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48. Théoréme. Deux nombres entiers consécutifs, autres
que 8 et 9, ne peuvent étre des puissances exactes. (Catalan.)

See [6].

192
13.
Note

extraite d’une lettre adressée a 1’éditeur par Mr. E. Catalan, Répétiteur a I’école
polytechnique de Paris.

,»Je vous prie, Monsieur, de vouloir bien énconcer, dans votre recueil, le
,, théoréme suivant, que je crois vrai, bien que je n’aie pas encore réussi a
,, le démontrer complétement: d’autres seront peut-étre plus heureux:
,, Deux nombres entiers consécutifs, autres que 8 et 9, ne peuvent étre
,, des puissances exactes; autrement dit: ’équation x™ — y™ = 1, dans
,» laquelle les inconnues sont entiéres et positives, n’admeét qu’une seule
,, solution. ”

See [7].

Like FLT, Catalan’s conjecture — the only solution of ™ — y™ = 1 in integers
z,y >0 and m,n > 1is 32 — 23 = 1— was born in 1842 as a theorem. Unlike
P. de Fermat, after two years E. Catalan corrected himself and changed it to
a conjecture. Written according to [2, pp. 1-2].

The term Catalan’s conjecture, in contrast to the Catalan conjecture, avoids
ambiguities. The reader probably knows that the Catalan numbers %—;—1(2#)
(see the book [32] on them), where n = 0,1,2,..., are also named after the
Belgian-French mathematician Eugene Ch. Catalan (1814-1894) ([14]). But the
Catalan Opening in chess, 1. d4 Nf6 2. c4 e6 3. g3, is named after Catalonia. It
was invented by the grandmaster Savielly (Xavier, Ksawery) Tartakower (1887—

1956) for the 1929 tournament in Barcelona ([8]).



Introduction

This is the first installment in the Diophantine tetralogy ([33]!)
Mihailescu—Baker—Siegel—Faltings

I plan and hope to write. In 2004 in [24] P. Mih&ilescu affirmatively solved
the conjecture posed by E. Catalan in [7] in 1844: The only solution of the
equation ™ — y™ = 1 in integers x, y, m, n with z,y > 0 and m,n > 1
is 32 — 23 = 1. In this text I completely describe Mihiilescu’s proof and the
whole solution of Catalan’s conjecture, including the involved algebraic number
theory. I rely on three books on Mihailescu’s theorem (Catalan’s conjecture):
Ribenboim [28], Schoof [31], and Bilu, Bugeaud and Mignotte [2]. There is
a survey by Metsinkyld [23] of Mihailescu’s theorem.

In my text I stress proofs and clarity of presentation. The beauty and sense
of mathematics lies in the arguments and proofs by which she justifies her results
and theorems. So I make an effort to present also the “standard” material with
all details and as clearly as I can. The appendices present in detail and slow
pace considerable amounts of standard material in elementary number theory,
commutative algebra, and algebraic number theory.

As for the other three parts of the tetralogy, Baker will treat the effec-
tive solution of Thue equations achieved by A. Baker, and Siegel, respectively
Faltings, will be devoted to the finiteness theorems for integral, respectively
rational, points on algebraic curves, that were obtained by C.-L. Siegel, respec-
tively G. Faltings. I am somewhat sentimental about this first part because it
gives me the opportunity to present my 1989 solution of the case 2% — y3 = 1.

Praha and Louny, October 2024 to 7?7 Martin Klazar

1One of the best known tetralogies is Wagner’s (commutative) Ring: Das Rheingold, Die
Walkiire, Siegfried and/und Gotterdimmerung.
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Notation

N ={1,2,...} are natural numbers and Ny = NU {0} are nonnegative integers.
By (N, <) we denote the standard well ordering of natural numbers. For n € N
we set [n] = {1,2,...,n}; [0] = 0. The ordered domain (ring) of integers is
denoted by Z. We denote the set of prime numbers by P, thus

P={2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 37, ...},

and primes are denoted by the letters p and ¢q. If a,b,c € Z and a = b - ¢ = b,
we say that b (and ¢) divides a, or that b is a divisor of a, or that a is a multiple
of b, and write b|a. For a,b,c € Z we write a = b (mod ¢) if a = b+ dc
for some d € Z. If b does not divide a, we write =(b|a). Two integers are
coprime if they are simultaneously divisible only by —1 and 1. For a nonempty
set A C Z we write GCD(A) for the greatest common divisor of the elements in
A. It A= {m,n}, we write just GCD(m,n). Phrases like “the only solution of
2?2 —y% = 1is (£1,0)” mean that the only solutions of the equation in Z? are
(z,y) = (—1,0) and (z,y) = (1,0). The symbols Q, R and C denote the fields
of fractions, real numbers and complex numbers, respectively.

By A, respectively V, we denote the connective of conjunction (“and”), re-
spectively of disjunction (“or”). For a finite set X we denote by |X| (€ Np)
the number of its elements. A linear order (X, <) on a set X is a binary rela-
tion < on X such that for every a,b,c € X we have —(a < a) (irreflexivity),
a<bAb=<c= a < c (transitivity) and a < bV b < aVa = b (trichotomy). For
two sets X, Y we write f: X — Y to say that the set f is a function (map) from
X to Y. It means that f C X XY = {(a,b): a € X,b €Y} and that for every
a € X there is a unique b € Y with (a,b) € f, written f(a) =b. If f: X =Y
and Y has a distinguished “zero” element Oy € Y, then the support of f refers
to the set {x € X : f(x) # Oy }. Let f: X — Y be a map. For any set Z we
define f[Z] = {f(a) : a € XNZ}and f~}Z] ={x € X : f(z) € Z}. We
say that f is injective iff f(a) = f(b) always implies a = b. For injective f we
define the inverse map f~1: f[X] — X by setting f~1(b) =a <= f(a) = 0.
We say that f is a bijection iff it is injective and surjective, the latter meaning
that f[X] =Y. What is the purpose of this terminology in a number-theoretic
text? In Theorem B.1.3 we succinctly express the Fundamental Theorem of
Arithmetic by the statement that the factorization map F': P — N is a bijec-
tion. The prime factorization of n € N is then simply the value F~!(n). We
use the same approach more generally for (unique) factorization in monoids and
integral domains. We denote the variables of complex functions

fM—>C, McCC,

by X, Y, Z ... and write f(X), G(Y), ...; small letters z, y and z are reserved
for integral solutions of Diophantine equations.
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Chapter 1

Outline of Mihailescu’s
proof and of this text



Chapter 2
Equation 2z — ¢* = 1

Catalan’s conjecture (1844), which says that the only solution of the equation
™ —y™ =1 in integers ,y > 0 and m,n > lisx =n=3 & y=m = 2,
is clearly equivalent to the same claim with the exponents restricted to prime
numbers: m = p and n = ¢. This follows from the identity

SRl (Zk)l

that is valid for all z € C and k,l € N. Note, however, that

(—1)¥2 = () =—-1#£1=12 = ((-1)?)*.

In this and the next two chapters we treat the cases when p =2 or ¢ = 2.

2.1 Equation 2™ —¢? =1

Theorem 2.1.1 For every integer m > 2, equation ™ — y2 = 1 has only the
solution (£1,0) for even m and (1,0) for odd m.

Proof. Let m = 2mg > 2 be even and z,y be integers such that 2™ — y? = 1.
Then (2™ 4 y)(2™ —y) =1. Hence z = £1 and y = 0.

Let m > 3 be odd and x,y be nonzero integers such that 2™ — 3% = 1. We
derive a contradiction; so in this case the only integral solution is (1,0). If y
is odd then 2™ = y? + 1 = 2 modulo 4, contradicting that ™ = 0 modulo 4.
Thus x is odd and y is even, and both are nonzero.

The factorization

a™ =14y = (1+yi)(1 - yi)

takes us in the domain Z[i] of Gaussian integers; see Proposition C.1.16. The
numbers 1 + yi and 1 — yi in it are coprime; see Section C.1 for the divisibility
terminology in rings. Indeed, if a € Z[i] is their common divisor then « divides
their sum 2, and a@ € N divides (in the domain Z) 22 = 4 and their odd



product 1 + y? = ™. Thus a@ = 1 and o € Z[i]* = {£1,+i}. Since Z[i]
is UFD (Proposition C.1.16), part 1 of Proposition C.1.9 gives that for some
a € Z[i] and € € Z[i]*,

1+yi=ea™ and 1—yi=z(a)™

Since m is odd, like in the domain Z every unit in Z[¢] is an m-th power and we
can express both numbers more simply as 14+yi = (a+bi)™ and 1—yi = (a—bi)™
for some a,b € Z. From (m is odd)

2=(a+b))"+ (a—bi))" =2a-8, B €2,

we get a = +1. We rule out a = —1. Since (1 + b*)™ = (a® +b*)™ =1+ ¢? is
odd, the number b is even. From

1—|—yi=(a+bz’)mzzgn0( )a™ = (bi)? = a™ 4+ ma™ " bi (mod 4)

we get a™ = 1 modulo 4, and indeed a = —1 is impossible (m is odd).
Hence a + bi = 1 + bi, with even and nonzero b (since y # 0). By comparing
the real parts in 1+ yi = (1 + bi)™ we get an identity in the domain Z:

= S AP (e, thatis, — ()8 + S V(1) (1) = 0

(for m = 3 the last sum is 0). We show that the 2-adic order of —('y)b? is
smaller than all 2-adic orders of summands in the last sum. Corollary B.1.10
then says that the last displayed equality is impossible.

For m = 3 it is clear because (ZL) b2 # 0 but the last displayed sum is 0. Let
m>5 A= (7;)62 and B; = (;”j)b2j for j =2,3,..., mT_l Then

B;=A- T2 =A-C;.

1
72i—1) (2J 2

Thus, since b is even, ords(Bj) — orde(A) = orda(C;) > (2§ — 2)orda(b) —
orda(j) = 2j —2— |_]~Og2JJ > 0 for every j > 2. O

2.2 Remarks

Theorem 2.1.1 is due to V. Lebesgue in [22] in 1850. Here we adapt the proof in
[2, pp. 11-12]. Noteworthy features of the proof are the fact that Z[i] is UFD
(Proposition C.1.16) and the local trick for obtaining the final contradiction
(Corollary B.1.10).



Chapter 3

Equation 22 — ¢y° = 1

In this chapter we prove in two ways by elementary means —we work only in
the domain Z, almost — that the solutions of 22 —y3 = 1 are just (&3, 2), (&1,0)
and (0,—1). To solve this Diophantine equation one can go in two ways and
start from the factorization 2% = (y +1)(y> —y + 1) or (x + 1)(z — 1) =3>. In
Sections 3.1 and 3.2 we take the former way, and in Section 3.3 the latter.

3.1 Equation 2* — 3> =1
We prove in Theorem 3.1.6 that the only solution of the equation is (41, 0).

Proposition 3.1.1 Ifxz,y,z € Ny satisfy ©2+y? = 22 and are pairwise coprime

then for some u,v € Ny we have z = u? +v? and x = u? —v2, y = 2uv, or

= 2uv, y = u? —v2.

