni@us other known idntities are obtained as particular cases.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Let {an}nhen be a sequence of complex numbers where- {0, 1, 2, ...}. We call the
sequenceasnen given by

n
- n)(—l)ia- 1.1

a ; (| (1.1)
the dual sequencef {an}ne. It is well known thata* = ap for all n € N (see, e.g.7,
pp. 192-193]). Those self-dual sequences are of particular interest and were investigated
in [5]. The Bernoulli numberso, By, ... are given byBy = 1 and Y., (") B =
O(n =1,2,3,...);sinceBy = —1/2 andBx;1 = 0 fork = 1,2,... the sguence
{(=1D)"Bn}nen is self-dual a observed in]. Like the definition of Bernoulli polynomials
(see, e.q.q]), we introduce

n n

An(X) — Z <?> (_1)I aj Xn—i and A: xX) = Z (?) (_1)| ai*xn—i ] (12)

i=0 i=0
Obviously An(0) = (—1)"an, An(1) = &} and

n 1 ) . )
An 0 =Y (n Jlr )(—1)'ai (N+1-)x"" = (N4 1) An(x).
i=0
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In 1995 Kaneko 3] found the following new recursion formula for Bernoulli numbers:

k

K1
Z( T )(k+j+1)5k+j=o fork=1.2.....
=0

By means of the Volkenborn integral, Momiyamd] [got the fdlowing symmetric
extenson: if k,| e Nandk +1 > 0, then

K I
k 1 . I 1 .
—1* < T )(I +i+ DB+ (D) < JJF )(k+l + DBitj =0.
=0

j=0
Recently Wu et al. 7] proved furthetthat fork, | € N we have

k |
k+1 ) l+1 .
(—1)K E < T )(l +J+1)B|+j(t)+(—l)| E ( T )(k+J+l)Bk+j(—t)
j=0 i=0

= (DMK +1 4+ 2k +1 + Dkt (1.3)
Motivated by the above work, we obtain the following general theorem.
Theorem 1.1. Letk | e Nandx+y+z= 1. Then
k | *
K\ ki Arjra(y) I\ —i Arj+1@
SRS (ke A ) gy () D
( );)<j) I+j+1 ( )JX:(:)] k+j+1
kL
- BT (1.4)
K+1+D()

Also,

k |
k - I .
—D*Y (J.)xk—J Aj(y) = (=D' )" (J.>x"J At @ (1.5)
j=0

j=0
and

k
k+1 :
-D*> j( T )xk”l(l +i+ DALY
j=0

I
+=D'Y (' “JL 1)x'—i+1(|<+ J+ DAL @
j=0

= k+1+ (=D Arpa(y) + (DAL L (@) (1.6)
Remark 1.1. (1.5 in thecasd = 0 yields that

k k

<|J-()ij A(y) = (DA A—x—y) =Y (T)ij Aj (X +Y)

j=0

j=0

= Ac(X+y).
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Corollary 1.1. Let k be a nonnegative integer. Ifa= a, for alln € N, then

K , 2K+l
) ('_‘)(_1)1 (2t — 1)) /:kﬂﬂ(tl) 2 — 1 @)
o\ +1+ 2(2k+1)(%)
and
K k+1 A
> ( i )(k + 1+ DAL= 20T A (O = —2(k+ 1) Azkya (D). (1.8)
j=0
Ifap = —ap foralln € N, then
K /i .
> <J.)(1 — 20K T AG =0 (19)
j=0

and in particular
k

k .
Z<.)(—1)Jak+j =0.
j=o

Proof. To obtain @.7)—(1.9, we simpy takel = k, x = 1 -2t andy = z = t in
(1.49-(1.6). (1.9 in thecaset = 0 gives the last identity.

Example 1.1. Letup = 0,u; = 1,andus;; = aus+bus_3 fors=1,2, ..., wherea and
b are complex numbers witl? + 4b # 0. It is well known thatu, = (@" — ") /(« — B)
for all n € N, wherex andg are the two roots of the equatiod — ax — b = 0. Observe
that

(M), =B d-)"—d-p)"
“”_ZO( ey «— B

i=0

(and hencer’; = —up, if a = 1). Also,
n n . .
> < )(—1)' uF(1—a)"
i—o \
_Z<)(a_l) ;,3_1) (1_a)nfi

— ) — _ a)\n n
_e-a'-g-at 1)nﬁ
oa—p ﬂ
Letk,| € N. Applying (1.4—(1.6) with x = a, y = 0 andz = 1 — a, we obtain the
following identities:

= (—)"tun

k |

k L Uipjer | C - Ukgjt
) (—plakl 2 () S DY U s s 1.10
Z(J)( ) +j+1 Z j =D k+j+1 (1.10)

j=0 j=0
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k I

Z( )( Diak Ty =_Z<;)(—1)J’a'iuk+j, (1.11)
j=0

j=0
k
k+1 I +1
Z( + )( DI 4+ + Duyj — Z( + )( 1lal-i+t
_ j
j=0 j=0
x K+ j + Dukyj = (DK = (=DHK+1 + 2)uqi41.
In the casé = Kk, (1.11)yields the following recursion formula:
k

k —_
Z <.)(—1)Jak‘luk+j =0.
j—o\J
Theorem 1.Thas the following important application.
Theorem 1.2. Let k and | be nonnegative integers.

