Interval linear programming: A survey

Milan Hladík

Charles University, Faculty of Mathematics and Physics, Malostranské nám. 25, 118 00, Prague, Czech Republic, e-mail: milan.hladik@matfyz.cz.

Abstract

Uncertainty is a common phenomenon in practice. Due to measurement errors we can hardly expect precise values in real-life linear programming problems. Using estimated quantities may lead to unsatisfactory results, so inexactness must be taken into account. Uncertainty can be handled in various manners, e.g. by stochastic programming, interval analysis or fuzzy numbers; each of them has some pros and cons. In this paper, we suppose that we are given lower and upper bounds on the quantities, and the quantities may perturb independently and simultaneously within these bounds. In this model we investigate the problems of optimal value range, basis stability, optimal solutions enclosures, duality etc. Complexity issues are discussed, too; some tasks are polynomially solvable while another are NP-hard.

This approach is more general and powerful than the standard sensitivity analysis. In sensitivity analysis, we consider variations of only one parameter, which is very restrictive. On the other hand, interval analysis based approach enables to handle simultaneously all required parameters. We present a brief exposition of the known results with new insights, and close the survey by some challenging problems.

Keywords: Linear interval systems, linear programming, interval analysis, optimal value range, interval matrix, basis stability.

1 Introduction

Many practical problems are solved by linear programming. Since reallife problems are subject to uncertainties due to errors, measurements and estimations, we have to reflect it in linear programming methodology and decision making. Inaccuracy is modelled in diverse ways; see overviews by Sahinidis [85], or Liu [41]. In stochastic approach, we handle inexact quantities as random variables, in fuzzy set theory as vague numbers with weighted membership function, and in interval analysis we assume that the quantities perturb simultaneously and independently within a priori known fixed bounds.

There are two basic approaches to deal with interval linear programming (ILP). In the first one, we resign on guaranteed bounds and enclosures covering all possibilities, aiming to satisficing solutions. These techniques reduce the problem into solving several real-valued (usually linear) programs. This family involves robust optimization, fuzzy programming and others.

Robust optimization is a methodology to process optimization problems with uncertain data. Herein, we seek for a solution that is robust (stable) under some data perturbation. From this viewpoint, ILP is reduced to one (possibly difficult) optimization problem the solution of which is considered to be good. One of the basic methods in robust optimization is the minimax regret method inspected e.g. in [2, 4, 5, 12, 29, 50].

There other methods designed in a different way. The resulting interval solutions are mostly some approximation sets, but represent an acceptable compromise for a decision maker. The techniques used are, for example, introducing a proper ordering for intervals [37, 38, 87], using a satisfaction function [52], or another reductions [25, 99]. Often, principles from fuzzy linear programming are used [27, 40, 44, 94].

Somewhere in between, there is stochastic programming. Interval values can be considered as random quantities with uniform distribution. Thus, ILP is a specific case of stochastic programming, and—in principle—any method of stochastic programming can be applied in ILP. Nevertheless, is too specific to be successfully processed by stochastic programming methods. Some stochastic-like methods to solve ILP are in [45, 100].

In the second approach, which is dealt with in this paper, the aim is different. We want to cover all possible scenarios and compute rigorous interval solutions containing all possibilities. The methods used are multiparametric programming, perturbation theory, and interval arithmetic and analysis.

ILP ca be viewed as a multiparametric linear programming with interval domains for parameters [13, 14, 51]. This approach can solve some questions arising in ILP, particularly special cases dealt with in Section 6, but cannot handle the general ILP problem.

Perturbation theorems in linear systems [69, 90] give raise to another possibility to handle interval uncertainties. This approach is usually less conservative and solves some particular tasks in ILP, but not applicable for all questions arising.

One of the fundamental methods is to use interval arithmetic, which was introduced to extend the basic functions and operation such as addition and multiplication to intervals [1, 53, 62]. Interval arithmetic always returns rigorous results, meaning, whatever scenario happens, the results are included within the calculated intervals. The drawback is that the resulting intervals are usually too conservative and overestimated. Interval arithmetic was applied in interval linear programming e.g. in [3, 30, 31, 32, 36, 49, 91].

More sophisticated methods rely on direct inspection of particular subproblems by means interval analysis methodology, among others. Results of interval linear algebra topics such as interval linear equation solving and interval matrix theory are often exploited. That is why we introduce some interval notion in the next sections before we introduce the main objectives in Section 1.2.

We use the following notation: I denotes the identity matrix (with convenient dimension), A_{i,∗} the ith row of a matrix A, diag(v) the diagonal matrix with entries v_1, . . . , v_n, and sgn(r) stands for the sign of a real r. Notice that the operators | · |, sgn(·) are used also for vectors and matrices with entrywise meaning. The spectral radius of a matrix A is denoted by ρ(A).

1.1 Interval computing

An interval matrix is defined as

A = [A, A] = {A ∈ R^{m×n}; A ≤ A ≤ A},

where A ≤ A are given matrices; n-dimensional interval vectors can be regarded as interval matrices n-by-1. By

A_c := 1 2 (A + A), A_Δ := 1 2 (A − A) we denote the center and the radius of A, respectively. The set of all m-by-n interval matrices is denoted by IR^{m×n}. Standard arithmetic is extended to intervals in a natural way as follows [1, 53, 62]. Let a, b ∈ IR, then

a ± b := [a ± b, a ± b],

a · b := [min(ab, ab, ab, ab), max(ab, ab, ab, ab)],

a/b := { [min(a/b, a/b, a/b, a/b), max(a/b, a/b, a/b, a/b)] if 0 ∉ b, undefined otherwise.

Interval arithmetic is defined such that the resulting intervals correspond to the image of the basic operations. Let ∘ be any of the basic operations. From this viewpoint, interval arithmetics reads

a ∘ b = {x ∈ R; ∃a ∈ a ∃b ∈ b : x = a ∘ b}.

Solving linear equations is a basic task in linear algebra, and solving interval linear equation is a basic task in interval computations. Let an interval system

Ax = b (1)

be given, where A ∈ IR^{n×n} and b ∈ IR^n. The solution set to a linear system is defined as a set of solutions of all scenarios of the interval data, that is, for (1) {x ∈ R^n; ∃A ∈ A ∃b ∈ b : Ax = b}.

A well-known description of the solution set was given by Oettli and Prager [66] (cf. [81]).

Theorem 1 (Oettli and Prager, 1964). The solution set to Ax = b is described by

|A_cx − b_c| ≤ A_Δ|x| + b_Δ. (2)

The Oettli and Prager system is non-linear, which makes difficulties in determining or sharp bounding of the solution set. If non-negativity of variables is incorporated then the problem becomes easy and the characterization becomes linear [81]:

Ax ≤ b, −Ax ≤ −b, x ≥ 0, compare Theorem 5 and Remark 2.

The interval hull of a set is the smallest interval vector containing the set. Computing the interval hull of the solution set to (1) is NP-hard problem [83]. In many practical circumstances, one doesn’t need to find the exact interval hull, but any sufficiently sharp superset (called an enclosure) is desirable, too. Such enclosures are much faster computed, and there are plenty of methods available; see e.g. [62, 64, 75, 79] and references therein.

Remark 1. It is a common phenomenon in interval analysis that nonnegativity (or another sign restriction) of variables makes to problem easier; see Theorem 1 for instance. Provided that non-negativity is not given, one possibility to solve the problem is a decomposition of the space into orthants, where variables become sign restricted. Let p ∈ {±1}^n. Then diag(p) x ≥ 0 determines one of the orthants of R^n, and the problem of feasibility of (2) can be solved by decomposition into 2^n systems

|A_cx − b_c| ≤ A_Δ diag(p) x + b_Δ, diag(p) x ≥ 0, or (A_c − A_Δ diag(p))x ≤ b, (−A_c − A_Δ diag(p))x ≤ −b, diag(p) x ≥ 0. (3)

Now, (2) is feasible if and only if the linear system (3) is feasible for some p ∈ {±1}^n. Not surprisingly, when s is the number of sign restricted variables and n − s the number of the remaining, then it suffices to decompose only to 2^{n−s} subproblems.

Analogously, the problem solving can be accelerated when coefficients by some x_i are degenerated (have zero widths). Then the absolute value of x_i in (2) vanishes and we do not have to decompose along the sign of x_i. Any such case reduces in half the time effort [6].

We utilize this decomposition at several points, e.g. in Theorem 6 and in some places of Section 3.

1.2 Interval linear programming

Consider a linear program

min c^T x subject to x ∈ M(A, b), (4)

where M is the feasible set characterized by a linear system. We say that it is feasible if the feasible set M(A, b) is not empty.

Let A ∈ IR^{m×n}, b ∈ IR^m and c ∈ IR^n be given. By an interval linear programming (ILP) problem we mean a family of linear programs (4), where A ∈ A, b ∈ b and c ∈ c. A scenario is a concrete realization of interval values, that is, any linear program (4) with A ∈ A, b ∈ b and c ∈ c.

