Tolerance analysis in linear programming

Milan Hladík

Department of Applied Mathematics, Faculty of Mathematics and Physics Charles University Malostranské nám. 25, 118 00, Prague, Czech Republic, e-mail: milan.hladik@matfyz.cz.

Abstract

We consider a linear programming problem and suppose that we have an optimal solution. In practice it is often important to know how different optimality criteria (optimal solution, optimal basis, optimal partition, etc.) changes when we perturb the input data. Our aim is to compute tolerances (intervals) for the objective function and right-hand side coefficients such that these coefficients can independently and simultaneously vary inside their tolerances while preserving the optimality criterion. We put the tolerance analysis in a unified framework that is convenient for algorithmic processing. We survey the known results (pioneered by R. E. Wendell) and propose an improvement that is optimal is some sense (the resulting tolerances are maximal and they take into account proportionality). We apply our approach to several sensitivity invariancies: optimal basis, support set and optimal partition invariancy. Thus the approach is convenient not only for simplex method solvers, but also for the interior points methods. We also discuss the time complexity and show that it is NP-hard to determine the maximal tolerances.

Keywords: Linear programming, tolerance analysis, sensitivity analysis, optimal partition.

Notation

A_i. the i-th row of a matrix A A_P submatrix of A consisting of the columns indexed by P |A| absolute value of a matrix A, i.e., the matrix with components |A|_{i,j} = |A_{i,j} | I identity matrix (with convenient dimension) e a vector of all ones (with convenient dimension)

1 Introduction

Sensitivity analysis in mathematical programming is useful for many reasons: It characterizes impact of measurement errors an gives the user information about robustness of the model, among others. The traditional sensitivity analysis gives ranges of allowable variations for each parameter separately. Tolerance approach was developed to handle simultaneous and independent perturbations of the model parameters, and to easily interpret such perturbations.

Tolerance approach was established by Wendell [27, 28], who proposed the so called “symmetric tolerances”. It provides the user with only one tolerance (absolute or relative) which is applicable for all required parameters. This is very easy and simple for the user to dealt with, but we loose a lot of information on the model. That is why non-symmetric extensions were proposed by Arsham & Oblak [3], Wondolowski [31] and Wendell [29].

Tolerances were studied in many mathematical programming problems. For instance, for network problems [24], facility location problems [23], transportation problems [1] and in multi-objective linear programming [17, 19, 20]. Tolerance analysis surveys can be found in [26, 30].

An attempt to a unification of different sensitivity analyses was done by Arsham [2], but his approach using implicit parameters is not so convenient for algorithmic processing. In this paper, we present a unified approach to tolerance analysis, which is easily programmable.

The paper proceeds as follows. In the next section we present our unified approach to tolerance analysis via a system of linear inequalities. We review the known results and propose another extension of tolerances being optimal from some point of view (Section 2.3). This general approach is illustrated on the ordinary linear programming issues (Section 3). We consider parameters in the objective function and in the right-hand sides. We apply tolerance analysis for the traditional optimal basis invariancy and also for the optimal partition invariancy. Furthermore, we discuss the complexity and show that computation of the largest tolerances is NP-hard problem (Section 3.1.3).

2 General approach to tolerance analysis

This section aims at finding a unified and universal approach to tolerance analysis of linear systems. Indeed, every such problem can be state as follows. Let D ∈ R^{m×n}, d ∈ R^m and consider the linear system of inequalities

Dx ≤ d. (1)

Given an interior point x^∗ ∈ R^n, i.e., Dx^∗ < d, we want to find tolerances for the components of x^∗. It means to find as largest as possible ranges for x^∗_1, . . . , x^∗_n such that all these components may simultaneously and independently perturb within these ranges while still preserving feasibility of the linear system. Formally, maximize the vector difference x^+ − x^− over all x^+, x^− ∈ R^n such that x^− ≤ x^∗ ≤ x^+ and Dx ≤ d is fulfilled for every x with x^− ≤ x ≤ x^+.

This is an multi-objective programming problem, and it is natural to seek for an efficient solution, that is, a feasible solution which cannot be improved in one objective without being worsen in another objective. Not every (efficient) solution is convenient for a decision maker, so we must take into account also readability, simplicity of interpretation and its basic purpose.