(i) fx +y+z=_0then

" K o yl i+t kil
(_)2(0 I+J+1+(_)Z<) k+j+1
(_X)k+|+l
= m. (1-12)
k
In particular,
k .
K (=1 2K
= - = . 1.13
JX:(:,(J)ZJ(HJH) 2k +1)(%) (1.13)

(i) For n € N let By(x) denote the Bernoulli polynomial of degree n. Suppose that
X+Yy+2z=1Then

K

K Y - J|3|+J+1(y) () - Beri+1(2)

(1)12(]') I+)+1 (1)2 kK+j+1
(_X)k+l+1

S A 1.14
k+1+1(" (14

Also,

k I
k ; I .
D> (J.>xkJ Biyj(y)=(-D'Y_ <1)XIJ Bi+j (2) (1.15)
j=0

j=0

and

k
D> ("T 1>xk‘j+1(l + ]+ DB (y)



Z.-W. Sun / European Journal of Combinatorics 24 (2003) 709-718 713

| L+ I—j+1 : .
+(=D'Y [Tk i+ DB @)
j=0

= (DX +1 + 2)(Brpi+1(X + Y) — Bipr41(Y))- (1.16)

(i) The seond part remains valid if we replace all the Bernoulli polynomials in
(1.19-(1.16 by corresponding Euler polynomials defined pg‘?/(e¢? + 1) =
Y oneo En(x)Z"/nl.

Proof. (i) Letag = 1 anda; = Ofori = 1,2, 3,.... For anyn € N we clearly have
at =1 At =t"andAi(t) = t — D" If x+y+z=0,thenx+y+(1+2 =1
and A (1 + z) = 2", therdore (1.12 follows from (1.4). Whenl = k, x = —1 and
y=2z=1/2,(1.19 yields (1.13.

(i) Let an = (=D"Bn for n € N. Then Af(x) = An(X) = Bn(x). Applying
Theorem 1.1ve obtain the identities1(14—(1.16. (Note thatB,(1 —t) = (—1)"B(1).)

(iii) By the definition of the Euler polynomialsEn(1 — x) = (—=1)"En(x) and
En(x+y) = Y iy () E; (x)y" foranyn € N. Leta, = (—=1)"En(0)forn=0,1,2, ....
Thenay = 1! 0( )Ei(0) = En(1) = ay and An(x) = A} (X) = En(X). So we have part
(iii) by Theorem 1.1

The proof ofTheorem 1.2s now omplete. O

Remark 1.2. Inthe casex = 1,y = t andz = —t, (1.16 tums out to be 1.3 since
Bn(1+t) = Bh(t)+nt""1. (1.15 in thecasex = 1, and its analogue with respect to Euler
polynomials were recently discovered ifl.f[Whenl = k,x = 1 -2t andy = z = t,
(1.14 and (.16 yield the following interesting identities:

Kk . _ 2k+1

Z <|_()(—1)J(2t 1yk-] Ek+1+1(t) 2t -1 - (1.17)
=\ +i+1 0 22k+D(3)

Z <k ‘J" 1) K+ j 4+ DA —20)< 1By (t) = —2(k + 1) Baya(t). (1.18)
j=0

They remain valid if the Bernoulli polynomig are replaced by corresponding Euler
polynomials.

In the next setion we will give more applications ofheorem 1.1Section 3will be
devoted to a proof ofheorem 1.1

2. Moreapplicationsof Theorem 1.1

Theorem 2.1. Let{an}ney be a sequence of complex numbers, and letekN. Then we
have

k

k i A+j+1 () i allk+j+1 ag
J 1)! —
Z(j)( |+J+1+Z )k+j+1_ - @b

= k+1+1(M
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Also,
I

K
Z( )( 1)JaJ+J ZZ(;>(_1)ja1:+j (2.2)
=0

J:

o

and

k
Z( )( 1)J(|+J+1)al+1+2( i )( DI+ j+ Dagy

j=0 j=0
= K+ 1+ (=D i1+ (—D'af ) (2.3)

Proof. (2.1)—(2.3 follow from (1.4—(1.6) inthecasex =1 andy =z=0. O

Example2.1. Letk, |, m € N. The Sirling numbersS(m, n)(n € N) of the second kind
are given byx™ = >"2° , S(m, nN)(X)n, Wwhere(x)o = 1 and(X)n = X(x—1) - - - (X —n+1)
forn=1,2,.... Obseve that

n
Z( )( 1 (=1)'i1S(m, |))_ZS(m iy(n)i =n™  forneN.
i=0

i=0
Applying (2.2) we obtain the identity
k [

Z('j‘)(l +ism,l +j)=2(;>(—1>'—1(k+ pm. (2.4)
j=0 j=0

Example2.2. Forn = 1,2, 3,... the nth Bell numberb,, expresses the number of
patitions of a set of cardinality, in addition bg = 1. It is well known that

n
n . .
> < )(—1)' (=D'b)) =bnya  forneN
i—o \
(see, e.9.2, p. 359]). ApplyingTheorem 2.10 the sguence{(—1)"bn}neny We obtain the
following three identities fok, | € N.
|

