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48. Théoréme. Deux nombres entiers consécutifs, autres
que 8 et 9, ne peuvent étre des puissances exactes. (Catalan.)

See [5].

192
13.
Note

extraite d’une lettre adressée a 1’éditeur par Mr. E. Catalan, Répétiteur a I’école
polytechnique de Paris.

,»Je vous prie, Monsieur, de vouloir bien énconcer, dans votre recueil, le
,, théoréme suivant, que je crois vrai, bien que je n’aie pas encore réussi a
,, le démontrer complétement: d’autres seront peut-étre plus heureux:
,, Deux nombres entiers consécutifs, autres que 8 et 9, ne peuvent étre
,, des puissances exactes; autrement dit: ’équation x™ — y™ = 1, dans
,» laquelle les inconnues sont entiéres et positives, n’admeét qu’une seule
,, solution. ”

See [6].

— written according to [1, pp. 1-2]. In 1842, the Belgian-French mathematician
Eugene Ch. Catalan (1814-1894) (see [13]) put forth without a proof a theorem
asserting that 8 and 9 are the only consecutive pure powers. Two years later
he corrected himself and changed it to a conjecture. Catalan’s conjecture was
proven in 2004 by the Romanian mathematician Preda Mihailescu (1955). In
this text, we present a complete proof of Catalan’s conjecture. In particular, we

give in entirety Mihailescu’s proof.



Introduction

One can state Catalan’s conjecture [6] (1844) as follows. For integers m,n > 2
the only solution of the Diophantine equation

-y =1

in nonzero integers z,y is m = y = 2, x = +3 and n = 3. After many
partial results by many authors, Catalan’s conjecture was proven in 2004 by
P. Mihailescu [25].

Three excellent books on the subject are [30] by P. Ribenboim, [32] by
R. Schoof and [1] by Yu. Bilu, Y. Bugeaud and M. Minotte. The first book
is from the pre-Mihailescu era; the other two present Mihéailescu’s proof. They
are far from self-contained, though. In this text our aim is to give a complete
and self-contained presentation of Mihailescu’s proof, and in fact of the proof
of Catalan’s conjecture (which has to include many things Mih&ilescu took for
granted). The initial part in Chapters 1-?? corresponds to my lectures in the
course Algebraic Number Theory in 2024/25 and 2025/26.

It is easy to see that the exponents m = p and n = ¢ can be assumed to
be distinct primes. The resolution of Catalan’s conjecture naturally divides in
the elementary part with p = 2 or ¢ = 2, and the non-elementary part with
p,q > 3. “Elementary” does not mean easy, and “non-elementary” means hard.
The elementary part is covered by the first three chapters, and the rest of our
text is devoted to the non-elementary case. If it is not said else, a solution is
always an integral solution.

In Chapter 1, we resolve the equation 2 — y3 = 1; the only solutions are
(£3,2), (£1,0), and (0,—1). We present three resolutions of the equation. The
historically first due to L. Euler (1737) is in Section 1.4. It makes use of the
fact that, in the modern view, 2 = 33 + 1 is an elliptic curve. Euler actually
proved that the five mentioned solutions are the only rational solutions. The
second resolution of 2 — y3 = 1 in Section 1.3 is due to this author in 1989;
the factorization 22 = (y + 1)(y? — y + 1) leads to investigation of properties of
solutions of the Pell equation 22 —3y? = 1. Another way how to solve 22—y = 1
is to start with the factorization (z+1)(x —1) = y>; one is then led to equations
3 — 2y = £1. In 1957, in a little known article, A. Wakulicz provided an
elementary resolution of the more general equation 2% + 33 = 223; we present
his result in Section 1.5. All three resolutions of 22 — y3 = 1 are completely
elementary in the sense that they take place in the field Q.

Praha and Louny, December 2025 to 77 Martin Klazar
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Chapter 1

Euler’s theorem

We begin our long journey on the mountain range of the proof of Catalan’s
conjecture in the first elementary case: the only integral solutions of the equation

m2—y3:1

are pairs (+3,2), (£1,0) and (0, —1). We give three proofs. Section 1.1 collects
auxiliary results on Pell equations 22 — dy? = 1 needed in this chapter and in
Chapter 3. In Section 1.2 we survey unique factorization domains and principles
of powers. In Section 1.3 we present the resolution of 22 — 3® = 1 in [18], found
by this author in 1989. Section 1.4 is devoted to a modern proof of the result
due to Leonhard Euler (1707-1783) ([14]) in [15] in 1738 that the five pairs are
the only rational solutions of the equation. In the last Section 1.5 we present
the elementary proof of A. Wakulicz [34] that the equation x® + y® = 223 has
no solution with x # +y. Thus the only solutions of 23 — 2y* = £1 are (+1,0)
and (£1,+1) (equal signs). Using the factorization

(0= 1)+ 1) =y

one deduces that x2 — > = 1 has just the five mentioned solutions. The ex-
istence of the nontrivial (nonzero) solution (+3,2) gives this elementary case
of Catalan’s conjecture a distinct flavor compared to the elementary cases in
the next two chapters. In Sections 1.3, 1.4 and 1.5 we follow [18], [9] and [34],
respectively.

1.1 Pell equations
Pell equation is any Diophantine equation of the form

2?2 —dy? =1,

with unknowns z,y and parameter d € N that is not a square: d = 2, 3, 5, 6,
7, 8, 10 and so on. We say that a pair a,b € N is a minimal solution of the



equation if a? — db?® = 1 and there is no solution z,y € N with 2 < a. Minimal
solutions, if they exist, are unique.

Proposition 1.1.1 Let a,b € N be the minimal solution of the Pell equation
z?—dy? =1.
Then natural solutions x,y € N of the equation form an infinite set
{(z,y) eN?: z+yVd= (a+b\/&)n for some n € N}.

Proof. Let x;,y; € Z, i = 1,2, be two solutions of the equation and x3,y3 € Z
be defined by
x5+ y3Vd = (21 + y1Vd) (22 + y2Vd) .

Then also

€3 — 3/3\/a = (331 - y1\/g) (962 - yz\/a) .

Multiplying the displayed equalities we get
r3 — dys = (m%—dy%)(w%—dyg) =1-1=1.

Thus z3,ys3 is a solution of the equation as well. Even more easily, if x,y is
a solution of the equation, then the reciprocal

1
—— =z —yVd
r+yVd Y

produces solution x, —y. Note that if z;,y; € N, ¢ = 1,2, are solutions of the
equation, then
T < Ty = x1+yVd<ao+ysVd.

Also, if z,y € Z is a solution of the equation, then z,y € N iff z + yv/d > 1.
Now let a,b be as stated and z,y € N be such that 22 — dy? = 1. We take
the unique m € Ny such that

o= (a—&—b\/a)m <x+y\/&§ (a—l—b\/a)mﬂ.
If the last inequality were strict, then
l<u+vVd:=a ' (z4yVd) <a+bdVd

would give a solution u,v € N of the equation, in contradiction with the mini-
mality of a,b. Thus z + yvd = (a + b\/&)mH. m]

In 1770, Lagrange proved that every Pell equation has a minimal solution, and
hence infinitely many solutions. Probably, we do not need this result to resolve
Catalan’s conjecture. But we need some properties of the solutions of the Pell
equation x% — 3y? = 1.



Corollary 1.1.2 The solutions of Pell equation
2?2 —3y2 =1
are ezactly the pairs (+x,, *y,), n € Ng, where
o+ ynV3 = (2+V3)".

Also, g =1, yo =0 and xp41 = 225 + 3Yn, Ynt1 = Tn + 2Yn.