2.1 Wendell’s approach

The tolerance approach was established by Wendell [26, 27, 28, 30]. We adapt his method for our linear system tolerance problem.

Let a non-negative vector x^Δ ∈ R^n be given. We call it as a perturbation rates, as it scales the components of the vector x. The typical use of perturbation rates is as follows: we put x^Δ_j = 0 if the j-th component of x is out of interest for the tolerance problem; we put x^Δ_i = 1 for the absolute case and x^Δ_j = |x^∗_j | for the relative (percentage) case.

Now, we want to determine maximal tolerance δ^∗ > 0 such that Dx ≤ d holds for every x with |x_j − x^∗_j | ≤ δ^∗x^Δ_j , j = 1, . . . , n. Notice that this kind of tolerance is sometimes called symmetric tolerance, because it is the same for all perturbed parameters. Notice also that it may happen that δ^∗ = ∞. Theorem 1 (Wendell, 1984). We have

δ^∗ = inf

i=1,...,m; |D_i.|x^Δ>0

d_i − D_i.x^∗ |D_i.|x^Δ . Proof. Let i ∈ {1, . . . , m}. We show that D_i.x ≤ d_i for every x such that |x_j − x^∗_j | ≤ δ^∗x^Δ_j , j = 1, . . . , n. If |D_i.|x^Δ > 0 then

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^∗x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^∗x^Δ_j )

= n∑ j=1 d_{ij} x^∗_j + n∑ j=1 |d_{ij} |x^Δ_j δ^∗ ≤ D_i.x^∗ + n∑ j=1 |d_{ij} |x^Δ_j d_i − D_i.x^∗ |D_i.|x^Δ ≤ D_i.x^∗ + d_i − D_i.x^∗ = d_i.

Similarly, if |D_i.|x^Δ = 0 then

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^∗x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^∗x^Δ_j )

= n∑ j=1 d_{ij} x^∗_j + n∑ j=1 |d_{ij} |x^Δ_j δ^∗ = D_i.x^∗ + 0 ≤ d_i.

The maximality of the tolerance δ^∗ will be proven as follows. Clearly, if δ^∗ = ∞ then it is maximal. Otherwise, define k := argmin

i=1,...,m; |D_i.|x^Δ>0

d_i − D_i.x^∗ |D_i.|x^Δ and δ^ε := δ^∗ +ε, where ε > 0 is arbitrary. Obviously, |D_k.|x^Δ > 0. We show that δ^ε cannot be admissible tolerance. Define the vector x^ε componentwise: x^ε_j = x^∗_j + δ^εx^Δ_j if d_{kj} > 0, and x^ε_j = x^∗_j − δ^εx^Δ_j if d_{kj} < 0. Now, we have for the k-th row of the inequality system

D_k.x^ε = n∑ j=1 d_{kj} x^ε_j = ∑ j; d_{kj} >0

d_{kj} (x^∗_j + δ^εx^Δ_j ) + ∑ j; d_{kj} <0

d_{kj} (x^∗_j − δ^εx^Δ_j )

= n∑ j=1 d_{kj} x^∗_j + n∑ j=1 |d_{kj} |x^Δ_j δ^ε = D_k.x^∗ + n∑ j=1 |d_{kj} |x^Δ_j ( d_k − D_k.x^∗ |D_k.|x^Δ + ε )

= D_k.x^∗ + d_k − D_k.x^∗ + n∑ j=1 |d_{kj} |x^Δ_j ε > d_k.

Thus x^ε is not a feasible point and δ^ε is not an admissible tolerance.

Wendell’s tolerance method is nice and easy to interpret as it provides a decision maker with only one value applicable to all interested components of the vector x. However, this approach has also shortcomings. The serious one is that the tolerance is usually small, and for medium-sized and larger problems it is often zero [26, 30].

That is why extended tolerance ranges were developed. Instead of one tolerance usable for all parameters we calculate individual lower and upper tolerances for the particular parameters. It means that we determine (as large as possible) positive vectors δ^−, δ^+ ∈ R^n_+ such that (1) is satisfied for very x with x^∗_j − δ^−_j x^Δ_j ≤ x_j ≤ x^∗_j + δ^+_j x^Δ_j , j = 1, . . . , n.

2.2 Wondolowski’s approach

Arsham & Oblak [3] and Wondolowski [31] proposed an extension of the Wendell’s symmetric tolerances. The latter one was more involved and we present his original formulae adapted for our general case.

