Weak and strong solvability of interval linear systems of equations and inequalities

Milan Hladík^∗

Abstract We consider weak and strong solvability of general interval linear systems consisting of mixed equations and inequalities with mixed free and sign-restricted variables. We generalize the well-known weak solvability characterizations by Oettli– Prager (for equations) and Gerlach (for inequalities) to a unified framework. In the same manner, we extend strong solvability theorems to general interval linear systems. Next, we propose a sufficient condition for checking strong solvability. We give an application in linear programming with interval data. By means of weak and strong solvability we determine limits of the optimal values for any form of the problem setting.

Keywords: Interval matrix, interval analysis, interval linear system.

1 Introduction

Solving interval linear systems is a fundamental problem in interval analysis. Intervals naturally appear in many situations when dealing

∗Charles University, Faculty of Mathematics and Physics, Department of Applied Mathematics, Malostranské nám. 25, 11800, Prague, Czech Republic, email: milan.hladik@matfyz.cz

with inexact values, error measurements or when performing sensitivity analysis. Square interval linear systems of equations are the leading reasearch subject in this topic, but non-square systems and inequalities are of interest, too. Various results exist separately for interval equations and inequalities, but a unified framework is still missing.

In this paper, we consider the general case of mixed interval linear equation and inequalities with both non-negative and free variables, and generalize the results developed for specific systems. We characterize the so called weak and strong solvability. First we deal with weak solvability, which is quite easy to handle due to its nature. Contrary, strong solvability is more attractive to extend to the general framework. Furthermore, we propose a new sufficient condition for strong solvability. Eventually, we apply our approach in interval linear programming by showing how to determine the optimal value range for the general linear program with interval coefficients. Beside interval linear programming, it can be utilized in linearization techniques in constraint programming, or when performing a Lyapunov-like function relaxation in finding a basin of attraction for polynomial ordinary differential equations [10].

Let us introduce some notation. An interval matrix is defined as

A = [A, A] = {A ∈ R^{m×n}; A ≤ A ≤ A},

where A, A ∈ R^{m×n}, A ≤ A, are given matrices. Interval vectors are defined similarly. The set of all m-by-n interval matrices will be denoted by IR^{m×n} and the set of all n-dimensional interval vectors by IR^n. By

A_c := 1 2 (A + A), A_Δ := 1 2 (A − A)

we denote the center and the radius of A, respectively. The relation A ≤ B is defined as A ≤ B. For the standard interval arithmetic see e.g. the books [1, 7, 8].

The symbol T_s stands for the diagonal matrix with entries given by the vector s, and sgn(r) for the sign of a real r, i.e., sgn(r) = 1 if r ≥ 0 and sgn(r) = −1 otherwise. The convex hull of a set S is denoted by conv S, and the vector of ones is denoted by e. An equation, inequality, sign and absolute value applied on matrices and vectors are understood entrywise.

2 Solvability of a general interval linear system

Let A ∈ IR^{k×m}, B ∈ IR^{k×n}, C ∈ IR^{ℓ×m}, D ∈ IR^{ℓ×n}, b ∈ IR^k, and d ∈ IR^ℓ. Consider the general interval linear system

Ax + By = b, Cx + Dy ≤ d, x ≥ 0 (1)

which is a shortage for the family of linear systems

Ax + By = b, Cx + Dy ≤ d, x ≥ 0 (2)

with A ∈ A, B ∈ B, C ∈ C, D ∈ D, b ∈ b, and d ∈ d. By a realization we mean a concrete setting (2).

Each interval linear system can be transformed into the form of (1). However, the standard reduction to an system of inequalities, or to a system of equations with non-negative variables is not possible here due to dependencies that would emerge. For example, transforming Ax = b to Ax ≤ b, Ax ≥ b leads to a non-equivalent interval system since values of interval are chosen independently and the correlation of entries is lost. Contrary, the transformation of Ax ≤ b to Ax + z = b, z ≥ 0 is possible, but, for the purpose of checking strong solvability, inequalities are much more convenient. Therefore, one has to study interval systems in the general form of (1).

