Support set invariancy for interval bimatrix games

Milan Hladík

Department of Applied Mathematics, Faculty of Mathematics and Physics, Charles University, Malostranské nám. 25, 118 00, Prague, Czech Republic, e-mail: milan.hladik@matfyz.cz.

Abstract

Traditionally, game theory problems were considered for exact data and the decisions were based on known payoffs. However, this assumption is rarely true in practice. Uncertainty in measurement and imprecise information must be taken into account. Interval-based approach for handling such uncertainties assumes that one has lower and upper bounds on payoffs. Herein, interval bimatrix games are studied.

Especially, we focus on three kinds of support set invariancy. Support of a mixed strategy consists of that pure strategies having positive probabilities. Given an interval-valued bimatrix game and supports for both players, the question states as follows: Does every bimatrix game instance have an equilibrium with the prescribed support? The other two kinds of invariancies are slight modifications: Has every bimatrix game instance an equilibrium being a subset/superset of the prescribed support? It is difficult to answer these questions: the first case costs solving a large number of linear programs or mixed integer programs. For the remaining two cases a sufficient condition and a necessary condition is proposed, respectively.

Keywords: Bimatrix game, interval matrix, interval analysis.

Notation

e a vector of all ones (with convenient dimension) e_k the k-th basis vector (with convenient dimension), i.e., the k-th column of the identity matrix x ≤ y, A ≤ B, A < B, . . .

vector and matrix relations are understood componentwise A_{i,}. the i-th row of a matrix A

A.,i the i-th column of a matrix A

1 Introduction

Competitive situations arise in many part of real life and game theory gives a mathematical background for dealing with such conflicting events. There are diverse kinds of mathematical games; we focus on matrix games.

A bimatrix game [18, 19] is a two player game, each of them has finite number of strategies. The payoff function is determined by two matrices A, B ∈ R^{m×n}. When player I chooses the i-th strategy and player II his j-th strategy then a_{ij} and b_{ij} are payoffs of the player I and II, respectively. Thus, a bimatrix game is determined by a pair of matrices (A, B). Rational behavior of players is assumed, that is, each of them attempts to maximize his/her reward.

Without loss of generality assume that all payoffs are positive, i.e., A > 0 and B > 0. This can be always achieved by adding a sufficiently large constant to all the payoffs. Such a transformation does not affect strategies, and the players’ rewards are just shifted by a constant.

An equilibrium point in pure strategies needn’t exist, so we have to consider mixed strategies. Mixed strategy is a probability vector over a set of pure strategies. That is, a mixed strategy for player I is a vector x ∈ R^m, x ≥ 0, e^T x = 1. Likewise, a mixed strategy for player II is a vector y ∈ R^n, y ≥ 0, e^T y = 1. Now, the expected reward for player I and II is x^T Ay and x^T By, respectively. A pair of mixed strategies (x̂, ŷ) is called (Nash) equilibrium if

x̂^T Aŷ ≥ x^T Aŷ, (1)

x̂^T Bŷ ≥ x̂^T By (2) for any mixed strategy x and y. In other words, no player has a motivation to change his/her strategy. In mixed strategies, at least one equilibrium always exists [14].

Equilibria can be computed by solving a linear complementarity problem [20], however, for our purposes it is more convenient to use the following result by Audet et al. [3]. It says that equilibria corresponds one-to-one to solutions of a particular mixed integer programming problem. Note that variables α and β are respectively payoffs of the player I and II.

Theorem 1. Let

L_1 := max_{i,j} a_{ij} − min_{i,j} a_{ij} ,

L_2 := max_{i,j} b_{ij} − min_{i,j} b_{ij} .