Proof. This follows from Proposition 1.1.1 because z?> — 3y2 = 1 has the
minimal solution (2, 1). a

Proposition 1.1.3 If (x,,yn), n € Ny, are as in the previous corollary, then
for every n € Ny we have

Ton = 207 — 1, Yon = 2TnYns Tong1 = (Yn +Yn+1)” + 1, Yons1 = 2Tn¥ngr — 1.
The numbers x,, and y, have different parity, and x, is odd iff n is even.
Proof. Since 22 — 3y2 =1,
Ton + YonV3 = (2 + \/§)2n = (xn + yn\/§)2
= 22 4+ 3% + 22,y V3 = 222 — 1+ 22,y,V/3.
Similarly,

Ton+1 + y2n+1\/§ = (2 + \/g)(l‘i + 3y721 + anyn\/g)
= 2a) + 62y, + 6y, + (27, + dznyn + 3y5)V3.

Now 222 + 62,yn + 6y2 = 22 + 62,yn + 2 + 1 = (Yo + Tn + 2yn)? + 1
(Yn +Ynt1)? + 1 and @3 +4yny, +3y; = 227 +4x,yn — 1 = 20, (2, +2yn) — 1
22, Yn+1 — 1. The last claim is immediate from the just proven formulas. O

1.2 UFD and PP

These acronyms refer to unique factorization domain(s) and principle(s) of pow-
ers, respectively. PP propel resolutions of Diophantine equations, and therefore
deserve more than the usual glossing over. Here we treat them in detail.

Proposition 1.2.1 (PP0) Let a,b,c € Z and k € N. If a divides bc* and a,c
are coprime, then a divides b.



Proposition 1.2.2 (PP1) Let k,l € N with k,1 > 2. If a;,b € Ny for i € [k]
are k + 1 numbers such that the a; are pairwise coprime and if

alag...ak:bl,

then there exist k pairwise coprime numbers b; € Ng such that for every i € [k],

G,i:bé.

If 1 is odd then this result holds also when Ny is replaced with Z.

Proposition 1.2.3 (PP2) Letp be a prime and k € N with k > 2. Ifa,b,c in
Ng are numbers such that

ged(a,b) =p Aab=cF,
then there exist coprime numbers d,e € Ny such that
{a, b} = {pd", p"~ e}
If k is odd then this result holds also when Ny is replaced with Z.

In order to generalize PP0O, PP1 and PP2 to domains and to prove them,
we review the notion of a unique factorization domain. We also introduce irre-
ducible factorizations. Recall that an (integral) domain

R = <R7 ORa 1R7 +a >

is a commutative ring with 1g such that for every a,b € R* (= R\ {Og}) we
have ab # Og. For a,b € R we say that a divides b (in R), written a|b, if b = ac
(= a-c) for some ¢ € R. We say that a € R is a unit if a|1g, that is, a is
multiplicatively invertible. The set of units in R is denoted by R*. It is easy
to see that

(R*, 1R, -

is an Abelian group, the group of units of the domain R. For a,b € R we write
a ~ b if a = be for some ¢ € R*; we say that the elements a and b are associated.
For example, in the domain of integers

Z={Z,0,1,+, ")

we have m ~ n iff m = +n. It is easy to see that ~ is an equivalence relation,
and that it is congruent with respect to multiplication. For a € R we denote by

[al~ (={b€R: b~a})

the block of the element a in the equivalence ~. We get the (commutative)
monoid of blocks

<R/N7 [1R]~ = RX? >



Proposition 1.2.4 In any domain R, two elements are associated if and only
if each divides the other.

Proof. Let a,b € R. Suppose that @ ~ b. Thus @ = bc and ac™! = b for some
¢,c”t € R*. Hence b|a and a|b.
Suppose that a|b and b|a. Thus b = ac and a = bd for some ¢,d € R. We
get the equality
b-(].R—d~C) :OR.

Thus, since we are in a domain, b = a = Oz and a ~ b, or dc = 1z and again
a~b. ]

Two elements a,b € R are coprime, written (a,b) = 1, if they can be
simultaneously divided only by units.

Definition 1.2.5 (gcd) Let R be a domain and a,b € R. We say that ¢ € R
is the greatest common divisor of a and b, and write ¢ = ged(a,b), if ¢ divides
a and b, and every simultaneous divisor of a and b divides c.

If ¢ = ged(a, b) and ¢ ~ ¢, then ¢ = ged(a,b). If a ~ a', b~ 1V, ¢ = ged(a,b)
and ¢’ = ged(a’,b'), then ¢ ~ ¢. Also, a and b are coprime iff ged(a,b) = 1g.

Let R be a domain. An element a € R is irreducible if « € R*\ R* and if
in every multiplicative decomposition a = bc with b,¢ € R, b or ¢ is a unit. If
a,b € R, a ~ band ais irreducible, then so is b. We denote the set of irreducibles
in R by R.

Definition 1.2.6 (UFD 1) R is a unique factorization domain, or UFD, if
every element in R*\ R* is a product of irreducibles, and this product is unique
up to the order of factors and the relation ~.

In more details, R is UFD if for every element a € R* \ R* there exist m € N
irreducibles a; such that
a=a1 a2 ... Qmy,

and if any equality
cL-Coorcp=0by-by-... by,

where I,m € N and b; and ¢; are irreducibles, implies that [ = m and that
there exists a permutation 7 of the numbers 1,2, ..., such that for every i € [I]
we have ¢; ~ br;). A prototypical example of UFD is Z, which we prove in
Section 2.3.

Recall that if A and B are sets and X C A x B, then the relation X is
a partial function (from A to B) if for every a € A there exists at most one
b € B such that (a,b) € X. We formalize (actually, set-theorize) irreducible
factorizations.

Definition 1.2.7 (irreducible factorizations) Let R be a domain, [ = R¥/ ~
and let a € R*. Irreducible factorizations (in R) are finite partial functions X



from 1 to N. If X # 0, we say that X is an irreducible factorization of the
element a if

(e, m)eX
We say that X = 0 is an irreducible factorization of a if a € R*.

For any irreducible factorization X we set
(X)1={a€l: ImeN: (o, m) € X},

and for a € (X); we denote by X («) the unique m € N such that (a,m) € X.

Let a,b € R and X,Y be the respective irreducible factorizations. We define
that X divides Y, written X | Y, if (X)1 C (Y')1 and for every o € (X); we have
X(a) <Y(a). Tt is easy to see that a|b iff X |Y. We restate the definition of
UFD.

Definition 1.2.8 (UFD 2) A domain R is a unique factorization domain, or
UFD, if every element in R* has a unique irreducible factorization.

Proposition 1.2.9 In every UFD R every two elements a,b € R* have the
greatest common divisor c. If a and b are coprime then ¢ = 1r. Else, denoting
by X andY the irreducible factorization of a and b, respectively, we have

o= J[ emnX@ v,
acX1NY

Proof. This is immediate from the interpretation of divisibility of elements in
R* in terms of their irreducible factorizations. O

As for the pairs a,b with ab = Or, we have gcd(0g, a) = a for every a € R*, and
gcd(0g, 0r) does not exist.

We generalize PP0, PP1 and PP2 to UFD. Let R be UFD, a,b € R* and let
X and Y be the respective irreducible factorizations of a and b. Then a and b
are coprime iff (X);N(Y); = 0. The product ab has the irreducible factorization

XY = {{a, X(a)): a€ (XN \Y)i}U{{a,Y(a)): a€ (V) \(X)1} U
U{la, X(@) +Y(a)): ae (X) N ()}

If @ and b are coprime then we have the disjoint union XY = X UY. Forl € N
the power a’ has the irreducible factorization

Xi={{a, IX()): @€ (X)}.

Proposition 1.2.10 (PP0’) Let R be UFD, a,b,c € R and let k € N. If a
divides bc® and a, ¢ are coprime, then a divides b.