2.1 Weak solutions

First, we deal with weak solutions, usually addressed to as solutions. A weak solution to (1) is any (x, y) ∈ R^{m+n} satisfying (2) for some

A ∈ A, B ∈ B, C ∈ C, D ∈ D, b ∈ b, and d ∈ d. An interval system is called weakly solvable if it has a weak solution. For interval systems of equations Mz = v, the set of all weak solutions is described by the Oettli–Prager theorem [9]

|M_cz − v_c| ≤ M_Δ|z| + v_Δ.

For interval inequalities Mz ≤ v, Gerlach’s theorem [3] does the job by the description M_cz ≤ M_Δ|z| + v.

Checking weak solvability of both cases is NP-hard [6, 15]. Provided variables are known a priori to be non-negative, the description is simplified to ordinary linear constraints (cf. [15]); for equations we get Mz ≤ v, Mz ≥ v, z ≥ 0 and for inequalities we have Mz ≤ v, z ≥ 0. The above results can be put together to give rise a characterization of weak solutions of the general interval system.

Theorem 1. The set of weak solutions to (1) is described by

Ax + B_cy ≤ B_Δ|y| + b, (3a)

−Ax − B_cy ≤ B_Δ|y| − b, (3b)

Cx + D_cy ≤ D_Δ|y| + d, x ≥ 0. (3c)

Proof. By the Oettli–Prager theorem, to be a weak solution to Ax + By = b, x ≥ 0, any (x, y) ∈ R^{m+n} has to fulfill

|A_cx + B_cy − b_c| ≤ A_Δ|x| + B_Δ|y| + b_Δ = A_Δx + B_Δ|y| + b_Δ,

that is,

A_cx+B_cy−b_c ≤ A_Δx+B_Δ|y|+b_Δ, −A_cx−B_cy+b_c ≤ A_Δx+B_Δ|y|+b_Δ.

By Gerlach’s theorem, weak solutions to Cx + Dy ≤ d, x ≥ 0, are described C_cx + D_cy ≤ C_Δx + D_Δ|y| + d, x ≥ 0.

Thus, any solution to (1) must satisfy both condition, which results in the characterization by (3).

Since |y| = T_{sgn(y)}y for any y ∈ R^n, we can linearize the absolute value in the description of weak solutions and obtain a characterization by means of 2^n linear systems.

Corollary 1. A pair (x, y) ∈ R^{m+n} is a weak solution to (1) if and only if there is s ∈ {±1}^n such that Ax + (B_c − B_ΔT_s)y ≤ b, −Ax − (B_cy + B_ΔT_s)y ≤ −b, Cx + (D_c − D_ΔT_s)y ≤ d, x ≥ 0.

Given a weak solution (x, y) ∈ R^{m+n}, one may ask for a realization (2) of the interval system having (x, y) as a solution. Theorem 2. Let (x, y) ∈ R^{m+n} be a weak solution to (1). Then (x, y) solves (2) with

A = A_c − T_uA_Δ, B = B_c − T_uB_ΔT_{sgn(y)}, b = b_c + T_ub_Δ, C = C, D = D_c − D_ΔT_{sgn(y)}, d = d,

where u ∈ [−1, 1]^k is defined

ui =

(_{(Acx+Bcy−bc)i}

(AΔx+BΔ|y|+bΔ)i if (AΔx + BΔ|y| + bΔ)i > 0,

1 otherwise, i = 1, . . . , k.

Proof. Realizations concerning equations follow from [15, Theorem 2.9]. Realizations concerning inequalities easily follow from |y| = T_{sgn(y)}y and the inequality

Cx + D_cy ≤ D_Δ|y| + d.

2.2 Strong solutions

The general interval system (1) is called strongly solvable if each realization is solvable. A strong solution to (1) is any (x, y) ∈ R^{m+n} such that it solves (2) for every realization A ∈ A, B ∈ B, C ∈ C,

D ∈ D, b ∈ b, and d ∈ d. Clearly, existence of a strong solution implies strong solvability, but not converse (contrary to a pure interval system of inequalities; see [15, Theorem 2.24]).

Theorem 3. A pair (x, y) ∈ R^{m+n} is a strong solution to (1) if and only if it satisfies

b_Δ = 0, A_Δx = 0, B_Δ|y| = 0, A_cx + b_cy = b_c, Cx + D_cy + D_Δ|y| ≤ d, x ≥ 0.