Let us focus on the feasible set description for a while. In the linear programming theory, one of the following canonical forms

(A) M(A, b) = {x ∈ R^n; Ax = b, x ≥ 0},

(B) M(A, b) = {x ∈ R^n; Ax ≤ b},

(C) M(A, b) = {x ∈ R^n; Ax ≤ b, x ≥ 0}

is usually assumed. Any linear system can be rewritten to any of these canonical form by using a standard transformation. However, in interval linear programming, this is not the case. That is why we will discuss all the three systems separately in the remainder of the paper. Diverse systems are dealt with in a slightly different way, and even the computational complexity may differ.

Example 1. Consider a system of type (A), which can be transformed to type (B) by substitution x = y − z as

Ay − Az ≤ b, y, z ≥ 0.

Thus an interval system Ax ≤ b is transformable to a family of systems

Ay − Az ≤ b, y, z ≥ 0,

where A ∈ A and b ∈ b. This family, however, differs from the family

Ay − Az ≤ b, y, z ≥ 0

because of the double occurrence of the matrix A. Such multiple occurrences are usually called dependencies. Relaxing such dependencies results in an overestimation. Thus the solution set to the former system lies within the solution set to the latter.

To be concrete, consider the interval system

[1, 2]x ≤ 2

and the incorrect transformation into

[1, 2]y − [1, 2]z ≤ 2, y, z ≥ 0.

For the former system, the solution set (i.e., the union of solutions over all scenarios) is the interval (−∞, 2]. Nonetheless, the latter has a real line in the backward transformation of the solution set. Using the scenario

y − 2z ≤ 2, y, z ≥ 0,

any real number r can be written as r = y − z with y = max(2r, 0) and z = |r| .

Now, we are to set up the main goals. It is not possible to formulate one problem in ILP because there are several points that are studied and that the decision maker may ask for. The basic questions are:

• Feasibility. Is any (or some) scenario of ILP feasible?

• (Un)boundedness. Is any (or some) scenario of ILP (un)bounded?

• Optimality. Is there an optimal solution for each (or some) scenario of ILP?

The headline problems in ILP are:

• Optimal value range. What is the range of optimal values of (4) when data perturb within given intervals?

• Basis stability. Is there an optimal basis common to all scenarios of ILP?

• Set of optimal solutions. What is the set of all optimal solutions over all scenarios of ILP?

These questions set up a framework of the paper. Besides, we discuss what more can be said when some special cases appear. In particular, we focus on the cases with interval right hand side and interval objective function coefficients. We touch duality in ILP, too.

2 Basic questions

For every linear program, just one of the following situations happens: it is not feasible, it is unbounded or it has an optimal solution. We will inspect all the three possibilities within the interval context. We skip continuity issues [96], which require more space to expose.

2.1 Feasibility

Here, we address the questions concerning the problems of feasibility such as “Is every scenario feasible?” or “Is at least one scenario feasible?” Some questions are easy to answer while other problems are NP-hard, depending not only on the questions but also the linear system considered.

An interval linear system is strongly feasible if it is feasible for all scenarios, that is, each scenario has a solution. Similarly, an interval system is weakly feasible if it is feasible for at least one scenario. Let A ∈ IR^{m×n} and b ∈ IR^m. First we review the strong feasibility case.

Theorem 2 (Rohn, 1981). An interval system Ax = b, x ≥ 0 is strongly feasible if and only if for each p ∈ {±1}^m the system

(A_c − diag(p) A_Δ)x = b_c + diag(p) b_Δ, x ≥ 0

is feasible.

Proof. See [72, 81].

Theorem 3 (Rohn & Kreslová, 1994). An interval system Ax ≤ b is strongly feasible if and only if the system Ax^1 − Ax^2 ≤ b, x^1 ≥ 0, x^2 ≥ 0 is feasible.

Proof. See [81, 84].

Theorem 4. An interval system Ax ≤ b, x ≥ 0 is strongly feasible if and only if the system Ax ≤ b, x ≥ 0 is feasible.

Proof. See [49, 81, 84].

In the strong feasibility case, the “bad boy” is the system of equations as we have to check feasibility of 2^m systems. Indeed, it was shown [78, 81] that checking this property is NP-hard. The others are polynomially solvable since it suffices to test feasibility of a real-valued linear system.

Contrary in the weak feasibility case, the NP-hard problem is testing weak feasibility of a systems of inequalities [81]. Herein, the non-negativity condition is fundamental for polynomiality.

Theorem 5. An interval system Ax = b, x ≥ 0 is weakly feasible if and only if the system Ax ≤ b, −Ax ≤ −b, x ≥ 0 is feasible.

Proof. See [81].

Theorem 6 (Gerlach, 1981). An interval system Ax ≤ b is weakly feasible if and only if the nonlinear system

A_cx − A_Δ|x| ≤ b

is feasible, or, if and only if the linear system

(A_c − A_Δ diag(p))x ≤ b

is feasible for some p ∈ {±1}^n.

Proof. See [15, 81].

Theorem 7. An interval system Ax ≤ b, x ≥ 0 is weakly feasible if and only if the system Ax ≤ b, x ≥ 0 is feasible.

Proof. See [49, 81].

Remark 2. Note that the above theorems give not only characterization of weak feasibility of particular interval systems, but also description of their solution sets. Thus, solution set for types (A) and (C) is a convex polyhedral set, whereas the solution set in case of (B) is a union of 2^n convex polyhedral sets.

2.2 Unboundedness

It is known [67, 86] that the linear program (4) is unbounded if and only if it is feasible and the dual problem is not feasible. Thus testing unboundedness in interval linear programming (ILP) can be easily reduced to feasibility issues, which were already addressed in Section 2.1.

We say then ILP is strongly unbounded if it is unbounded for each scenario, and weakly unbounded if it is unbounded for at least one scenario. Similarly, it is strongly bounded if it is bounded (i.e., not unbounded) for any scenario, and weakly bounded if it is bounded for some scenario.

From the above argument we have that ILP is strongly unbounded if and only if it is strongly feasible and the dual not weakly feasible.

Type (A): Ax = b, x ≥ 0

When the linear program has the form (A) from Section 1 then the dual problem reads max b^T y subject to A^T y ≤ c.

Coming to ILP, it is strongly unbounded if and only if

Ax = b, x ≥ 0 (5)

is strongly feasible and

A^T y ≤ c (6)

is not weakly feasible. This can be checked by Theorems 2 and 6. It is computationally expensive, which is not surprising in view of [35], where Koníčková proved its NP-hardness. In [35], also an alternative viewpoint on strong unboundedness was given.

Theorem 8 (Koníčková, 2006). ILP is strongly unbounded if and only if for each p ∈ {±1}^m the linear program

min c^T x subject to (A_c − diag(p) A_Δ)x = b_c + diag(p) b_Δ, x ≥ 0

is unbounded.

For weak unboundedness only some sufficient conditions and necessary conditions are known. A complete sufficient and necessary condition is not known yet. ILP is weakly unbounded if (5) is strongly feasible and (6) is not strongly feasible, or, if (5) is weakly feasible and (6) is not weakly feasible. In both cases, there exists a scenario in which the primal problem is feasible and the dual one is not feasible, thus the unboundedness is attained. A necessary condition is that the primal problem is weakly feasible and the dual problem is not strongly feasible.

Boundedness is a complementary property to unboundedness, that is, one holds if and only if the second one does not hold. Thus strong boundedness is equivalent to a negation of weak unboundedness, and weak boundedness is equivalent to a negation of strong unboundedness. In the same manner, negations of sufficient conditions for one become necessary conditions to the other, and vice versa.

Type (B): Ax ≤ b

A dual counterpart to the primal system

Ax ≤ b (7) is A^T y = c, y ≤ 0. (8)

Questions concerning strong and weak unboundedness and boundedness are dealt with in a similar way as for the previous type. It suffices just to replace the system (5) by (7), (6) by (8), and to utilize the corresponding feasibility theorems from Section 2.1.

Type (C): Ax ≤ b, x ≥ 0

In this case, we can replace (5) by

Ax ≤ b, x ≥ 0

and (6) by

A^T y ≤ c, y ≤ 0,

too. The methodology is the same as for type (A), but the complexity results may differ. For example, strong unboundedness is easily tested in polynomial time by the virtue of Theorems 4 and 7.

2.3 Optimality

The most important fundamental question asks for optimality. Does the interval linear program (ILP) have an optimal solution for each scenario? Or for some scenario? Naturally in the established manner, we called it “strong optimality” and “weak optimality”, respectively.

From the linear programming theory we know that an optimal solution exists if and only if both the primal and dual problems are feasible. Thus we again employ the feasibility results to answer optimality questions.

ILP is strongly optimal if and only if the primal and the dual problems are strongly feasible. Hence, types (A) and (B) are handled via Theorems 2 and 3. Similar result for type (A) was obtained by Rohn [72]. Rohn [80] observed that testing strong optimality is an NP-hard problem for type (A), and the same holds probably for type (B) as well. Contrary, type (C) is the simplest one and Theorem 4 gives an efficient algorithm. More results on strong optimality are in Rohn [80] in the section devoted to the finite range problem, which is an equivalent point of view.