Proof. Suppose that z,y, z are as stated. Modulo 4 we see that z and exactly

2
2t : y
-+ are coprime, from (2)

2% and

one of x,y, say z, is odd. Then, since

= z;“” we get by 1 of Corollary B.1.6 numbers u,v € Ny such that 5% = v2,
2t — 2 and wv = 4. Hence z = u? —v?, y = 2uv and z = u? + 2. o

2

Corollary 3.1.2 If x,y € Ny satisfy 222 — y* = 1 then there exist a,b € Ny
such that a® — 2b*> = 1 and x = a® + 2b % 2ab.

Proof. Let x,y be as stated. Then y is odd, y = 2yo + 1 with yo € Ng. So
22 = 2y2 +2yo + 1 = y2 + (yo + 1)?. By Proposition 3.1.1 there exist u,v € Ny
such that © = v +v2, yo = 2uv, yo+1 =u? —v? or yo = u? — %, yo+ 1 = 2uw.
In the first case 1 = u? — v? — 2uv = (u — v)? — 202, In the second case
1 =2uv—u?+v2=(u+v)?—2u? Weseta=u—v, b= v, respectively
a=u+v, b=u, and get a,b € Ny satisfying the two stated relations. O



Proposition 3.1.3 If x,y € Z satisfy x* — 2y*> = 1 then (x,y) = (£1,0).

Proof. Let x,y be as stated. Then z is odd and 22 = 1 + 4k for some k € Ny.
From (2% — 1)(2? + 1) = 2y? we get 4k(2k + 1) = y%. Since 4k and 2k + 1 are
coprime, by 1 of Corollary B.1.6 we get 4k = a?, a € Ng. Thus (z—a)(x+a) = 1
and z = £1,y = 0. a

Proposition 3.1.4 All solutions of x> — 3y*> = 1 are (£x,,+y,) for n =
0,1,2,..., where

Also, xo =1, yo =0 and zp41 = 225 + 3Yn, Ynt1 = Tn + 2yn.

Proof. This is an instance of Theorem B.2.1, the Pell equation 2 — 3y? = 1

has the minimum solution (a,b) = (2, 1). ad

Proposition 3.1.5 If (z,,y,) (€ N3) for n € Ny are pairs in the previous
proposition then for every n € Ny,

Ton =222 —1, Yon = 2TnYn, Tont1 = (Yn+Yns1)’+1 and yons1 = Yo — e .
It holds that x,, is odd iff n is even, and that vy, is odd iff n is odd.

Proof. Indeed, 29, + y2,/3 equals (recall that z2 — 3y2 = 1)
(2 + \/§)2n = (:cn + yn\/§)2 = 51:72, + 3yi + 2xnyn\/§ = 2:1:7% -1+ 2xnyn\/§
and T2,11 + Yon11V3 = (2+ v3)(22 + 3y2 + 22,y,V/3) equals
22 + 62,yn + 6y2 + (22 + dznyn + 3y2)V3.

Now 222 + 62,yn + 6y2 = 22 + 62,y + 92 +1 = (yn + 2n + 2yn)?> +1 =
(yn + yn+1)2 +1 and erL + 4xnyn + Sy% = (xn + 2yn)2 - y'rQL = y721+1 - y’rZL The
last claim easily follows from these relations by induction on n. ]

We prove the main result of this section.

Theorem 3.1.6 If z,y € Z satisfy 2* — 3y? = 1 then (z,y) = (£1,0).

Proof. We need to solve z, = m? for n,m € Ny where z,, are as in Propo-
sition 3.1.4. If n = 2ng + 1 is odd then Proposition 3.1.5 gives (m — y,, —
Yno+1) (M + Yno + Yno+1) = 1. Thus m = £1 and ypn, + Yny+1 = 0. But this is
impossible because always yy, + Yno+1 > 0.

Let n = 2ng be even. Then Proposition 3.1.5 gives 2:5%0 —1=zop, =2 =
m? and 230,%0 —m? = 1. Modulo 4 we see that z,, is odd. Proposition 3.1.5
gives Tp, = Ton, = 295,211 — 1. Corollary 3.1.2 shows that there are a,b € Ng such
that a® — 2% = 1 and

2202 —1=ux,, =a® +2b* 4+ 2ab = 2a* — 1+ 2ab.

ni



Hence x%l = a(a £ b). Since a,b are coprime, so are a,a + b, and by 1 of

Corollary B.1.6 the number « is a square. By Proposition 3.1.3 we have a = 1.
Thus b =0, xp, =2z,, =1l and x = £1,y = 0. m]

3.2 Equation 2? —y3 =1

Starting from x? = (y + 1)(y* — y + 1) and using the previous theorem, in the
next theorem we find all solutions of z? — ¢ = 1. In Theorem 3.2.2, which can
be proven by the same method, we mention without proof solutions of some
more Diophantine equations similar to 22 — y3 = 1.

Theorem 3.2.1 The only solutions of x> — y3 = 1 are (£3,2), (£1,0) and
(0,-1).

Proof. Let (z,y) € Z? satisfy 22 — y3 = 1. Then

=W+ @ -y+1) =@+ - (y+Dy—2)+3).

Note that y?2 —y+1 >0, hence y +1 > 0, and that GCD(y + 1,92 —y+1) =1
or 3. In the former case we have by 1 of Corollary B.1.6 that y+1 and y? —y+1
are squares. Thus 4y? —4y+4 = (2a)? for a € Ny, 3 = (2a—2y+1)(2a+2y—1)
and (a,y) = (£1,1) or (+1,0). For y = 1 the number y + 1 is not a square and
for y = 0 we get the trivial solution (£1,0).

Let GCD(y + 1,y? —y + 1) = 3. By 1 of Corollary B.1.7 there are a,b € Ny
such that 3a* = y + 1 and 3b* = y? — y + 1. Thus 3(2b)? — (2y — 1)®> = 3 and
2y — 1 =3Y for some Y € Z. With X = 2b (€ Ng) we get

X?2-3Y2=1and Y =24%—1.

The triple (X,Y,a) = (2,—1,0) solves this system. We get y = —1 and the
trivial solution (0, —1).

We can assume that Y € Ny. We look for an n € Ny such that Y = y,, =
2a? — 1, where a € Ny and z,,y, are as in Proposition 3.1.4. Since ¥, is odd,
so is n. By Proposition 3.1.5 we have for some m € Ny that

20 =1 = Ypn=Yomi1 = Yori1 — Yo = (Tm + 2Um)* — ¥
= 22 4+ dymYm + 392, = 222 + 4z ym — 1
= 2% (Tm 4+ 2Ym) — 1 = 22 Yma1 — 1.
Thus
a® = T Ymi1 -

We have GCD (2, Ym+1) = GCD(Xpm, i +2Ym) = 1 or 2. If GCD(24,, Ymt1) =
1 then by 1 of Corollary B.1.6 the number x,, is a square. Theorem 3.1.6 gives
Tm =1. Thusm=0,n=1,y, =Y =1 and y = 2. We get the nontrivial
solution (+3,2).



Finally, it remains to treat the case GCD(&y,, ym+1) = 2. Part 1 of Corol-
lary B.1.7 shows that ¥, 1 = 2¢? for some ¢ € Ny. By Proposition 3.1.5 we
have for some k£ € N that

2¢% = Y1 = Yor = 274yx and ¢ = TRy .

Since xy,yi are coprime, by 1 of Corollary B.1.6 the number x; is a square.
But by Theorem 3.1.6 this is not possible, the number zj is never a square for
k > 1. We do not obtain any more solutions of 22 — ® = 1 and are done. O

This method also gives the following theorem. See [20] for more details.

Theorem 3.2.2 The following hold.
1. The only solution of x® —y> = —1 is (0,1).
2. The two equations 3z — y3 = £1 have no solution with x # 0.

3. For every k € N and choice of the sign the equation x> — 3> = £33% has
effectively finitely many solutions.

In part 3 we say that an algorithm can be given that for every k and every
choice of the sign finds all (finitely many) solutions of the equation.

3.3 Equation z° + y3 = 223

In this section we again determine all solutions of 22 — y3 = 1, but now we
start from the factorization (z + 1)(z — 1) = y3. We first reduce 2 — ¢ =1 to
23 — 2y3 = +1. These equations are actually equivalent, and to explain how we
introduce the following notation. If f € Z[z1,...,x,] is an integral polynomial
in n variables, then

S(fy={aez": f(@)=0}
denotes the set of solutions of the Diophantine equation f(Z) = 0. If X C Z"
and ¢ € [n], then

X,={z€Z:3JaeZ": a;=xNacX}

denotes the projection of X on the i-th coordinate. For n = 2 we use the
convention that  denotes the coordinate x1, and y the coordinate x».

Proposition 3.3.1 Let S(z% —2y® £1) = S(a® — 293 + 1) U S(a® — 23 — 1).
Then two inclusions hold, S(x? —y> — 1)1 is a subset of

{0yu{22®+1: zeS@* -2y 1)1 }u {22 —1: 2€ S(2®—2y° + 1)1},
and S(z3 —2y3 £1); of
{z: 223 4+1e€8@?—y* —1)1}U {z: 223 —1€ S(x? —¢> —1)1}.

Thus given S(x® — 2y3 + 1), we can determine S(x? — y> — 1), and vice versa.



Proof. Given S(2% — 2y 4+ 1), we solve 22 — y> = 1. Let x,y be integers such
that 22 —¢y3 = 1. In (z + 1)(z — 1) = y> we have GCD(z + 1,2 — 1) = 1 or 2.
In the former case, 2 of Corollary B.1.6 gives x +1 = a® and = — 1 = b3, with
a,b € Z. Thus 2 = a® — b3 = (a — b)(a® + ab + b?). Hence (a,b) = (1,—1) and
x=0. If GCD(z + 1,z — 1) = 2 then with  — 1 = 2z and y = 2y,, where
To,Yo € Z, we get (zo + 1)z = 2y3. Now zo + 1,z are coprime and by 2 of
Corollary B.1.8 there are u, v € Z such that zg+1 = u?, g = 203 or zp+1 = 203,
xo = u?. Subtracting we get u? — 203 = +1. Sox =220+ 1 =2u>+1 and
(u,v) € S(z3 — 2y £ 1). We get the first inclusion.

Given S(z? —y3 — 1), we solve equations 2® —2y® = £1. Let z,y be integers
such that 23 — 2y = 1. Then with v = 223 — 1 = 4y3 + 1 we have u®> — 1 =
(u+1)(u—1) = (2zy)®. Thus (u,2zy) € S(z? —y*> —1). If 2,y € Z satisfy
23— 2y = —1, we set v = 223 + 1 = 49% — 1 and again get v? — 1 = (2xy)3.
Thus (v,2ry) € S(2? — y® — 1). We get the second inclusion. 0

The almost perfect symmetry between both reductions is remarkable. So if we
prove that

S(x® — 2% +1) = {(1,1), (~1,0), (1,0), (~1,~1)}
then S(x® —2y> £1); = {—1,1}, and we get by the first reduction that
S@a?—y? -1 c{oyu{2a®+1: ze{-1,1}}u{22®—1: 2z € {1, 1}}
which is {0,—1,3,—3,1}. Hence we again get
S =y — 1) = {(0,-1), (=1,0), (3.2), (~3,2), (1,0)}.

We solve x2 — 2y = +1 by solving the next more general Diophantine equation.

Theorem 3.3.2 Equation z3 +1y° = 223 has no solution with x # y and z # 0.

Indeed, then 3 + (£1)% = 2y may have a solution only if z = +£1 or y = 0,
which gives the above solution set S(z3 — 2y® 4-1). We prove Theorem 3.3.2 by
reducing 23 + 3 = 223 to another Diophantine equation, and then by solving
that equation.