Proof. To be (x, y) ∈ R^{m+n} a strong solution, it should satisfy

Ax + By − b = 0, Cx + Dy − d ≤ 0, x ≥ 0

for every realization. Equivalently,

Ax + By − b = 0, Cx + Dy − d ≤ 0, x ≥ 0,

where the left-hand sides of equations and inequalities are calculated by interval arithmetic. Two intervals are identical if and only if they have the same centers and radii. So the interval condition Ax+By− b = 0 is equivalent to the equality of their centers, i.e. A_cx + B_cy = b_c, and equality of their radii, i.e. A_Δx + B_Δ|y| + b_Δ = 0. The latter can be written as b_Δ = 0, A_Δx = 0, B_Δ|y| = 0. The condition Cx + Dy − d ≤ 0 holds true if and only if the upper limit of the left-hand side is non-positive, that is, Cx + Dy − d ≤ 0. Since Cx = Cx, and Dy = D_cy + D_Δ|y|, we have the characterization in question.

2.3 Strong solvability

Due to the presence of equations in the general interval systems, a strong solution is not likely to exist. Nevertheless, strong solvability may still hold true.

An interval system M z ≤ v is strongly solvable if and only if Mz^1 − Mz^2 ≤ v, z^1 ≥ 0, z^2 ≥ 0, is solvable, see [15, 17]. For an interval system M z ≤ v, z ≥ 0, strong solvability is equivalent to solvability of Mz ≤ v. Thus, checking strong solvability for inequalities in a tractable problem. Contrary, checking strong solvability of equations is NP-hard, even with non-negative variables [12, 15]. An interval system M z = v of k equations is strongly solvable if and only if

(M_c + T_sM_Δ)z^1 − (M_c − T_sM_Δ)z^2 = v_c − T_sv_Δ, z^1, z^2 ≥ 0, is solvable for each s ∈ {±1}^k, see [13, 15]. Strong solvability of Mz = v, z ≥ 0, is equivalent to solvability of (M_c + T_sM_Δ)z = v_c − T_sv_Δ, z ≥ 0 for each s ∈ {±1}^k, see [11, 15]. The following theorem extends all the above mentioned results to a unified characterization of strong solvability of the general interval system (1).

Theorem 4. The system (1) is strongly solvable if and only if the system

(A_c + T_sA_Δ)x + (B_c + T_sB_Δ)y^1 − (B_c − T_sB_Δ)y^2 = b_c − T_sb_Δ, (4a) Cx + Dy^1 − Dy^2 ≤ d, (4b) x, y^1, y^2 ≥ 0. (4c) is solvable for every s ∈ {±1}^k.

Proof. By negation, suppose that (2) is not solvable for some realization of interval data. By Farkas theorem, there are p ∈ R^k and q ∈ R^ℓ, q ≥ 0, such that

A^T p + C^T q ≥ 0, B^T p + D^T q = 0, b^T p + d^T q ≤ −1. That is, (p, q) forms a weak solution to the interval system A^T p + C^T q ≥ 0, B^T p + D^T q = 0, b^T p + d^T q ≤ −1, q ≥ 0 and by Corollary 1 there is s ∈ {±1}^k such that −(A_c + T_sA_Δ)^T p − C^T q ≤ 0, (B_c − T_sB_Δ)^T p + D^T q ≤ 0, −(B_c + T_sB_Δ)^T p − D^T q ≤ 0, (b_c − T_sb_Δ)^T p + d^T q ≤ −1, q ≥ 0.

Again, we utilize Farkas theorem, saying that there is no non-negative x, y^1, y^2, z satisfying −(Ac + TsAΔ)x + (Bc − TsBΔ)y^2 − (Bc + TsBΔ)y^1 + (bc − TsbΔ)z = 0, −Cx + Dy^2 − Dy^1 + dz ≥ 0, −z = −1.

This is equivalent to (4).

Provided we check strong solvability by Theorem 4, we can also output a bounded set in which each realization (2) has at least one solution; cf. [15].