The set of equilibria is the set of mixed strategies (x, y) for which there are α, β ∈ R and vectors u ∈ {0, 1}^m and v ∈ {0, 1}^n satisfying

e^T x = 1, x ≥ 0, (3)

e^T y = 1, y ≥ 0, (4) αe − L_1u ≤ Ay ≤ αe, (5)

βe − L_2v ≤ B^T x ≤ βe, (6) x + u ≤ e, (7) y + v ≤ e. (8)

In many economical situations the payoffs are not known precisely. Uncertainty in mathematical problems can be dealt by various ways. A popular approach uses fuzzy values and arithmetic [4]. Another, interval-based approach, is considered in this papers. Herein, we assume that we have lower and upper bounds on the imprecise data. Such interval-valued games have already been studied in the recent years. Yager & Kreinovich [21] showed how fair division under interval uncertainty can be performed. Zero-sum interval matrix games were considered by Liu & Kao [13], Collins & Hu [5, 6, 7], Levin [12], and by Shashikhin [17]. While the former authors Liu & Kao discussed the range of possible payoffs, the others solved the interval problem by imposing a binary relation on intervals. Cooperation under interval uncertainty was dealt with by Alparslan-Gök et al. [1, 2].

Let us introduce some interval analysis notation, cf. [15]. An interval matrix is a family of matrices

A := [A, A] = {A ∈ R^{m×n} | a_{ij} ≤ a_{ij} ≤ a_{ij} ∀i, j},

where A, A ∈ R^{m×n} are given matrices. The midpoint and the radius matrix associated with A are respectively defined as

A^c := 1 2 (A + A), A^Δ := 1 2 (A − A).

An interval matrix B is defined by analogy. By an instance we mean a bimatrix game (A, B) with certain A ∈ A and B ∈ B. Bimatrix games with interval-values were introduced by Hladík [10], where equilibrium preservation and the set of all possible equilibria were investigated.

2 Support set invariancy

When we perturb entries of matrices A and B a common equilibrium needn’t exist, however, equilibria with the same support still may exist. By support [20] of a vector x we understood a set of non-zero components and it is denoted by σ(x) := {i | x_i ≠ 0}. Support of a mixed strategy says which pure strategies have positive probability, while the others are not involved in that mixed strategy.

Let S_1 ⊆ {1, . . . , m} and S_2 ⊆ {1, . . . , n} be given supports. Usually, these index sets are not given ad hoc, but they are supports of some equilibria of a certain bimatrix game instance instead. We ask whether the support sets preserve (in some sense) when perturbing the payoffs in the intervals. Generally, we will consider the following three cases:

(SSI1) Every instance (A, B), A ∈ A and B ∈ B has an equilibrium (x, y) such that σ(x) = S_1 and σ(y) = S_2.

(SSI2) Every instance (A, B), A ∈ A and B ∈ B has an equilibrium (x, y) such that σ(x) ⊆ S_1 and σ(y) ⊆ S_2.

(SSI3) Every instance (A, B), A ∈ A and B ∈ B has an equilibrium (x, y) such that σ(x) ⊇ S_1 and σ(y) ⊇ S_2.

This categorization was motivated by papers on support set invariancy in linear programming [8, 9, 11].

2.1 The first kind of support set invariancy

Here we consider the first kind of support set invariancy. Let S_1 ⊆ {1, . . . , m} and S_2 ⊆ {1, . . . , n} be given. Theorem 2 reduced the problem of testing (SSI1) to the problem of checking solvability of 2^{|S1|} + 2^{|S2|} linear systems. Solvability of linear systems can be checked efficiently in a polynomial time, so the tractability of the problem depends on cardinalities of S_1 and S_2.

Theorem 2. Remove from A the columns indexed by {1, . . . , n} \ S_2 and from B the rows indexed by {1, . . . , m} \ S_1. Then (SSI1) holds true if and only if for every z^1 ∈ {±1}^{|S1|} and z^2 ∈ {±1}^{|S2|} there exist x ∈ R^{|S1|}, y ∈ R^{|S2|}, and α, β ∈ R satisfying the linear system

e^T x = 1, x ≥ ε_1e, (9)

e^T y = 1, y ≥ ε_2e, (10)

α = (A^c_{i,}. − z^1_i A^Δ_{i,}.)y, ∀i ∈ S_1, (11)

α ≥ (A_{i,}.)y, ∀i ∉ S_1, (12)

β = (B^c._{,i} − z^2_i B^Δ._{,i})^T x, ∀i ∈ S_2, (13)

β ≥ (B._{,i})^T x, ∀i ∉ S_2, (14)

where ε_1 > 0 and ε_2 > 0 are sufficiently small.

