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Abstract

We prove that Hadvger's conjecture holds for line graphs. Equivalently, we show that for every
loopless graphG (possbly with parallel edgeshnd everyintegerk > 0, dther G is k-edge-
colourable, or there ate+ 1 connected subgraphsy, .. ., A1 of G, each with at least one edge,
suchthaE(Aj N Aj) =@ andV (A NAj) #¥forl<i <j <k
© 2003 Published by Elsevier Ltd

1. Introduction

Hadwiger’s conjecture asserts that for every loopless gfagimd every integek > 0,
eitherG is k-vertex-colourable, o6 hasKk1 as a minor, that is, there aket 1 non-null
connected subgrapl#s, . . ., Ak1 of G, such hatV (A N Aj) = @ and there is an edge
betweenV (Aj) andV (Aj), for1 <i < j < k+ 1. This is still open, but in this paper we
prove the conjecture for line graphs. (For line graphs of simple graphs the result follows
easily from Vizing’s theorem and was already known, but here we permit parallel edges.)

Thus, our main result is:

1.1. For every loopless graph G, and every integer k > 0 such that G is not k-edge-
colourable, there are connected subgraphs Ag, ..., Ak+1 of G, each with at least one
edge, suchthat E(Aj N Aj) =Pand V(A NAj) #dforl<i < j<k+1

The referee informs us that Monrad, Stiebitz, Toft and Vizing discussed and obtained a
sdution to the same problem in September 2002, independent of our work (but knowing
that a solution had been obtaid). Their stution is similar to ours and they do not intend
to publish it.
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2. A version of Hadwiger’stheorem

We need a version of Vizing's adjacency lemma. kgbe an edge of a loopless graph
G (which may have parallel edges), with endsv1 € V(G), letk > 1 be an in¢éger, and
let ¢ be ak-edge-colouring of5\e;. For a vertex, let

o) ={1,...,.kI\{¢(® : e e E(G\&y) incident withv}.
A Vizing fan for vg, €1, ¢ is a sguencesy, . .., e, € E(G) suchthat

e for 2 <i <n, g is incident withvg; let v; be its other end
e v1,V2,...,vn are all distinct
e forall j > 2 thereexigsi < j withi > 1 such thatp(ej) e o (vi).

Vizing [1, 2] proved:

2.1. Let G, ey, v, v1, K, ¢ be as above, where vgp hasdegree < k, and let ey, ..., e, bea
Vizing fan for vo, €1, ¢, whereg hasendswp, v (1 <i < n). If G isnot k-edge-colourable
then the sets

$(v0), $(v1), - .., P(vn)
are mutually digoint.

This has the following corollary. (The number of edges incident with a vertéx
denoted by de@), and ifu, v are distinct vertices,(u, v) denotes the number of edges
with ends{u, v}.)

2.2. Let vg be a vertex of a loopless graph G, and let k > 0 be an integer such that G is
not k-edge-colourable, G\ vg is k-edge-colourable, and every vertex of G has degree < k.

There are neighbours vy, . . ., vy of v, all distinct, so that
Z (degwi) + u(vo, vi) — k) > 2.
1<i<n

Proof. By deleting edges incident withy, we mayassume that there is an edgencident
with vg suchthat G\e; is k-edge-colourable an@ is not k-edge-colourable. Ley have
ends{vo, v1}, let ¢ be ak-edge-colouring oG\ e, and choose a Vizing famy, . . ., e, for
v0, €1, ¢, with n maximum. From the maximality of the set

{¢(e) : e € E(G) incident withvg butnot with any ofvy, ..., vn}

is disjoint from all the set$(v1), ¢ (v2). . . .. ¢(vn) (and also tivially from ¢(vo)); and by
2.1the setsp(vo), ¢(v1), ..., ¢(vy) are mutually disjoint. Consequently,

(degyo) — Z u(vo, vi)) + Z (k — dequj)) + 2 <Kk,

1<izn 0<i<n
that is
D (degwi) + e (vo, vi) — k) > 2.