Theorem 5. If the system (1) is strongly solvable then each realization has a solution in the set conv

s∈{±1}^k

{(x_s, y^1_s − y^2_s )},

where x_s, y^1_s , y^2_s is a solution to (4), s ∈ {±1}^k.

Proof. Let A ∈ A, B ∈ B, C ∈ C, D ∈ D, b ∈ b, and d ∈ d. Then for any convex combination x = ∑ s∈{±1}^k

λ_sx_s, y = ∑ s∈{±1}^k

λ_s(y^1_s − y^2_s ), with ∑ s∈{±1}^k λs = 1 and λs ≥ 0, s ∈ {±1}

k, we have

Cx + Dy = ∑ s∈{±1}^k

λ_sCx_s + ∑ s∈{±1}^k

λ_sD(y^1_s − y^2_s ) ≤ ∑ s∈{±1}^k

λ_sCx_s + ∑ s∈{±1}^k

λ_s(Dy^1_s − Dy^2_s ) ≤ ∑ s∈{±1}^k

λ_sd = d ≤ d.

Thus it suffices to find an appropriate convex combination satisfying the equations. That is, we want to show that the system X s∈{±1}k

λs(Axs + B(y^1_s − y^2_s )) = b, X s∈{±1}k

λs = 1, λs ≥ 0, s ∈ {±1}^k

has a solution with respect to λ_s, s ∈ {±1}^k. Equivalently, by Farkas theorem, for each (p, q) ∈ R^{k+1} it should hold that ( ∀s ∈ {±1}^k : p^T (Ax_s + B(y^1_s − y^2_s )) + q ≥ 0 ) ⇒ p^T b + q ≥ 0.

Let (p, q) ∈ R^{k+1} and put s := sgn(p). Now,

0 ≤ p^T (Ax_s + B(y^1_s − y^2_s )) + q

≤ p^T ((A_c + T_sA_Δ)x_s + (B_c + T_sB_Δ)y^1_s − (B_c − T_sB_Δ)y^2_s ) + q = p^T (b_c − T_sb_Δ) + q ≤ p^T b + q, which closes the proof.

2.4 A sufficient condition for strong solvability

In view of intractability of checking strong solvability, a sufficient condition is welcome. We propose the following method:

1. Solve a suitable linear program.

2. Based on the previous result, transform the equations to a square system.

3. Compute an enclosure x, y to the square system.

4. Check whether x, y fulfills the inequalities.

Now, we describe particular steps in detail. In Step 1, we solve the linear program

max α subject to A_cx + B_cy = b_c, C_cx + D_cy + αe ≤ d, x ≥ 0.

In case there are no inequalities, we solve

max α subject to A_cx + B_cy = b_c, x ≥ αe.

instead. The idea is to determine a sufficiently robust feasible solution. Let x^∗, y^∗ be an optimal solution. If the linear program is infeasible, then the strong solvability is not valid. If the linear program is unbounded, then we take any solution on its unbounded edge.

In Step 2, we transform the inequality system A_cx + B_cy = b_c to a square one. Suppose k < m + n. For each i such that x^∗_i = 0 we remove the ith column of A and C, and the ith entry of x^∗. Thus, the number of variables decreases. If there are more vanishing entries of x^∗ than the value of m + n − k, then we remove only m + n − k columns. If after the dimension reduction the system is not square yet, we add a suitable number of artificial equations A^′x + B^′y = b^′. The natural choice for (A^′ B^′) is the orthogonal basis of the null space to (A_c B_c), and the right-hand side is calculated b^′ := A^′x^∗ + B^′y∗.

In Step 3, we solve the interval linear system of equations

Ax + By = b, A^′x + B^′y = b^′.

This is a standard problem in interval analysis and many methods exist to calculate interval vectors x, y enclosing all weak solutions [7, 8, 15]. Even though x, y do not contain all weak solutions of Ax+By = b, they do contain at least one solution of any realization Ax + By = b with A ∈ A, B ∈ B and b ∈ b.

In Step 4, we check whether x ≥ 0 and Cx+Dy ≤ d. If yes, then each realization of interval data has at least one solution fulfilling the constraints and we output that the system is strongly solvable. If no, then we cannot decide.

