On integrality and periodicity of the Motzkin numbers

Florian Luca^1 and Martin Klazar^2

Abstract In this note we investigate arithmetic properties of the Motzkin numbers. We prove that among all fractional sequences of Motzkin type, the only integral ones are integral multiples of the sequence of Motzkin numbers; in fact, we prove a stronger result. We show that the sequence of Motzkin numbers is nonperiodic modulo any prime.

Introduction

Let n be any positive integer. The n-th Motzkin number, denoted from here on by m_n, counts the number of lattice paths in the cartesian plane starting at (0, 0), ending at (n, 0), and which use line steps equal to either (1, 0) (level step), or to (1, 1) (up step), or to (1, − 1) (down step), and which never pass below the x-axis. Clearly, m_1 = 1, m_2 = 2, and it is known that the three-term recurrence

(n + 2)m_n = (2n + 1)m_{n−1} + 3(n − 1)m_{n−2}

holds for all n ≥ 3. It is convenient to set m_0 := 1, and the recurrence is then valid for all n ≥ 2. It is also known (and easy to derive from the combinatorial interpretation of m_n) that the generating function m = m(x) = ∑ n≥0 m_nx^n = 1 + x + 2x^2 + · · · satisfies the equation

x^2m^2 + (x − 1)m + 1 = 0 (1)

and therefore that m(x) = 1 − x − √ 1 − 2x − 3x^2 2x^2

. (2)

1Mathematical Institute, UNAM, Campus Morelia, Ap. Postal 61-3 (Xangari), CP 58 089, Morelia, Michoacán, MEXICO. email: fluca@matmor.unam.mx

2Department of Applied Mathematics (KAM) and Institute for Theoretical Computer Science (ITI), Charles University, Malostranské náměstí 25, 118 00 Praha, CZECH RE- PUBLIC. Supported by the project LN00A056 of the Ministery of Education of the Czech Republic. email: klazar@kam.mff.cuni.cz

Information and references on Motzkin numbers can be found in Bernhart [1], Donaghey and Shapiro [3], EIS [7], and Stanley [8]. The sequence of Motzkin numbers begins

(m_n)_{n≥0} = (1, 1, 2, 4, 9, 21, 51, 127, 323, 835, 2188, 5798, 15511, . . .)

and is listed as sequence A001006 in EIS [7].

From a number theoretical perspective, it is natural to pose the following question. Let (M_n)_{n≥0} be any sequence of rational numbers starting with two initial values M_0 and M_1 and such that the recurrence

(n + 2)M_n = (2n + 1)M_{n−1} + 3(n − 1)M_{n−2} (3)

holds for all n ≥ 2. What are the odds that all the numbers M_n which arise in this way are integers? That is, what are the odds that with the integers M_{n−1} and M_{n−2} already constructed, the linear combination (2n + 1)M_{n−1} + 3(n − 1)M_{n−2} is always a multiple of n + 2? If M_0 = M_1 = 1 then we know, apriorically, that M_n is always a positive integer as being the cardinality of a finite set, but what about if we start with values M_0 ≠ M_1?

From now on, we use the notation

M(μ, λ) = (M_n(μ, λ))_{n≥0} = (M_n)_{n≥0}

for any sequence of rational numbers which satisfies recurrence (3) for all n ≥ 2 and M_0 = μ, M_1 = λ. We call such sequences M(μ, λ) Motzkintype sequences. So m_n = M_n(1, 1) for every n ≥ 0. For any integer k we write P (k) for the largest prime factor of k with the convention that P (0) = P (±1) = 1.

We have the following result.

Theorem 1.

Let M(μ, λ) = (M_n)_{n≥0} be any Motzkin-type sequence of rational numbers with M_0 = μ ≠ λ = M_1. For any n write M_n = a_n/b_n, where a_n and b_n are coprime integers with b_n ≥ 1. Then lim sup_{n→∞} P (b_n) = ∞.

In particular, the only Motzkin-type sequences of integers are the integral multiples of the sequence (m_n)_{n≥0}, i.e., the sequences M(a, a) where a is an integer.

Let T > 1 be any integer and let (u_n)_{n≥0} be any sequence of integers. We say that (u_n)_{n≥0} is eventually periodic modulo T if there exists positive integers n_0 and n_1 such that the congruence u_n ≡ u_{n+n1} (mod T ) is satisfied for all n ≥ n_0.

Theorem 2.

For any prime number p, the Motzkin sequence M(1, 1) = (m_n)_{n≥0} is not eventually periodic modulo p.