Theorem 2 (Wondolowski, 1991). We have

δ^+_j = inf

i=1,...,m; |D_i.|x^Δ>0, d_{ij} >0

d_i − D_i.x^∗ |D_i.|x^Δ , δ^−_j = inf

i=1,...,m; |D_i.|x^Δ>0, d_{ij} <0

d_i − D_i.x^∗ |D_i.|x^Δ . Proof. Let i ∈ {1, . . . , m}. We show that D_i.x ≤ d_i for every x such that x^∗_j − δ^−_j x^Δ_j ≤ x_j ≤ x^∗_j + δ^+_j x^Δ_j , j = 1, . . . , n. If |D_i.|x^Δ > 0 then

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^+_j x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^−_j x^Δ_j )

≤ n∑ j=1 d_{ij} x^∗_j + ∑ j; d_{ij} >0

d_{ij} x^Δ_j d_i − D_i.x^∗ |D_i.|x^Δ + ∑ j; d_{ij} <0

−d_{ij} x^Δ_j d_i − D_i.x^∗ |D_i.|x^Δ

= D_i.x^∗ + n∑ j=1 |d_{ij} |x^Δ_j d_i − D_i.x^∗ |D_i.|x^Δ

= D_i.x^∗ + d_i − D_i.x^∗ = d_i.

Similarly, if |D_i.|x^Δ = 0 then d_{ij} x^Δ_j = 0 for each j = 1, . . . , n, and hence

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^+x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^−x^Δ_j )

= n∑ j=1 d_{ij} x^∗_j + 0 ≤ d_i.

The Wondolowski’s method is a simple, but efficient generalization of the Wendell’s method. However, the tolerance vectors δ^−, δ^+ are not efficient from the standpoint of the multi-objective programming problem stated at the beginning of Section 2. That is, the tolerance vectors δ^−, δ^+ are not maximal, and they can be sometimes enlarged.

They are different ways how to enlarge the individual tolerances such that they are maximal. We can enlarge them sequentially [30] or we can determine the tolerances such that the volume Π^n_{j=1}(δ^+_j + δ^−_j )x^Δ_j of the corresponding box is maximal [30]. However, no such an approach takes into account the tolerance rates; we should try to enlarge all the individual tolerances proportionally. This motivates the following section.

2.3 Optimal individual tolerances approach

Herein, we propose a new method that extends the Wondolowski’s approach in such a way that the resulting individual tolerances are “optimal” in some sense. By “optimality” we mean that no individual tolerance can be enlarged and the individual tolerances maximally respect the tolerance rates.

The basic idea is simple: We begin with the Wondolowski’s individual tolerances. We fix all of them that cannot be enlarged, and repeat the process until all the tolerances are fixed. Algorithm 1 gives a formal description.

Note that the binary variable α^+_j is zero iff δ^+_j is fixed, and α^−_j is zero iff δ^−_j is fixed. The variable R_i denotes the quantity how much we can put to the left-hand side of the i-th inequality of (1) not to break feasibility.

The number of loops (while-cycles in Algorithm 1) is at most min(m, 2n). At each iteration we remove at least one element from the index set I; therefore it cannot exceed m cycles. At each iteration we fix at least one individual tolerance (at the first usually much more), from which the upper limit 2n follows.

Proposition 1. Individual tolerances computed by Algorithm 1 are correct and maximal.

Proof. We prove the correctness by induction with respect to iterations of the while-cycle. Consider an arbitrary iteration of the while-cycle and the i-th inequality of Dx ≤ d. We show that D_i.x ≤ d_i for every x such that x^∗_j − δ^−_j x^Δ_j ≤ x_j ≤ x^∗_j + δ^+_j x^Δ_j , j = 1, . . . , n. Denote

A := D_i.x^∗ + ∑ j; d_{ij} >0, α^+_j =0

d_{ij} x^Δ_j δ^+_j − ∑ j; d_{ij} <0, α^−_j =0

d_{ij} x^Δ_j δ^−_j .