The problem is weakly optimal if and only if there is a scenario of interval data such that the primal and dual programs are feasible. This is difficult to test. Consider, for example, type (A). Herein, we have to find A ∈ A, b ∈ b and c ∈ c such that the system

Ax = b, x ≥ 0, A^T y ≤ b

is feasible. Due to the double appearance of the matrix A, it is not a standard interval linear system. Such systems with dependencies are very hard to characterize (cf. [19]) and to solve by a finite algorithm. So far, no finite characterization for weak optimality has been proposed, but we have two sufficient conditions. Weak optimality follows from strong feasibility of the primal problem and weak feasibility of the dual one, or vice versa. A necessary condition for weak optimality is that both primal and dual problems are weakly feasible.

Example 2. Consider type (B) problem

min c^T x subject to Ax ≤ b,

where A = −[3, 5] [5, 6] [6, 7] −[7, 8] 0 −1

, b =

[10, 11] [17, 18] −1 , c = ( −[1, 2] −[2, 3] ) .

We inspect strong feasibility first. By Theorem 3, we test feasibility of the system

−3 6 5 −5 7 −7 −6 8 0 −1 0 1 x^1 x^1_2 x^2_1 x^2 ≤ 10 17 −1 , x^1 x^1_2 x^2_1 x^2 ≥ 0 0 0 0 .

Its solution is e.g. x^1 = (0, 1)^T , x^2 = (0, 0)^T . Thus the problem is strongly feasible, that is, each scenario is feasible.

Turning our attention to unboundedness, consider the dual system (8). It is easy to see that it is weakly feasible (Theorem 5), but not strongly feasible (Theorem 2). It means that the primal problem is not strongly unbounded, but it is weakly unbounded. In other words, some scenarios are unbounded and some are not. See illustration on Figure 1, where intersection and union of feasible sets over all scenarios is drawn.

0 2 4 6 8 10 −2

2

4

6

8

10

x_1 x_2

Figure 1: (Example 2): Intersection of all feasible sets in dark gray; union in light gray.

Optimality is deal with in a similar manner. We have already observed that the dual system is not strongly feasible, so the problem cannot be strongly optimal. However, the weak feasibility of (8) implies weak optimality. Therefore some scenarios have optimal solutions whereas the others do not have any.

Example 3. Consider type (C) problem

min c^T x subject to Ax ≤ b, x ≥ 0 where A = −[2, 3] [7, 8] [6, 7] −[4, 5] 1 1 , b =

[15, 16] [18, 19] [6, 7]

, c = ( −[5, 6] −[1, 2] ) . The system Ax ≤ b, x ≥ 0 is feasible, so by Theorem 4 the problem is strongly feasible. Since the dual system A^T y ≤ c, y ≤ 0 is strongly feasible, too, the problem is strongly optimal. See Figure 2 on page 28.

3 Optimal value range

A frequent problem in ILP is to compute the range of optimal values when the problem quantities vary within intervals [3, 6, 23, 30, 31, 32, 37, 49, 54, 55, 56, 57, 58, 59, 60, 73, 80]. A nice exposition for ILP in a general form, involving types (A)–(C), was given by Chinneck and Ramadan [6]. Denote by f(A, b, c) := min c^T x subject to x ∈ M(A, b)

the optimal value of the linear program. Notice that infinite values are allowed, too. The goal is to compute the lower and upper bound on the optimal value

f := inf f(A, b, c) subject to A ∈ A, b ∈ b, c ∈ c,

f := sup f(A, b, c) subject to A ∈ A, b ∈ b, c ∈ c.

The lower and upper bound cases are sometimes called the best and the worst case, respectively.

Not all values in f = [f, f] are necessarily attained by some scenario. This is true when the range is finite (by continuity reasons), but when some limit is infinite then there may appear gaps. Calculating a real image of the optimal value function f(A, b, c) has not been studied yet.

A unified approach for calculating the optimal value bounds was proposed by Hladík [23]. Denote by

max b^T y subject to y ∈ N (A, c)

the dual problem, and by

M := {x ∈ M(A, b); A ∈ A, b ∈ b}, N := {y ∈ N (A, c); A ∈ A, c ∈ c} the solution sets to the primal and dual feasible sets, respectively. The solution sets are determined according to Remark 2. Now, we are ready to present an algorithm for calculating the optimal value bounds. As long as we are able to determine both solution set, we can compute the bounds for any ILP problem, not only types (A)–(C). Thus, in principle, we can also handle more general ILP problems with dependencies. Algorithm 1.

1. Compute f := inf c^T_c x − c^T_Δ|x| subject to x ∈ M. (9)

2. If f = ∞, then set f := ∞ and stop. 3. Compute φ := sup b^T_c y + b^T_Δ|y| subject to y ∈ N . (10)

4. If φ = ∞, then set f := ∞ and stop.

5. If the primal problem is strongly feasible, then set f := φ; otherwise set f := ∞.

Strong feasibility was discussed in Section 2.1. The optimization problems (9) and (10) are either linear programs or can be decomposed to at most respectively 2^n and 2^m linear programs; see Remark 1.

As simple consequences we obtain optimal value range formulae for particular types (A)–(C).

Type (A): Ax = b, x ≥ 0 In this case, the primal solution set is described M = {x; Ax ≤ b, Ax ≥ b, x ≥ 0} according to Theorem 5, and the dual solution set N = {y; A^T_c y − A^T_Δ|y| ≤ c}.

according to Theorem 6. Due to non-negativity of x we have c^T_c x − c^T_Δ|x| = c^T_c x − c^T_Δx = c^T x, so f = inf c^T x subject to Ax ≤ b, −Ax ≤ −b, x ≥ 0, φ = sup b^T_c y + b^T_Δ|y| subject to A^T_c y − A^T_Δ|y| ≤ c.

Strong feasibility of Ax = b, x ≥ 0 is equivalent (Theorem 2) to solvability of (A_c − diag(p) A_Δ)x = b_c + diag(p) b_Δ, x ≥ 0 for every p ∈ {±1}^m.

Another result comes from Rohn [80]; the formula for f appeared already in [3, 49].

Theorem 9 (Rohn, 2006). We have

f = inf c^T x subject to Ax ≤ b, Ax ≥ b, x ≥ 0, f = sup

p∈{±1}^m

f(A_c − diag(p) A_Δ, b_c + diag(p) b_Δ, c). (11)

The lower bound f can be computed by a linear program in a polynomial time, whereas computing the upper bound f needs to solve 2^m linear programs. We cannot hope for a more efficient method since the latter problem is NP-hard [80]. Moreover, it is strongly NP-hard even in the specific case with intervals in the right-hand side only [11, 12].

Another method similar to that in Algorithm 1 was presented by Rohn [80].

Theorem 10 (Rohn, 2006). Let

φ := sup b^T_c y + b^T_Δ|y| subject to A^T_c y − A^T_Δ|y| ≤ c. (12)

Then we have the following

1. If φ > −∞ then φ = f.

2. If φ = −∞ then φ ∈ {−∞, ∞}.

The theorem says that the upper bound is computable by solving a nonlinear programming problem. Thus we can employ some nonlinear programming method to (12), or to use a decomposition technique that splits the space into particular orthants, where the problem is reduced into 2^m linear programs (cf. [6, 23] and Remark 1). An algorithm based on a necessary condition was proposed by Mráz [59, 60].

As computing the upper bound f is computationally expensive, one can be interested in an estimation of the real value. The following one is due to Rohn [80] Theorem 11. If A_c has linearly independent rows and ρ(A_Δ|A^+_c |) < 1 then φ ≤ c^T |A^+_c |(I − A_Δ|A^+_c |)^{−1}(|b_c| + b_Δ), where φ comes from (12) and A^+_c denotes the Moore–Penrose pseudoinverse of A_c.

More related results for type (A) are found in [60, 80]. For instance, the finite range case −∞ < f ≤ f < ∞ is discussed in Rohn [80].

Type (B): Ax ≤ b The corresponding dual problem is max b^T y subject to A^T y = c, y ≤ 0.

Adapting Theorems 6 and 5, the solution sets read M = {x; A_cx − A_Δ|x| ≤ b}, N = {y; A^T y ≤ c, −A^T y ≤ −c, y ≤ 0}.

Notice that non-positivity of variable y caused the opposite matrix limit in the description of N . Strong feasibility is checked along Theorem 3 by verifying feasibility of Ax^1 − Ax^2 ≤ b, x^1 ≥ 0, x^2 ≥ 0. The optimization subproblems of Algorithm 1 take the form

f = inf c^T_c x − c^T_Δ|x| subject to A_cx − A_Δ|x| ≤ b, (13) φ = sup b^T y subject to A^T y ≤ c, −A^T y ≤ −c, y ≤ 0. (14) Computing the lower bound is computationally expensive; it was proved by Gabrel et al. [12] that it is strongly NP-hard even in the class of problems with interval objective function coefficients and real constraint coefficients. The lower bound can be calculated along Remark 1. A similar approach by using 2^{n+1} sub-systems was proposed by Tong [94].

The upper bound computation requires just to solve one or two linear programs (one for calculating φ, and one possibly for testing strong feasibility).

