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In the thirteenth lecture we cover the last two Chapters II1.5. Friable inte-
gers. The saddle point method and I11.6. Integers free of small prime factors in
G. Tenenbaum’s book [1], up to page 582.

Chapter II1.5. Friable integers. The saddle point method

The following are Theorems 5.1 and 5.2 in [1]. We set ¥(z,y) to be the number
of (natural numbers) n < z with the largest prime factor < y. We define
(zz2y=2)
_ log x and 7 — log x
logy logy

log(1 +y/logz) + log(1 + (logz)/y) .

Y
logy
Theorem 1 For any x>y > 2, U(z,y) < ze */2.

Theorem 2 For any x > y > 2,
log(¥(z,y)) = Z(1+ O(1/logy + 1/ log(log(2x))))
where the implicit constant is absolute.

The following are Theorem 5.3 and Corollary 5.4 (Ennola, 1969) in [1]. For
(aj) C (0,+00) we denote by Nj(z) the number of k-tuples (v1,...,v;) € NE
such that a1 + - -+ vpap < z.

Theorem 3 For any k € N and z > 0,

k k
z (z+a1+- +ag)
— <N, <
k'-ay...a k(2) < k' ar...ay

Corollary 4 For 2 <y < 4/(logx)log(log z),

¥ n) = o H iip (1+0(y?/ (log 2)(log)))

where the implicit constant is absolute.



The following are Theorem 5.5, Corollary 5.6 (Buchstab’s identity) and The-
orems 5.7 and 5.8 in [1].

Theorem 5 For any xz,y > 1,
U, y) =1+ U(x/p,p).
p<y

Corollary 6 Foranyx >1and z>y > 1,

U(z, y) =V(x,2) — Y U(x/p p).

y<p<z

Dickman’s function p(u) is defined by p(u) = 1 for v € [0,1] and

o) = o)~ [ o

v
for u € (k,k+1], k € N. It satisfies the delay DE up/(u) + p(u—1) =0 (u > 1).
Theorem 7 Dickman’s function p(u) has the following properties.
1. Foru>1, p(u) = [" | p(v)dv.
2. Foru >0, p(u) > 0.
3. Foru>1, p/(u) <0.
4. Foru>0, p(u) <1/T(u+1).

Theorem 8 Forx >y > 2,

U(z, y) = zp(u) + O(z/logy)
where the implicit constant is absolute.

The following are Lemma 5.9, Theorem 5.10, Lemmas 5.11 and 5.12, Theo-
rem 5.13 (de Bruijn; Alladi) and Corollaries 5.14 and 5.15 in [1]. For s € C we

set I(s) = [ el gy,

t

Lemma 9 ...
Let
+o00
p(s) == / e *p(t)dt
0
be the Laplace transform of the Dickman function.
Theorem 10 For s € C, p(s) = exp(y + I(—s)).

For u > 0, u # 1, we let £ = £(u) be the unique real, non-zero root of
et =1+ ug, and set £(1) := 0.



Lemma 11 ...
Lemma 12 ...

Theorem 13 Foru > 1,

p(w) = [ S =10 (1 1 01 w)).

Corollary 14 For any k € Ny and any real ug > 1 and u > ug,
p™ () = (=1)*€(u)* p(u)(1 + O(1/u)).
Corollary 15 Foru >v >0,
p(u—v) < p(u)e’s™
where the implicit constant is absolute.

The following are Lemma 5.16, Theorem 5.17 (Saias, 1989), Lemma 5.18,
Corollary 5.19 (Hildebrand), Lemma 5.20 and Theorems 5.21 (Hildebrand—
Tenenbaum), 5.22 and 5.23 in [1].

We denote by o = a(x,y) the unique solution of

—¢’ N logp
T(a, y)flglpa_l =logx.

Lemma 16 ...

We denote by (H.) the domain z > () and exp((log(log z))®/3¢) <y < x
and set L.(y) := exp((logy)3/°~¢).

Theorem 17 Let ¢ > 0. For (x,y) in the domain (H.),
U(z, y) = Az, y)(1+O(1/Le(y)))
where A(x,y) is the de Bruijn function (defined in (5.28)).
Lemma 18 ...
Corollary 19 Ife >0, x > 3 and x > y > exp ((log(logx))‘r)/?’*e), then
U(z, y) = zp(u)(1+ O(log(u + 1)/ logy)
where the implied constant depends only on €.
Lemma 20 ...