Note that the linear system (9)–(14) is decomposable into two subsystems. The first one consists of (9), (13) and (14) with variables β and x, while the second one covers (10)–(12) with variables α and y. We have to check 2^{|S2|} instances of the former and 2^{|S1|} instances of the latter. That is why the total number of linear programs to solve run comes up to 2^{|S1|} + 2^{|S2|}.

Proof. First we note that removing the mentioned columns from A and rows from B makes no loss of generality, since the corresponding indices of that columns and rows have zero probability to be chosen as strategies.

If (SSI1) holds true then (3)–(8) is solvable for every A ∈ A and B ∈ B, and the solution satisfies σ(x) = S_1 and σ(y) = S_2. Let z^1 ∈ {±1}^{|S1|}, z^2 ∈ {±1}^{|S2|} and define A ∈ A in this way: A_{i,}. := A^c_{i,}. −z^1_i A^Δ_{i,}. provided i ∈ S_1 and A_{i,}. := A_{i,}. otherwise. Define B ∈ B accordingly. By Theorem 1, (3)– (8) has a solution x^{z2} , y^{z1} , and this solution satisfies (11)–(14) as well. The remaining inequalities x^{z2} ≥ ε_1e and y^{z1} ≥ ε_2e holds true provided ε_1 > 0 and ε_2 > 0 are small enough, e.g. take ε_1 the minimal component of x^{z2} over all z^2 ∈ {±1}^{|S2|}.

Suppose now that (9)–(14) is solvable for every z^1 ∈ {±1}^{|S1|} and z^2 ∈ {±1}^{|S2|}. Particularly, for every z^1 ∈ {±1}^{|S1|} the system (11) has a nonnegative solution α^{z1} , y^{z1} . According to Rohn [15, Theorem 2.17]s, the system α = (A_{i,}.)y, ∀i ∈ S_1

is solvable for every A ∈ A. Moreover, its solution α, y (at least one) belongs to the convex hull of the points α^{z1} , y^{z1} over z^1 ∈ {±1}^{|S1|}. This solution also fulfills (10) and (12). The latter implies that

α ≥ (A_{i,}.)y ≥ Ay, ∀i ∉ S_1.

Now, we construct a solution α̂, ŷ, û to (4)–(5) as follows. Put α̂ := α and define ŷ such that ŷ_i = 0 for ı ∉ S_2 and a restriction of ŷ to the components indexed by S_2 is equal to y. Eventually, , û ∈ {0, 1}^m defined as u_i = 0 if i ∈ S_1 and u_i = 1 otherwise. Similarly we proceed for the second part of (9)–(14) and we obtain that for every B ∈ B there is solution β̂, x̂, v̂ of (3) and (6). Moreover, x and y have the right support, so they satisfies (7) and (8) as well.

Remark 1. Theorem 2 exhibits some sufficiently small ε_1 > 0 and ε_2 > 0, but do not say how small values really suffices to use. By means of Schrijver [16] we determine some values depending only on A, A, B and B. First we assume that their entries are rational, which is not restricting from practical standpoint. Let r =^p_q , p ∈ Z, q ∈ N be a rational number, w ∈ Q^n rational vector and A ∈ Q^{m×n} a rational matrix. We define their sizes respectively as size(r) := 1 + ⌈log_2(|p| + 1)⌉ + ⌈log_2(q + 1)⌉, size(w) := n + size(w_1) + · · · + size(w_n),

size(A) := mn + ∑ i,j size(a_{ij} ),

where ⌈a⌉ stands for the upper integer part of a. When sizes of rationals are defined in this way, one can see that size(r/s) ≤ size(r) + size(s) for any r ∈ Q and non-zero s ∈ Q. By Schrijver [16, Theorem 3.2], one has also size(det A) < 2 size(A) for any A ∈ Q^{n×n}.