The cases p = 2 and p > 2 are in the proof handled in different ways. Interestingly, (m_n)_{n≥0} modulo 2 is related to the famous Thue–Morse sequence (we discuss this relation in the concluding comments).

The Proofs

The Proof of Theorem 1. We start by noticing that to prove the assertion of Theorem 1 it suffices to prove:

There exist rational numbers α ≠ β such that the sequence M(α, β) contains rational numbers whose denominators are divisible by arbitrarily large primes. Indeed, if M(μ, λ) is any Motzkin-type sequence with μ ≠ λ, then M(μ, λ) =^{αλ−βμ}_{α−β} · M(1, 1) +^{μ−λ}_{α−β} · M(α, β). Since M(1, 1) is integral and^{μ−λ}_{α−β} ≠ 0, we conclude that also the denominators in M(μ, λ) are divisible by arbitrarily large primes.

Now we find such α and β. For a power series F (x) = a_0 + a_1x + · · · and an integer n ≥ 0 we denote by [x^n]F the coefficient a_n of x^n. Let (M_n)_{n≥0} be a Motzkin-type sequence and M = M(x) = ∑ n≥0 M_nx^{n+2} be its modified generating function. It is easily checked that the relation (3) for n ≥ 2 is equivalent to

[x^{n+1}] (1 − 2x − 3x^2)M^′ + (3x + 1)M = 0 for n ≥ 2.

Denoting g = g(x) = 1 − 2x − 3x^2 and completing M(x) to S = S(x) = a + bx + M(x), we have for every a and b the relation gS^′ − 1 2 g^′S = (a + b) + (2M_0 + 3a − b)x + (3M_1 − 3M_0)x^2.

We want to select a, b, M_0, and M_1 so that S(0) = 0 and the right hand side of the last identity equals g(x). This gives a simple system of linear equations whose solution is

(a, b, M_0, M_1) = (0, 1, − 1/2, − 3/2).

We show that α = M_0 = −^1_2 and β = M_1 = −^3_2 have the stated property; the sequence begins

M(−^1_2 , −^3_2 ) = (−^1_2 , −^3_2 , −^9_4 , −^{99}_{20} , −^{54}_5 , −^{891}_{35} , −^{17253}_{280} , −^{43011}_{280} , −^{10935}_{28} , . . .).

With this choice the differential equation for S becomes gS^′ − 1 2 g^′S = g and can be rewritten as d dx ( S √ g ) = 1 √ g . The solution (in the ring of formal power series) is S(x) = √ g · ∫ dx √ g where the formal integral has constant term 0 because S(0) = 0. Expanding √ g = √ 1 − 2x − 3x^2 = ∑ n≥0 c_nx^n and 1 √ g = 1 √ 1 − 2x − 3x^2 = ∑ n≥0 d_nx^n, we get S(x) = (∑ n≥0 c_nx^n ) · (∑ n≥1 d_{n−1} n x^n ) . Since [x^m]S = M_{m−2}, we have for m ≥ 2 the formula

M_{m−2} = m−1∑ n=0 c_nd_{m−n−1} m − n = d_{m−1} m + m−1∑ n=1 c_nd_{m−n−1} m − n . (4)

From (2) we have √ g(x) = x − 1 + 2x^2 · m(x) = −1 − x + · · · and thus all c_n are integers. This implies that also all d_n, as coefficients in the reciprocal series, are integers.

We shall show that if m = p > 3 is a prime number, then d_{p−1} is not a multiple of p. Assume that we have proved this. Then^{dp−1}_p is in lowest terms and its denominator is a multiple of p. Clearly, ∑_{p−1} n=1 c_nd_{p−n−1} p−n brought to lowest terms is a rational number whose denominator is not divisible by p. By (4), the sum M_{p−2} is a rational number whose denominator is a multiple of p. Since p > 3 is an arbitrary prime, Theorem 1 follows.

It remains to prove that d_{p−1} is not a multiple of p for any prime p > 3. We have

d_n = [x^n](1 − 2x − 3x^2)^{−1/2} = [x^n](1 + x)^{−1/2}(1 − 3x)^{−1/2} = n∑ i=0 (−3)^i ( −1/2 i )( −1/2 n − i )

= (−1)^n 4^n n∑ i=0 (−3)^i ( 2i i )( 2n − 2i n − i ) . (5)

For any prime p > 2 and i = 0, 1, . . . , p − 1 it is easy to see that ( 2i i ) ≢ 0 mod p if and only if i ≤ p − 1 2 . Thus in (5) for n = p − 1 all products of the two binomial coefficients are divisible by p except for the single product corresponding to i = (p − 1)/2. Indeed, d_{p−1} ≢ 0 mod p for any prime p > 3. Theorem 1 is therefore proved.