Proposition 3.3.3 If equation 23 + y> = 223 has a solution with x # y and
z # 0, then equation 27d* + 9a%d® + a* = 12 has a solution with dal # 0.

Proof. Suppose that x,y, 2 € Z are such that 23 + y3 = 223, 2 # y and 2z # 0.
It follows that zyz # 0. Canceling out common factors we may assume that
T4y T—Y

z,y are coprime and odd. Then v = = and v = =5 are coprime integers,

uw(u? 4+ 3v%) = 2% and wvz #0.

The case =(3|u). Then u,u? + 3v? are coprime and 2 of Corollary B.1.6
gives that u = 2} and u? + 3v% = 23 for coprime 21,29 € Z. Thus

25 — 28 =307 and (20 — 22) - ((22 — 22)? + 3202%) = 302,



We set k = zp —22. Then k, z; are coprime and k(k?+3k2? +321) = 3v%. Hence
k = 3ky, v = 3v; for some ki,v; € Z and ki(3k? + 3k122 + 21) = 3v?. Since

25 — 29 = 3v? and 21, 29 are coprime, (3] 21). So k; = 3ky with ky € Z and

ko - (27k3 + ko2? + 21) = v}

where ko, 21 are coprime. The above definitions give that zo,k, ks > 0. Since
the last two displayed factors are coprime, 1 of Corollary B.1.6 gives k3,l € Ny
such that ko = k3 and
2Tks + k222 + 21 =12,
Since k3z1l # 0 (uv # 0), we are done.
The case 3|u. Then —(3|v) and for some u1,2; € Z we have u = 3uy,
z =3z and 27u§’ + 9uq0? = 272{’. Thus u; = 3uy with us € Z and

uz(27u3 +v?) = 23 .

Since ug,v are coprime, 2 of Corollary B.1.6 gives coprime numbers a,b € Z
such that us = a® and 27u? + v? = b3. Hence

2748 + 02 = 3.
We set k = b — 3a2. Then
v? = k(k* + 9a%k + 27a*).

Since k > 0 and k, a are coprime, 1 of Corollary B.1.6 gives numbers k1,l € Ny
such that k& = k? and k2 4 9a%k + 27a* = 2. Hence

27a* 4+ 9a%k? + ki =12
Since akyl # 0 (uv # 0), we are done in this case too. O

We prove the main result of this section.

Theorem 3.3.4 Equation 27d* +9a%d? 4 a* = 1 has no solution with dal # 0.

Proof. We assume that d,a,! € N are such that 27d* + 9a%d? + a* = 2
and obtain a contradiction. First we show that if we take a triple d,a,l with
minimum ¢« then —(3]a). Suppose not, that is, a = 3a; with a; € Z. Then
1 =3l with l; € Z, and 3d* + Qa%d2 + 9(1‘11 = l%. Thus [, = 3l; with Iy € Z, and
d* + 3a3d® + 3a} = 313. Thus d = 3d; with dy € Z, and 27d} + 9a2d? + a} = I3;
we got the triple dy, a1,ls with a1 < a.

So we assume that d,a,! € N are such that 27d* + 9a%d? + a* = 1% and
—(3|a), and obtain a contradiction. By canceling common factors we get that

d,a,l are pairwise coprime. The pair (z,y) = (dl—z, #) solves equation

2722 4+ 9y + 9% = 1.



By Proposition B.2.2, all rational solutions (x,y) € Q? of this equation, with
the exception of (0, 1), are given by the formulas

2m+9

_ m?—27
M2 romtar and Y= —= o015 for mEQ

€T = m2+9m+-27

Since y = ‘11—2 > 0, we can exclude m = 0. Thus for m = % with coprime p € Z
and ¢ € N we have pq # 0 and

p2 727q2
p2+9pq+27¢2 -

d® _ _ 2pq+94® a® _
I = p?+9pq+27q> and U

Since d?,1,a? are pairwise coprime, we get that
GCD(2pg + 9¢%, p* + 9pq + 27¢*) = GCD(p* — 27¢%, p* + Ipq + 27¢°) =6 .

Let p = 3°p; where s € Ny, p1 € Z and —(3|p1). We show that the case s > 1
is impossible. O

3.4 Remarks

The Diophantine equation 2 — 2 = 1 was first solved by Euler in 1748. See
[2] and [28] for more information on its history. In this chapter we described
the solution this author gave in [20] in 1989. In 2003 Notari [27] published
a similar solution, based on properties of solutions of the same Pell equation
2?2 — 3y? = 1. As explained in [20] (but this is well known), the Diophantine
equations 2 —y> = 1 and 23 — 2y = +1 can be reduced one to the other. So the
somewhat forgotten article [34] of Wakulicz ([28, 31, 2] do not mention it) on
the equation z3 + y? = 223 provides another solution of 22 — 3% = 1. Wakulicz
proved in an elementary way that the only integral solutions of 2% + 3% = 223
are the trivial ones with x = y or xyz = 0. For more high-tech proof see Cohen
[10, Chapter 6.4.5].

Proposition 3.1.1 is a standard result on Pythagorean triples (z,y, 2) € N3,
2?2 4+ y? = 22, for which we refer in [20] to ... . Corollary 3.1.2 is an original
result of [20]. Proposition 3.1.3 is a standard result for which we refer in [20] to
... . Proposition 3.1.4 is an instance of the standard Theorem B.2.1 on the Pell
equation; in [20] we refer for theory of the Pell equation to ... . Proposition 3.1.5
is an original result of [20]. The proof of Theorem 3.1.6 is an original result of
[20]. The proof of Theorem 3.2.1 is an original result of [20]. The proof of
Theorem 3.2.2 is an original result of [20].
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Chapter 4
Equation 22 —y? =1 for ¢ > 5

Combining two congruences in Propositions 4.1.2 and 4.1.4, we prove in Theo-
rem 4.1.5 that for every prime ¢ > 5 the only solutions of equation 22 — y? = 1
are (+£1,0) and (0, —1).

4.1 Equation 22 —y?=1for ¢ > 5

Lemma 4.1.1 Let g be a prime number and a,b € Z, a # b, be coprime. Then

d=GCD(“=t" a—b) = GCD( X2, a'b4~' =%, a —b)
divides q.
Proof. By the binomial theorem, a;:gq = (a—b;-zq—bq equals

(9@ = by = ght 0, (4) (a — by

Thus d | qb?~!. Since a, b are coprime, so are b,a — b and by Corollary B.1.5 the
number d divides q. O

Proposition 4.1.2 If ¢ > 3 is a prime number and nonzero x,y € Z* satisfy
2?2 —y? =1, then 2|y and q| .

Proof. We may assume that z,y € N. We begin with a simple proof that y is
even. Using Corollary B.1.6 we see that in (z + 1)(z — 1) = y? the two factors
cannot be coprime because the only two g-th powers differing by 2 are —1 and
1, hence = 0 but this was excluded. Since GCD(z + 1,z — 1) = 1 or 2, we
conclude that y is even.

It is harder to prove that ¢ divides . We assume that —(¢|x) and obtain
a contradiction. By Lemma 4.1.1, in the factorization

LY==
=(y+1) y—(-1)

11



the GCD of the two factors divides ¢q. By the assumption on x they are therefore
coprime. Both factors are nonnegative and by Corollary B.1.6 they are squares.
So y + 1 = u? for u € Ny. The equalities

2 —y- (y(q_l)/2)2 =1and v>—y-1>=1

show that (x,y 1/2) and (u, 1) are solutions of the equation X2 — y¥Y? = 1.
Since y = u? — 1 > 3 and is not a square, X2 —yY?2 = 1 is a Pell equation. It
is clear that (u,1) € N2 is its minimum solution. By Theorem B.2.1 there is an
m € Ng such that in the domain Z[,/y] we have equality

x+y 2 = (u+ y) "

So m € N and in Z[,/y] we have congruence & = u™ + mu™"'/y (mod y).
Hence, in Z, the number y divides mu™~!. But y is even, so u is odd and m is
even. In Z[,/y] we therefore have equality

2+ y V2 = (6P 4y + 2uyy)"

and congruence x + y(q_l)/z\/ﬂ = y™/2 (mod u). Thus in Z the number u
divides y(9=1/2, But y + 1 = u?, so y, u are coprime and u = 1. Hence y = 0,
which contradicts y € N. ]

Lemma 4.1.3 Let g € N with ¢ > 3 be odd and x,y € Z* be nonzero such that
22 —y? = 1. Then, replacing x with —x if necessary, for some coprime a,b € Z
with odd b we have

x—1=29"147 gnd z+1=2b7.

Proof. In the factorization (x — 1)(z + 1) = y? the two factors are coprime
or their GCD is 2. From the previous proof we know that the former case is
impossible, and so GCD(z—1,2+1) = 2, 2 is odd, y is even and 27 | (x—1)(x+1).
Changing the sign of x if necessary, we may assume that x = 1 (mod 4). Then
“”TH is odd and using Corollary B.1.7 we get the required numbers a and b. O

Proposition 4.1.4 If ¢ > 5 is prime and x,y € Z* are nonzero integers such
that 22 — y? =1 then x = £+3 (mod q).

Proof. Suppose that ¢ is as stated and that the numbers x,y € Z* satisfy
2 — y? = 1. Changing the sign of x if necessary, by the previous lemma we
have coprime a,b € Z with odd b such that x — 1 = 297 'q4% and x + 1 = 2b9.
Hence b%¢ — (2a)? equals

2112 2-3)\2 b21—(2a)1 2-3)\2

(552)° ~ 22— 1) = (55)°, and (2 —20)- (5252) = (:32)°.

2 b2—2a 2
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The numbers 2a,b? are coprime and by Lemma 4.1.1 the GCD of the last two
factors divides gq.

We show that it is ¢; then = 3 (mod ¢) and for the original z, before
the possible change of sign, we have z = £3 (mod ¢). We assume for the
contrary that the GCD is 1 and obtain a contradiction. So we assume that

b? — 2a, 172227_7(32)(1 are coprime. Since b%? — (2a)? > 0 (it is a square), also
b?> — 2a > 0 and by Corollary B.1.6 there is a ¢ € Ny such that b? — 2a = 2.
Since y # 0, also a # 0 and ¢? # b. The nearest squares to b? different from it
are (b4 1)2. Thus 2|a| = [b? — ¢| > 2|b| — 1 and hence |a| > |b|. On the other
hand,

-1 1 +1
la]t = \;lkll < Iﬂ"16 l « |3:2 | _ Ib|e .
For z € Z the crucial strict inequality | — 1| < 8| + 1| does not hold only

for x = —1. This value of z is excluded by the bound |z| > 297!|a]? — 1 > 15.
Hence also |a| < |b| and we have a contradiction. ad

Theorem 4.1.5 Equation x> —y9 = 1, where ¢ > 5 is a prime number, has no
nonzero solution x,y € Z*.

Proof. Suppose that ¢ is as stated and z,y € Z* satisfy 2 — y? = 1. By
Proposition 4.1.2 we have x = 0 (mod q), but also x = £3 (mod ¢) by Proposi-
tion 4.1.4. For ¢ > 3 these congruences are contradictory. O

4.2 Remarks

Theorem 4.1.5 was first proven by Chao Ko in [21] in 1965. His proof is repro-
duced on [25, pp. 302-304] of the book of L.J. Mordell. Proposition 4.1.2 is
due to T. Nagel in [26] in 1921. Proposition 4.1.4 is due to E. Z. Chein in [9]
in 1976. By it E. Z. Chein gave in [9] a simpler proof of Chao Ko’s theorem.
We reproduce and streamline the proof in [31, pp. 13-16], and consult also [2,
pp. 15-18]. The history of solving the Diophantine equation z? — y? = 1 is
surveyed in [2, Section 2.3.3].