Let y be a solution to (10)–(12) such that e^T y = 1 and y > 0. Then it is a solution of the equational sub-system taking some inequalities as equations. Cramer’s rule gives that every components of y is a fraction of two determinants composed of a part of the constraint matrix and the right-hand side. Using the formulae for sizes of fractions and determinants we obtain that size(y_i) is bounded from above by 4 size(M)^{z1} , where M^{z1} is a matrix consisting of the constraint matrix and the right-hand side. To get an upper bound for the size of M^{z1} over z^1 ∈ {±1}^{|S1|} we define A ∈ A such that a_{ij} is that of a_{ij} and a_{ij} which has greater size. Introduce

M := ( A e e^T 1 ) . We have size(M^{z1} ) ≤ size(M) for every z^1 ∈ {±1}^{|S1|}, and therefore size(y_i) ≤ 4 size(M). Eventually, we can put ε_2 := 2^{−4 size(M)} and similarly for ε_1.

Another problems arise provided the index sets S_1 and S_2 are not known. Do there exist S_1 and S_2 satisfying (SSI1)? And how does one find them?

A direct approach to answer this questions is to check all combinations of S_1 ⊆ {1, . . . , m} and S_2 ⊆ {1, . . . , n}. For each S_1 ⊆ {1, . . . , m} check solvability of (10)–(12), and for each S_2 ⊆ {1, . . . , n} check solvability of the system consisting of (9), (13) and (14). How much computation does it need? For any S_1 ⊆ {1, . . . , m} we must solve |S_1| linear programs. Thus the number of solving (10)–(12) is as follows ∑ S_1⊆{1,...,m}

2^{|S1|} = m∑ i=1 ( m i ) 2^i = (2 + 1)^m = 3^m,

using binomial expansion. Similarly, we have to solve 3^n linear programs for the second issue. In total, the direct approach needs solving 3^m + 3^n linear programs.

2.2 The second kind of support set invariancy

In this section we discuss (SSI2). Let S_1 ⊆ {1, . . . , m} and S_2 ⊆ {1, . . . , n} be given. If S_1 and S_2 are unknown then we are finished: Put S_1 := {1, . . . , m}, S_2 := {1, . . . , n} and (SSI2) is true, since every bimatrix game has an equilibrium.

Proposition 1. Remove from A the columns indexed by {1, . . . , n}\S_2 and from B the rows indexed by {1, . . . , m} \ S_1. Then (SSI2) holds true if for every k ∈ {1, . . . , m} \ S_1 the linear system ∑ i∈S_1

λ_iA_{i,}. ≥ A_{k,}., (15) ∑ i∈S_1

λ_i = 1, λ_i ≥ 0 ∀i ∈ S_1 (16)

is solvable and for every k ∈ {1, . . . , n} \ S_2 the linear system ∑ i∈S_2

λ_iB._{,i} ≥ B._{,k}, ∑ i∈S_2

λ_i = 1, λ_i ≥ 0 ∀i ∈ S_2

is solvable.

Proof. For each A ∈ A and B ∈ B we construct an equilibrium (x, y) satisfying σ(x) ⊆ S_1 and σ(y) ⊆ S_2 as follows. Let A^r be an interval matrix which arise from A by restricting to rows indexed by S_1 and columns indexed by S_2, and similarly for B^r. The bimatrix game (A^r , B^r) has an equilibrium (x^r, y^r) for every A^r ∈ A^r and B^r ∈ B^r. The strategies x^r and y^r can be extended to strategies x and y of the original game by canonical embedding. To show that (x, y) is an equilibrium of (A, B), A ∈ A and B ∈ B, we must prove that (1)–(2) is true.

