MATHEMATICAL ANALYSIS 3 (NMAI056)
summer term 2025/26
lecturer: Martin Klazar

LECTURE 11 (April May 4, 2026) INTRODUCTION TO
COMPLEX ANALYSIS 3

o Integral [, f for f: C\ A — C. We derive properties of the
integral [, f for holomorphic functions f: C\ A — C, where
A C int(R) is a compact set and R (C C) is a rectangle.

Theorem 1 Let R, A and functions f,g: C\ A — C be as
above. The following holds.

1. For every o, B € C,

Jorlaf +89) = [yn f+B [yr9-

2. If A ={a} and f is bounded on a deleted neighborhood of
the point a, then

Jor £ =0
3. If a € C and a € int(R), then

where p (= 2mi) is the previously introduced constant.

Proof. 1. We proved this linearity earlier.

2. Let R, be rectangles with a € int(R,,) and R,, — a. By ML
bounds (per(R,) — 0) also [,, f — 0. Hence [, f =0.

3. Let .S be the square with the vertices 1 + ¢ and R =a + S
be the shifted copy. By the previous theorem, the definition of | OR
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and the definition of p we have

Jor == fa(a+5) e fas% =P

Exercise 2 Let a € int(R) and k € N with k > 2. Then

Jor (Z_la)k =0.

e The Cauchy formula. For simplicity we give it only for entire
functions.

Theorem 3 (Cauchy formula) Let f: C — C be entire, p =
21i, R be a rectangle and a € int(R). Then

fla)=1 [, 12

Proof. Since f'(a) exists, w is bounded on a deleted ne-
ighborhood of the point a. By parts 1-3 of Theorem 1 we have
that

0= faR f(Z;:(f(a) = faR ﬁfzi — fla) faR ﬁ = faR ﬁ(—i — fla)p.

Since p # 0 (Theorem 6 in the last lecture), we immediately get

the Cauchy formula. O

A proof of Liouville’s theorem. Let f: C — C be entire and
bounded, so that |f(z)| < ¢ for z € C and a constant ¢ (> 0).
Let a,b € C be two (different) points. By Exercise 4, for every
large s € N there is a square S C C with side length s such that
a,b € int(S) and for any z € 05,

__ per(S) .

|z—a|,\z—b|2§ 12
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By the Cauchy formula and linearity of [,

_ 1 fz) 1 f(z) _ a=b f(2)
f(a) o f(b) - ;fas z—a Efas z=b — p fas (z—a)(z—b)
By the ML estimate, the last [ is in absolute value at most

—per<5§2/144 cper(S) =L =3¢ 0 for s — .
Thus f(a) = f(b) and f is constant. O

Exercise 4 Leta,b € C. For every large s € N there is a square
S C C with side length s such that a,b € int(S) and for any
z € 0S we have |z —al, |z —b| > 3.

A proof that any entire function is analytic. Let f: C —
C be entire, a € C be arbitrary, and R be a rectangle such that
0,a € int(R) and for z € R we have

E ‘—|a|<— and |z —al >1
(Exercise 5). Let m € N. The Cauchy formula and the identity

m+1

= =l4z+a’+ 2"+

imply

f(z
f(a) - 2L7m 8Rz(cz
)m—|—1

- 27mf(9R z ( n= 0<a>n+(a/z—a/z>

= Zzl 0 (27?2 f@R z"*l) "t 27 faR 5/2
= > " cpa + %Z.ImH.

By an ML estimate of the integral I,,,.1 we are done: for m — oo,

m—|—1

L] < max.con | £(2)] - L2752 per(R) — 0.

3



Hence for any a € C we have

f(a) - ZZO:() c,a”, where ¢, = zim faS Zf;fi)l

and S is any rectangle with 0 € int(.S). O

Exercise 5 For any a € C there exists a rectangle R such that
0,a € int(R) and for any z € OR we have |%| < 3 and |z—a| > 1.

e Meromorphic functions and residues. We generalize part 3 of
Theorem 1. A set A C C is discrete if every open disc B(z,r)
(C C) contains only finitely many elements of A.

Definition 6 (meromorphic functions) We say that a ho-
lomorphic function

f:U\A—C,
where A C U 1is a discrete set, is meromorphic with the set
of poles A, if for every a € A we have on B(a,r,) \ {a} an
eTPansion

F(2) = gal2) + X% ¢jra - (2 — a)
where B(a,r,) C U, B(a,r,) N A = {a}, g,: Bla,r,) — C 1is
holomorphic, k, € N, and ¢;, € C for j = 1,2,...,k, with
Cijk, 7 0.
The residue of f at a is the coefficient ¢;,. We denote it by

res(f,a). By the Cauchy formula, res(f,a) is uniquely determined
(Exercise 8).

Theorem 7 (residue theorem) Let f: U\ A — C be mero-
morphic with the set of poles A and let R C U be a rectangle
such that ORN A = (. Then

QLM faRf - ZaeAﬂint(R) res(f, a) =D _,canpres(f, a)
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and both sums are finite.

Proof. If the intersection A N R were infinite, we would contradict
the discreteness of A (Exercise 9), and both sums are finite. For
a € RN A we take mutually disjoint squares

S, C int(R) N Bla, r,)

centered at a. We then divide the rectangle R into rectangles inclu-
ding all of these squares S, and get that | op cquals

2aeanr Jos, /= 2aeann Jos, (9a(2) + Zjazl (2’2);’)

which equals ), 4~ 27 - res(f, a) and we are done. These equa-

lities follow from Exercise 10, the definition of meromorphic functi-
ons, the linearity of integrals, the Cauchy—Goursat theorem, part 3
of Theorem 1 and Exercise 2. O

Exercise 8 Why is the residue of f at a unique?