Say to an extremal combinatorialist slowly and clearly “ko, ko, ko, ...” and
you should get the reply: The Erd6s—Ko—Rado theorem! The second author
is indeed Chao Ko (or Ke Zhao) (1910-2002); the other two are Paul Erdés
(1913-1996) and Richard Rado (1906-1989). We give this theorem, proven in
[12], and its proof, taken from [1], below. The article [12] with 715 citations in
Mathematical Reviews in November 2024 belongs to the most cited articles in
pure mathematics. Endlichkeitssétze [15] of G. Faltings have 623 citations, the
solution [24] of Catalan’s conjecture by P. Mih&ilescu has 173 citations and the
article [9] of E.Z. Chein has 2 citations.

A set X (of sets) is an intersecting set system if for every A, B € X we have
AN B # (. For any set X and k € Ny we define

(3)={Y:YCXAY|=k}.

13



Theorem 4.2.1 (Erdés—Ko—Rado) Let k,n € N be such that n > 2k. Then

every intersecting set system X C ([Z]) has | X| < (Zj) elements. This bound
1s tight.

Proof.
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Chapter 5

The relations of Cassels

We want to show, and eventually we prove it, that for no primes p,q € P\ {2}
there are nonzero integers x,y € Z* such that P — y? = 1. Clearly, p = ¢ is
impossible. If (x,y,p,q) is a nonzero solution, then so is (—z, —y,q,p). Thus
we may assume that p > ¢. In this chapter we prove the property of the
hypothetical nonzero solution z,y € Z* of the equation

2P —y? =1 where p > ¢ > 2 are primes,

obtained by John W.S. Cassels (1922-2015): p divides y and ¢ divides z. In
particular, |y| > g and || > p, but in Section 5.3 we deduce much stronger lower
bounds ... but bounds on what? On the size of the hypothetical (nonzero)
solution of the displayed Catalan’s equation. But we eventually prove that this
solution does not exist! Starting from such a solution, in the next chapter we
begin a long journey. On the end of it there will be a shining supernova, or if
you want a black hole, of a contradiction.

5.1 The relation ¢|z

The next lemma, is proven as Lemma A.1.2 in Section A.1.
Lemma 5.1.1 Let u be a real number. Then the following hold.
1/z

1. Ifu>1 then f(z) = (u*+1)"": (0,+00) = (0,+00) decreases.

2. Ifu>1 then f(x) = (u* — 1)1/36: (0,400) — (0, +00) increases.

Now we prove the easier of the two divisibilities due to J. W.S. Cassels.

Theorem 5.1.2 Ifp > q > 2 are primes and x,y € Z* satisfy 2P —y? =1 then
qlx.

15



Proof. Suppose that p, ¢,  and y are as stated and that —(¢q|z). Then by
Lemma 4.1.1 the two factors in (y + 1) - L:ll = zP are coprime. By Corol-

lary B.1.6 we have y + 1 = bP with b € Z. S!{nce x # 0, also b # 0. Hence
P — (P -1)1=1

—we show that this equality cannot hold.
We set
gX)=XP - -1)9, X eR,

and show that g(X) # 1 for every X € Z. Suppose that b > 0. Since y # 0, we
have b > 2. Then

g(b7) = SIS HPEr — 1)1 = g > 1

and
g —1) =B -1)P - (" -1)9<0

because, since ¢ < p, by part 2 of Lemma 5.1.1 it holds that
(b9 = 1)P)P7 = (b7 — )7 < (b — 1)7 = ((b? — 1)1) 77 .

The function g(X) increases on R and we see that there is no X € Z with
9(X) =1
Suppose that b < 0, thus b < —1. Then, similarly,

g(b) = S5 (r) (0P — 1)1 > g > 1
(each summand has sign (—1)¢9=1 = 1) and
9B — 1) = ~(=0)7 + 1P = (b + 1)7 < 0

because, since ¢ < p, by part 1 of Lemma 5.1.1 it holds that

(=07 +1)7)77 = ()7 + )3 > (=b)? + D)F = (=) + 1)7) 7.

Again, g(X) increases on R and we see that there is no X € Z with g(X) = 1.
We have a contradiction and deduce that g | . o

Thus |z| > ¢, but in the next section we need a stronger lower bound on z. In
its proof in the next proposition we use two lemmas.

Lemma 5.1.3 Let g € N andy € Z. If ¢ > 2 is odd, and y = —1 (mod q) then

%is q both modulo ¢* and y + 1.

Proof. This follows from

q 1-1)941 —1 i— —q
Y = WL S (9 (y + 1) (= 1)

Modulo ¢? this is ¢(—1)7"" + () (y + 1) = ¢. O
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Lemma 5.1.4 Let g € N andy € Z. If ¢ > 2 and is odd, and y = —1 (mod q)

then ‘7{;:11 = q (mod ¢?).

Proposition 5.1.5 If p > q > 2 are primes and z,y € Z* satisfy a? —y? =1
then |z| > q + qP~ 1.

Proof. Suppose that p, ¢, = and y are as stated. From the proof of Theo-

rem 5.1.2 we know that both factors in (y + 1) - y;_:'ll = zP are divisible by gq.

q q .
By Lemma ?? we have yy_:ll = ¢ (mod ¢?), hence —(¢? | 2—_;"11) Since the GCD

of both factors is ¢, Corollary B.1.7 gives

y+1=¢P7bP and %:qup for bueZ.

5.2 The relation p|y

Recall from Section A.2 that for m € N, a point a € I, an open interval I C R
and an m times differentiable function f: I — R, we denote by

T (f) = T (f(X) = T (H)(X) = XJo 1/ (a)(X —a) (€ RIX])

the Taylor polynomial of f with order m and center a. In this section we consider
for odd integers p > ¢ > 3, for m € N, I = R and a = 0 the polynomial Tj"(F)
for the function

F(X) = Fpg(X) = ((1+X)7 — x7) "7

This is possible because (14 X)? — XP > 0 for every X € R. The following first
lemma is proven as Corollary A.2.2 in Section A.2.

Lemma 5.2.1 If F, ,(X) is as above and m < p then

T3 (Fpq(X)) = T3 (1 + X)P/7) = Y7 (P19) X7

The second lemma is proven as Lemma A.1.4 in Section A.1.

Lemma 5.2.2 Suppose that F, ;(X) is as above and m = |p/q| + 1. Then for
every X € (—1,1),

| Fp.q(X) = T5"(Fp g (X)) < (1= |X]) 72 [ X"

The third lemma is proven as Corollary B.1.13 in Section B.1. Recall that
for k € N,
() =AX(X-1)...(X —k+1)

and that ()0() =1.
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Lemma 5.2.3 Suppose that q is a prime, a € Z is not divisible by q and k € Ng.
Then there exists a number b € Z not divisible by q such that

a/q\ b
E ) gktorda(k) "

Finally, recall the classical bound on the p-adic order of factorial which is
proven as Proposition B.1.11 in Section B.1.

Lemma 5.2.4 If q is a prime and m € Ny then

ord,(m!) < ——.
ofmt) < L
With the help of the four lemmas and the previous section we prove the
main result of this chapter.

Theorem 5.2.5 If p > q > 2 are primes and x,y € Z* satisfy P —y? =1 then
ply.

Proof. Let p, ¢,  and y be as stated and let —(p|z). By Lemma 4.1.1
the two factors in (z — 1) - ””:__11 = y? are coprime; we obtain a contradiction.

By Corollary B.1.6 we have z — 1 = a% with a € Z. Clearly a # 0. Thus
y? = (a? + 1)? — 1 and with F), ;,(X) as above we express y as

y=a’- Fpq(l/a?).
We set m = |p/q| +1 (>2), D = ¢gmtorda(m) and
2 = QY — T E, ) (1/a?) (€Q).

Using Lemmas 5.2.1 and 5.2.3 and the inequality mq — p > 0 (following from
m > L) we see that

Dz = Da™i~Py — S0 D(P[9)ame= %k € 7.

We obtain a contradiction by proving that the integer Dz # 0 but at the
same time |Dz| < 1. Non-vanishing of Dz follows from the non-divisibility
—(q| Dz): in the displayed expression for Dz all terms are divisible by ¢ except
for the summand with & = m, which by Lemma 5.2.3 is the integer D(prflq) not
divisible by gq.

We show that [Dz| < 1. We have z = a™(F, 4(1/a%) — T3 (F,.4)(1/a%)).
Since z # 0 but ¢ |z by Theorem 5.1.2, a # 0,+1 and |a|] > 2. We can use
Lemma 5.2.2 with X = 1/a? and get the bound

la|™a - |a|—(m+1)q lal? 1 1

< < < .
S T e T Qa1 S el =2 = o -3
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By Proposition 5.1.5, |z| > ¢?~! + ¢. Thus

|DZ| < qm+ordq(m!)7(p71) )

If the exponent is negative, we are done. And indeed, by Lemma 5.2.4, the
inequality m < § + 1 and since p > 5 and ¢ > 3, it is negative:
m+ordy(m!) —(p—1) < m(l+ 25)—(-1)

(2+1)(1+75) - (0-1)
3—(p—2)1(q—2) <0.
- =

A

5.3 Lower bounds on x and y

5.4 Remarks

Theorem 5.1.2 is due to J. W. S. Cassels in [4] in 1953. We followed the proof in
[31, pp. 33-34], [31, Exercise 6.1] and fixed in it some errors. Theorem 5.2.5 is
due to J. W.S. Cassels in [5] in 1960. We followed the proof in [31, pp. 35-37],
[31, Exercise 5.7].
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Chapter 6

The obstruction group
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Chapter 7

Mihailescu IV

In this chapter we prove the next theorem.

7.1 Equation 2 —y?=1for p<5o0or ¢<5

Theorem 7.1.1 (Mihailescu IV) Equation 2 —y? = 1 has no nonzero solu-
tion x,y € Z* if p and q are odd primes such that p <5 or g < 5.

7.2 Remarks
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Appendix A

Mathematical analysis

In this appendix we collect and, more importantly, prove several analytical
results that we used in the previous pages in the described solution of Catalan’s
conjecture.
A.1 Sums, inequalities and bounds
Proposition A.1.1 If m € Ng and X € (—1,1) then
0 -n _ X"
anmX - 1-X

Proof. Let m and X be as stated. Then for n € N with n > m we have
XM Xmtl g p X = Ao (1— X)) o X asn — oo m

Lemma A.1.2 Let u be a real number. Then the following hold.
1. Ifu>1 then f(X)= (u™ + 1)1/X: (0, +00) — (0,+00) decreases.
2. Ifu>1 then f(X)= (uv¥ — 1)1/X: (0,400) = (0, +00) increases.

X)(;(L();?i?) - 10g(1)?:+1)) and (---) < 0 because

XuX logu = u*X log(u uX + 1) log(u™ +1).