Proof. It is not hard to check that the proposition holds if abc = 0r. We
assume that a,b,c € R* and denote by X, Y and Z their respective irreducible
factorizations. Since (X);N(Z), = 0, also (X)1N(Z*); = (). From the previous
description of divisibility on the level of irreducible factorizations it then follows
that since X | Y Z*, we in fact have (X); C (V)1 \ (Z); and X | Y. m

Proposition 1.2.11 (PP1’) Let R be UFD and let k,l € N with k,l > 2. If
a;,b € R fori € [k] are k 4+ 1 elements such that the a; are pairwise coprime
and if

aias...ak Nbl,

then there exist k pairwise coprime elements b; € R such that for every i € [k],
Qg ~ (bl)l .

Proof. Let R, k, I, a;, and b be as stated. If one of the a; is Og, then every
a; with j # ¢ is a unit. The proposition then holds because Or = (0g)" and
for every a € R* we have a ~ (1z)!. So we may omit every a; € RX and may
assume that a;,b € R*\ R*. Let X; (# 0) be the irreducible factorization of a;,
and Y (# 0) be that of b. Since

XiXo. . . Xp=X1UXoU---UX, =YY",

we have X; C Y! for every i € [k]. Thus [ divides m for every (a,m) € X,
and it follows that a; ~ (b;)! for some b; € R* \ R™. Since the a; are pairwise
coprime, so are the b;. O

We use the following notation. If R is a domain and A, B C R are two
equinumerous finite sets, then A ~ B means that there is a bijection f: A — B
such that a ~ f(a) for every a € A.

Proposition 1.2.12 (PP2’) Let R be UFD, p € R and let k € N with k > 2.
If a,b,c in R are such that

ged(a, b) =pAab~
then there exist coprime elements d,e € R such that
{a, b} ~ {pd*, pF=te*}.

Proof. Let R, p, k, a, b and c be as stated. If one of a and b is Oy, then the other
is associated with p. We are done because 0r = p*~1(0g)* and p = p(1g)*.
We may therefore assume that a,b,c € R*. Let X, Y and Z be the irreducible
factorizations of a, b and ¢, respectively. We may assume that ([p].,1) € X,
([p]~;m) € Y with m € N and that (X); N (Y); = {[p]~}. Since

XY = (X\ {{[pl~, 1} U (Y \ {{p]~s m)}) U{{lpl~, m+ 1)} = 2,



we get that k divides both X (&) and Y («) for every o € ((X)1 U (Y)1) \ {[p]~}:
and that k& divides m + 1. Thus m = k& — 1 + kmyg for some mg € Ny. It follows
that a ~ pd® and b ~ p*~1e* for coprime d, e € R*. O

Assuming that Z is UFD, we leave the deduction of PP0 from PP0’, PP1 from
PP1’ and PP2 from PP2’ as easy exercises for the interested reader.

1.3 Klazar’s resolution of 2% —° =1

We follow the article [18]. In the next result, we obtain well known formulas for
Pythagorean triples. These formulas reverse the polynomial identity

(:1:2 — y2)2 + (2zy)? = (9:2 + y2)2 (in Z[z, y]) .

Proposition 1.3.1 If z,y,z € Ny are numbers such that

2?4yt = 22

— they form a Pythagorean triple — and are pairwise coprime, then they express
for some coprime numbers u,v € Ny as
z=u?+v* and {z, y} = {u* — v, 2uv}.

Proof. Let z, y and z be as stated. Reduction modulo 4 shows that z and
exactly one of z and y, say z, is odd. Then, since (z — z)/2 and (z + z)/2 are
coprime, from the equality

yY\? 22— z+x
(5) 2 2

we get by PP1 (Proposition 1.2.2) coprime numbers u,v € Ny such that (z —
7)/2 = v?, (z+2)/2 = u? and wv = y/2. Hence z = u? —v?, y = 2uv and
2z =u? + 02 o

Corollary 1.3.2 If z,y € Ny are numbers such that
2% — 2 =1,
then there exist numbers a,b € Ny such that a®> — 2b*> = 1 and
x € {a® 4 2b* + 2ab, a® + 2b* — 2ab} = {2a* — 1 + 2ab, 2a*> — 1 — 2ab} .

Proof. Let z,y be as stated. Then y is odd, y = 2yo + 1 with yo € Np. So
22 =292 + 2yo + 1 = y2 + (yo + 1). By Proposition 1.3.1 there exist u,v € Ny
such that

z=u?+2v? and {yo, yo + 1} = {2uv, u?® — v?}.
Thus 1 = u? —v? —2uv = (u—v)? — 202 or 1 = 2uv —u? +v? = (u+v)? — 2u>.
We set a = u — v, b = v, respectively a = u + v, b = u, and get a,b € Ny as
stated. |

We took the following result from Sierpinski’s book [?].



Proposition 1.3.3 The only solutions of the Diophantine equation
ot -2y =1
are (£1,0).

Proof. Let z,y € Z be a solution of the equation. Then z is odd and x? = 1+4k
for some k € Ng. We get from the factorization

(z? =) (2* +1) =2°

that 4k(2k + 1) = y2. Since the numbers 4k and 2k + 1 are coprime, by PP1
(Proposition 1.2.2) we have 4k = a?, a € Ny. Thus (z — a)(z +a) = 1 and
x=+1y=0. 0

The following auxiliary result is of an independent interest.

Theorem 1.3.4 The Diophantine equation
zt =32 =1
has only the trivial solutions (£1,0).

Proof. We need to solve z,, = m?, where n,m € Ny and x,, are as in Proposi-
tion 1.1.2. If n = 2ng + 1 is odd then Proposition 1.1.3 gives

(m — Yno — yn0+1)(m + Yno + yno+1) =1.

Thus m = £1 and y,, + Yn,+1 = 0. This is impossible because always y,, +

Yno+1 > 0.

Let n = 2ng be even. Then by Proposition 1.1.3, 222 — 1 = x9,, =
zn, = m? and 2z2 —m? = 1. Reduction modulo 4 gives that ,, is odd. By

Proposition 1.1.3, z,, = Top, = 21%1 — 1. Corollary 1.3.2 shows that there are

numbers a,b € Ny such that a? — 2b* = 1 and

222 —1=1m,, =2a° — 1+ 2ab.
Hence x%l = a(a £ b). Since a,b are coprime, so are a,a + b, and by PP1
(Proposition 1.2.2) the number a is a square. By Proposition 1.3.3 we have
a=1 Thusb=0, 2, =2,, =1and x = £1,y = 0. O

Theorem 1.3.5 (Euler, 1737) The only integral solutions of the Diophantine
equation
7 — y3 =1

are (£3,2), (£1,0) and (0, —1).



Proof. (Klazar) Let z,y € Z be such that 22 — y3 = 1. Then
=+ -yt )=+ (y+1)y-2)+3).

Since y? —y+1 > 0, we have y +1 > 0. Also, ged(y+ 1,5%> —y +1) € {1,3}. If
the ged is 1 we have by PP1 (Proposition 1.2.2) that y + 1 and y? — y + 1 are
squares. Thus 4y? — 4y + 4 = (2a)? for some a € Ng. We get that

3=2a—-2y+1)(2a+2y—1).

Hence (a,y) = (£1,1) or (£1,0). For y = 1 the number y + 1 is not a square
and for y = 0 we get the solution (+1,0).

Let ged(y+1,y? —y+1) = 3. By PP2 (Proposition 1.2.3) there are numbers
a,b € Ny such that

y+1=3a% and y*> —y+1=3b2.

Thus 3(20)% — (2y — 1)2 = 3 and 2y — 1 = 3Y for some Y € Z. With X = 2b
(€ No) we get
X?-3Y?=1and Y =2a* 1.

The triple (X,Y,a) = (2,—1,0) solves this system. We get y = —1 and the
solution (0, —1).