Type (C): Ax ≤ b, x ≥ 0 Here, the dual problem is max b^T y subject to A^T y ≤ c, y ≤ 0.

By Theorem 7, the primal and dual solution sets are respectively described M = {x; Ax ≤ b, x ≥ 0}, N = {y; A^T y ≤ c, y ≤ 0}.

By Theorem 4, strong feasibility is equivalent to feasibility of Ax ≤ b.

Hence f = inf c^T x subject to Ax ≤ b, x ≥ 0, φ = sup b^T y subject to A^T y ≤ c, y ≤ 0.

Since all the subproblems are linear, Algorithm 1 calculates the optimal value bounds in polynomial time.

For this specific case, stronger results may be derived and the condition on strong feasibility can be removed [49, 94]. Due to non-negativity of variables, the worst case for the objective function coefficients is c := c. Similarly, Ax ≤ Ax ≤ b ≤ b for every scenario A ∈ A, b ∈ b and nonnegative x. So the worst case for the constraint coefficients is A := A and b := b; the feasible set lies in intersection of all feasible sets over all scenarios. Hence we have with no assumption f = inf c^T x subject to Ax ≤ b, x ≥ 0, (15) f = inf c^T x subject to Ax ≤ b, x ≥ 0. (16) Remark 3. One can be interested in which scenarios the extremal optimal values are attained [6, 12, 80, 88]. Considering the lower bound, let x^∗ be an optimal solution of (9); if the optimization problem is unbounded then x^∗ denotes an unbounded direction. From c^T_c x^∗ − c^T_Δ|x^∗| = (c_c − diag(sgn(x^∗)) c_Δ)^T x^∗ we obtain the vector of objective function coefficients c := c_c − diag(sgn(x^∗)) c_Δ. The other coefficients are calculated according to the particular form of ILP. In case of type (A), we have [80]

A := A_c − diag(p) A_Δ, b := b_c + diag(p) b_Δ, c := c,

where p ∈ [−1, 1]^m is defined entrywise as

p_i =

{_{(Acx∗−bc)i}

(A_Δx^∗+b_Δ)_i if (AΔx

∗ + b_Δ)_i > 0, 1 if (A_Δx^∗ + b_Δ)_i = 0.

In (B) we assign

A := A_c − A_Δ diag(sgn(x^∗)), b := b,

and eventually for type (C) we have A := A, b := b and c := c. Notice that the above assignments are not unique and other ways are possible. Analogously we proceed for the upper bound f, where we come from the dual problem representation.

Example 4 (Example 2 continued). The lower bound on the optimal value is calculated in view of (13) and by decomposing into particular orthants (cf. Remark 1). We get f = −∞, which is in correspondence with the weak unboundedness recognized in Example 2. By (14) we compute φ = −19.7143. We already know that the primal problem is strongly feasible, so we have f = φ. Thus the optimal value range is [f, f] = [−∞, −19.7143].

Now, let us determine for which scenarios the extremal optimal values are attained. The problem (13) is unbounded in direction of x^∗ = (1, 1)^T . According to Remark 3, the lower bound is achieved in the setting

A := A_c − A_Δ diag(sgn(x^∗)) =

−5 5 6 −8 0 −1 , b := b = (11, 18, −1)^T ,

c := c_c − diag(sgn(x^∗)) c_Δ = (−2, −3)^T .

The optimal solution to (14) is y^∗ = (−1, −0.5714, 0)^T . Since the upper bound is finite, we can consider the dual ILP problem

max b^T y subject to A^T y = c, y ≤ 0, or, substituting z := −y

− min b^T z subject to A^T z = −c, z ≥ 0.

It has the form of type (A). We compute p = (−1, −1)^T by formula

p_i =

{_{(−ATc y∗+cc)i}

(−A^T_Δy^∗+c_Δ)_i if (−A T Δy^∗ + c_Δ)_i > 0,

1 if (−A^T_Δy^∗ + c_Δ)_i = 0,

and the wanted scenario draws

A := A_c + A_Δ diag(p) =

−3 6 7 −7 0 −1 , b := b = (10, 17, −1)^T ,

c := c_c − diag(p) c_Δ = (−1, −2)^T .

Example 5 (Example 3 continued). The optimal value bounds are computed by formulae (15) and (16) as f = −33.6364 and f = −21.2727. These extremal values are achieved for scenarios given by (15) and (16), so no extra calculation is needed.

4 Set of optimal solutions

In ILP, it is not obvious at the first sight what does “an optimal solution” mean. We do not discuss a plenty of satisficing solutions developed in robust or fuzzy optimization here. Instead we focus particularly on the set of all possible optimal solution.

Determining the set of all optimal solutions over all scenarios is not only one of the most challenging problems in ILP, but also among the most difficult ones. Denote by S(A, b, c) the set of optimal solutions to (4) for a given scenario. By a set of optimal solutions to an ILP problem we mean

S := ⋃ A∈A, b∈b, c∈c

S(A, b, c).

This set is hard to determine unless some basis stability conditions hold true. Moreover, S needn’t be a polyhedron. In practice, we do not have to determine the solution set; often, it is sufficient to find a (tight) enclosure. An interval hull of S, denoted by □S, is defined as the smallest interval vector (with respect to inclusion) containing S. An interval superset to □S is usually referred to as an enclosure, and an subset to □S is called inner enclosure. Note that an inner enclosure needn’t be a subset of S. Enclosures are much more important, but inner enclosure may be useful, too, for example to check quality and accuracy of enclosures [49]. Another kind of approximation was discussed in [100].

As long as the problem is basis stable (see Section 5) then we know the structure of S, and the set itself, its intervall hull and diverse inner approximations can be efficiently calculated. Otherwise, the situation is less optimistic.

Enclosures can be computed by replacing the standard operations by interval arithmetic [3, 30, 36, 49, 91], but the resulting intervals are usually too overestimated.

A different direction to solve the problem is via linear programming duality. Consider type (A), for instance. It is know from duality theory that x and y are optimal solutions to primal and dual problem, respectively, if and only if they solve the linear system

Ax = b, x ≥ 0, A^T y ≤ c, c^T x = b^T y.

The interval counterpart is

Ax = b, x ≥ 0, A^T y ≤ c, c^T x = b^T y.

Due to the dependencies, the solution set to this interval system is not equal to the set of optimal solutions, but it is the superset. In view of Theorems 1, 5 and 6, the solution set is described by

Ax ≤ b, −Ax ≤ −b, x ≥ 0, A^T_c y − A^T_Δ|y| ≤ c, |c^T_c x − b^T_c y| ≤ c^T_Δx + b^T_Δ|y|. (17)

Therefore, any enclosure to x-solution of (17) is also an enclosure to S.

Another fundamental problem is as follows. Given x^∗ ∈ R^n, is it optimal for each scenario? Is it optimal for some scenario? The answer for the former is mostly “no” since one point can hardly be optimal for any data perturbation; this may be true only in some special cases (see Section 6). The latter is an open problem, too.

Example 6 (Example 3 continued). Rewrite the problem into type (A) as follows min c^T x subject to Ax + Iy = b, x, y ≥ 0.

Using the above method and decomposing (17) to 2^m linear sub-problems we obtain an enclosure to the optimal solution set as follows

S ⊆ ([2.4356, 4.9091], [1.0909, 3.7001])^T .

Compared to the exact interval hull (Example 7), the overestimation is not so tremendous. Surprisingly, one limit is exact.

5 Basis stability

If a linear program has an optimal solution then it possess an optimal basic solution; simplex methods always converge to optimal basic solutions. A natural question in interval linear programming is whether there is some basis that is optimal for some or for each scenario of interval data. The first issue was investigated e.g. by McKeown and Minch [51] for the case of interval objective function coefficients. Based on multiparametric programming, the authors proposed an enumeration algorithm to compute all bases that are optimal for some scenario. Multi-parametric approach to uncertainties in the right-hand side and in the objective function was treated in [14]. The general case ILP has not been inspected yet. The second issue was addressed e.g. in [3, 34, 36, 59, 77]. Below, we discuss it below more deeply because it is important in several aspects. It is not only a stability criterion, but also enables to efficiently determine set of optimal solutions and optimal value range.

Consider type (A) linear program, where the primal problem reads

min c^T x subject to Ax = b, x ≥ 0. (18)

By a basis we mean an index set B ⊆ {1, . . . , n} such that A_B is nonsingular, where A_B denotes the restriction of A to the columns indexed by B. Analogously, N := {1, . . . , n} \ B stands for nonbasic variables and as an subscript it denotes the restriction to the nonbasic indices.

Let a basis B be given. The ILP problem is called B-stable if B is optimal basis for each scenario of interval values. ILP is called [unique] nondegenerate B-stable if each scenario has a [unique] non-degenerate optimal basic solution with the basis B.

In the sequel, we review B-stability for a candidate basis B. The basis B can be computed by an interval version of simplex method [3, 30, 32, 49], or estimated by solving a suitable scenario (e.g. taking the midpoint values).