Proof. 1. We have f/(X) =
*) < (

2. Similarly, f/(X) = f(X)( X logu log(uX);_l)) and (---) > 0 because
) > (

~

X(uX-1)

XuXlogu = uX log(u®) > (uX — 1) log(u® —1). ad

Lemma A.1.3 Ifp > 1, X € (—1,1) and & are real numbers such that & lies
between (1 + X)P — XP and (1 + X)P, then €] > (1 —|X]|)P

22



Proof.

For odd integers p > ¢ > 2 and X € R let
Fpqg(X) = (X +1)" — Xp)l/q'

Lemma A.1.4 Suppose that F'(X) = F, ((X) is as above and m = |p/q| + 1.
Then for every X € (—1,1),

[F(X) = T (F)(X)] < (1= | X)) 72 [ X
Proof. We bound the terms A = A(X) and B = B(X) in
|F(X) = Tg"(F)(X)] < [F(X) = (1+X)P/ 9+ |1+ X))/ = Tg"(F)(X)| = A+ B.

We estimate |A| by applying Lagrange’s mean value theorem to the function
f(Y) = Y% and the interval spanned by the numbers (1 + X)? — X? and
(14+X)P. Thus with some number & lying between them we have by Lemma A.1.3
and by the inequality p(1 — é) > 2 that

A] < GIX[PlE[M =t < SIXPPI(L = [XPO/amD) < LIX PP (L = X)) 72

A.2 Power series

Let n € N, @ € I C R where I is an open interval and let f: I — R have at
every X € I finite n-th derivative f(®)(X) € R. Then

Tﬁ(f(X)):Té‘(f)(X):Z%f(j)(a)(X—a)J (e RIX])
=07

is the Taylor polynomial of f with order n and center a.

Proposition A.2.1 In this situation T'(f)(X) is a unique polynomial p(X)
in R[X] with degree at most n such that

f(X)=pX)+o((X —a)") (X —a).
Proof.

Corollary A.2.2 If F(X) = F, 4(X) is as before Lemma A.1.4 and m € N
satisfies m < p then

TP (X)) = T3 (L + X)P/) = 7, (740) X7

J=0\ j
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Proof. In view of the previous proposition, to prove the first equality it suffices
to show that F(X) — (1 + X)P/9 = o(X™) as X — 0. This is true because
F(X) — (14 X)P/9 equals

(+x)p - x2)" (1 X = (1 X)P((1- ) - 1)
(1+0(X))-(1+0(X7)) - 1)
= O(X?)=o(X™).

The second equality is immediate from the definition of Taylor polynomials,

(14 x)2/1)9(0) = (P/9) (1 + x)p/a=i+1(0) = (7]1) .

A.3 Remarks
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Appendix B

Elementary number theory

In this appendix we collect and, more importantly, prove several results in ele-
mentary number theory that were helpful in the described solution of Catalan’s
conjecture.

In Section B.1 we discuss properties of prime numbers. Theorem B.1.2
demonstrates in three ways the infinitude of primes. Theorem B.1.3 is the
Fundamental Theorem of Arithmetic (FTA)—prime factorizations of natural
numbers are unique. Corollaries B.1.5-B.1.8 of FTA are the main tool in ele-
mentary solution of Diophantine equation; we use them repeatedly in Chapter 3.
In Chapter 2 we apply Corollary B.1.10 on the p-adic order, the properties of it
are obtained in Proposition B.1.9.

In Section B.2 we discuss some Diophantine equations. Theorem B.2.1 ex-
presses all integral solutions of any Pell equation in terms of the minimum so-
lution. Proposition B.2.2 describes all rational solutions of ax? + By + 3% = 1,
under a condition on «, 8 € Q. We need these results in Chapters 3 and 4.

B.1 Prime numbers

Recall that p € N is a prime number, briefly a prime, if p > 1 and for m,n € N
the equality p = mn is possible only if {m,n} = {1, p}; the number p is in this
sense multiplicatively indecomposable, irreducible. The set of primes is denoted
by P, so that P = {2,3,5,7,11,13,17,... }, and primes themselves are denoted
by the letters p and q. We say that p € P is a prime divisor of n € N if p|n.
We begin with a simple but important lemma.

Lemma B.1.1 An integer n € Z has a prime divisor iff n # —1, 1.

Proof. The numbers +1 clearly have no prime divisor. Every prime is a prime
divisor of 0. Let n # 0,1 be an integer and M = {m € N: m > 1A m|n}.
Then M # () because |n| € M and min(M) is a prime divisor of n. O
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Theorem B.1.2 The set of prime numbers P is infinite.

Proof. We give three proofs. Many more can be found in the literature and on
the Internet.

The first proof of Euclid. The world with only finitely many primes is con-
tradictory because it contains an integer m > 2 with no prime divisor, in con-
tradiction with Lemma B.1.1. We assume that P is finite. P # () because 2 € P.
The number m =1+ HpeIP p (> 3) exists due to finiteness and nonemptiness of
P. It has no prime divisor: if p € P and p|m then p|1 which is impossible.

The second proof of Euclid. Positively taken, the previous proof gives a recipe
for obtaining for any finite set of primes X a prime q € X. If X = (), we take
q = 2. For X # () we take the above number m = 1+HpeX p and set ¢ to be any
prime divisor of m, for example the one described in the proof of Lemma B.1.1.
Then g ¢ X, for else ¢| 1. Hence P is infinite.

The proof of Cass and Wildenberg. It is not as well known as Euclid’s
proof(s), which is a pity. A set X C Z is periodic if for some a € N we have
X=a+X (={a+z: € X}). Itis easy to see that (i) no nonempty finite
set is periodic and that (ii) every (infinite) arithmetic progression a + dZ =
{a+dx: 2 €Z}, a € Z and d € N, is periodic. Periodic sets are closed (iii) to
complements to Z and (iv) to finite unions. Due to Lemma B.1.1 we have the
equality

Z\{~1, 1} = U, (0 + pZ)

If P is finite, it is contradictory. By (i) and (iii) the left-hand side is not periodic.
By (ii) and (iv) the right-hand side is periodic. O

We view the maps f: P — Ny with finite supports as finite multisets of
primes. We denote the set of those maps by P. For f € P and p € P, we denote
the support of f by S(f) (C N) and call the value f(p) (€ Ng) the multiplicity
of the prime p in f. We define the factorization map F: P — N by

F(f) = H;DEIP’pf(p) ( = HpEP,f(p)>0 pf(p)) .

To be precise, if 2 = p; < ps < ... is the sequence of all primes then we define
the value F(f) € Ny as the limit

F(f) = limy, 500 H?:l pf(pi')
of the eventually constant sequence of partial products. If f € P and F(f) = n,
we say that f is a prime factorization of n. We prove the Fundamental Theorem
of Arithmetic (FTA).
Theorem B.1.3 (FTA) The factorization map F: P — N is a bijection.

We preface the proof with a lemma.

Lemma B.1.4 The following hold.
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1. Bvery n € N has a prime factorization f: P — Ny.
2. If n € N and p|n then n has a prime factorization f such that f(p) > 0.

Proof. 1. In fact, this is the surjection part of Theorem B.1.3. We prove by
induction on n € N that there is a map f: P — Ny with finite support such that
F(f) =n. For n = 1 we take for f simply the constantly 0 function. Suppose
that n > 1 and that every m < n has a prime factorization. Using Lemma B.1.1
we write n as n = pm where p is a prime and m € N is smaller than n. Let f
be a prime factorization of m. Then the map g: P — Ny with the same values
as f, except for g(p) = f(p) + 1, is a prime factorization of n.

2. Let n € N and p € P be as stated, so that n = pm with m € N. We use
part 1 and take a prime factorization g of m. We define a map f: P — Ny by
giving it the values of g, except for f(p) = g(p) + 1. Then f € P, f(p) > 0 and

F(f) =pF(g) = pm =n. O

Proof of Theorem B.1.3. In part 1 of Lemma B.1.4 we proved that F is
surjective and it remains to show that it is injective; this is the main claim of
FTA. For contrary let n € N be minimum such that there are f,g € P with
f# gand F(f) = F(g) = n. Cleatly, 37 p f(p) > 2, 3, cpg(p) > 2 and
S(f)NS(g) = 0 (else for some p the number % would contradict the choice of
n). Thus if p = min(S(f)) and ¢ = min(S(g)), then p # ¢. It follows that
m=mn—pqg >0, m e Nand m <n. Let h be the unique prime factorization
of m. Since p and ¢ divide n, they divide m. Part 2 of Lemma B.1.4 gives that
p,q € S(h). Thus pq|m and pq|n. Then 2 <nandq|%. Weset fo € P to be
equal to f, except for fo(p) = f(p) — 1. Then F(fy) = % and fy is the unique
prime factorization of 7. Part 2 of Lemma B.1.4 gives that ¢ € S (fo). Since
f(q) = fo(q), we have the contradiction that ¢ € S(f) N S(g). O

Thus for every n € N we can correctly denote its unique prime factorization by
F~1(n), and n has the unique expression as the product

— ai , a2 af
n=pi'py’ ... D",

where k € Ng, p; < p2 < -+- < pj are primes and a; = F~(n)(p;) € N are their
multiplicities. For n =1 we have k = 0 and define this product as 1.

FTA has several corollaries which in elementary number theory, especially in
elementary solutions of Diophantine equations, are used all the time. Recall that
m,n € Z are coprime if their common divisors are only —1 and 1. If m,n # 0
then by Theorem B.1.3 m and n are coprime iff F~!(Jm|) and F~!(|n|) have
disjoint supports.

Corollary B.1.5 Let a,b,c € Z. If the number a divides the product bc and
a,b are coprime, then a divides c.

Proof. If bc = 0 then b = 0 or ¢ = 0. In the former case a = £1 and divides c.
In the latter case a divides ¢ because 0 is divisible by every number. We suppose
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that b, c # 0, hence a # 0, and consider the prime factorizations f = F~1(|a|),
g = F71(b]), h = F7(|c|]) and j = F~1(]bc|). By Theorem B.1.3, for every
p we have g(p) + h(p) = j(p). By the assumption the supports of f and g are
disjoint and for every p we have f(p) < j(p). Thus for every p it holds that
f(p) < h(p). It means that a|c. m

For x,y € Z we write x ~ y iff t = y or x = —y. It is an equivalence relation.

Corollary B.1.6 Let k € N with k > 2, x,y,2 € Z with xy ~ z* and x,y be
coprime. Then there exist xo,yo € Z such that x ~ x& and y ~ y&. For odd k
the last two ~s may be replaced by =s.

Proof. For xyz = 0 it holds because then {z,y} = {0, £1} are £ k-th powers.
We assume that x,y, z # 0 and consider the prime factorizations f = F~!(|z|),
g=FY(ly|]) and h = F~(|zy|). Since |z| - |y| = |z|*¥, Theorem B.1.3 implies
that for every p we have f(p) + g(p) = k - h(p). Since f and g have disjoint
supports, one of the last two summands is always zero. Hence for every p both
f(p) and g(p) is divisible by k, both |z| and |y| is a k-th power and the result
follows. For odd k the k-th powers absorb the sign — as —1 = (—1)". a

Note that for even k > 2 the ~s in general cannot be removed. For example,
(—=1)(=1) = 12 with coprime —1, —1 gives only —1 ~ (£1)2.

Corollary B.1.7 Let p be a prime, k € N with k > 2, x,y, 2z € Z with xy ~ 2~
and let GCD(z,y) = p. Then there exist coprime xg,yo € Z such that x ~ pxk,
y~pF Lyl or x ~ pFTlafk, y ~ pyk. For odd k we have instead of the last four

~s equalities.