The method requires solving one linear program, orthogonal basis of the null space and enclosure to the solution set of interval linear equations, so the overall computational cost is very low. Moreover, it is easy to implement it in a reliable way. Since the linear program and orthogonal basis play role of a heuristic only, they needn’t be computed verified. The other computation is done by using interval arithmetic. In our example, we employed INTLAB v6 , the interval toolbox for Matlab, see [18], and the verification package VERSOFT v10, see [16].

Next, the method gives a new and strong sufficient condition for strong solvability of specific cases of interval linear systems, namely for A_cx = b_c, x ≥ 0 and for B_cy = b_c.

Example 1. Let A = ` −3 ´ , B = ` 2 1 ´ , b = ` 4 ´ , C = „ 2 1 « , D = „ −1 2 1 −1 « , d = „ 10 5 « . For a given parameter δ ≥ 0, we enlarge real quantities to intervals having radii δ. Thus, A is defined as A := [A − δee^T , A + δee^T ] and analogously for B, C, D, b, d. The maximal value of δ, for which our method confirm strong solvability of (1), is δ ≈ 0.6929. The maximal value of δ, for which (1) is really strong solvable, is δ ≈ 0.7391.

3 Application to interval linear programming

We apply the developed results in interval linear programming [2, 4, 14]; for a survey of recent development see [5]. Consider a linear programming problem in the general form

f(M, u, v) = min u^T z subject to z ∈ P(M, v) (5) where P(M, v) is a linearly constraint set with the constraint matrix M and the right hand side v. Suppose that input data vary within given intervals, that is, M ∈ M , u ∈ u and v ∈ v. One of the basic problems in interval linear programming is to calculate the optimal value range f = [f, f], where

f := inf {f(M, u, v); M ∈ M, u ∈ u, v ∈ v}, f := sup {f(M, u, v); M ∈ M, u ∈ u, v ∈ v}.

In [4], the author proposed a general algorithm to determine the optimal value range, which we remind now. Let

g(M, u, v) = min v^T p subject to p ∈ D(M, u)

be the corresponding dual problem to (5), where D(M, u) is the dual feasible set with constraint matrix M and the right-hand side u. Denote by P and D the sets of weak feasible solutions of the primal and dual problem, respectively. Algorithm 1 exhibits particular steps to compute f.

Algorithm 1 (Optimal value range [f, f] for (5)).

1. Compute

f := inf {u^T_c z − u^T_Δ|z|; z ∈ P}.

2. If f = ∞, then set f := ∞ and stop. 3. Compute

φ := sup {v^T_c p + v^T_Δ|p|; p ∈ D}.

4. If φ = ∞, then set f := ∞ and stop.

5. If P(M, v), M ∈ M, v ∈ v, is strongly solvable, then set f := φ; otherwise set f := ∞.

We utilize the general scheme of Algorithm 1 to the family of linear programs

f(A, B, C, D, a, b, c, d) = min a^T x + c^T y subject to (2), (6) where A ∈ A, B ∈ B, C ∈ C, D ∈ D, a ∈ a, b ∈ b, c ∈ c, and d ∈ d. Each linear program with interval data and no dependencies can be transformed into this form, so it generalizes the classical results from [2, 5, 14] and elsewhere.

By Theorem 1, the set of all possible feasible solutions P is described by (3). The dual problem to (6) reads max b^T p + d^T q subject to A^T p + C^T q ≤ a, B^T p + D^T q = c, q ≤ 0. By Theorem 1, the set D of all dual solutions is described A^T_c p + C^T q ≤ A^T_Δ|p| + a, (7a) B^T_c p + D^T q ≤ B^T_Δ|p| + c, (7b) −B^T_c p − D^T q ≤ B^T_Δ|p| − c, q ≤ 0. (7c) Theorem 4 characterizes strong solvability of the primal feasible set. Thus, we determined all the ingredients needed in Algorithm 1 to calculate the optimal value range. Algorithm 2 gives an exposition of the particular steps adapted to (6) Algorithm 2 (Optimal value range [f, f] for (6)).