If S_i := ∑ j; d_{ij} >0, α^+_j =1 dij x Δ j − ∑ j; d_{ij} <0, α^−_j =1 dij x Δ j > 0 then

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^+_j x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^−_j x^Δ_j )

= D_i.x^∗ + ∑ j; d_{ij} >0, α^+_j =0

d_{ij} δ^+_j x^Δ_j − ∑ j; d_{ij} <0, α^−_j =0

d_{ij} δ^−_j x^Δ_j

+ ∑ j; d_{ij} >0, α^+_j =1

d_{ij} δ^+_j x^Δ_j − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} δ^−_j x^Δ_j

= A + ∑ j; d_{ij} >0, α^+_j =1

d_{ij} δ^+_j x^Δ_j − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} δ^−_j x^Δ_j

≤ A + ∑ j; d_{ij} >0, α^+_j =1

d_{ij} x^Δ_j d_i − A

S_i − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} x^Δ_j d_i − A

S_i

≤ A + d_i − A S_i ( ∑ j; d_{ij} >0, α^+_j =1

d_{ij} x^Δ_j − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} x^Δ_j )

= A + d_i − A = d_i.

If S_i = 0 then d_{ij} x^Δ_j = 0 for each j ∈ {1, . . . , n} such that d_{ij} > 0 and α^+_j = 1, or d_{ij} < 0 and α^−_j = 1. Thus

D_i.x = n∑ j=1 d_{ij} x_j ≤ ∑ j; d_{ij} >0

d_{ij} (x^∗_j + δ^+_j x^Δ_j ) + ∑ j; d_{ij} <0

d_{ij} (x^∗_j − δ^−_j x^Δ_j )

= D_i.x^∗ + ∑ j; d_{ij} >0, α^+_j =0

d_{ij} δ^+_j x^Δ_j − ∑ j; d_{ij} <0, α^−_j =0

d_{ij} δ^−_j x^Δ_j

+ ∑ j; d_{ij} >0, α^+_j =1

d_{ij} δ^+_j x^Δ_j − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} δ^−_j x^Δ_j

= A + 0 ≤ d_i.

The last inequality in this range of inequalities follows from the induction assumption.

The maximality of the resulting individual tolerances is a simple consequence of the proposed method; we exhaustively process through all inequalities of (1) and proportionally distribute the available amount to the non-fixed individual tolerances. We fix an individual tolerance only if its increase would yield breaking the feasibility of (1).

Example 1. Consider the inequality system

−x_1 + x_2 ≤ 2, x_1 + 2x_2 ≤ 12,

and an initial feasible point x^∗ = (2, 3)^T . Let x^Δ = |x^∗|. We compute tolerances according to all the presented approaches.

1 2 3 4 5 6 7 8 9 10 11 12 −1 −2 1 2 3 4 5

−1 0 x1 x_2

−x_1 + x_2 = 2

x_1 + 2x_2 = 12 x^∗

Figure 1: (Example 1) Tolerance regions: the dark grey is for the Wendell’s region, grey for the Wondolowski’s region and light grey for the ideal region.

The Wendell’s tolerance is δ^∗ = min(^1_5 ,^4_8 ) =^1_5 . It means that all components of x^∗ can vary simultaneously and independently up to the 20% of their nominal values while the vector still remain feasible.

The Wondolowski’s individual tolerances draw

δ^−_1 = 1 5 , δ^+_1 = 1 2 , δ^−_2 = ∞, δ^+_2 = min (1 5 , 4 8 ) = 1 5 . The enlargement is significant: the first component x^∗_1 may perturb up to 50% upwards and x^∗_2 can even perturb downwards in any way.

Algorithm 1 proceeds as follows. At the first iteration we compute the Wondolowski’s individual tolerances. Then we remove the first inequality, because it is filled when x^∗_1 is decreased and x^∗_2 is increased in 20%. We also have to fix tolerances δ^−_1 and δ^+_2 by putting α^−_1 := 0 and α^+_2 := 0.

At the second iteration we can rewrite the inequality x_1 + 2x_2 ≤ 12 as x ≤^{24}_5 by fixing x_2 at its highest value 2(3+3^1_5 ). Calling the Wondolowski’s method to this inequality we improve the tolerance δ^+_1 :=^7_5 . The second inequality is filled and we return the individual tolerances:

δ^−_1 = 1 5 , δ^+_1 = 7 5 , δ^−_2 = ∞, δ^+_2 = 1 5 . Contrary to the simple Wondolowski’s method we achieved an improvement for the first component x^∗_1 which may vary upwards to 140%.