Let k ∈ {1, . . . , m} \ S_1 and λ be a solution to (15)–(16). Then

(x^r )^T A^ry^r ≥ λ^T A^ry^r ≥ λ^T A^ry^r ≥ A^r_{k,}.y^r ≥ A^r_{k,}.y^r.

Extension to full size gives

x^T Ay ≥ A_{k,}.y = e^T_k Ay.

It means that no one pure strategy e_k is better than x for some strategy of player II, and the same is true when considering mixed strategies instead of pure ones. Therefore (1) holds and (2) can be proven in a similar manner.

The proposed sufficient condition does not seem to be very strong, but it need to solve merely m + n − |S_1| − |S_2| linear programs.

Another sufficient condition for (SSI2) is given below. It relax the positivity conditions (9)–(10) to non-negative ones (17)–(18), but in general it requires needlessly many equations in (19) and (21). For this reason it is not a necessary condition for (SSI2).

Proposition 2. Remove from A the columns indexed by {1, . . . , m} \ S_2 and from B the rows indexed by {1, . . . , n} \ S_1. Then (SSI2) holds true if for every z^1 ∈ {±1}^{|S1|} and z^2 ∈ {±1}^{|S2|} there exist x ∈ R^{|S1|}, y ∈ R^{|S2|}, and α, β ∈ R satisfying the linear system

e^T x = 1, x ≥ 0, (17)

e^T y = 1, y ≥ 0, (18)

α = (A^c_{i,}. − z^1_i A^Δ_{i,}.)y, ∀i ∈ S_1, (19)

α ≥ (A_{i,}.)y, ∀i ∉ S_1, (20)

β = (B^c._{,i} − z^2_i B^Δ._{,i})^T x, ∀i ∈ S_2, (21)

β ≥ (B._{,i})^T x, ∀i ∉ S_2. (22)

Proof. Let (17)–(22) be solvable for every z^1 ∈ {±1}^{|S1|} and z^2 ∈ {±1}^{|S2|}. Particularly, for every z^1 ∈ {±1}^{|S1|} the system (19) has a nonnegative solution α^{z1} , y^{z1} . According to Rohn [15, Theorem 2.17], the system

α = (A_{i,}.)y, ∀i ∈ S_1

has a solution for every A ∈ A. Moreover, at least one of its solution α, y belongs to the convex hull of the points α^{z1} , y^{z1} over z^1 ∈ {±1}^{|S1|}. Hence α, y also fulfills (18) and (20). The latter implies that

α ≥ (A_{i,}.)y ≥ Ay, ∀i ∉ S_1.

Now, we construct a solution α̂, ŷ, û to (4)–(5) as follows. Put α̂ := α and define ŷ such that ŷ_i = 0 for ı ∉ S_2 and a restriction of ŷ to the components indexed by S_2 is equal to y. Eventually, û ∈ {0, 1}^m defined as u_i = 0 if i ∈ S_1 and u_i = 1 otherwise. Similarly we proceed for the second part of (17)–(22) and we obtain that for every B ∈ B there is solution β̂, x̂, v̂ of (3) and (6). Moreover, (7) and (8) are satisfied, too, since at least one of x_i and u_i is zero and likewise for y_i and v_i.

Again, the linear system (17)–(22) is decomposable into two sub-systems (18)–(20), and (17), (21) and (22). The computational cost is to solve 2^{|S1|} + 2^{|S2|} linear programs.

2.3 The third kind of support set invariancy

Let S_1 ⊆ {1, . . . , m} and S_2 ⊆ {1, . . . , n} be given. The third kind of support set invariancy is, roughly speaking, like a dual to (SSI2). Not surprisingly, a direct adaptation of Theorem 2 to this case yields necessary condition (contrary to the sufficient condition for (SSI2) proposed in Proposition 2). Note that the constants ε_1 and ε_2 can be adjusted according to Remark 1.