! | Dirj+2 <) brtj+1 1
j ! - : = ) 2.5
j;(’)( MRS )Z i ko) &Y

k I ;
<j)bl+j => (j)(—l)l_ka+j+1, (2.6)
=0

k
( T )<I+J+1)b|+,+2< j )( D' (k4§ + Dbt 1
0 j=0

=K+ + 2)(Oxti+2 — bri+1)- (2.7)

on

0

J

R

J
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Theorem 2.2. Letk |, m € N. Then ve have
k

Z(k) (=1} (x+|+j+1)
: iJ1+i+1 m

j=0

1k i1 )( X ) (m)
=" Y j(j_k_l . +(k+|+1)(k;')' (2.8)

k<j<m

Also,

2 <li()(_1)j (l(ii)l) +2 <;)(—1)J (k(J;JJE)l)

K+j

T 29)

and

()t -5 D

Proof. Letan = (*1") for n € N. By identity (3.47) of Gould [I] or (5.24) of [2], we have

. D (X (—D"(.%,) ifm=n,
&n :g(i>(_l) < m )Z {O " otherwise

Applying (2.1) we obtain @.8).
Letch = (!) /() forn e N. Thenc;; = (*,Y) /(}) by (7.1) of [1], in fact

()= (e () =S (1 50)
_ (_Dn(n—l;x—l-y) _ <x;>’).

Note that(n + 1)(,},) = x(Xgl) for anyn € N. So .9 and .10 follow from the first
and the second identities Ttheorem 2.1 [

3. Proof of Theorem 1.1

Lemma3.1l. Leti,k,| € N. Then
[

Z(;)(k—i—])( DI (1 4 ke IZXk:(D(ITj)tIHi' 3.1

j=0 j=0
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Proof. Clearly

k . |

Z(S('f‘)t'”‘—Z('.)(k“>( 1)1 (@4 ki

= i i = j i

k +iyi) ‘ Kty (i)
(t'+h I —i (A+D)

Z() (e

=0 j=0

1 |

T PAY 2\

J_

- |1' a ¢ 'A+f-a+vka+t-h =0
This poves 8.1). O

Proof of Theorem 1.1. Observe that
- Akrj+1@

<\ (K Ajt1(y) L
PN k—j Arj+ay)
> §<1)X ERETR 1)§<1)X o+ ]+ 1
k=] R i .
= (-1 Z() X (a0y|+1+1+2(lTi_;1>(_1)l+1
i=0

l+j+1

. . | Xl_j

. I+j+1-(i+1) I
X 841y +0' ()—
) o\ kK+j+1

Ktj+1 .
« Z <k+1+1>(_1)l’a;kzk+J+ll’

r=0

k+l
ai+1

i+1
=ca+ Y G(-1) o
i=0

K I+j+1
k oy
c= (-1 ) P A
( )Z<J) I+j+1
I —i k+j+1 .
I X! k+J+1) i1
_1 -~ ) gL
+()-O(J>"+J+1§>( (-1

k+j+1>

| .
Z N x\- Z
Y j J)k—i_J+li<r5k+j+1< r
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_ 1\ r ; k+j+1-r
x (=1 <i +1>(I + 1)z

|

j=0

K+ =1\, ktj—imr—1-0)
* Z <r—1—i>( 2)

i<r<k+j+1
|
j=0

Obviouslyc; = 0 whenx = 0. If x # 0, then

R0

j=0

Z( )(k+l)( D' (14 y)kﬂ,i

=0
by Lemma 3.1
Let us now calculate the value of Clearly
k .
k ) yI+J+l
_1 kC — . Xk*J —_
=D Z <]) I+j+1

j=0

|<|I ' WI- (—pkritt '
“‘NZ() e

K A | XY
Z() J/ t'“dt—Z(.)(—x)'J/ tk*i ot
_ — \ 0
=l j=0
x+y |
/ () xk—itl+ige — / ()( x) Ittt
y X+y
=/ t'(x—i—t)kdt—/ t}t —x)'dt
0 0

X+y X+y X
- / Ks—x)'ds — / t}t — x)'dt = —/ K —x)'ds
X 0 0

1
—/ tx)Ktx — x)'xdt = (=)' IxKHHIBK + 1,1 + 1),
0
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whereBk + 1,1 +1) := [Oltk(l —t)'dt is known to be
rk+Hra+1n ki 1

I'k+1+2 (k+14+1D! (k+|+1)(k:1)'

So we have = (—x)*+1/((k +1 + 1) ().

In view of the above,1.4) holds.

If we replacezin (1.4 by 1 — x — y and take partial derivation with respectypthen
we obtain (.5 from (1.4). Substitutingk + 1 andl + 1 for k and! in (1.5 and t&ing
derivetion with respect to/, we then get1.6).

The proof ofTheorem 1.1s now omplete. O
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