5.1 B-stability

We describe the method by Hladík [24]. Remind that a basis B is optimal in a real-valued linear programming problem (18) if and only if three conditions simultaneously hold:

C1. A_B is non-singular;

C2. A^{−1}_B b ≥ 0;

C3. c^T_N − c^T_B A^{−1}_B A_N ≥ 0^T .

Extension to interval data leads to the following characterization of Bstability. The basis B is optimal for each scenario if and only if conditions C1 to C3 hold for each A ∈ A, b ∈ b and c ∈ c.Below, we discuss the three conditions in detail.

An interval matrix M ∈ IR^{n×n} is called regular if every M ∈ M is nonsingular. It was proved by Poljak and Rohn [68] that checking regularity is NP-hard problem, so the first condition cannot be answered efficiently. However, there is a plenty of diverse methods for testing regularity; see e.g. a review paper by Rohn [82]. Moreover, there are several sufficient conditions that can be employed as well [70]. For instance, a broadly used one is that if the spectral radius of |(M_c)^{−1}|M_Δ is less than 1 then M is regular, which gives rise to the following.

Theorem 12. If ρ ( |((A_c)_B )^{−1}|(A_Δ)_B ) < 1 then A_B is regular.

Turning to the second point C2, the inequality A^{−1}_B b ≥ 0 holds for every A ∈ A and b ∈ b if and only if the solution set to the interval system A_B x_B = b lies in the non-negative orthant. The simple but exponential method is to compute the exact interval hull of the solution set and check for non-negativity. Another way is to utilize some solver for interval equations to get an enclosure of the solution set, and again to check its non-negativity. This leads to a fast sufficient condition.

In the third point C3, the condition is equivalent to feasibility of

c^T_N ≥ y^T A_N , A^T_B y = c_B . (19)

The interval counterpart takes the form

A^T_N y ≤ c_N , A^T_B y = c_B .

First, we derive a simple sufficient condition. Let y be an enclosure to the solution set of A^T_B y = c_B . If

(A^T_N )y ≤ c_N (20)

then in each scenario the solution to the equation system solves also the whole system (19) and thus the strong feasibility is valid. Note that the lefthand side of (20) is an upper limit of the interval matrix product calculation.

A sufficient and necessary characterization to the third condition was given by Hladík [24].

Theorem 13. The third condition C3 holds true if and only if for each q ∈ {±1}^m the polyhedral set described by

((A_c)^T_B − (A_Δ)^T_B diag(q))y ≤ c_B , (21a)

−((A_c)^T_B + (A_Δ)^T_B diag(q))y ≤ −c_B , diag(q) y ≥ 0 (21b)

lies inside the polyhedral set

((A_c)^T_N + (A_Δ)^T_N diag(q))y ≤ c_N , diag(q) y ≥ 0. (22)

Decomposing to particular arthants, the polyhedral sets (21) and (22) become convex. In this way, testing for C3 requires 2^m inclusion tests, each of which can be done in polynomial time. A polyhedral set described V x ≤ v lies inside W x ≤ w if and only if for each i the following is true

w_i ≥ max W_{i,∗}x subject to V x ≤ v.

5.2 Non-degenerate B-stability

The method from the previous section can be adapted for unique and nondegenerate B-stability, too. When we consider strict inequality in the second condition then we obtain a method for testing non-degenerate B-stability. Independently, considering strict inequality in the third condition we have only a sufficient (but strong) characterization of unique B-stability. Thus, (20) with strict inequality and Theorem 13 with the strict inclusion test give sufficient, but not necessary characterization of unique B-stability.

Another approaches were utilized in [77, 34]. Rohn [77] proposed the following reduction to 2^{2m} linear programs. The subsequent sufficient condition is due to Koníčková [34], and it is related to the approach presented in Section 5.1.

Theorem 14 (Rohn, 1993). Let a basis B be given. ILP is [unique] nondegenerate B-stable if and only if it is true for the following finite set of scenarios

min (c_c + diag(q) c_Δ)^T x subject to (A_c − diag(p) A_Δ diag(q))x = b_c + diag(p) b_Δ, x ≥ 0,

where p ∈ {±1}^n and q ∈ {q ∈ R^n; |q_j | = 1 ∀j ∈ B, q_j = 1 ∀j ∉ B}.

Theorem 15 (Koníčková, 2001). Let B be a basis, x_B the interval hull of the solution set to A_B x_B = b, and y the interval hull to A^T_B y = c_B . Suppose that A_B is regular, and x_B > 0. If the inequality

(A^T_N )y ≤ c_N (23)

holds then ILP is non-degenerate B-stable with a basis B. If (23) holds strictly then it is unique non-degenerate B-stable.

Note that the sufficient condition presented in Theorem 15 is not very efficient as it requires also an exponential number of operations. Replacing x_B and y by enclosures to their interval hulls we obtain more useful sufficient condition, related to that described in Section 5.1.

B-stability of ILP is very important because it enables to describe the set of all possible optimal solutions [3, 34, 59] and to calculate the optimal value range (cf. Section 3). Under the assumption of unique B-stability, the set of all optimal solutions is equal to the solution set of the interval system A_B x_B = b, x_B ≥ 0, x_N = 0. By Theorem 5, the set represents a convex polyhedral set described by

A_B x_B ≤ b, −A_B x_B ≤ −b, x_B ≥ 0, x_N = 0. (24)

When the ILP problem is B-stable, but not unique B-stable, then each scenario of ILP has at least one optimal solution in this set, and, conversely, each solution of the set is an optimal solution of some scenario.

B-stability also implies that the optimal value ranges within an interval f = [f, f], where

f = min c^T_B x subject to A_B x_B ≤ b, −A_B x_B ≤ −b, x_B ≥ 0,

f = max c^T_B x subject to A_B x_B ≤ b, −A_B x_B ≤ −b, x_B ≥ 0.

Thus the upper bound f is much more easy to compute than in the general case.

Remark 4. In this section, we treated type (A). For type (B) and (C), few results are known, but we can transform them to type (A). Type (B) is transformed to type (A) by taking the dual problem. Here, we must be sure that the duality gap is always zero. Strong feasibility of the primal or the dual problem implies zero duality gap (cf. Section 7), so if it is the case we are done.

In type (C), the constraints Ax ≤ b, x ≥ 0 are transformed into equality constrains Ax + Iy = b, x, y ≥ 0.

Since there are no dependencies, both systems are equivalent. In principle, this reduction of (C) to (A) can be used in any topic discussed in this work. However, when doing it we loose some information and it can be on account of complexity. For example, compare performance of testing strong feasibility for types (A) and (C).

Example 7 (Example 6 continued). We again use the transformation of type (C) to type (A)

min c^T x subject to Ax + Iy = b, x, y ≥ 0.

For the scenario with midpoint values, the optimal basis is B = (1, 2, 3). Let us check whether it is optimal for any other scenario.

C1. By Theorem 12, we calculate the spectral radius 0.0909, so the interval matrix A_B is regular.

C2. By the Hansen–Bliek–Rohn method (see [64, 76, 79]) we compute an enclosure to the solution set of A_B x_B = b to be

x_B = ([3.7913, 4.9455], [1.5268, 2.8546], [0.0545, 20.2637])^T .

The lower limit is non-negative, so the second point is satisfied.

C3. By the Hansen–Bliek–Rohn method we compute an enclosure to the solution set of A^T_B y = c_B to be

y = ([−0.0001, 0.0001], [−0.5001, −0.2499], [−3.8864, −2.3863])^T .

Now, the relation (20) reads

(A^T_N )y = (−0.2500, −2.3864)^T ≤ c_N = (0, 0)^T .

Hence the sufficient condition is fulfilled and the problem is B-stable. Moreover, since the above inequalities are strict, it follows from Theorem 15 that the problem is unique non-degenerate B-stable. So we can determine the exact description of the solution set by (24); its projection into the (x_1, x_2) subspace reads

−7x_1 + 4x_2 ≤ −18, 6 ≤ x_1 + x_2 ≤ 7, 6x_1 − 5x_2 ≤ 19,

and its interval hull □S = ([3.8181, 4.9091], [1.5454, 2.8182]. See illustration in Figure 2.

6 Special cases

In specific cases, sometimes stronger results may be developed. In practical problems not all input quantities must be subject to inaccuracy. The typical situation is that some of them are proper intervals and some of them are degenerate ones (real numbers). If it is the case, some of the exponential method presented in this work can be accelerated. These exponential algorithms are based on a decomposition along the signs of variables x_i, i = 1, . . . , n (Remark 1). However, if the coefficients by some x_i are altogether degenerate then we needn’t decompose along the sign of x_i, and save the time; see Remark 1.

Since uncertainty in the objective function and in the right-hand side are the most common situations in practice, we focus on these situations in this section. We leave aside specific problems that can be formulated as linear programs, but for which more effective algorithms exist, such as transportation problems [33, 87] or minimum cost flow problems [17]. Their interval extensions must be treated in a specific way.

1 2 3 4 5

1

2

3

4

0 x1 x_2

Figure 2: (Example 7): Intersection of all feasible sets in dark gray; union in light gray; set of optimal solutions in dotted area.