Theorem 3. If (SSI3) holds true then for every z^1 ∈ {±1}^m and z^2 ∈ {±1}^n there exist x ∈ R^m, y ∈ R^n, and α, β ∈ R satisfying the linear system

e^T x = 1, (23) x_i ≥ ε_1, ∀i ∈ S_1, (24)

e^T y = 1, (25) y_i ≥ ε_2, ∀i ∈ S_2, (26)

α = (A^c_{i,}. − z^1_i A^Δ_{i,}.)y, ∀i ∈ S_1, (27)

α ≥ (A_{i,}.)y, ∀i ∉ S_1, (28)

β = (B^c._{,i} − z^2_i B^Δ._{,i})^T x, ∀i ∈ S_2, (29)

β ≥ (B._{,i})^T x, ∀i ∉ S_2, (30)

where ε_1 > 0 and ε_2 > 0 are sufficiently small.

Proof. Suppose that (SSI3) holds and let z^1 ∈ {±1}^m and z^2 ∈ {±1}^n. Define A ∈ A in this way: For i ∈ S_1 put A_{i,}. := A^c_{i,}. − z^1_i A^Δ_{i,}., otherwise A_{i,}. := A_{i,}.. Analogously we define B ∈ B. Condition (SSI3) implies that the bimatrix game (A, B) has an equilibrium (x, y) satisfying x_i > 0 for i ∈ S_1 and y_i > 0 for i ∈ S_2. Hence x, y fulfill (23)–(26). Vectors x, y solve also (3)–(8), which shows that x, y fulfill (27)–(30).

Also in this case, the linear system (23)–(30) is simply decomposable into two sub-systems (25)–(28), and (23)–(24) with (29)–(30). It is needed to solve 2^m + 2^n linear programs.

2.4 Illustrative example

Example 1. Consider an interval bimatrix game (A, B), where

A :=

0 25 5 5 40 0 5 10 10 15 20 0 20 5 10 15

, A :=

5 28 8 8 43 5 8 13 13 18 25 3 23 8 13 20 ,

B := A^T , B := A^T .

We discuss several support sets. The bimatrix game (A, B) has equilibria

1. (x^1, y^1), x^1 = y^2 = (^1_3 ,^8_{15} ,^2_{15} , 0)^T ,

2. (x^2, y^2), x^2 = y^2 = (0, 0, 1, 0)^T ,

3. (x^3, y^3), x^3 = y^3 = (^1_5 ,^2_5 , 0,^2_5 )^T ,

among others. We investigate support set invariancies for their respective supports.

1. Do all instances of the interval game have an equilibrium with the same support as (x^1, y^1)? Put S_1 := {1, 2, 3} and S_2 := {1, 2, 3}. Utilizing Theorem 2 we obtain negative answer.

What about the second kind of support set invariancy? The simple sufficient condition formulated in Proposition 1 reveals that (SSI2) holds true, even though the sufficient condition in Proposition 2 is not satisfied.

The necessary condition for (SS3) in Theorem 3 is not fulfilled, meaning that not all instance of the interval game have equilibria with supports covering S_1 and S_2.

2. Let S_1 := {3} and S_2 := {3}. By Theorem 2 we observe that (SSI1) holds true. Both sufficient conditions for (SSI2) are valid, too. Moreover, the necessary condition for (SSI3) is satisfied. This doesn’t imply that (SSI3) is really true, but validity of (SSI1) do so.

3. Let S_1 := {1, 2, 4} and S_2 := {1, 2, 4}. In this case, (SSI1) does not hold. The second support set invariancy may not hold as neither the sufficient condition holds true. However, by the result of calling Theorem 3, we can claim certainly that (SSI3) is not valid.

3 Conclusion

We investigated three support set invariancies (SSI1)–(SSI3) for interval bimatrix games. We proposed a characterization of (SSI1) by means of a series of linear systems. For (SSI2) and (SSI3) sufficient and necessary conditions were formulated, respectively. Their complete description remains as an open problem.

There were stated two sufficient conditions for (SSI2), in Proposition 1 and 2. The former costs solving a linear number of linear programs while the latter requires an exponential number. Surprisingly, several performed examples indicate that the former condition is stronger in many cases.