Remark. We leave for the interested reader to check as an exercise that we proved more than what is asserted in Theorem 1: For every Motzkin-type sequence M(λ, μ) with μ ≠ λ there is an n_0 such that for every prime p > n_0 the fraction M_{p−2}(λ, μ) has denominator divisible by p. In fact, a quick look at formula (3) reveals that if one wants to create a “large” prime in the denominator of M_n, then probably the best “guess” is to take n + 2 (i.e., the coefficient of M_n in formula (3)) to be a prime number. Thus, all we have showed is that this “guess” is indeed correct for all sufficiently large prime numbers p.

The Proof of Theorem 2. We have to distinguish two cases depending on whether p is odd or even.

1. p > 2. In the ring of formal power series with integral coefficients we call two power series f and g to be congruent modulo p if f − g is a power series all whose coefficients are multiples of p. Assume now that p > 2 and that there exist positive integers n_0 and n_1 such that m_n ≡ m_{n+n1} (mod p) for all n ≥ n_0. Using (2) and the periodicity assumption we have, modulo p, √ 1 − 2x − 3x^2 = 1 − x − ∑ n≥0 2m_nx^{n+2} ≡ 1 − x − 2 n_0−1∑ n=0 m_nx^{n+2} − 2

n_0+n_1−1 ∑ n=n_0 m_nx^{n+2} · ∑ n≥0 x^{nn1} . Multiplying both sides of the above congruence with 1 − x^{n1} we get

(1 − x^{n1} ) √ 1 − 2x − 3x^2 ≡ P (x) (mod p), (6)

where P (x) is the polynomial

(1 − x^{n1} )(1 − x − 2 n_0−1∑ n=0 m_nx^{n+2}) − 2

n_0+n_1−1 ∑ n=n_0 m_nx^{n+2}. Squaring both sides of (6) we get

(1 − x^{n1} )^2(1 − 2x − 3x^2) ≡ P (x)^2 (mod p).

This congruence shows that in F_p[x], where F_p is the finite field with p elements, we have

(1 − x^{n1} )^2(1 − 2x − 3x^2) = P (x)^2.

Since F_p[x] is an UFD, it follows that 1 − x^{n1} divides P (x). Writing P (x) = (1−x^{n1} )R(x) with R ∈ F_p[x], we get that 1−2x−3x^2 = R(x)^2. If p = 3, then 1 − 2x − 3x^2 = 1 + x cannot be the square of a polynomial in F_3[x] (because it has odd degree). If p > 3, then 1 − 2x − 3x^2 is a polynomial of degree 2 whose discriminant 16 = 2^4 is not a multiple of p. Thus 1 − 2x − 3x^2 has two distinct roots (in the algebraic closure of F_p) and cannot be the square of some other polynomial either. Theorem 2 is therefore proved in the case p > 2. 2. p = 2. It folows from (1) that for n > 0 we have

m_n = m_{n−1} + n−2∑ i=0 m_im_{n−2−i}.

Modulo p = 2 this gives m_n ≡ { m_{n−1} for odd n m_{n−1} + m_{n/2−1} for even n.

It suffices to look only on the parity of m_{2n} and hence for n ≥ 0 we define k_n ∈ {0, 1} to be the parity of m_{2n}. Then we have in F_2 the recurrence k_0 = 1 and, for n > 0, k_n = k_{n−1} + k_{⌊(n−1)/2⌋}. (7) Thus

(k_n)_{n≥0} = (1, 0, 1, 1, 1, 0, 1, 0, 1, 0, 1, 1, 1, 0, 1, 1, 1, 0, . . .). (8) For integers n ≥ 1 we denote α_2(n) the maximum integer m ≥ 0 such that 2^m divides n. From (7) it follows by an easy induction that for every n ≥ 0

k_n ≡ 1 + α_2(n + 1) (mod 2). (9)

Hence m_n is eventually periodic modulo 2 if and only if α_2(n) is. But it is easy to prove that α_2(n) is not eventually periodic modulo 2. Suppose, for the contradiction, that there are positive integers n_0 and n_1 such that α_2(n + n_1) ≡ α_2(n) (mod 2) for every n ≥ n_0. Let n_1 = 2^ab with b odd. We take an integer c such that c ≥ a and 2^c ≥ n_0. For every n ≥ 0 we should have c = α_2(2^c) ≡ α_2(2^c + nn_1) (mod 2). But α_2(2^c + 2^{c−a}bn_1) = α_2(2^c(1 + b^2)) = c + 1 because 1 + b^2 ≡ 2 (mod 4). Thus m_n is not eventually periodic modulo 2 and the proof of Theorem 2 is complete.