Proof. For zyz = 0 it holds because then {z,y} = {0,£p}. We assume that
x,y, 2 # 0 and consider the prime factorizations f = F~1(|z|), g = F~!(|y|) and
h = F~(Jzy|). As in the previous proof we deduce that for every ¢ # p both

f(g) and g(q) is divisible by k. Also, f(q) - g(q) = 0. Since f(p) + g(p) = h(p)
is divisible by k, f(p) - g(p) > 0 and one of f(p) and g(p) is 1, we deduce that

{f®), 9(p)} =A{1, k —1+rk} with r € No.

The result follows. Minuses are absorbed by odd powers as before. O

Note that for £ = 2 the two possibilities for z and y coincide.
We leave the proof of the fourth corollary to the interested reader.

Corollary B.1.8 Let p be a prime, k € N with k > 2, x,y, 2z € Z with xy ~ pz"*
and let z,y be coprime. Then there exist coprime xq,yo € Z such that x ~ pxk,
Yy~ yg or x ~ x’g, Y ~ pylg, For odd k we have instead of the last four ~s
equalities.

28



In Section C.1 we generalize these corollaries to monoids and domains.

For any prime p and nonzero a € Z we define ord,(a) € Ny as the maximum
k € Ny such that p*|a. Thus ord,(a) = F~1(|a|)(p). We extend ord, to Q.
For any nonzero fraction ¢ we set ord,(%) = ord,(a) — ord,(b). We define
ord,(0) = +oo. It is easy to see that ord,(%) does not depend on the concrete
representation of the fraction 7. We extend addition of integers commutatively
to ZT = Z U {400} by setting a + (+00) = (+00) + a = +oo for every a € Z+.
As for the comparison, a < +oo for every a € Z. The map ord,: Q — Z™ has
the following properties.

Proposition B.1.9 Let p be a prime number and o, 5 € Q.
1. It holds that ord,(a3) = ord,(a) + ord,(B).

2. We have ord,(« + 8) > min(ord,(a), ord,(8)), and if ord,(a) # ord,(B)
then the equality holds.

8. More generally, for every fractions ay, as, ..., a, where n > 2 we have
ordp(Z?:1 ai) > min(a, g, ..., @),
and if the minimum is attained uniquely then the equality holds.

Proof. 1. If af = 0 then it holds because we have 400 on both sides. If a5 # 0

then with o = § and 8 = ¢ we have by Theorem B.1.3 for every p that

ord,(aB) = ordy(ac) — ord,(bd) = ord,(a) + ord,(c) —
—ord,(b) — ord,(d) = ord,(a) — ord,(b) +
+ord,(c) — ordy(d) = ord,(a) + ord,(5) .

2. Let a = ¢ and 8 = 5. Multiplying

__ ad+bc __ a c
at =G =5+3

by bd (# 0) and using part 1 we see that we may assume that «, 8 € Z. Then
it is easy to check part 2 if a5 = 0. Let aff # 0 and o = p"ag, B = p°Fy with
r = ordy(a), s = ord,(B) (€ Ng) and nonzero ag, Sy € Z not divisible by p. We
may assume that r < s and get

a+B=p"(a+p" "Bo) =:pc, cEL.
By part 1 we have ord,(a + 8) = r + ord,(c) > r = min(ord,(a),ord,(5)). If
r < s then ¢ is not divisible by p, thus ord,(c¢) = 0 and ord,(a + ) = r =
min(ord, (), ord,(3)).

3. We proceed by induction on n. For n = 2 this is part 2. For n > 2 we
get by induction, denoting S = >""" ; o; and T' = Z?:_ll a;, that ord,(S) is

—
=
—

ord,(T' + o) > min(ord,(T), ordy,(ay))
@
> min (min(ord,(ay), ..., ordy(an—1)), ordy(ay))
= min(ordy(ai), ..., ordy(an)).
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If min(ord,(e;) : i € [n]) is attained uniquely for ¢ = n, then
ord,(ay,) < min(ord,(a1),...,ordy(an—1)) < ord,(T)

and inequalities (1) and (2) become equalities. If that minimum is attained
uniquely for an i € [n — 1], then by induction

ord,(T) = min(ord,(a), ..., ordy(an,—1)) < ord,(as,)

and inequalities (1) and (2) again become equalities. m|

Corollary B.1.10 Let n € N, p be a prime number and for i € [n] we have
fractions a; € Q. Suppose that

Vie [n—1]: ordy(a;) > ordy(ay),
where for n =1 we interpret it as +o0o > ordy (). Then >0 a; # 0.

Proof. Let n = 1. Then 400 > ord,(a,) gives Y., a; = a,, # 0. Let n > 2.
By the assumption, +o0o0 > ord,(a,). By property 3 in the previous proposition,
ord, (3" o) = ordy(a,). Thus 400 > ord, (37, ;) and > a; #0. O

Proposition B.1.11 Ifp is a prime and m € Ng then

ordy(ml) = X2, [ 2] <

Proof. For m = 0 this holds trivially, and we assume that m € N. The first
equality displayed then follows by double counting the pairs

A={(k,n)eN?: p*|nAn<m}.
Then [A] = Y72, [ %] by grouping the pairs according to k, but on the other
hand |A| = """, ord,(n) = ord,(m!) by grouping the pairs according to n and

using part 1 of Proposition B.1.9. The inequality displayed follows from the
sum of geometric series

© 1 _ e . —k_ _l/p _ 1
k=1 pF = 2= P = T T e

see Proposition A.1.1. a

This formula for the p-adic order of factorial is due to A.-M. Legendre. We need
a generalization of it.

Proposition B.1.12 Let p be a prime, m € N and M =[]} (a + jd), where
a,d € Z and —(p|d). For k € N we denote by r(k) € {0,1,...,m — 1} the
remainder obtained when m is divided by p*, so that r(k) = m — p™ mekj , and

set e(k) = |{j € [r(k)] : p*|(a+7q)}|. Then e(k) € {0,1} for every k and
ordy (M) =352, (|57 +e(k)) -
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Proof. For k € N let s(k) = |{j € [m] : p*|(a+ jd)}|. The argument in
the previous proof shows that ord,(M) = > ;- s(k). We show that s(k) =
Lpﬂkj +¢e(k). For j,j' € [m] if a + jd = a + j'd modulo p*, then (j — j')d =0
and j = j’. So if I C [m] is an interval of numbers with length |I| < p* then
for every residue » modulo p* there is at most one j € I such that a + jd = r,
and if |I| = p* then there is exactly one such j € I. Hence the partition
[m] = JUL U---UI into intervals J < I; < --- < I with |J| = r(k) and
|I;] = p*, thus | = Lpﬂkj, shows that s(k) =l + (k) and that (k) € {0,1}. O

Corollary B.1.13 Suppose that q is a prime, a € Z is not divisible by q and
k € Ng. Then there exists a number b € Z not divisible by q such that

a/q\ b
k - qurordq(kI) :

Proof. For k = 0 it trivially holds, as (“éq) = 1, and we assume that & € N.

Then i
(1) =4 Tz a+q—jg).

Let M = H;?:l(a + g —jq). Then ordq((“,éq)) = ordy (7 - qik) = —k — ord,(k!)
as ordy(M) = 0, and for every p # ¢ we have by Propositions B.1.11 and B.1.12
that ordp((“,éq)) = ord, (M) — ord,(k!) > 0. O

B.2 Diophantine equations

A Pell equation is any Diophantine equation 22 —dy? = 1 with unknowns x,y and
parameter d € N that is not a square. If d is a square then it is easy to show that
there is only the trivial solutions (£1,0). Every Pell equation has infinitely many
(integral) solutions. In Chapters 3 and 4 we rely on the important property of
the solution set that it is generated by the minimum (nontrivial) solution. This
is the solution (a,b) € N2 such that there is no solution (a’,’) € N2 with @’ < a.
Every Pell equation has a unique minimum solution. Already for moderately
sized d the minimum solution can be quite large, but on the other hand it is
often easy to find. In Chapter 3, for #2 — 3y*> = 1 it is (a,b) = (2,1). In
Chapter 4, for 22 — (¢ — 1)y*> = 1, ¢ € N with ¢ > 2, it is (a,b) = (¢, 1).

We express generation of solutions of 22 — dy? = 1 by an equality in the
integral domain (Z[v/d],0, 1, +, -), where

ZIVd = {a+b/d: a,beZ} (CR).

It is a subring of the field R, hence a domain. The conjugation map is the
automorphism a + bv/d — a — bv/d.
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Theorem B.2.1 Let (a,b) € N? be the minimum solution of the Pell equation
22 — dy? = 1. Then the set of integral solutions has the form

{(£2n, +y,) € Z*: n € Ny},

where

Tn +yuVd = (a+0Vd)" (€ Z[Vd]).

The sequences () in N and (y,) in No, n € Ny, satisfy two recurrences, with
the initial conditions xg =1, yo =0, ©1 = a and y; = b.

1. zp41 = axy + dby, and yp41 = by, + ayy,.

2. Tpio=2axp 1 + (V2d — a?)z, and ynio = 2ay,s1 + (b2d — a?)y,.

Proof. Let a, b, x,, and y, be as stated. The conjugation map gives that also
T, — ynVd = (a — bV/d)". Hence 22 — y2d = (x,, + ynVd)(x, — ynV/d) equals

(a4 bVd)"(a —bVd)" = (a® —b*d)" =1" =1

and (7,,y,) € N3 is a solution. Let (e, f) € N2 with e € N be an arbitrary
nonnegative solution. Since 1 = z¢p < 1 < ..., we have a unique n € Ny such
that 2, < e < xpy1. Then also y, < f < yny1 and (a + b\/(j)" <e+ fVd <
(a4 bVd)" 1. We set

g+ i =S = e+ fVd)(a— V)" (€ Z[Vd).
It follows that (g,h) € Z? is a solution. From 1 < g + hVd < a+ bVd we get
1< g<aand0<h<b By the minimality of (a,b) we have g =1 and h = 0.
Hence e = z,,, f =y, and we see that (£x,, +y,), n € Ny, exhaust all integral
solutions of 22 — dy? = 1. Let a = a + bv/d. The two recurrences follow from
the respective identities "' = (a 4+ bV/d) - " and o® = 2a - a + b*d — a®>. O

The description of the generation of the set of solutions of 22 — dy? = 1 by the
minimum solution could be completely coached in Z in terms of recurrences,
but the description in Z[v/d] is easy to manipulate algebraically.

We describe all rational solutions of a family of quadratic equations with
two unknowns and rational coefficients.

Proposition B.2.2 Let o, 3 € Q be such that 3% — 4« is not a square in Q,
in particular o, B are not both zero. Then all solutions (x,y) € Q? of equation
ar? + Bry +y? =1, except (0,1), are given by the formulas

B+2m

T = a+pBm+m?2

2_
and y:m for me Q.