6.1 Interval right-hand side

Interval right-hand side was studied e.g. by Li & Wang [39], and Gabrel et al. [11, 12]. Let

min c^T x subject to x ∈ M(A, b)

be a family of linear programs with A ∈ R^{m×n} and c ∈ R^n given, and b perturbing within an interval vector b ∈ IR^m. Gabrel et al. [11, 12] investigated the optimal value range problem for this specific case. For type (A) with equality constraints, they presented several methods for calculating the lower bound on the optimal value and showed that computing the upper bound is NP-hard. Anyway, type (A) cannot be solved much more effectively than the general method from Section 3. This is not true for type (B) and (C) with inequality constraints, where the minimal optimal value is achieved for b := b, and the maximal one for b := b.

Let us look closer to basis stability. There is no occurrence of b in conditions C1 and C3, so it is enough to inspect C2. Condition C2 is simplified to

A^{−1}_B b ≥ 0 (25)

since the matrix A^{−1}_B contains no proper interval. Thus the problem is Bstable if and only if B is optimal basis for some scenario and (25) holds true. For non-degenerate B-stability we have the same with strict inequality in (25). Therefore, basis stability testing is tractable in this case.

6.2 Interval objective function coefficients

ILP problems with interval objective function coefficients were studied by Gabrel and Murat [12], Hladík [22, 18], Inuiguchi and Sakawa [28, 29], and McKeown and Minch [51], among others. Consider a family of linear programs

min c^T x subject to x ∈ M(A, b),

where A ∈ R^{m×n} and b ∈ R^m are given, and c perturbs within an interval vector c ∈ IR^n. Let x ∈ M(A, b) be a feasible solution. It is called possibly optimal if it is optimal for some c ∈ c, and necessarily optimal if it is optimal for each c ∈ c. This notion was adopted from [28].

Three algorithms to compute all possibly optimal solutions were presented by Steuer [89]. Here, we show how to check possibly optimality of a given feasible solution x^∗ ∈ M(A, b); the method is obviously polynomial. Without loss of generality, let a tangent cone to M(A, b) at x^∗ be described by Dx ≤ 0. Then x^∗ is optimal if and only if the linear inequality system

Dx ≤ 0, c^T x ≤ −1 (26)

has no solution. Thus x^∗ is optimal for some c ∈ c if and only if the system (26) is infeasible for some c ∈ c, or, equivalently, if and only if it is not true that (26) is feasible for all c ∈ c. Strong feasibility is characterized by Theorem 3, which implies the following assertion. A similar result was derived in [28].

Proposition 1. A point x^∗ ∈ M(A, b) is possibly efficient if and only if there is no solution to the linear system

D(x^1 − x^2) ≤ 0, c^T x^1 − c^T x^2 ≤ −1, x^1, x^2 ≥ 0.

Remark 5 (Tangent cone). Remind some basic properties on tangent cones. Let x^∗ be a feasible solution to a convex polyhedral set M(A, b). In type (A), where the feasible set is described by Ax = b, x ≥ 0, the tangent cone at x^∗ reads

Ax = 0, x_i ≥ 0 ∀i ∈ I(x^∗),

where I(x^∗) := {i; x^∗_i = 0} is the set of active indices. In type (B), with constraints Ax ≤ b, the active set is defined analogously as I(x^∗) := {i; A_{i∗}x^∗ = b_i} and the tangent cone is described by

A_{i∗}x ≤ 0, ∀i ∈ I(x^∗).

Finally, type (C) is easily transformed to type (B) by incorporating the non-negativity constraints into the principal inequality system.

A minmax regret characterization of necessarily optimal solutions was given in [29], a heuristic in [50], an exponential algorithm in [28], and complexity results in [2]. The method from Section 5.1 on basis stability is adapted and simplified in the following way. Conditions C1 and C2 hold trivially. In C3, testing strong feasibility to

A^T_N y ≤ c_N , A^T_B y = c_B

is equivalent to A^T_N A^{−T}_B c_B ≤ c_N , c ∈ c,

by substitution y := A^T_B c_B . Due to the special structure, it si strongly feasible if and only if

A^T_N A^{−T}_B c_B ≤ c_N . (27)

This is easily checked by interval arithmetic. Thus B-stability is equivalent to (27). As long as x^∗ is a basic solution corresponding to a basis B then (27) is sufficient and necessary condition for necessary optimality of x^∗.

Some results are related to inequality constrained type (B). In [18] it was shown that testing necessarily optimality of x is an NP-hard problem. However, restriction to a class of problems where x is a non-degenerate basic solution makes the problem polynomial. It is because we can efficiently determine the normal cone to M(A, b) at x^∗, and x^∗ is optimal for each scenario if and only if the box −c lies within the normal cone. The following result is adapted from [18].

Theorem 16. Let x be a non-degenerate basic solution corresponding to a basis B. It is necessarily optimal if and only of

A^T_B c ≤ 0.

7 Duality

Various aspects of duality in ILP were investigated e.g. by Rohn [71], Serafini [88], and Gabrel et al. [10, 12]. Basically, linear programming duality is straightforwardly extended to interval linear programming. Consider, for example, a pair of respectively primal and dual linear programs

f(A, b, c) := min c^T x subject to Ax = b, x ≥ 0, and g(A, b, c) := max b^T y subject to A^T y ≤ c.

The following considerations hold for other types as well. As long as at least one of the problems is feasible then strong duality holds, that is, f(A, b, c) = g(A, b, c), where min ∅ = ∞ and max ∅ = −∞ by convention. Now, consider a family of primal dual programs over A ∈ A, b ∈ b and c ∈ c. First, we have to verify that in each scenario at least one of the primal dual problems is feasible. So far, there is no algorithm known that gives answer in every case, but there are some useful sufficient conditions. For instance, the property is valid if the primal (or dual) ILP problem is strongly feasible (see Section 2.1).

Suppose that zero duality gap is ensured for all scenarios. Then the lower bound on the optimal value for the primal ILP is equal to the lower bound for the dual ILP. In other words, min A∈A, b∈b, c∈c

f(A, b, c) = min

A∈A, b∈b, c∈c

g(A, b, c) (28)

and likewise for the upper bounds max A∈A, b∈b, c∈c

f(A, b, c) = max

A∈A, b∈b, c∈c

g(A, b, c). (29)

The left-hand side of (28) is a basic problem of computation the lower bound on the optimal value in type (A), whereas the right-hand side corresponds to the upper bound in type (B). Similarly, the left-hand side of (29) corresponds to the upper bound in type (A) and the right-hand side to the lower bound in type (B). Not surprisingly, each pair consists of problems with the same complexity: polynomial in the first case, and NP-hard in the second case.

Provided that f is finite, the relation (28) takes an alternative form [80]

f = max ( min_{b∈b} b^T y ) subject to A^T y ≤ c for each A ∈ A, c ∈ c.

Considering uncertainties in the constraint matrix only, the relation reads [88]

min c^T x subject to x ∈ ⋃ A∈A {x; Ax = b, x ≥ 0}

= max b^T y subject to y ∈ ⋂ A∈A {y; A^T y ≤ c}.

Analogously, when f is finite then (29) has an equivalent form [80]

f = max ( max_{b∈b} b^T y ) subject to A^T y ≤ c for some A ∈ A, c ∈ c.

8 Conclusion

8.1 Applications

Since uncertainty is common in many scientific disciplines, we find applications in diverse fields such as economics, sociology, or logistic. In economics, portfolio selection problem was studied in [5, 21, 38]. An application to network topology of transmission systems is to be found in [65]. The feedmix problem was considered in [94, 89], and the related diet problem in [30, 88]. In the area of logistics, environmental management and planning, ILP was applied e.g. in air quality management [40], water resources and quality management [46, 47, 95, 99], solid waste management planning [25, 26, 43, 92], long-term hydropower planning [48], and inventory management [4, 12].

Game theory is engaged in competing and strategic interaction among subjects in social sciences, biology, engineering, and others. The intrinsic uncertainty can be modelled by interval estimates, as was done in interval matrix game works by Collins and Hu [7, 8], Liu and Kao [42], or Nayak and Pal [61]. Since zero sum matrix games are equivalent to linear programming, interval matrix games are solvable by ILP methodology, in principle.

In essence, ILP can help in global optimization methods based on interval analysis and branch & bound framework [9, 16, 63]. Often, the objective function is linearized, and knowledge of optimal value range may improve lower and upper bounds of the objective function over sub-boxes.

On a theoretical basis, Tigan and Stancu-Minasian [93] and Rohn [74] applied ILP to introduce sensitivity coefficients of linear programs.

ILP methodology is a suitable tool for sensitivity analysis in linear programming. In traditional sensitivity analysis, one studies behaviour of optimal value and basis stability with respect to one parameter perturbation. This is a simplified approach since it doesn’t take into account dependencies with other coefficients. Simultaneous and independent variations of rim coefficients were investigated by Hladík [20], Ward and Wendell [97] and Wendell [98], for instance. Sensitivity analysis of simultaneous perturbations of arbitrary coefficients can be performed just by ILP techniques.