1. Compute f := inf a^T x + c^T_c y − c^T_Δ|y| subject to (3).

2. If f = ∞, then set f := ∞ and stop. 3. Compute φ := sup b^T_c p + b^T_Δ|p| + d^T q subject to (7).

4. If φ = ∞, then set f := ∞ and stop.

5. If (1) is strongly solvable (e.g. by Theorem 4), then set f := φ;

otherwise set f := ∞.

The optimization problems in steps 1 and 3 and nonlinear in general. Using the same approach as in Corollary 1, we can linearize the absolute values giving rise to 2^n and 2^k linear programs, respectively.

Conclusion

We proposed a unified way to deal with interval linear systems. We extended the known characterizations of weak and strong solvability of interval linear equation and inequalities to common forms. Thus, each particular result is a special case of our general approach. For checking strong solvability, which is NP-hard problem, we proposed a sufficient condition. As an important application of weak and strong solvability we showed how to determine the optimal value range in interval linear programming. We needn’t focus on a particular canonical form of interval linear programming since our algorithm works for any of them.

Acknowledgments.

The author was partially supported by the Czech Science Foundation Grant P403/12/1947.

References

[1] G. Alefeld and J. Herzberger. Introduction to interval computations. Academic Press, London, 1983.

[2] J. W. Chinneck and K. Ramadan. Linear programming with interval coefficients. J. Oper. Res. Soc., 51(2):209–220, 2000.

[3] W. Gerlach. Zur Lösung linearer Ungleichungssysteme bei Störung der rechten Seite und der Koeffizientenmatrix. Math. Operationsforsch. Stat., Ser. Optimization, 12:41–43, 1981.

[4] M. Hladík. Optimal value range in interval linear programming.

Fuzzy Optim. Decis. Mak., 8(3):283–294, 2009.

[5] M. Hladík. Interval linear programming: A survey. In Z. A.

Mann, editor, Linear Programming - New Frontiers in Theory and Applications, chapter 2, pages 85–120. Nova Science Publishers, New York, 2012.

[6] A. V. Lakeyev and S. I. Noskov. On the set of solutions of a linear equation with intervally defined operator and right-hand side. Sib. Math. J., 35:1074–1084, 1994.

[7] R. E. Moore, R. B. Kearfott, and M. J. Cloud. Introduction to interval analysis. SIAM, Philadelphia, PA, 2009.

[8] A. Neumaier. Interval methods for systems of equations. Cambridge University Press, Cambridge, 1990.

[9] W. Oettli and W. Prager. Compatibility of approximate solution of linear equations with given error bounds for coefficients and right-hand sides. Numer. Math., 6:405–409, 1964.

[10] S. Ratschan and Z. She. Providing a basin of attraction to a target region of polynomial systems by computation of Lyapunovlike functions. SIAM J. Control Optim., 48(7):4377–4394, 2010.

[11] J. Rohn. Strong solvability of interval linear programming problems. Comput., 26:79–82, 1981.

[12] J. Rohn. Linear programming with inexact data is NP-hard.

ZAMM, Z. Angew. Math. Mech., 78(Supplement 3):S1051– S1052, 1998.

[13] J. Rohn. Solvability of systems of linear interval equations.

SIAM J. Matrix Anal. Appl., 25(1):237–245, 2003.

[14] J. Rohn. Interval linear programming. In M. Fiedler et al., editor, Linear optimization problems with inexact data, chapter 3, pages 79–100. Springer, New York, 2006.

[15] J. Rohn. Solvability of systems of interval linear equations and inequalities. In M. Fiedler et al., editor, Linear optimization problems with inexact data, chapter 2, pages 35–77. Springer, New York, 2006.

[16] J. Rohn. VERSOFT: Verification software in MATLAB / INTLAB, version 10, 2009. http://uivtx.cs.cas.cz/~rohn/

matlab/.

[17] J. Rohn and J. Kreslová. Linear interval inequalities. Linear Multilinear Algebra, 38(1-2):79–82, 1994.

[18] S. M. Rump. INTLAB – INTerval LABoratory. In T. Csendes, editor, Developments in Reliable Computing, pages 77–104. Kluwer Academic Publishers, Dordrecht, 1999. http://www.

ti3.tu-harburg.de/rump/.