Proof. We substitute for y in the left-hand side of ax?® + Bzy + y? — 1 = 0 the
polynomial mz — 1 (€ Q[m, z]):

az? + Br(mx — 1) + (mx — 1)> =1 = (a+ Bm +m?)z? — (B +2m)z = 0.
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B+2m

Thus x = 0 or z = With the latter value we have y = mz — 1 =

a+pBm+m?2"
2
%. By the assumption the denominator a + fm + m? # 0 for every
m € Q. Since for every x,y € Q, x # 0, there is an m € Q such that y = max—1,
the result follows. a

B.3 Remarks

The original proof of Euclid of Theorem B.1.2 appears, in a form, in Proposition
20 in Book IX of his Elements. The two Euclid’s proofs here are inspired by
Euclid’s proof in [11]. The third proof of Theorem B.1.2 is due to D. Cass and
G. Wildenberg in [3]. It combinatorially simplifies H. Fiirstenberg’s topological
proof [17] (of infinitude of P). On my visit on October 30, 2024, the Wikipedia
page [18] still did not mention the Cass—Wildenberg proof. The proof of unique-
ness of prime factorizations in Theorem B.1.3 is taken from [19, Chapter I1.2.11]
of the classical textbook authored by G. H. Hardy (1877-1947) and E. M. Wright
(1906-2005). In [19, Notes to Chapter II] they attribute it to several authors:
F. A. Lindemann in 1933, H. Davenport (date not given), E. Zermelo in 1934
and H. Hasse in 1928. The first mentioned person is not Ferdinand von Lin-
demann (1852-1939) who was the first to prove the transcendence of m, but
Frederick Alexander Lindemann (1886-1957), “a British physicist who was the
prime scientific adviser to Winston Churchill in World War II (... ) [and] pressed
the case for the strategic area bombing of cities.” ([16], see also [29]).
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Appendix C

Commutative algebra

In this appendix we collect and, more importantly, prove results in commuta-
tive algebra that were used in the previous pages in the solution of Catalan’s
conjecture.

Section C.1 is devoted to the theory of unique factorization (integral) do-
mains (UFD). We develop it differently compared to the standard approach, by
emphasizing the single operation of multiplication and starting from the begin-
ning, that is from monoids, and not from rings, as it is common. Main result
is Theorem C.1.11 that every Euclidean domain is UFD. In Section C.2 we ex-
plain why our Definition C.1.10 of Euclidean domains may be simpler than it is
common.

C.1 Unique factorization domains

Unique factorization monoids

We begin by describing unique factorization in monoids. These are algebraic
structures My, = (M, 1p,-) such that M # 0 is a set that is endowed with
a commutative and associative (binary) operation - that has the neutral element
1pyy € M. Fora € M and k € N we define a* = a-a- ... a, with k factors a
(and any bracketing); we set a® = 1,;. The product a - b is abbreviated by ab.

An element a € M is invertible if there is a b € M such that ab = 1;. We
denote the set of invertibles in My,, by M*. Clearly, 13, € M* and (M*,1yy,)
is an Abelian group. If M* = M, we call the whole My, an Abelian group. If
a,b,c € M satisfy a = be, we say that b divides a, or that b is a divisor of a, or
that a is a multiple of b (in M) and write b|a. If two elements a,b € M can
be divided simultaneously only by invertibles, we say that a and b are coprime
(in Myo). An element a € M is irreducible iff a € M \ M* and a = be with
b,c € M is possible only if b or c is invertible. We denote the set of irreducible
elements in M,,, by M.

For a,b € M we write a ~ b if a = be for a ¢ € M*. It is easy to see that ~
is an equivalence relation. We denote the equivalence class of a € M by [a]~.
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Thus [1pa7]~ = M*. We define the associated monoid of My, = (M, 1r,) to
be the monoid
MI?lso = (M/N7 [1M]~a ) = (N, 1w, ')7

with the multiplication defined via representatives: [a]. - [b]~ = [a - b]~. We
prove correctness of this definition. Let a ~ a’ and b ~ b/, so that a = a’c and
b =1bd for ¢,d € M*. Then ab = a'V/(cd) with ¢d € M* and ab ~ a'b'. Tt
follows that N* = {1x} and N™ = {[a]~ : a € M™}. In M2 an element

A € N is irreducible iff A # 1y and A = BC with B,C € N is possible only
for {B,C} ={1n, A}.

Let My, = (M, 1y7,-) be a monoid with M # (). We again consider the set
of maps f with finite supports

Q=Q(My,)={f: N" = Ny : f(P) >0 for only finitely many P € N}

(C (No)M/ N)ir), defined on irreducibles of the associated monoid, and view its
elements as finite multisets of irreducibles in M. The map F': Q — N,

F(f) = HPeNir PP

(this is effectively a finite product), is the factorization map (of Myo).

Definition C.1.1 (UFM) Let My, = (M,15,-) be a monoid. We say that
Mo s a unique factorization monoid, abbreviated UFM, if M™ # () and the
factorization map F: Q(Mmo) = N = M/~ is a bijection.

If Mo = (M,1,,-) is UFM and a € M, we call the map
F~([a]~): (M/~)" = Ny
the irreducible factorization of a.

Proposition C.1.2 The monoid of natural numbers N1 = (N, 1,) is isomor-
phic to its associated monoid. The associated monoid of the monoid of nonzero
integers Z1,0 = (Z\ {0}, 1,-) is (isomorphic to) Ny.

Proof. The first claim follows from the fact that N* = {1}. As for the second
claim, (Z\ {0})* = {—1,1} and the the map

No>nw— tn={-n,n} € (Z\{0})/~
is an isomorphism from Ny to Z{%. O
In this terminology Theorem B.1.3 takes the following form.

Corollary C.1.3 Both Ny and Zy,0 are UFM.

Proof. This follows from Theorem B.1.3 and Proposition C.1.2. |

The following UFM is much simpler.
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Proposition C.1.4 The unary natural numbers No = (Ng, 0, +) is UFM.

Proof. Like for Ny we have NJ = {0} and N@® is Ny. But now NI = {1}.
For every n € N the expression n = 1+ 1+ --- 4+ 1 with n summands is the
unique irreducible factorization of n; the unique irreducible factorization of the
number 0 is the empty sum, more precisely, the map f: {{1}} — Ny with the
value f({1}) =0. O

The monoid (Z,1,-) is not UFM because F' is not surjective, [0]. = {0} is
not in the image of the factorization map. The monoid (Z,0,+) is not UFM
because it is an Abelian group and has no irreducible element. We give as
an example irreducible factorizations f = F~1([12].) of the number 12 in the
monoids Nq, Z19 and Ng. In Ny it has the nonzero values f({2}) = 2 and
f({3}) =1, in Z;  these are f({—2,2}) =2 and f({—3,3}) =1, and in Ny it
is just f({1}) = 12.

Let Mo = (M, 1p,-) be UFM and a,b € M. It follows that a, b are coprime
iff the irreducible factorizations f = F~!([a]~) and g = F~1([b].) have disjoint
supports. The greatest common divisor of a, b is

GCD(a, b) _ HPe(M/N)ir Pmin(f(P)vg(P)) (E M/N) .

We abuse notation in the standard way and write GCD(a,b) = ¢ rather than
GCD(a,b) = [c]~. Thus in Z1 o we write GCD(4, 6) = 2, and not GCD(4,6) =

{-2,2}.
We leave the proof of the following UFM version of Corollaries B.1.5-B.1.8
to the interested reader.

Proposition C.1.5 Let My, = (M, 1a,) be UFM, a,b,c,d € M and k > 2
be an integer. Then the following hold.

1. If a|bc and a,b are coprime then a|c.

2. If a,b are coprime and ab ~ c*, then there exist ag,by € M such that
a~af and b~ bf.

3. If c € M*, GCD(a,b) = ¢ and ab ~ d*, then there exist coprime ag,by in
M such that a ~ cak, b~ *=1bk ora ~ cFtaf, b~ cbf.

4. If a,b are coprime, c € M™ and ab ~ cd®, then there exist coprime ag,bg
in M such that a ~ cak, b~ bk ora~af, b~ cbf.

Note that in part 3 for k = 2 the two cases coincide.
Unique factorization domains
A ring is an algebraic structure
Rri = (Rv ORv 1R7 +7 )

such that Or # 1g, (R,0gr, +) is an Abelian group, Ry, = (R, 1R, -) is a monoid
and - is distributive to +. We will work in the multiplicative monoid Ry,,. Its
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invertibles R* are in the ring context called units of R,;. Divisibility, irreducibles
and coprimality in R;; are similarly understood to take place in Ry,,.

We extend the congruence notation from Z to any ring R,;. If a,b,c € R
then we write a = b (mod ¢) iff there is a d € R such that a —b = c-d = cd, i.e.,
a = b+ cd. Recall that an ideal I in R,; is any set I C R such that (I,0g, +) is
an Abelian group and always if r € R and a € I then ra € I. We then have the
more general congruence relation ¢ = b (mod I) iff a — b € I.

Ry is an (integral) domain if the set R* = R\ {Og} is closed to . Then

R#O = (R*7 1R7 )

is a monoid and R* C R*. If Ry is an Abelian group then R,; is a field.
We employ besides - also the other ring operation + and the distributive law.
A monoid My = (M, 1r,-) is cancellative if for every a,b,c € M the equality
ac = bc implies that a = b. Monoids considered so far might not be cancellative,
but R_g is cancellative and we use it in the proof of Theorem C.1.11.

Proposition C.1.6 For every integral domain R, the monoid R+o is can-
cellative.

Proof. Suppose that R,; = (R,0g, 1R, +,") is an integral domain, a,b,c € R*
and ac = be. Then (a — b)c = Og and, since ¢ # Og, we have that a — b = O
and a = b. O

Thus N; = (N, 1,-) is a cancellative monoid because it is a submonoid of the
monoid Z9 = Zxo and Z is an integral domain. The monoid Ny = (No,0,+)
is also cancellative because it is a submonoid of the Abelian group (Z,0,+) and
every Abelian group is cancellative because all elements of it are invertible.

Proposition C.1.7 Suppose that My, = (M,15,-) is a cancellative monoid
and a,b € M. Thena ~b iff a|bAb|a.

Proof. If a ~ b then a = be for a ¢ € RX, and so also ac™* =b and a|bAb|a.
If a|bAb|a then a = bc and b = ad for ¢,d € R. Thus aly = a(de) and since
Mo is cancellative, 17 = de, ¢,d € R* and a ~ b. O

In our approach the definition of UFM takes the following form.

Definition C.1.8 (UFD) An integral domain Ry; is a unique factorization do-
main, abbreviated UFD, if the monoid R.o is UFM by Definition C.1.1.

We have the following UFD version of Corollaries B.1.5-B.1.8.

Proposition C.1.9 Let R, = (R,0gr, 1g,+,) be UFD, a,b,¢c,d € R and k > 2
be an integer. Then the following hold.

1. If albc and a,b are coprime then a|c.
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2. Ifa,b are coprime and ab ~ c* then there exist ag,by € R such that a ~ af

and b ~ bf.

3. If c is irreducible, GCD(a,b) = ¢ and ab ~ d*, then there exist coprime
ao,bo € R such that a ~ caf, b ~ c*=1bf or a ~ cFLak, b ~ cbf.

4. If a,b are coprime, c is irreducible and ab ~ cd®, then there exist coprime
ag,bo € R such that a ~ caf, b ~ bf or a ~ ak, b~ cbk.

Proof. If the elements involved are non-zero, it is just an instance of the corre-
sponding part of Proposition C.1.5. Zero elements in parts 1-3 were handled for
Ry = Z in the proofs of Corollaries B.1.5-B.1.7, and the general case is similar.
Suppose that in part 4 we have d = Og. Then {a,b} = {Og,a} with a € R*.
Thus the claim holds, with a = 0 = ¢+ 0% and b = a ~ 1%, ad

Again, in part 2 for kK = 2 the two cases are identical.