Thus we can assume that Y > 0. We look for a number n € Ny such that
Y =y, = 2a® — 1, where a € Ny and v, is as in Proposition 1.1.2. Since v, is
odd, so is n. By Proposition 1.1.3 we have

20° — 1 =y = Yomt1 = 2Tm¥Yms1 — 1, m € Ny.

Thus
2
4 = TmYm+1 -

We have
ng(xm, ym+1) = ng(:Um, T + 2ym) € {L 2} .

If ged(@m, Ym+1) = 1, by PP1 (Proposition 1.2.2) the number z,, is a square.
Theorem 1.3.4 gives ©,,, = 1. Thus m=0,n=1,y, =Y =1 and y = 2. We
get the solution (+3,2).

Finally, let ged(@m, Ym+1) = 2. By PP2 (Proposition 1.2.3), ym41 = 2¢ for
some ¢ € Ny. By Proposition 1.1.3,

202 = Ym+1 = Y2k = szyka keN.

Hence ¢ = zpyx. Since xy,ys are coprime, by PP1 (Proposition 1.2.2) the

number zj is a square. Theorem 1.3.4 shows that it is not possible because
k > 1. We do not get any more solutions of 22 — > = 1, and the proof is
complete. O

This was the 1989 resolution of 22 —y3 = 1 in [18]. In 2003, a similar resolution
was obtained by Ch. Notari in [29].
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1.4 Modern completion of Euler’s argument

We give a modern version of Euler’s resolution of the equation 22 — y3 = 1 in
the domain of fractions. We follow (and complete) the write-up [9] of Conrad.
First we resolve an auxiliary Diophantine equation.

Theorem 1.4.1 The only triple (x,y,z) € N3 such that (z,y) =1, (3,z) = 1
and

2t — 3022 4 3yt = 22,
is (1,1,1). Said equivalently, the only coprime numbers u,v € N such that
(3,u) =1 and that all three numbers

u, v and u® — 3uv + 3v?

are squares, are u = vV = 1.

Proof. (Conrad) First, we show that in the latter problem, if v = 1 then u = 1.
Indeed, since u? — 3uv + 3v? is a square, there is an a € Z such that

u? —3u+3=a* and (2a)* — (2u—3)* =3.

Thus a = £1 and u = 1 or 2. Since u = 2 is not a square, u = 1.
We therefore assume that u,v € N and w € Z are numbers such that (u,v) =
1, (3,u) = 1, v and v are squares,

u? — 3uv + 3v? = w?,

v > 1 and that v is the minimum possible (with respect to the stated properties).
We obtain a contradiction and show that no such triple (u, v, w) in fact exists.

Thus (3, w) = 1 and we may select the sign of w so that w = —u (mod 3).
Let r := =% (€ Q), so that u + rv = w. By the choice of w we have r # 0.
Let r =  be in lowest terms, so that m € Z, n € N and (m,n) = 1. We see
that m | (w — u), n|v and (3,m) = 1. Substituting w = u + rv in the previous
displayed equation we get

u? — 3uv + 3v? = u? + 2urv +r*0? and (3 — r*)v? = (2r + 3)uv.

We see that 2r + 3 # 0. Dividing by v?(2r + 3) and substituting » = o we get

u 3n2 — m?

v n(2m+3n)’

We show that the fraction on the right-hand side is in lowest terms. From
(m,n) = 1 we get that n is coprime with 3n? —m?2. To show that 3n? —m? and
2m+3n are coprime, we argue by contradiction. Suppose that a prime p divides
3n? —m? and 2m + 3n. Then m? = 3n? and 2m = —3n modulo p. Squaring
the second congruence and comparing it with the first we get 4m? = 3m? and
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12n2 = 9n2. Thus p divides both m? and 3n2. Since m and n are coprime,
p = 3 and p divides m, which is a contradiction.

Thus
u=e(3n? —m?) and v =en(2m +3n), ¢ € {1, 1}.
Modulo 3, u = —em? = —&. Since u is a square, we get that ¢ = —1. Hence
u=m?—3n? and v = —n(2m + 3n).

Since u is a square, we have
m?—3n’=k keZ.

Thus (3, %) = 1 and we select the sign of k so that K = —m modulo 3.

Let s = ]’C*Tm (€ Q), so that m + sn = k. It follows from the choice of k that
s #0. Let s = Z—: be in lowest terms, so that v’ € Z, v" € N and (v/,v") = 1.
We see that v | (k —m), v'|n and (3,u’) = 1. Substituting k = m + sn in the
previous displayed equation we get

m? —3n? = m? + 2mns + s>n? and 2mns = —(3 + s*)n?.
We know that sn # 0. Dividing by sn? and substituting s = Z—: we get
2m 3+ s? 2m (u')? = 3uv" + 3(v)?

— = andv:—n2(——|—3):n2-
n S n

u'v’
Since v is a square, multiplying by (u'v’)? we get that
Ul . U/ 3 ((UI)2 _ 3’LL/’U/ + 3(,0/)2)
is a square. Since (uv/,v") = 1 and (3,u’) = 1, the three displayed factors are
pairwise coprime and by PP1 (Proposition 1.2.2) all three are squares; note that
v’ >0 and (u/)? — 3u'v' 4+ 3(v')? > 0, hence also v/ > 0.
We show that 0 < v' < v. We have

v n((u’)2 — 3u'v + 3(1)’)2) .

u'v’

Now n|v, and u' and v’ are coprime with (u’)? — 3u/v’ + 3(v')%. Thus v'v' |n
and v'v"|v. Hence 0 < w'v' < v and 0 < v' < v. The minimality of v implies
two cases: either v = 1 or v’ = v. We show that both lead to the contradiction
that v = 1.

Case 1 when v/ = 1. As we know from the beginning, v’ = 1. Thus
s=%=1k=m+sn=m+n, m?>—3n*=k*= (m+n)? and m = —2n. So
r=2=—-2and w=u+rv=u—2v. We get

n

u? — 3uv + 3v? = (u — 2v)? and wv = v?.

12



Hence (v —v)v = 0 and u = v. Since (u,v) = 1, we get the contradiction that
v=1

Case 2 when v' = v. Thus v/ = 1. We have s = k;m = Z—: = L. Since n|v
and v’ | n, we get v =v' =n and k = m+1. Then m? —3n? = k? = m?+2m+1

and 2m + 1 = —3n?. But from

n=v=—n(2m+ 3n)

we get that 2m+3n = —1 and 2m+1 = —3n. Thus —3n? = —3nandn =v = 1,
which is a contradiction. O

In the previous proof we followed [9], but we corrected /completed the conclusion
of the proof; [9] misses case 1.
From the previous theorem we deduce the main result of this section

Theorem 1.4.2 (Euler, 1737) The only rational solutions x,y € Q of the
equation

$2 _ y3 =1
are the pairs (£3,2), (£1,0) and (0,—1).

Proof. (Conrad) Let x,y € Q be such that 22 — y3 = 1. Since 22, y?> —y+1 =
(y—3)?+2 >0, from

=y +1=wy+)E —y+1)

we deduce that y > —1. As y = —1 yields the solution (0, —1), we assume from
now on that y > —1.

Let y = ¢ with coprime a € Z and b € N. From y > —1 we get a +b > 0.
Since
b(a® + b*)

b* ’
b(a® + b3) is a square. With ¢ = a + b (€ N) we write

b(a® +b%) = b(a+b)(a® —ab+b*) =b-c- (c* — 3bc + 3b%) .

$2:y3+1:

Case 1 when (3,¢) = 1. The three displayed factors are pairwise coprime
and positive. By PP1 (Proposition 1.2.2) they are squares. Using Theorem 1.4.1
we get that b = ¢ = 1 and a = 0. Thus y = § = 0 and we get the solution
(£1,0).