8.2 Inverse problems

The above mentioned sensitivity analysis closely relates with inverse problems. In inverse problems, we are usually given a linear program, and we have to maximally extend the reals to intervals such that some kind of invariancy is satisfied. For example, Hladík [21] touched the inverse optimal value range problem. Therein, one is given a linear program and bounds on the optimal value, and the aim is to extend it to an ILP problem such that the optimal value range lies within the prescribed bounds. In [21], an efficient algorithm is proposed that computes a Pareto optimal extension to ILP in most of the cases.

8.3 Open problems

More then thirty years of research in ILP have brought many interesting results and closed many questions. Nevertheless, there are still some open questions remaining. We accomplish our survey with a list of open problems concerning ILP.

• A sufficient and necessary condition for weak unboundedness, strong boundedness and weak optimality.

• A method to check if a given x^∗ ∈ R^n is an optimal solution for some scenario.

• A method for determining the image of the optimal value function. • A sufficient and necessary condition for duality gap to be zero for each scenario.

• A method to test if a basis B is optimal for some scenario. • Characterization of basis stability for types (B) and (C). • Characterization of the set of optimal solutions and its interval hull.

References

[1] G. Alefeld and J. Herzberger. Introduction to interval computations.

Academic Press, London, 1983.

[2] I. Averbakh and V. Lebedev. On the complexity of minmax regret linear programming. Eur. J. Oper. Res., 160(1):227–231, 2005.

[3] H. Beeck. Linear programming with inexact data. technical report TUM-ISU-7830, Technical University of Munich, Munich, 1978.

[4] A. Ben-Tal, A. Goryashko, E. Guslitzer, and A. Nemirovski. Adjustable robust solutions of uncertain linear programs. Math. Program., 99(2), 2004.

[5] A. Ben-Tal and A. Nemirovski. Robust solutions of uncertain linear programs. Oper. Res. Lett., 25(1):1–13, 1999.

[6] J. W. Chinneck and K. Ramadan. Linear programming with interval coefficients. J. Oper. Res. Soc., 51(2):209–220, 2000.

[7] W. D. Collins and C. Hu. Interval Matrix Games. In C. Hu et al., editor, Knowledge Processing with Interval and Soft Computing, chapter 7, pages 1–19. Springer, London, 2008.

[8] W. D. Collins and C. Hu. Studying interval valued matrix games with fuzzy logic. Soft Comput., 12(2):147–155, 2008.

[9] C. A. Floudas. Deterministic Global Optimization: Theory, Methods and Applications. Kluwer Academic Publishers, Boston, 2000.

[10] V. Gabrel and C. Murat. Robustness and duality in linear programming. J. Oper. Res. Soc., 61(8):1288–1296, 2010.

[11] V. Gabrel, C. Murat, and N. Remli. Best and worst optimum for linear programs with interval right hand sides. In H. A. Le Thi et al., editor, Modelling, Computation and Optimization in Information Systems and Management Sciences. Second International Conference MCO 2008, Metz, France. Proceedings, Berlin, 2008. Springer.

[12] V. Gabrel, C. Murat, and N. Remli. Linear programming with interval right hand sides. Int. Trans. Oper. Res., 17(3):397–408, 2010.

[13] T. Gal. Postoptimal analyses, parametric programming, and related topics. McGraw-Hill, Hamburg, 1979.

[14] T. Gal and J. Nedoma. Multiparametric linear programming. Manage.

Sci., Theory, 18:406–422, 1972.

[15] W. Gerlach. Zur Lösung linearer Ungleichungssysteme bei Störung der rechten Seite und der Koeffizientenmatrix. Math. Operationsforsch. Stat., Ser. Optimization, 12:41–43, 1981.

[16] E. R. Hansen. Global optimization using interval analysis. Marcel Dekker, New York, 1992.

[17] S. M. Hashemi, M. Ghatee, and E. Nasrabadi. Combinatorial algorithms for the minimum interval cost flow problem. Appl. Math. Comput., 175(2):1200 – 1216, 2006.

[18] M. Hladík. Complexity of necessary efficiency in interval LP and MOLP. submitted.

[19] M. Hladík. Description of symmetric and skew-symmetric solution set. SIAM J. Matrix Anal. Appl., 30(2):509–521, 2008.

[20] M. Hladík. Tolerance analysis in linear programming. Technical report KAM-DIMATIA Series (2008-901), Department of Applied Mathematics, Charles University, Prague, 2008.

[21] M. Hladík. Tolerances in portfolio selection via interval linear programming. In CD-ROM Proceedings 26-th Int. Conf. Mathematical Methods in Economics MME08, Liberec, Czech Republic, pages 185– 191, September 2008.

[22] M. Hladík. On necessary efficient solutions in interval multiobjective linear programming. Technical report KAM-DIMATIA Series (2009-950), Department of Applied Mathematics, Charles University, Prague, 2009.

[23] M. Hladík. Optimal value range in interval linear programming. Fuzzy Optim. Decis. Mak., 8(3):283–294, 2009.

[24] M. Hladík. How to determine basis stability in interval linear programming. Technical report KAM-DIMATIA Series (2010-973), Department of Applied Mathematics, Charles University, Prague, 2010.

[25] G. H. Huang, B. W. Baetz, and G. G. Patry. Grey integer programming: An application to waste management planning under uncertainty. Eur. J. Oper. Res., 83(3):594–620, 1995.

[26] G. H. Huang, B. W. Baetz, and G. G. Patry. Trash-flow allocation:

Planning under uncertainty. Interfaces, 28(6):36–55, 1998.

[27] M. Inuiguchi, J. Ramik, T. Tanino, and M. Vlach. Satisficing solutions and duality in interval and fuzzy linear programming. Fuzzy Sets Syst., 135(1):151–177, 2003.

[28] M. Inuiguchi and M. Sakawa. Possible and necessary optimality tests in possibilistic linear programming problems. Fuzzy Sets Syst., 67(1):29–46, 1994.

[29] M. Inuiguchi and M. Sakawa. Minimax regret solution to linear programming problems with an interval objective function. Eur. J. Oper. Res., 86(3):526–536, 1995.

[30] C. Jansson. A self-validating method for solving linear programming problems with interval input data. In U. Kulisch and H. J. Stetter, editors, Scientific computation with automatic result verification, Computing Suppl. 6, pages 33–45, Wien, 1988. Springer.

[31] C. Jansson. Rigorous lower and upper bounds in linear programming.

SIAM J. Optim., 14(3):914–935, 2004.

[32] C. Jansson and S. M. Rump. Rigorous solution of linear programming problems with uncertain data. Z. Oper. Res., 35(2):87–111, 1991.

[33] F. Jiménez and J. L. Verdegay. Uncertain solid transportation problems. Fuzzy Sets Syst., 100(1-3):45–57, 1998.

[34] J. Koníčková. Sufficient condition of basis stability of an interval linear programming problem. ZAMM, Z. Angew. Math. Mech., 81(Suppl. 3):677–678, 2001.

[35] J. Koníčková. Strong unboundedness of interval linear programming problems. In Proceedings of the 12th GAMM–IMACS Symposium on Scientific Computing, Computer Artithmetic and Validated Numerics, SCAN 2006, page 26, 2006.

[36] R. Krawczyk. Fehlerabschätzung bei linearer optimierung. In Interval Mathematics, LNCS 29, pages 215–222, Berlin, 1975. Springer.

[37] D. Kuchta. A modification of a solution concept of the linear programming problem with interval coefficients in the constraints. CEJOR, Cent. Eur. J. Oper. Res., 16(3):307–316, 2008.

[38] K. K. Lai, S. Y. Wang, J. P. Xu, S. S. Zhu, and Y. Fang. A class of linear interval programming problems and its application to portfolio selection. IEEE Trans. Fuzzy Syst., 10(6):698–704, 2002.

[39] W. Li and G.-X. Wang. General solutions for linear programming with interval right hand side. In Proceedings of the 2006 International Conference on Machine Learning and Cybernetics, Dalian, pages 1836– 1839, 2006.

[40] Y. P. Li, G. H. Huang, P. Guo, Z. F. Yang, and S. L. Nie. A dualinterval vertex analysis method and its application to environmental decision making under uncertainty. Eur. J. Oper. Res., 200(2):536– 550, 2010.

[41] B. Liu. Theory and practice of uncertain programming. 3rd ed.

Springer, Berlin, 2009.

[42] S.-T. Liu and C. Kao. Matrix games with interval data. Comput. Ind.

Eng., 56(4):1697–1700, 2009.

[43] Z. Liu, G. Huang, X. Nie, and L. He. Dual-interval linear programming model and its application to solid waste management planning. Environ. Eng. Sci., 26(6):1033–1045, 2009.

[44] W. A. Lodwick. The relationship between interval, fuzzy and possibilistic optimization. In V. Torra, Y. Narukawa, and M. Inuiguchi, editors, Modeling Decisions for Artificial Intelligence, volume 5861 of LNCS, pages 55–59, Berlin Heidelberg, 2009. Springer.

[45] W. A. Lodwick and K. D. Jamison. The use of interval-valued probability measures in optimization under uncertainty for problems containing a mixture of fuzzy, possibilisitic, and interval uncertainty. Lecture Notes in Computer Science, 4529 LNAI:361–370, 2007.