Comments

One can prove that the binary sequence K = (k_n)_{n≥0}, see (8), can be generated instead of (7) or (9) more effectively by starting with the one-term sequence 1 and then repeatedly replacing in one step all 0’s and all 1’s according to the rules 1 → 10 and 0 → 11. We get 1 10 1011 10111010 1011101010111011 . .

Hence K is closely related to the classical Thue–Morse sequence T = (t_n)_{n≥0} = (1, 0, 0, 1, 0, 1, 1, 0, . . .) that is generated from 1 by the rules 1 → 10 and 0 → 01. It is known (see Lothaire [5] and Berstel [2] for more information on T ) that T contains no three consecutive repetitions of any interval. In particular, T is very far from being eventually periodic. K has similar properties — we can prove that K contains no four consecutive repetitions of any interval.

The results from the present note extend easily to other sequences which naturally arise in enumerative combinatorics. One of such sequences is the Schröder sequence (s_n)_{n≥1} (A001003 of EIS [7]). For n ≥ 1, the number s_n counts the number of lattice paths in the cartesian plane starting at (0, 0), ending at (2n, 0), and which use line steps equal to either (2, 0) (level step), or to (1, 1) (up step), or to (1, − 1) (down step), and which never pass below the x-axis. It is well-known ([8]) that the Schröder numbers satisfy s_1 = s_2 = 1 and ns_n = 3(2n − 3)s_{n−1} − (n − 3)s_{n−2} for all n ≥ 3 and that ∑ n≥1 s_nx^n = 1 − 3x − √ 1 − 6x + x^2 2x . We can prove in a way similar to the proof of Theorem 2 that (s_n)_{n≥1} is not eventually periodic modulo p for any prime number p. An argument similar to the one used in the proof of Theorem 1 can be used to yield that if S := (S_n)_{n≥1} is any sequence of rational numbers satisfying the Schröder recurrence nS_n = 3(2n − 3)S_{n−1} − (n − 3)S_{n−2} for all n ≥ 3 but with S_1 ≠ S_2, then the sequence S contains rational numbers whose denominators are divisible by arbitrarily large primes. This suggests that an analysis of the arithmetical properties of sequences of rational numbers (U_n)_{n≥0} which obey a recurrence relation of the type f(n)U_n = g(n)U_{n−1} +h(n)U_{n−2} for all n ≥ 2, where f, g, and h are linear (or higher degree) polynomials with rational coefficients in the variable n, might be worthwhile, but we shall treat this problem with a different occasion.

References

[1] F. Bernhart, Catalan, Motzkin, and Riordan numbers, Discrete Math.

204 (1999), 73–112.

[2] J. Berstel, Axel Thue’s work on repetitions in words, Séries formelles et combinatoire algébrique (P. Leroux, C. Reutenauer ed.), Publications du LaCIM, Université du Québec à Montréal, 1992; pp. 65–80.

[3] R. Donaghey and L.W. Shapiro, Motzkin numbers, J. Comb. Theory, Ser. A 23 (1977), 291–301.

[4] S. Dulucq, J-G. Penaud, Interprétation bijective d’une récurrence des nombres de Motzkin, Colloque Lacim 2000, http://www.lacimuqam.ca/lacim2000/programme.html.

[5] M. Lothaire, Combinatorics on Words, Addison-Wesley Publishing Company, Reading, MA 1983.

[6] E. Pergola, R. Pinzani, A combinatorial interpretation of the area of the Schröder paths, Electronic J. of Combinatorics 6 (1999), R40.

[7] N. J. A. Sloane, editor (2002), The On-Line Encyclopedia of Integer Sequences, published electronically at http://www.research.att.com/∼njas/sequences/.

[8] R.S. Stanley, Enumerative Combinatorics. Volume 2, Cambridge University Press, Cambridge, UK (1999).

[9] R.A. Sulanke, Moments of Generalized Motzkin Paths, J. of Integer Sequences 3 (2000), Article 00.1.1.

[10] W-J. Woan, A combinatorial proof of a recurrence relation of the Motzkin sequence by lattice paths, Fibonacci Quart. 40 (2002), 3–8.