Case 2 when 3|c. Let ¢ = 3d. From (b,c) = 1 we get (3,b) = 1 and
(b,d) = 1. Then

be(c? — 3be + 3b%) = 9bd(b* — 3bd + 3d?)
is a square. Thus
b-d-(b* — 3bd + 3d*)
is a square. As before we deduce by means of PP1 (Proposition 1.2.2) and

Theorem 1.4.1 that b=d =1. Thusc=3d=3,a=c—-b=2andy = § = 2.

We get the solution (+3,2). ]
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1.5 Wakulicz’s resolution of 3 4 y? = 223

Antoni Wakulicz (1902-1988) ([33])
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Chapter 2

V. Lebesgue’s theorem

In the second chapter, we tackle the second elementary case of Catalan’s con-
jecture, that of equations
™ —y? =1

with odd m > 3 (for even m, it is a trivial problem). Section 2.1 contains results
on p-adic order that we use later in Section 2.2, where we present the theorem
of V. Lebesgue (1791-1875) that the only solution of the equation is (1,0). For
a biography of V. Lebesgue, see [22]. In Section 2.3 we prove in Theorem 2.3.2
that every Euclidean domain is UFD. In particular, Z[i] is UFD, which is needed
for Lebesgue’s proof. This theorem plays a more important role in the resolution
of Catalan’s conjecture than one might think. We show by means of it that the
class numbers of the cyclotomic fields Q({3) and Q((5) are hg = hs = 1, which
is a key result in Chapter 8. In Section 2.2 we follow [32, Chapter 2].

2.1 Properties of p-adic order

For a prime p and a € Q, the p-adic order ord,(«) of o is +o00 if @ = 0. For
a # 0, it is the unique k € Z such that o = p* for some 3 € Q with numerator
and denominator coprime to p.

Proposition 2.1.1 For every o, f € Q, the following holds.

1. ord,(aB) = ord,(a) + ord,(3). Here for a,b € Z U {+o0} we set a+b:=
+oo if a or b is +o0.

2. ord,(a 4+ B) > min(ord,(«),ord,(8)), with equality if ord,(c) # ord,(B).
Here 400 > m for every m € 7Z.

Proof. 1. If a or 8 is 0 then the equality holds, and we may assume that
a,B # 0. Let a = pPag and 8 = p'By in Q* be two arbitrary fractions, where
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k = ordy(a), | = ord,(B) and the fractions agp and Sy have numerators and
denominators coprime to p. Then

af =p"agfy = pFtly
where 7 € Q* has numerator and denominator coprime to p. Thus
ordy(af) = k+ 1 = ordy(a) + ord,(B) .

2. Again, if a or £ is 0 then the claim holds. We take a, 8 € Q* as in item 1
and assume without loss of generality that £ <[. Then

k = min(ord, (), ord,(B))

and
a+B=p"(ag+p""B0) = p"y.
If k£ < [ then v can be written as a fraction with numerator and denominator

coprime to p, so that ord,(« + ) = k. If k = [ then v can be written with
denominator coprime to p, and it follows that ord,(a + 3) > k. o

Corollary 2.1.2 Ifp is a prime and a1, ..., ay, aren > 2 fractions such that
ordy(ay,) < ordy(ay) for every i € [n—1],

then 3°7_) o # 0.

Proof. Let k := min({ord,(c;): ¢ € [n —1]}) (€ ZU {400}) and let

« =
Z?;ll a;. Applying repeatedly item 2 of Proposition 1 we get that ord,(«) > k.

Since ord,(ay,) < k, we have ord,(a,) < +00 and
ord, (37, a;) = ordy(a + ay,) = ordy(an) < 400.

Thus -7, o # 0. O

2.2 V. Lebesgue’s resolution of 2™ — > = 1

We work in the domain
Z[Z} = <Z[Z], 07 17 +7 Yy >7

where the base set Z[i] = {a+ bi: a,b € Z} is the set of complex numbers with
both real and imaginary part integral.

Theorem 2.2.1 (V. Lebesgue, 1850) Let m > 3 be an odd integer. The
Diophantine equation
™ —y? =1

has only the solution (1,0).
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Proof. (V. Lebesgue) Let m be as stated and a,b € Z with b # 0 be such that
a™ — b2 = 1. We derive a contradiction. If b is odd then a™ = 2 modulo 4,
which is impossible. Thus b is even, b # 0 and a is odd. In Z[i], we consider the
factorization
a™ = (14 bi)(1—bi).

The elements 1 + bi and 1 — bi are coprime: if o € Z[i] divides both 1 + bi
and 1 — bi, then n = aa (€ N) divides, in Z, the number 2 -2 = 4 and the
odd number (1 + bi)(1 — bi) = a™. Thus n = 1, o is a unit, and 1 + bi and
1 — bi are coprime. Since Z[i] is UFD (Corollary 2.3.3 in the next section), by
PP1’ (Proposition 1.2.11) there exist an element « € Z[i], units €, €’ € Z[i]* and
numbers u, v € Z such that

1+bi=e™ = (a)™ = (u+vi)™ and 1 —bi =€(@)" = ()™ = (u— vi)™

because every unit in Z[i|* = {£1,+i} (Proposition 2.3.4 in the next section)
is an m-th power. Since m is odd, we have

2= (u+vi)"+ (u—vi)" =2u- B, p €L,

and deduce that u = £1. We exclude the possibility u = —1. Since (1+v?)™ =
(u? +v2)™ = 1+ b% is odd, the number v is even. From

1+bi=(ut+vi)™ = Z;nzo (T)um I(vi)? = u™ + mu™ tvi (mod 4)

(congruence in Z[i]) we deduce that «™ = 1 modulo 4 (congruence in Z), which
excludes u = —1.

Thus v+ vi = 1 + vi with even and nonzero v (since b # 0). Comparing the
real parts in 1+ bi = (1 + vi)™ we get an identity in Z,

L= 521 (5)v, or = ()0 + )7 VA (=1) (5)v = 0.

For m = 3 the last sum is empty (zero) and the equality is impossible as
v # 0. For odd m > 5 we show that the equality does not hold by means
of Corollary 2.1. 2 and prime p = 2. We set A = ( )v and B; = ( j) v? for

ji=2,3,..., T? and show that ords(A) < ords(Bj) for every j. Indeed,

Bj=A ()P =1 A C

J(25—1) \2j—2

and ordy(Cj) > 2j—2—[logy(j)] > 0, so that by the additivity of ords(-) (item 1
of Proposition 2.1.1) we have Ol"dg(A) = ordy(B;) — orda(C;) < orda(Bj). We
get a contradiction

2.3 Euclidean domains are UFD

We begin by reviewing Euclidean domains. A well ordering (W, <) is a linear
order < on a set W such that every nonempty set V. C W has the minimum
element m € V, an element such that m =< x for every x € V. Minima are
unique.
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Definition 2.3.1 (Euclidean domain) A domain
R= <R7 ORa 1Ra +a >

is called Euclidean if there is a well ordering (W, <) and a function f: R* - W
such that

Va,be R, b#0gr3c,d€ R(a=b-c+dA(d=0gV f(d) < f(b))).

Note that the last disjunction is an exclusive or. For instance, the domain of
integers Z is Euclidean: (W, <) is (N, <) and f(n) = |n|. One can often prove
that a domain is UFD by using the next classical theorem.

Theorem 2.3.2 FEvery Fuclidean domain is UFD.

Proof. Let R be a Euclidean domain with a well ordering (W, <) and a map
f: R* — W as in Definition 2.3.1.