We set




Theorem 21 Forx >y > 2,

((a, y)

oy /2m| ¢ ()]
where

|¢;(a)| = (1+y ‘logz)(log x)(logy)(l +0(1/log(u+1)+ 1/logy)

U(z, y) = (1 +O0w™t +yt logy))

and the implicit constants are absolute. If € € (0, %) and y > (logx)'*¢ then
U(z, y) = zp(u) exp (O(log(u + 1)/ log y + u/L(y)))
(o = a(z,y) is defined above).
(“We shall not prove this result here.”)
Theorem 22 Ifx >y >2,¢>1 andt:= (logc)/logy, then
U(ex, y) = U(z, )@ (1+O(( + 1) (u™ +y logy))

where the implicit constant is absolute.
Theorem 23 Ifx >y > 2 and ¢ > 1, then

V(cx,y) < cW(z, y)(1+O0(u™" +y "logy))
where the implicit constant is absolute.

The following are Lemmas 5.24 and 5.25 and Theorem 5.26 (Rankin, 1938)
in [1].

Lemma 24 ...
Lemma 25 ...

Next j(n) is the Jacobsthal’s function, the largest gap between two integers
coprime to n, P(Z) = [[,<,p and dn = ppt1 — p, (the gap between the n-th
and the (n + 1)-st prime).

Theorem 26 For Z > 100,

Z - (log Z) - log(log(log Z))
(log(log Z))?

In particular, there is a ¢ > 0 such that for infinitely many n,

i(P(Z)) >

¢ - (logpn) - (log(log pn)) - log(log(log(log ps)))

d, > (log(log(log py)))?




Chapter II1.6. Integers free of small prime factors

Now ®(z,y) is the number of (natural numbers) n < z with the minimum
prime factor > y. The following are Lemma 6.1 and Theorem 6.2 in [1]. We set

Lemma 27 ...

Theorem 28 If x >y > 2 then

‘I’(JE, y) =

where the implicit constant is absolute.

The following are Theorems 6.3 and 6.4, Corollary 6.5 and Theorem 6.6 in
[1].

Theorem 29 For xz,y > 1,

Oz, y) =1+ > > /v, p).

y<p<zrv>1

The function w(u) is the unique continuous solution for u > 1 to the delay
DE
(wo(u)’ =w(u—1) (u>2),

with the initial condition uw(u) =1 for u € [1,2].
Theorem 30 Forx >y > 2,

zw(u) —y

O(x, y) = oz y

+ O(a:/(log y)z)
where the implicit constant is absolute.
Corollary 31 Foru > 1,

wu)=e"+ O(u*“/z) .

Theorem 32 For u € R one has that |w'(u)| < p(u) and for u > 1 it holds that
w(w) = e + O(p(u) log(u + 1)).

The following are Theorems 6.7 and 6.8 and Corollary 6.9 in [1]. Now

W(s) = /0+<><> e w(u) du

is the Laplace transform of w(u).



Theorem 33 The function W(s) extends to C\ {0} to a meromorphic function

14+0(s) = =5

When s & (—00,0) then 1+ @(s) =e’®) (J(s) = f0+°° e s~ tdt/(s+1)).

Let H(u) = exp(u/log?(u +2)) (u > 0).

Theorem 34 For an absolute constant a > 0 and u > 0 we have that w(u) —
e < p(u)H(u)~* and the same bound holds for w'(u).

Corollary 35 For j € N and u > 0,
W (u) < pW (w) H ().

The following are Theorem 6.10, Lemmas 6.11-13, Corollaries 6.14—6.16 and
Theorem 6.17 in [1]. Let

Y.(y) = exp((logy)*/*7%), E(x, y) == H(u) “L(y) "' + Y. L.

Also,
eYlogy

¢(1, y)

Theorem 36 For any ¢ > 0 and x > y > 2 we have ®(z,y) — W(z,y) <
U(x,y)E(z,y) in He and < ¥(z,y) outside H..

+o00
o) [ a0y v, Wie. 3) = oy (1)

Lemma 37 ...
Lemma 38 ...
Lemma 39 ...

Corollary 40 Fore >0 and (z,y) € He,

oz, ) — C(f < "igg (H(u)™* + Y1),

Corollary 41 Fore >0 and (z,y) € He,

P(z, y) = (2w(u) —y) + O (zp(u)(H(u)~* + Y1) /(logy)?) .

(1, 9)
Corollary 42 For x > 2y > 5,

O(x, y) = W(l + O(e_“/B/logy))

where the implicit constant is absolute.



Theorem 43 Letn € N and y € R with n >y > 2. Then for any € > 0,
K(n, y) <. p(u)20+9" 4 =14+
where u = logn/logy. For any e > 0, the approximation

K(n,y) = E(u)(l + O((log(u +1)+27%log(logy))/ log y))
+ O(p(u/2)*/ exp((logy)*/*~))

holds uniformly in the domain n > 3, exp(log(logn)®/3+¢) <y < n.

Here K (n,y) is so called Kubilius gauge and

=) = / lw(v) — | p(u — v) do + p(us) /2.

References

[1] G. Tenenbaum, Introduction to Analytic and Probabilistic Number The-
ory, AMS, Providence, RI 2015 (Third Edition. Translated by Patrick
D. F. Fion)