Theorem 3 gives the mentioned necessary condition for (SSI3) and it seems to be quite strong one. In interval bimatrix games, it may be useful in proving non-existence of equilibria with large supports.

References

[1] S. Z. Alparslan-Gök, R. Branzei, and S. H. Tijs. Cores and stable sets for interval-valued games. Discussion Paper 2008-17, Tilburg University, Center for Economic Research, 2008.

[2] S. Z. Alparslan-Gök, S. Miquel, and S. H. Tijs. Cooperation under interval uncertainty. Math. Meth. Oper. Res., 69(1):99–109, 2009.

[3] C. Audet, S. Belhaiza, and P. Hansen. Enumeration of all the extreme equilibria in game theory: bimatrix and polymatrix games. J. Optim. Theory Appl., 129(3):349–372, 2006.

[4] C. R. Bector and S. Chandra. Fuzzy mathematical programming and fuzzy matrix games., volume 169 of Studies in Fuzziness and Soft Computing. Springer, Berlin, 2005.

[5] W. D. Collins and C. Hu. Fuzzily Determined Interval Matrix Games.

In Proceedings BISCSE’05, November 2–5, 2005, University of California, Berkeley, 2005.

[6] W. D. Collins and C. Hu. Interval Matrix Games. In C. Hu et al., editor, Knowledge Processing with Interval and Soft Computing, chapter 7, pages 1–19. Springer, London, 2008.

[7] W. D. Collins and C. Hu. Studying interval valued matrix games with fuzzy logic. Soft Comput., 12(2):147–155, 2008.

[8] A. G. Hadigheh, K. Mirnia, and T. Terlaky. Active constraint set invariancy sensitivity analysis in linear optimization. J. Optim. Theory Appl., 133(3):303–315, 2007.

[9] A. G. Hadigheh and T. Terlaky. Sensitivity analysis in linear optimization: invariant support set intervals. Eur. J. Oper. Res., 169(3):1158– 1175, 2006.

[10] M. Hladík. Interval valued bimatrix games. technical report KAM- DIMATIA Series (2009-920), Department of Applied Mathematics, Prague, 2009.

[11] T. Koltai and T. Terlaky. Difference between the managerial and mathematical interpretation of sensitivity analysis results in linear programming. Int. J. Prod. Econ., 65(3):257–274, 2000.

[12] V. I. Levin. Antagonistic games with interval parameters. Cybern.

Syst. Anal., 35(4):644–652, 1999.

[13] S.-T. Liu and C. Kao. Matrix games with interval data. Computers & Industrial Engineering, 56(4):1697–1700, 2009.

[14] J. F. Nash. Equilibrium points in n-person games. Proc. Natl. Acad.

Sci. USA, 36:48–49, 1950.

[15] J. Rohn. Solvability of systems of interval linear equations and inequalities. In M. Fiedler et al., editor, Linear optimization problems with inexact data, chapter 2, pages 35–77. Springer, New York, 2006.

[16] A. Schrijver. Theory of linear and integer programming. Repr. Wiley, Chichester, 1998.

[17] V. Shashikhin. Antagonistic game with interval payoff functions. Cybern. Syst. Anal., 40(4):556–564, 2004.

[18] L. C. Thomas. Games, theory and applications. Reprint of the 1986 edition. Dover Publications, Mineola, NY, 2003.

[19] J. von Neumann and O. Morgenstern. Theory of games and economic behavior. With an introduction by Harold Kuhn and an afterword by Ariel Rubinstein. Princeton University Press, Princeton, NJ, 2007.

[20] B. von Stengel. Computing equilibria for two-person games. In Aumann, R. J. and Hart, S., editor, Handbook of game theory with economic applications, volume 3, chapter 45, pages 1723–1759. Elsevier, Amsterdam, 2002.

[21] R. R. Yager and V. Kreinovich. Fair division under interval uncertainty.

Internat. J. Uncertain. Fuzziness Knowledge-Based Systems, 8(5):611– 618, 2000.