Ezistence of irreducible factorizations. We show that every x € R* \ R* is
a product of irreducibles. Suppose for the contrary that the set

AC R*\ R*

of elements that are not products of irreducibles is nonempty. Let a € R* be
such that a has a divisor b € A, and that the value f(a) is <-minimum among
all such values in W. Thus a = bc where b € A and ¢ € R*. Since b is not
irreducible, b = de with d,e € R*\ R*. But b € A and hence d or ¢ is in A. We
assume that d € A, the case with e € A is similar. Thus a = d(ec) where d € A
and ec € R*\ R* (because e € R*\ R*). This means by Proposition 1.2.4 that
a does not divide d, and if we divide d by a with a remainder we get

d=ag+h where g € R, h € R* and f(h) < f(a).

Since d divides a, it divides h too. So d € A and divides h, and f(h) < f(a).
This contradicts the choice of a.

Bachet’s identity. We prove that if a,b € R are coprime, then there exist
¢,d € R such that ca + db = 1g. We consider the set

I={ca+db: ¢,d e R} (CR),

which is the ideal in R generated by the elements a,b. Let e € I\ {Og} have
<-minimum value f(e). Clearly, I # (. Note that I # {Or} because we do
not have a = b = Og, the element Og is not a unit and therefore Or,0g are not
coprime. We show that e divides every x € I. Indeed, we express any x € I as
x = ec+ d where ¢,d € R and d = Og or f(d) < f(e). Duetod =x —ec € I
we have d = 0. Thus e divides every element of I and since a,b € I and
are coprime, e € R*. It follows that 1z € I, there exist ¢,d € R such that
1gr = ca + db.

Primes are prime divisors. We show that if a,b,c € R, a|bc and a € R,
then a|b or a|c. Suppose that a,b,¢ € R and that a is irreducible, divides bc
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but does not divide b. Then a, b are coprime and by the second step there are
d,e € R such that
da+eb=1g.

We multiply it by ¢ and get dac 4 ebc = c¢. Hence a divides c.
Finally, we prove that in R every element a € R* has a unique irreducible
factorization X (C I x N). It means to prove that if

alag...akole...bl,

where a;,b; € R and k,l € N, then always k = [ and there always exists
a bijection f: [k] — [I] such that

a; ~ bf(i), 1€ [k] .

Suppose that the above displayed equality is a shortest counterexample. Then
k,l > 2 and, by the previous step, ay ~ b, for some m € [l]. Canceling a; and
b we get that

aiag ...ap—1 ~ b1b2 ‘e bm—lbm+1 PN bl .

Now we have k — 1 =1 — 1 and a map g: [k — 1] — [I] \ {m} with the above
property. But then k& = [ and we easily extend g to f: [k] — [I] so that f has
the above property. We get a contradiction and deduce that no counterexample
actually exists. ]

Corollary 2.3.3 The domain Z[i] is Euclidean and hence UFD.

Proof. Recall that for z = u + vi (€ C), the norm (absolute value) of z is
|2 = Vz -z =+vu?+v2. Wehave |z-2/| = |z| - |2/| and |z + 2'| < |z| + |Z/|. We
take the well ordering (N, <), i.e. the usual linear order on natural numbers,
and the map

TSN, f() = |42

Let 2,2’ € Z[i] with 2’ # 0. We define «, 8 € Q by

z .
— =a+pi.
z
Let a,b € Z be such that |[a —a| < 1 and |b— 3| < 3. Let w := a + bi and
w' =2z—2%-w. Then z = 2/ - w + w’, of course, and
fl') = w'* =[]

S e

Proposition 2.3.4 Z[i]* = {-1,1, —i,i}.

19



Proof. Let f(z) = |z|>: Z[i]* — N be the map in the previous proof. If
z = a+ bi,z' € Z[i] are such that zz' = 1, then

1=f(1) = f(2) () = (a® + b°) f ()

and a? +b%> = 1. Thusa = +1,b=0or a = 0,b = £1, and we get the stated
units. O
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Chapter 3

Chao Ko’s theorem

The third chapter is devoted to the last elementary case of Catalan’s conjecture,
that of the equation
2 —yl=1

in which ¢ > 5 is a prime number. In 1965, the Chinese mathematician Chao Ko
(1910-2002) ([17]) proved in [19] that for every g the only solutions are (+1,0)
and (0, —1). Another well-known mathematical result due to Chao Ko is the
Erdés-Ko-Rado theorem in extremal combinatorics [10, 11].

Section 3.1 contains two auxiliary lemmas. In Section 3.2 we present a res-
olution of the equation due to E.Z. Chein [7]. In this chapter we follow [32,
Chapter 3.

3.1 Two lemmas

Lemma 3.1.1 Let q be a prime number and a,b € Z, a # b, be coprime num-
bers. Then

d = ged (=57, a = b) = ged (155 0", a — b)

divides q.
. . al—b? (a_b+b)11_bf1
Proof. By the binomial theorem, “=7- = — equals
i (D@ =) 17" = gb? " + 370, (F) (a = b)' 10"
Thus d|gb?~1. Since a,b are coprime, so are b,a — b and (d,b) = 1. By PP0
(Proposition 1.2.1) the number d divides q. O

Lemma 3.1.2 Let ¢ € N with ¢ > 3 be odd and x,y be nonzero integers such
that 22 —y? = 1. Then y is even and replacing x with —z if necessary, we have

exPressions
r—1=29"1% and z+1 =207,
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where a,b € Z are coprime and b is odd.

Proof. In the factorization (z — 1)(z + 1) = y? the two factors are coprime or
their ged is 2. In the former case we get by PP1 (Proposition 1.2.2) two g¢-th
powers differing by 2. The only such powers are —1 and 1, and = = 0. Since
this is impossible, we see that ged(xz — 1,2+ 1) = 2 and y is even. Hence z is
odd. Changing the sign of x we may assume that ITH is odd. Applying PP2
(Proposition 1.2.3) we get the stated expressions. a

3.2 Chein’s resolution of 2 — y7 =1

Proposition 3.2.1 Let ¢ > 3 be prime and z,y be nonzero integers such that
22 —y? =1. Then q divides x.

Proof. We may assume that y € N. We assume that —(q|z) and obtain
a contradiction. By Lemma 3.1.1, in the factorization

the ged of the two factors divides ¢q. By the assumption on z they are therefore
coprime. By PP1 (Proposition 1.2.2) we have y + 1 = u? for u € N. Since y is
even, u is odd. From the equalities

2 —y- (y(q_l)/2)2 =1and v>—y-1°=1
we see that (x,y@1/2) and (u, 1) are two solutions of Pell equation
X% —yy?i=1.

(Since y = u? — 1 > 3 and is not a square, it is really a Pell equation.) It is
clear that (u,1) € N? is the minimal solution. By Proposition 1.1.1 there is an
m € N such that in the domain Z[,/y] we have the equality

w4y Ty = (ut )"
Thus in Z[,/y] we have the congruence
r=u"+mu™ ' /y (mod y).

Hence, in Z, the number y divides mu™~!. But v is even and u is odd, so m is
even. In Z[,/y] we therefore have equality

oy IR = (6 4y o+ 2u) ",

from which we get the congruence x + y@*U/?\/y = ym/? (mod w). Thus in Z
the number v divides y(¢=1/2. But y+ 1 = u?, so y, u are coprime and u = +1.
Hence y = 0, in contradiction with the assumption. O
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Proposition 3.2.2 Let ¢ > 3 be prime and x,y be nonzero integers such that
2?2 —y?=1. Then x = £3 (mod q).

Proof. Let g, x and y be as stated. Changing the sign of x if necessary, by
Lemma 3.1.2 we have coprime a, b € Z with odd b such that z —1 = 297 'a9 and
x4+ 1 =2b%. Hence

p2a _ (20)1 = (x;— 1)2 Co(r—1) = (m;?,)z

and

b2 — (2a)? x—3\2
¥~ 20). ( )=(57)
(" =20) (2 2
The numbers 2a,b? are coprime and by Lemma 3.1.1 the ged of the last two
factors divides q.