1<i<n
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Finally, we claim thah > 2. For there exists € ¢(v1), because de@;) < k and the edge
€ is not coloured. Since we cannot properly extenbly giving e the mlourc, it follows
thatc ¢ ¢(vo); andhencen > 2 from maximality. [

This in turn has the following corollary.

2.3. Let G be a loopless graph, and let k > 0 be an integer such that G is not k-edge-
colourable and every vertex has degree < k. Then there exist distinct verticesu, v, w such
that

min(degu), dedv)) + u(v, w) > k+ 1.

Proof. Choosevp € V(G) of maximum degree; we may assume tl&afvg is k-edge-
colourable, for otherwise we may delatg and repeat. Lets, ..., vy be as in2.2, with
n > 2. Then (writingvn1 for v1)

> (degwi) + p(vo. vi1) — k) > 2

1<i<n
and ® thereexigsi with 1 <i < n suchthat
degi) + w(vo, vit1) > k+ 1.
Letu = v1, v = vg, w = vj+1 thenu, v, w are distinct (sinca > 2), and
min(degu), degv)) + (v, w) = degvi) + wu(vo, vit1) > K+ 1
as required. O

3. The main proof
Proof of 1.1. We proceed by induction opV/ (G)|. We clam first that we may assume that

(1) For every two distinct vertices vy, v, if d = min(degv1), degvz)) then there are
d pathsof G between v, and vy, pairwise edge-digjoint.

For by Menger’s theorem there is a partitiod;, X2) of V(G) with v1 € X3 andvp € Xa,
such that there arés (X1, X2)| pairwise edge-disjoint paths &f betweerv; andv,, where
8(X1, X2) denotes the set of edges®fwith one end inX; and the other irX,. Suppose
that| X1], | X2| > 2. Fori = 1, 2 letG; be the graph obtained frofa by delding all edges
with both ends in X; and then identifying all the vertices of; in a new vertex. Sinc&
is not k-edge-colourable, it follows that at least one®f, G» is not k-edge-colourable,
say Gi. Since|X31| > 1, it follows that|V(G1)| < |V(G)|, and so from the inductive
hypothesis there are pairwise edge-disjoint connected subghgphs , A’kJrl of G1, each
with at least onedge, such tha¥ (Al N A/J-) @B (1 <i<]j=<k+1).Fromthechoice
of (X1, X2), there ae pathsP(e) (e € §(X1, X2)) of G2, pairwise elge-digoint, such that
e e E(P(e)) (e € §(X1, X2)) andv, belongsto everP(e). For1<i < k+ 1, let A be
the subgraph ofG formed by all the edges iA{, and the dges inP (e) for eache € E(A)),
and all vertices incident with these edges. THan. .., Ax1 satisfy the theorem. So we
may assume that miX4|, | X2|) = 1; but then (1) holds. This proves (1).
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If some vertexv has degree>= k + 1, let Ag, ..., Axy1 be pairwise dge-digoint
connected subgraphs, each witle V (Aj) andE(A;) # @; then he theoremd sdisfied.
We may therfore assume that every vertex has degred. By 2.3 there ae didinct
verticesu, v, w suchthat

min(dequ), deqv)) + u(v, w) > k+ 1.

Letd = min(degu), dedgv)); then ty (1) there ared edge-disjoint paths betweenand
{v, w}, and we may choose them so that no edge betwesmmdw belongs to any of them.
Then thesal paths, togetér with theu (v, w) edges between andw, form k + 1 edge-
disjoint connected subgraphs that pairwise intersect, as requiréd.

Remark. In fact this proof shows that i is notk-edge-colourable and yet every vertex
has degree k, then here are three distinct verticasv, w andk + 1 edge-digoint paths
each between two af, v, w.

Acknowledgements

This research was supported by ONR grant N0O0014-97-1-0512 and NSF grant
DMS9701598.

References

[1] V.G. Vizing, On an estimate of the chromatic class gf-graph, Diskret. Anal. 3 (1964) 25-30.
[2] V.G. Vizing, Critical graphs with a giveshromatic class, Diskret. Anal. 5 (1965) 9-17.



	Hadwiger's conjecture for line graphs
	Introduction
	A version of Hadwiger's theorem
	The main proof
	Acknowledgements
	References