Exercise 9 Infinite subsets of rectangles always have at least
one limit point.

Exercise 10 Partition any given rectangle R with prescribed
disjoint rectangles R; C int(R), j = 1,2,...,k, by lines into
small rectangles including every R;.

Exercise 11 What is the punch line of the following mathema-
tical joke?

Did you know that the contour integral of f around the
border of France is zero? 227 All Poles are in Fastern
Furope!



e Solution of the generalized Basel problem. Let k € N. We
obtain by means of the residue theorem a formula for the sum

C(2k) =3 7 n 2.

Earlier we found by the Fourier analysis that ((2) = %2. Now we
generalize it. We begin with two auxiliary results.

Proposition 12 The function
F(z) = 2mi- (2 = 1) C\Z = C

1s meromorphic with the set of poles 7. For every n € Z we
have res(F,n) = 1.

Proof. The function f(z) = ¢*™* —1is entire and f(z) =0 <
2z € Z. For any n € Z we have the expansion

f(z)=2mi(z —n)+as(z —n)*+ ...
because f'(n) = 2mi. In a deleted neighborhood of n € Z we have
F(Z) — 2m _ _1 1

f(z) zZ—n 1+(a2/27ri)(z—n))+...
= (z—n)_l—l—b0+b1(z—n)+...

and res(F,n) = 1. O

Proposition 13 Let N € N, F(z) be as above and Sy be the
square with vertices (N + 3)(£1 +4). Then for some ¢ > 0 for
every N and every z € Sy we have

F(z)| <c.



Proof. Since F(z) = 2mi- (e*™* —1)7! we need to cut off e*™* —1
from 0. For z € 0Sy with |[im(z)| > 1 we have

‘ 2miz 1} Z ‘ ‘627riz| 1‘ } re(2miz) 1‘
— ‘e_%'lm — 1‘ > min (1 — e 2T T — 1)
= 1l—e¥>0.

For z € Sy with [im(z)| < 1 we use that e*™# is 1-periodic, and by
reducing modulo 1 we work in the strip P given by 0 < re(z) < 1.
Then z = 5 + iz, where z € R with |z] < 1, and

|62m'z . 1| _ ‘eme—wa . 1} _ ’e—ZWx_i_ 1| > 1_|_e—27r

Thus we can set ¢ = 27 - (1 —e 7)1, O

Theorem 14 Let k € N. Then, with the fractions oy € Q given
at the end of the proof,

C(2k>:Z?ﬂ”_%:1+2%k+3%k+4%k+---:ozk-7r%.

Proof. Bernoulli numbers B, are the fractions defined in the
expansion

T = 2o Broat (€ Q).
see Exercise 15. We take the earlier meromorphic function
F(z) = 2mi- (2™ —1) 7. C\Z = C

with the set of poles Z and residues res(F,n) = 1, n € Z (Propo-
sition 12). For f(z) holomorphic near n € Z we have res(fF,n) =

f(n) (Exercise 16). We set f(z) = 272, For N € N let Sy be the
square with vertices (N + 3)(£1 = ¢). The residue theorem gives

F(z N —
2L7TZ' f@SN zgk) - ZRZ—N reS(F(Z)Z 2k7 n’)
— ves(F(2)z72F, 0) 4230 n2k,
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By Proposition 13 we have the bound |F(z)| < ¢ for every N € N
and every z € 0Sy. By the ML estimate the above integral is in
absolute value at most

MaX.coS,y {%‘ -per(Sy) < 5z - 8N +4) = 0 for N — 0.

Hence

S n—2k = —% -res(F(2)27 %, 0).

By the definition of F(z) and B,

F(Z)Z—% = iz - 2172k <627T2'Z _ 1>_1 _ Z;?io Br(Qm');zT_l_% .

We set r = 2k and get the residue

res(F(2)2z7%, 0) = ﬁ - (=1)F Boy(2m)?

and the sum

00 _ 2%k—1
anl n—H = 2(%)! (_1)k+132k 2k = ay - 7T2k,
) 2k—1
with o = 2(%)! (_1)k+1B2k (E Q) Ll

Exercise 15 Prove that the Bernoulli numbers B, € Q.

Exercise 16 Prove that if f(z) is holomorphic on a neighbor-
hood of n € Z, then res(fF,n) = f(n).

For k > 2, By, = 0 (Exercise 17). We have By = 1, B; = —1,

By = %, By = —%, Bg = é, ... (Exercise 18). This proof is
taken from the book P. D. Lax and L. Zalcman, Complex Proofs
of Real Theorems, AMS (The American Mathematical Society),
Providence, RI (Rhodes Island), 2012. For more about complex
analysis in Czech see J. Vesely, Komplexni analyza pro ucitele,

Karolinum, Praha, 2000.



Exercise 17 Show that By = B = B; = --- = 0.

Exercise 18 Deduce a recurrence for B, and check the above
values of By, B1, By, By and Bg.

THANK YOU FOR YOUR ATTENTION!

Homework Exercises. Please send to me (klazar@kam.mff.cuni.cz)
by the end of the coming Sunday solutions to the Exercises 4, 5, 11
and 15.