If it is ¢ then = 3 (mod ¢) and for the original x, before the possible change
of sign, we have z = £3 (mod ¢). We assume for the contrary that the ged is
1. Hence we assume that * — 2a and % are coprime numbers. From
b — (2a)9 > 0 (it is a square) we get b> — 2a > 0 (f(X) = X is an increasing
function) and by PP1 (Proposition 1.2.2) there is a ¢ € N such that b*> —2a = ¢?.
Since y # 0, also a # 0 and ¢? # b2. The nearest squares to b? different from it
are (b4 1)2. Thus 2|a| = [b? — ¢| > 2|b| — 1 and hence |a|] > |b|. On the other
hand,
=1  |e—1] |z+1]

<
2¢—1 — 16 < 2
For x € Z the crucial strict inequality |« — 1| < 8| + 1| does not hold only for
x = —1. This value of z is excluded by the fact that y # 0. Hence also |a| < |b]
and we have a contradiction. a

lal* =

= |bJ4.

Theorem 3.2.3 (Chao Ko, 1965) Let g > 5 be a prime number. The Dio-
phantine equation
2 —yl=1

has only the solutions (£1,0) and (0, —1).

Proof. (Chein) Suppose that ¢ is as stated and x,y € Z* satisfy 22 — y? =
1. By Proposition 3.2.1 we have z = 0 (mod ¢). Also z = £3 (mod q) by
Proposition 3.2.2. For ¢ > 3 these congruences are contradictory. O
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Chapter 4

Two relations of Cassels

In Sections 4.2 and 4.3 we deduce two divisibility relations for hypothetical
nonzero solutions x,y € Z* of the equation

p q _
r =y =1,

where p > g > 2 are primes, namely that ¢ divides « and p divides y. Since
we eventually show that no such numbers z and y exist, these are properties of
non-existing objects. These relations are important in Mihailescu’c proof, and
they were obtained in [3, 4] by the British mathematician John W. S. Cassels
(1922-2015) ([2]). Section 4.1 contains auxiliary results needed to prove both
relations, and in Section 4.4 we obtain their corollaries. In this chapter we follow
[32, Chapter 6].

4.1 Five lemmas

Lemma 4.1.1 For u € R the following hold.

1. If u > 1 then the function

flz) = (v*+ 1)1/”5: (0, +00) — (0, +00)

decreases.

2. If u > 1 then the function

fx) = (u“ - 1)1/w: (0, +00) — (0, +00)
mncreases.

Proof. 1. We have

u®logu  log(u® + 1))

F@O=f (g
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and (---) < 0 because zu”logu = u”log(u®) < (u® + 1)log(u® + 1).
2. Similarly,

) = f(x)( ulogu  log(u” — 1))

z(u® —1) x?

and (---) > 0 because zu” logu = u®log(u”) > (u® — 1) log(u” — 1). a

Definition 4.1.2 (F,, »(X)) Let m,n € N with odd n. We define the function

1/n

Fon(X) = (14 X)™ = X™) /" R > R.

Lemma 4.1.3 Letl,m,n € N andl <m. Then

l
Fpn(X) = Z (m/”)XJ +o(XY (X = 0).

J

Proof.

Lemma 4.1.4 Let a € Z, m,d € N, p be a prime with (p,d) =1 and let

H

m—
(a+ jd).
7=0

Then

ord, (Pr(a, d)) = 3 ( L’;‘J +sj), e; €{0,1}.

i>1
If P, (a,d) =m! then €; =0 for every j.
Proof. Let a, m, d and p be as stated. For j € N let m; (€ Np) be the number

of multiples of p/ among the numbers a + id, i = 0,1,...,m — 1. A double
counting argument shows that

ord Z m; .

j>1

If integers 7 and i’ are non-congruent modulo p?, then so are a + id and a + i'd.
Hence if I C {0,1,...,m — 1} is an interval with length |I| < p’, then for at
most one i € I the number a + id is divisible by p’, and if |I| = p’ then there
is exactly one such number. Thus

mj = Z; téE;
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with €; equal to 0 or 1, because we have the partition
{O, 1, ,mfl}:fl UIQU"'UIkUIO

into intervals I; < Iy < --- < I < Iy such that k = |m/p’|, |I;] = p/ for i >0
and |Iy| < p?. This proves the first claim. O

Lemma 4.1.5 Let q be prime, a € Z with (g,a) =1 and k € Ng. Then there
exists b € Z with (q,b) = 1 such that

a/q\ b
k) gktorda(kh) "

4.2 The relation ¢ |z

The following theorem was proven by Cassels in [3]. We follow [32, Chapter 6].

Theorem 4.2.1 (Cassels, 1953) If p > ¢ > 2 are primes and x,y € Z* are
such numbers that
P —yl=1,

then q divides x.

Proof. Suppose that p, ¢,  and y are as stated and that —=(¢|z). Then by
Lemma 3.1.1 the two factors in

y'+1

D
y+1 *

(y+1)-

are coprime. By PP1 (Proposition 1.2.2 we have y + 1 = bP with b € Z. Since
x # 0, also b # 0. Hence
P — (P —1)1=1.

We show that this equality cannot hold.
For X € R, we consider the function

9(X) =XP —(b" - 1)1
and show that g(X) # 1 for every X € Z. Suppose that b > 0. Since y # 0, we
have b > 2. Then

q—1
g(b?) =D VP - 1) > g > 1
=0

and
g —1)=0T-1)P - (¥ -1)1 <0,
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because, since ¢ < p, by item 2 of Lemma 4.1.1 we have

L 1

(b7 = 1)P)77 = (b1 = 1)1 < (b — 1)7 = ((b* — 1)9) 77

The function g(X) increases on R and we see that there is no X € Z with
9(X)=1.
Suppose that b < 0, thus b < —1. Then, similarly,

i

g(b) = Y =1 =g >

Q

<
Il
o

(each summand has sign (—1)¢9=1 = 1) and
9B = 1) = ~(=0)7 + 1P = (-4 +1)7 <0,

because, since ¢ < p, by part 1 of Lemma 4.1.1 it holds that
1 a1
(((=D)7+1)P)77 = (=) + 1)7 > ((=b)” + 1) = ((=b)" +1)%) 77 .

Again, g(X) increases on R and we see that there is no X € Z with g(X) = 1.
We reached a contradiction and see that g divides x. O

4.3 The relation p|y

The following theorem was proved by Cassels in [4]. We follow [32, Chapter 6].

Theorem 4.3.1 (Cassels, 1960) If p > ¢ > 2 are primes and x,y € Z* are
such numbers that
P —yl=1,

then p divides y.

Proof. Let p, ¢, z and y be as stated and let (p,y) = 1. By Lemma 3.1.1, the

two factors in »
P —

~1). — 4

(@=1) ——F =y

are coprime. We deduce from this a contradiction. By PP1 (Proposition 1.2.2),
z—1=a?with a € Z. Clearly a # 0. Thus y? = (a9 +1)? — 1 and with F), ,(X)
in Definition 4.1.2 we express y as

y=a?-Fp,(1/a%).
We set m = |p/q| +1 (>2), D = ¢gmtorda(m) and

z =" Py —a™ - Tg(Fpq)(1/a%) (€ Q).
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Using Lemmas 4.1.3 and 4.1.5 and the inequality mqg — p > 0 (following from
m > £) we see that

Dz = Da™i~Py — 5" D(p,/gq)amq_qk ez.

We obtain a contradiction by proving that the integer Dz = 0 but at the
same time |Dz| < 1. Non-vanishing of Dz follows from the non-divisibility
—(¢q| Dz): in the displayed expression for Dz all terms are divisible by ¢ except
for the summand with k& = m, which by Lemma 4.1.5 is the integer D(pyé/q) not
divisible by q.