[46] H. W. Lu, G. H. Huang, and L. He. Development of an interval-valued fuzzy linear-programming method based on infinite α-cuts for water resources management. Environ. Model. Softw., 25(3):354 – 361, 2010.

[47] B. Luo, I. Maqsood, and G. H. Huang. Planning water resources systems with interval stochastic dynamic programming. Water Resour. Manag., 21(6):997–1014, 2007.

[48] B. Luo and D. Zhou. Planning hydroelectric resources with recoursebased multistage interval-stochastic programming. Stoch. Environ. Res. Risk Assess., 23:65–73, 2009.

[49] B. Machost. Numerische Behandlung des Simplexverfahrens mit intervallanalytischen Methoden. Technical Report 30, Berichte der Gesellschaft für Mathematik und Datenverarbeitung, 54 pages, Bonn, 1970.

[50] H. E. Mausser and M. Laguna. A heuristic to minimax absolute regret for linear programs with interval objective function coefficients. Eur. J. Oper. Res., 117(1):157–174, 1999.

[51] P. G. McKeown and R. A. Minch. Multiplicative interval variation of objective function coefficients in linear programming. Manage. Sci., 28:1462–1470, 1982.

[52] A. A. Molai and E. Khorram. Linear programming problem with interval coefficients and an interpretation for its constraints. Iran. J. Sci. Technol., Trans. A: Sci., 31(4):369–390, 2007.

[53] R. E. Moore. Interval analysis. Englewood Cliffs, N. J., 1966.

[54] F. Mráz. Interval linear programming problem. technical report Freiburger Intervall-Berichte 8716, Albert-Ludwigs-Universitat, Freiburg, 1987.

[55] F. Mráz. On supremum of the solution function in LP’s with interval coefficients. Technical report KAM Series (93-236), Department of Applied Mathematics, Charles University, Prague, 1993.

[56] F. Mráz. The algorithm for solving interval linear programs and comparison with similar approaches. Technical report KAM Series (93-239), Department of Applied Mathematics, Charles University, Prague, 1993.

[57] F. Mráz. Úloha lineárního programování s intervalovými koeficienty (in Czech). Habilitation thesis, West Bohemian University, 1993.

[58] F. Mráz. The exact lower bound of optimal values in interval LP. In G. Alefeld, A. Frommer, and B. Lang, editors, Scientific Computing and Validated Numerics. Akademie Velag, Berlin, 1996.

[59] F. Mráz. On infimum of optimal objective function values in interval linear programming. Technical report KAM Series (96-337), Department of Applied Mathematics, Charles University, Prague, 1996.

[60] F. Mráz. Calculating the exact bounds of optimal values in LP with interval coefficients. Ann. Oper. Res., 81:51–62, 1998.

[61] P. K. Nayak and M. Pal. Linear programming technique to solve two person matrix games with interval pay-offs. Asia Pac. J. Oper. Res., 26(2):285–305, 2009.

[62] A. Neumaier. Interval methods for systems of equations. Cambridge University Press, Cambridge, 1990.

[63] A. Neumaier. Complete search in continuous global optimization and constraint satisfaction. Acta Numer., 13:271–369, 2004.

[64] S. Ning and R. B. Kearfott. A comparison of some methods for solving linear interval equations. SIAM J. Numer. Anal., 34(4):1289–1305, 1997.

[65] A. S. Noghabi, H. R. Mashhadi, and J. Sadeh. Optimal coordination of directional overcurrent relays considering different network topologies using interval linear programming. IEEE Trans. Power Deliv., 25(3):1348–1354, 2010.

[66] W. Oettli and W. Prager. Compatibility of approximate solution of linear equations with given error bounds for coefficients and righthand sides. Numer. Math., 6:405–409, 1964.

[67] M. Padberg. Linear optimization and extensions. 2nd ed. Springer, Berlin, 1999.

[68] S. Poljak and J. Rohn. Checking robust nonsingularity is NP-hard.

Math. Control Signals Syst., 6(1):1–9, 1993.

[69] J. Renegar. Some perturbation theory for linear programming. Math.

Program., 65:73–91, 1994.

[70] G. Rex and J. Rohn. Sufficient conditions for regularity and singularity of interval matrices. SIAM J. Matrix Anal. Appl., 20(2):437–445, 1998.

[71] J. Rohn. Duality in interval linear programming. In K. Nickel, editor, Interval mathematics, Proc. Int. Symp., Freiburg, 1980., pages 521– 529, New York, 1980. Academic Press.

[72] J. Rohn. Strong solvability of interval linear programming problems.

Comp., 26:79–82, 1981.

[73] J. Rohn. Miscellaneous results on linear interval systems. technical report Freiburger Intervall-Berichte 85/9, Albert-Ludwigs-Universitaet, Freiburg, 1985.

[74] J. Rohn. On sensitivity of the optimal value of a linear program.

Ekon.-Mat. Obz, 25(1):105–107, 1989.

[75] J. Rohn. Systems of linear interval equations. Linear Algebra Appl., 126(C):39–78, 1989.

[76] J. Rohn. Cheap and tight bounds: The recent result by E. Hansen can be made more efficient. Interval Comput., 1993(4):13–21, 1993.

[77] J. Rohn. Stability of the optimal basis of a linear program under uncertainty. Oper. Res. Lett., 13(1):9–12, 1993.

[78] J. Rohn. Linear programming with inexact data is NP-hard. ZAMM, Z. Angew. Math. Mech., 78(Supplement 3):S1051–S1052, 1998.

[79] J. Rohn. A handbook of results on interval linear problems.

http://www.cs.cas.cz/rohn/handbook, 2005.

[80] J. Rohn. Interval linear programming. In M. Fiedler et al., editor, Linear optimization problems with inexact data, chapter 3, pages 79– 100. Springer, New York, 2006.

[81] J. Rohn. Solvability of systems of interval linear equations and inequalities. In M. Fiedler et al., editor, Linear optimization problems with inexact data, chapter 2, pages 35–77. Springer, New York, 2006.

[82] J. Rohn. Forty necessary and sufficient conditions for regularity of interval matrices: A survey. Electron. J. Linear Algebra, 18:500–512, 2009.

[83] J. Rohn and V. Kreinovich. Computing exact componentwise bounds on solutions of linear systems with interval data is NP-hard. SIAM J. Matrix Anal. Appl., 16(2):415–420, 1995.

[84] J. Rohn and J. Kreslová. Linear interval inequalities. Linear Multilinear Algebra, 38(1-2):79–82, 1994.

[85] N. Sahinidis. Optimization under uncertainty: State-of-the-art and opportunities. Comput. Chem. Eng., 28(6-7):971–983, 2004.

[86] A. Schrijver. Theory of linear and integer programming. Repr. Wiley, Chichester, 1998.

[87] A. Sengupta and T. K. Pal. Fuzzy Preference Ordering of Interval Numbers in Decision Problems, volume 238 of Studies in Fuzziness and Soft Computing. Springer, Berlin, 2009.

[88] P. Serafini. Linear programming with variable matrix entries. Oper.

Res. Lett., 33(2):165–170, 2005.

[89] R. E. Steuer. Algorithms for linear programming problems with interval objective function coefficients. Math. Oper. Res., 6:333–348, 1981.

[90] G. W. Stewart and J.-G. Sun. Matrix perturbation theory. Academic Press, Boston, 1990.

[91] N. F. Stewart. Interval arithmetic for guaranteed bounds in linear programming. J. Optim. Theory Appl., 12:1–5, 1973.

[92] Y. Sun, Y. Li, and G. Huang. Dual-interval linear programming model and its application to solid waste management planning. Environ. Eng. Sci., 27(6):451–468, 2010.

[93] S. Tigan and I. M. Stancu-Minasian. On Rohn’s relative sensitivity coefficient of the optimal value for a linear-fractional program. Math. Bohem., 125(2):227–234, 2000.

[94] S. Tong. Interval number and fuzzy number linear programmings.

Fuzzy Sets Syst., 66(3):301–306, 1994.

[95] C.-P. Tung, N.-M. Hong, and M. Li. Interval number fuzzy linear programming for climate change impact assessments of reservoir active storage. Paddy Water Environ., 7(4):349–356, 2009.

[96] M. Vranka. Interval linear programming. Master’s thesis, Faculty of Mathematics and Physics, Charles University in Prague, 2005.

[97] J. E. Ward and R. E. Wendell. Approaches to sensitivity analysis in linear programming. Ann. Oper. Res., 27:3–38, 1990.

[98] R. E. Wendell. Linear programming. III: The tolerance approach. In Gal, Tomas et al., editor, Advances in sensitivity analysis and parametric programming, chapter 5, pages 1–21. Kluwer Academic Publishers, Dordrecht, 1997.

[99] F. Zhou, H. C. Guo, G. X. Chen, and G. H. Huang. The interval linear programming: A revisit. J. Environ. Inform., 11(1):1–10, 2008.

[100] F. Zhou, G. H. Huang, G.-X. Chen, and H.-C. Guo. Enhanced-interval linear programming. Eur. J. Oper. Res., 199(2):323–333, 2009.