A well ordering (X, <) is a linear order < on a set X such that every
nonempty set ¥ C X has the minimum element m € Y, an element such
that m < x for every x € Y. Clearly, this minimum is unique.

Definition C.1.10 (Euclidean domain) A domain R, = (R,0r,1g,+,-) is
called Euclidean iff there exist a well ordering (X, <) and a function f: R* =
R\ {Or} = X such that

Va,be R, b#0g3c,deR(a=b-c+dA(d=0gV f(d) < f(b))).

Note that the last disjunction is an exclusive or. If you miss some condition in
this definition, see the corresponding remark in Section C.2. For instance, the
domain of integers Z is Euclidean, (X, <) is (N, <) and f(n) = |n|. One can
often prove that a domain is UFD by using the next classical theorem. Its proof
is more complicated than we originally thought. But with the help of [13, 30]
we have put it together.

Theorem C.1.11 FEvery Euclidean domain is UFD.

Proof. Let R; = (R,0g,1g,+,-) be a Euclidean domain, (X, <) be a well
ordering and f: R* — X be as in Definition C.1.10. In the first step we prove
existence of irreducible factorizations: every element € R* \ R* is a product
of irreducibles. Recall that © € R* \ R* is irreducible iff = y - z = yz with
Y,z € R* always implies that y € R* or z € R*. Suppose for the contrary
that the set A C R* \ R* of elements that are not products of irreducibles is
nonempty. Let a € R* be such that a has a divisor b € A and the value f(a)
is minimum with respect to < among all such values in X. Thus a = bc where
b€ A and ¢ € R*. Since b is not irreducible, b = de with d,e € R*\ R*. But
b € A and hence d or e is in A. We assume that d € A, the case with e € A is
similar. Thus a = d(ec) where d € A and ec € R* \ R* (because e € R* \ R*).
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This means by Propositions C.1.6 and C.1.7 that a does not divide d, and if we
divide d by a with a remainder we get

d=ag+ h where g € R, h € R* and f(h) < f(a).

Since d divides a, it divides h too. So d divides h, d € A and f(h) < f(a), which
contradicts the choice of a.

In the second step we prove that if a,b € R are coprime, then there exist
¢,d € R such that ca + db = 1z. We consider the set

I={ca+db: ¢,d e R} (CR),

which is the ideal (a,b) in R,; generated by the elements a,b. Let e € I\ {0Or} be
an element with the minimum value f(e) in X (I # 0 and I # {Or}, we do not
have a = b = Or because Og is not a unit and hence Og,0r are not coprime).
We show that e divides every x € I. Indeed, we express any x € [ as x = ec+d
where ¢,d € R and d = Og or f(d) < f(e), and due to d = z — ec € I we have
d = 0g. Thus e divides every element of I and since a,b € I and are coprime,
e € R*. Tt follows that 1g € I, there exist ¢,d € R such that 1z = ca + db.

In the third step we show that if a,b,c € R, a|bc and a € R, then a|b
or a|c. Suppose that a,b,c € R and that a is irreducible, divides bc but does
not divide b. Then a,b are coprime and by the second step we have for some
d,e € R equality

da+eb=1g.

We multiply it by ¢ and get dac + ebc = c. Hence a divides c.

In the final fourth step we prove that in Ry every a € R* has only one
irreducible factorization. Suppose for the contrary that there are functions
g,h: (R*/~)F — Ny with finite supports and such that g # h but F(g) = F(h).
We take a pair of these maps g, h such that in addition the sum of all involved
multiplicities

S p9(P)+ Xph(P) (€ No)

is minimum. Then in R we have an equality

pPip2..-Pk =4q1492-..4q;

where k,l € N, p;, ¢; € R, and for every i € [k] and j € [I] we have p; % g;; else
the supports of g and h would intersect and we could get a pair of maps ¢’, h’/
with ¢’ # 1/, F(¢') = F(h') and a smaller sum of multiplicities. In contrast,
applying repeatedly the third step we see that for every i € [k] there is a j € [{]
such that p; | ¢j, hence p; ~ ¢;. This is a contradiction. O

Often we can prove existence of irreducible factorizations by means of norm

maps which we now introduce; they generalize norm maps of algebraic number
theory. An ordered monoid is any structure

Momo = (M; 1Ma B ’<)
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such that (M, 1y, -) is a monoid and < is a linear order on M satisfying that
always for z,y € M if z divides y then x < y. Note that then 1,; is the
minimum element of (M, <) and M* = {1p/}. Suppose that (M,1,-) is
a monoid, (N,1y,®, <) is an ordered cancellative monoid and f: M — N is
a multiplicative map, which means that always f(a-b) = f(a) ® f(b). Then
f(1ar) = 1n: just cancel f(1as) on both sides of f(1p) ® f(1n) = f(1p) © 1.
Also, if a € M then f(a) = 1y because f(a) ® f(a™!) = f(1a) = 1y

We say that My, is well ordered and cancellative, abbreviated WOCM, if
(M, <) is a well ordering and the monoid (M, 1y, ) is cancellative.

Definition C.1.12 (norm maps) We say that a monoid (M, 1y, -) is normed
iff there exists a multiplicative map f: M — N to a WOCM (N, 1y,®, <),
called a norm, such that M* = f~'[{1yx}]. We say that a domain R; =
(R,0R, 1g,+,-) is normed iff the monoid Rxo = (R*,1g,-) is normed.

Corollary C.1.13 Suppose that (M,1p,-) is a normed monoid with a norm
f: M — N and that a,b € M. Then the following hold.

1. If f(a) # 1n and there is no element x € M such that f(z)| f(a), f(z) #
Iy and f(x) < f(a), then a € M.

2. If a ~ b then f(a) = f(b).

Proof. 1. Suppose that f(a) satisfies the stated condition. So a ¢ M* and
if a = xy with x,y € M, then f(z) and f(y) divide f(a) and both are < f(a).
Not both are 1y (else f(a) = 1n), say f(z) # 1ny. Then f(z) = f(a) and by
canceling in f(a) ® 1y = f(z) ® f(y) we get that 1y = f(y) and y € M*. Thus
a is irreducible.

2. If a ~ b then a = bz with x € M*. But then f(a) = f(b) © f(z) =
f(b) @1y = f(b). o

Proposition C.1.14 Every normed domain R; = (R,0g,1gr,+,:) has irre-
ducible factorizations, that is, the factorization map

F:Q — R*/~ where Q ={f: (R*/~)" = Ny : f has finite support}
and F(f) = [Ipe(rejmye PIP) s surjective.

Proof. Suppose that R,; = (R,0g,1g,+,-) is a domain and that f: R* - N
is a norm. It suffices to show that if A C R*\ R* is the set of elements that
are not products of irreducibles, then A = (). Suppose for contrary that A # )
and take the a € A that has the minimum value f(a) € N with respect to <.
Since a is not irreducible, a = be for some b,c € R* \ R*. Thus f(b) < f(a). If
f(b) = f(a) then by cancelling in f(a)©1y = f(b) ® f(c) we get that 15 = f(c)
and ¢ € R*, which is not possible. Hence f(b), f(¢) < f(a). But bor cis in A
and we get a contradiction with the choice of a. ]
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We stated this result for domains because it is often used for them but it is clear
that we do not really need the ring operation 4+ and that we actually proved
the following.

Proposition C.1.15 Every normed monoid My, = (M, 1as,+) has irreducible
factorizations.

An important example of a UFD is the domain Rg, = (Z[i],0,1,+,-) of
Gaussian integers, where

Zlil={a+bi: a,beZ} (CC).
We used the next result in the proof of Theorem 2.1.1.

Proposition C.1.16 The domain Rg, has ezxactly four units {—i, 4, —1, 1}
and s UFD. The conjugation map a+bi = o — @ = a—bi is its automorphism.

Proof. Since the operations in Rg, are restrictions of the operations in the
field C, the structure Rg, is a domain. It is easy to check that o — @ is an
automorphism of this ring. We find its units, let « = a + bi and 8 = ¢+ di in
Z[i] be such that «f = 1. Then
(@®+ ) (A +d*)=aapf=afaf=11=1*=1.

Thusa=+1Ab=0ora=0Ab= =1 and Z[{]* = {-1,1,—4,i}.

Using Theorem C.1.11 we show that Rg, is UFD; we define on Z[i]* a map
f as in Definition C.1.10 and show that Rg, is Euclidean. We take the well
ordering (X, <) = (N, <) and the function f: Z[i]* — N, given by f(a) =
fla+bi) = a®> +b* = aa =: ||a|. Let a € Z[i] and 8 € Z[i]* be arbitrary.
For % = ug + w1t with u; € R let v; € Z be the integer closest to u;, so that
luj —vj| < 4. We define

y=wg+vii and 6 = a— By (€ Zi]).
Then o = By + 6 and
£6) = 1611 = 181 - | = 7]l = £8) - (o — v0)* + (w1 —)?) < L& < #(8).
O
We mention a well known example of failure of unique factorization.
Proposition C.1.17 The domain Rxurp = (Z[v/—5],0,1,+,-), where
ZIV=5l={a+bV/=5: a,be Z} (CC),

1s not UFD. More precisely, the factorization map F for this domain is surjective
but not injective.
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Proof. We prove existence of irreducible factorizations by means of Propo-
sition C.1.14; we take the WOCM (N, 1,-, <) and easily check that the map
Il -: Z[v/—5]* — N, given by

|a 4+ bv/=5| = (a + bvV/=5)(a — bv/=5) = a* + 5b%,

is a norm. Crucially, it is clear that Z[v/—5]* = {—1,1} = || - || [{1}].
But the factorization map F' is not injective. Consider the equality af = 74,
where

a-B=04+vV-5)-1-V-5)=6=2-3=~-4.

Now we use Corollary C.1.13. We have |af = ||| = 12+5-12 =6, ||| = 4
and ||0]| = 9. No x € Z[v/—5] has norm ||z|| = 2 or 3, and therefore «, 3, v and
0 are irreducible. Because

{llall, 1813 ALl 1ol =0,
we have a ¢ v, and 8 % v,d. Thus
6=(1+v-5)-(1-+v-5)=2-3

gives two different irreducible factorizations of 6 in the domain Z[v/—5]. O

C.2 Remarks

Algebra textbooks usually take the function f in Definition C.1.10 of Euclidean
domains with the range (N, <) and require that in addition to the condition
of division with a remainder, f satisfies some condition (C) like that for every
a,b € R* one has f(a) =< f(a-b). It is not clear to us what precise effect the
relaxation of (N, <) to any well ordering (X, <) has. In the note [30] it is proven
that (C) is superfluous, thus we did not include it in Definition C.1.10.

Proposition C.2.1 ([30]) If in the situation of Definition C.1.10 we introduce
another function g: R* — X by (a € R*)

g(a) =min({f(a-b): b€ R"}),

then g satisfies the condition in Definition C.1.10 and condition (C).

In the proof of Theorem C.1.11 we took the proof of existence of irreducible
factorizations also from [30]. The terminology of “abnormal” numbers used in
[30] reveals the inspiration by [19, Chapter 11.2.11].
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Appendix D

Algebraic number theory

D.1 Unique factorizations in prime ideals
D.2 The class group
D.3 Remarks
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Appendix E

Cyclotomic fields
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