We show that |[Dz| < 1. We have z = a™%(F, 4(1/a%) — T3 (Fp.q)(1/a%)).
Since  # 0 but ¢ |z by Theorem 4.2.1, a # 0,+£1 and |a|] > 2. We can use
Lemma ?? with X = 1/a% and get the bound

2] < la|™ - |a|,(m+1)q |al? - 1 - 1
z = .
— (I—lalm9)? (laj2=1)> 7 |a|1—2 7 |z[ -3

By Proposition ??, |z| > ¢?~! + ¢. Thus

|DZ| < qm+ordq(m!)7(p71) )

If the exponent is negative, we are done. And indeed, by Lemma 77?7, the in-
equality m < %’ + 1 and since p > 5 and ¢ > 3, it is negative:
m+ordg(m!) —(p—1) < m(l+25)—(-1)

e+ ) - 1
3*(?;3)1(4*2) <0.

A

4.4 Corollaries

28



Chapter 5

Mihailescu’s theorem, an
outline of the proof

5.1 Theorems M0.95—-M4

Catalan’ conjecture claims that for integers m,n > 2 the only nonzero solutions
x,y € Z* of the Diophantine equation

" -y =1

occur for m = 2 and n = 3 as (z,y) = (£3,2). In the first three chapters, we
described the resolution of the conjecture in the case when m =2 or n = 2. It
is clear that to prove the whole conjecture, it remains to show that for every
two distinct odd primes p and ¢, the Diophantine equation

P — oyl =1

has no nonzero solution. This is what P. Mihailescu accomplished in 2004, and
in the present chapter we outline his solution. We also describe the content of
the remaining chapters of our book. Recall that if z,y € Z and m,n € N are
odd, then

g -yt =1 = (—y)" - (-2)" =1,
so that we may assume, if needed, that p > q.

In the first part of the chapter, we follow [32, Chapter 1], but we are more
precise and clear about the assumptions in Theorems M1-M4. This pays off
because then we can simplify the deduction of Theorem 5.1.1 from the four
theorems compared to the argument given in [32, p. 5.

Theorem 5.1.1 (Mih&ilescu, 2004) If p and q are distinct odd primes, then
the Diophantine equation
a? —yf =1

has no nonzero solution x,y € Z*.
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Theorems 5.1.1, 1.3.5 (or 1.4.2), 2.2.1 and 3.2.3 together prove Catalan’s con-
jecture.

Theorem 5.1.1 follows from the next four Theorems M1-M4, all of which are
due to P. Mihailescu.

Theorem 5.1.2 (M1, [24]) Ifp > q > 2 are primes such that 2P —y? =1 for
some numbers x,y € Z*, then

p? ' =1 (mod ¢*) and ¢°~' =1 (mod p?).

These congruences follow easily from the actual thing, which we dub as Theorem
MO0.95.

Theorem 5.1.3 (MO0.95, [24]) If p > q > 2 are primes such that 2P —y? =1
for some numbers x,y € 7%, then

p2\y and q2|ac.

Theorem 5.1.4 (M2, [25]) Ifp,q > T are distinct primes such that 2P —y? =
1 for some numbers x,y € Z*, then

p=1 (modgq) or ¢g=1 (mod p).

This is the hardest theorem of M1-M4 to prove. The original theorem in [25]
holds for the primes 3 and 5 as well, but the present slightly restricted version
has simpler proof and suffices to establish Theorem 5.1.1.

Theorem 5.1.5 (M3, [26]) Ifp,q > 7 are distinct primes such that 2P —y? =
1 for some numbers x,y € Z*, then

p <4¢® and q < 4p?.
Again, the original theorem in [26] holds for the primes 3 and 5 too.

Theorem 5.1.6 (M4, [26]) Ifp and q are distinct odd primes and p € {3,5}
or q € {3,5}, then the Diophantine equation

a? —yf =1
has no nonzero solution x,y € Z*.

In [26, 32] the theorem is proven for the larger set of primes {3,5,7,11,...,41},
but this restricted version suffices for our purposes.
To deduce Theorem 5.1.1 from Theorems M1-M4 we need a simple lemma.

Lemma 5.1.7 Let q be prime, v € Z, * = 1 (mod q) and 277! =1 (mod ¢?).
Then x =1 (mod ¢?).
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Proof. We have x = 1+ kq with k € Z. From
q—1 1
=14+ k)T =1+ Z <q , )(kq)j =1 (mod ¢?)
- J
Jj=1

we deduce that ¢ | (¢ — 1)kg. Thus q|k, as stated. |

Deduction of Theorem 5.1.1 from Theorems M1-M4. In view of theorem
M4 (Theorem 5.1.6) we may assume that p,q > 7 are distinct primes such that
2P — y? = 1 for some nonzero integers x and y. We deduce a contradiction.
By Theorems M1 (Theorem 5.1.2), M2 (Theorem 5.1.4), Lemma 5.1.7 and the
symmetry we have p = 1+kq? for some k € N. By Theorem M3 (Theorem 5.1.5),
k € {1,2,3}. The values k = 1 and 3 are excluded because they give an even p.
Thus p = 1+2¢>. The values q # 3 are excluded because they give a p divisible
by 3. We are left with the single pair (p,q) = (19,3). It is excluded by the
assumption that p,q > 7 (that is, by Theorem 5.1.6). O

5.2 Overview of Chapters 6-A
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Chapter 6

An obstruction group

6.1 Number fields

A field L extends another field K, written L/K, if the base set of K is a subset
of that of L, if both fields share neutral elements, which means that 0 = 0f,
and 1x = 1, and if addition and multiplication in L extend these operations

in K. In this situation L is a K-vector space. We denote its dimension by
[L: K].

Definition 6.1.1 (number fields) A field extension K of the field of fraction
Qg with finite dimension d := [K : Qg] (€ N) is called a number field (with
degree d).

Let K be a number field with degree d and let &« € K. Then the d+ 1 powers

1k, a, &, ..., a? are linearly dependent over Q, and « is a root of a nonzero

polynomial in Q[z] of degree at most d.

Definition 6.1.2 (rings of integers) Let K be a number field. We define the
subset

Ok ={a € K: p(a) =0k for a monic polynomial p(x) € Z[x]} .
We say that Ok is the (base set of the) ring of integers of K.

Proposition 6.1.3 The set Ok contains the neutral elements O and 1, and
is closed under addition and multiplication in K. It forms a subdomain of K.

Proof.

Proposition 6.1.4 For every number field K its ring of integers is UFD if and
only if the class number hy = 1.
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Proof.

6.2 Cyclotomic fields

Proposition 6.2.1 For every prime p the ring of integers of the cyclotomic
field Q(¢p)a equals Z[Cpldo-

Proof.

Theorem 6.2.2 The domains

Z[(3)d0 and Z[(s)do

are Fuclidean. In view of Propositions 6.1.4 and 6.2.1, and of Theorem 2.3.2
the class numbers of cyclotomic fields Q((3)s and Q((s)a are

Proof.

6.3 The obstruction group

33



Chapter 7

Super—Cassels relations

7.1 The Stickelberger ideal
7.2 Theorems MO0.95 and M1
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Chapter 8

Theorem M4

Theorem 8.0.1 (M4) If p and q are distinct odd primes and p € {3,5} or
q € {3,5}, then the Diophantine equation

P -yl =1

has no nonzero solution x,y € Z*.

Proof.
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Appendix A

Results from mathematical
analysis

Theorem A.0.1 (on Taylor polynomials) Let n € N, I C R be an open
interval, a € I and f: I — R be a function that has n derivatives

o ™I SR,

Then the (Taylor) polynomial

Tna Z

is a unique polynomial P € R[z] with degree at most n and the property that

x—a

f(x) = P(z) +o((x—a)") (z—a).

Proof.
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