Remark 1. In most of the practical problems, the parameters x_1, . . . , x_n are not independent. Suppose we have a linear correlation structure [8, 26, 30] x = Gy + g where g ∈ R^n, G ∈ R^{n×l} are known and y is the l-dimensional vector of basic parameters. Here, we substitute into (1) and obtain

D(Gy + g) ≤ d or DGy ≤ d − Dg.

Eventually, we apply tolerance analysis to this inequality system. In the case of nonlinear correlations the problem is much more complex and we can generally only approximate.

Another frequent obstacle is that the parameters x_1, . . . , x_n are somehow bounded, i.e., they come from a certain set S ⊆ R^n. Typically, we are given upper or lower bounds on parameters [26]. Provided that S is convex polyhedral set described by inequality system

S = {x ∈ R^n | Hx ≤ h}

we can simply merge both systems and derive tolerances from inequalities

Dx ≤ d, Hx ≤ h.

Remark 2. Sometimes it happens that the basic system consists of strict inequalities

Dx < d

instead of that in (1); see e.g. Section 3.1.2 and 3.2.2. Nevertheless, we can easily modify all the presented results in order to work for strict inequalities as well. Indeed, we can compute tolerances for the closed system (1) and then subtract from them an arbitrarily small positive number.

3 Linear programming issues

In this section we turn our attention to the particular linear programming issues which are the main source of applications of the general tolerance framework. We focus on the objective function coefficients and the righthand side, and calculate tolerance ranges under which some optimality criteria are preserved.

Consider a linear programming problem in a standard form

min c^T x subject to Ax = b, x ≥ 0, (2)

where A ∈ R^{m×n}, b ∈ R^m and c ∈ R^n. Let x^∗ be an optimal solution.

There are various sensitivity invariancies studied. Each of them has some advantages and drawbacks as well. For a comparison the differences see e.g. [22].

The traditional sensitivity analysis is based on the the optimal basis invariancy. Provided that x^∗ is an optimal basis solution with corresponding basis B ⊆ {1, . . . , n} we ask how much can certain parameters perturb such that the basis B remain optimal.

Another sensitivity invariancies is the support set invariancy [6, 14, 15, 16]. The support set of a non-negative vector x is σ(x) := {i | x_i > 0}. In this case, we want to determine how much can certain parameters perturb such that there exists an optimal solution x^0 with σ(x^∗) = σ(x^0).

The last considered sensitivity invariancy is the optimal partition invariancy [4, 5, 11, 12, 13, 16, 21]. Let P^∗ be the optimal solution set to (2) and D^∗ the optimal solution set to its dual. Then the index set {1, . . . , n} can be partitioned into two disjoint subsets

B := {i | x_i > 0 for some x ∈ P^∗},

N := {i | c_i − A^T._iy > 0 for some y ∈ D^∗}.

This is known as the optimal partition. The question is how much can certain parameters perturb such that the optimal partition remain the same.

The parameters discussed are the objective function coefficients and the right-hand side components. This can be easily extend to simultaneous perturbation both of them [26]. Similar results can be obtained for parameters in any line (row or column) of the constraint matrix [8, 26].

3.1 Objective function coefficients

Herein we will be concerned with the tolerance analysis of the objective function coefficients. For that purpose we denote

min γ^T x subject to Ax = b, x ≥ 0, (3)

where γ ∈ R^n stands for a perturbed vector c.

3.1.1 Optimal basis invariancy

First we consider the well-known optimal basis invariancy. Let x^∗ be an optimal basic solution to (2) and B ⊆ {1, . . . , n} the corresponding basis. The optimal basis invariancy region is the set of all objective function vectors γ ∈ R^n under which the basis B remain optimal to (3). It is described by the linear system [9, 10, 21, 26]

γ_N − (A^{−1}_B A_N )^T γ_B ≥ 0, (4)

where N := {1, . . . , n} \ B. Thus for the tolerance analysis of the objective function coefficients we simply apply the approach proposed in Section 2. In this case, we associate

D := ( −I (A^{−1}_B A_N )^T ) , d := 0,

where I denotes the identity matrix (with convenient dimension) and 0 the zero matrix. The variables are (γ_N , γ_B ) ∈ R^n and the initial value is (γ_N , γ_B )^∗ := (c_N , c_B ).

Optimal basis invariancy approach has several drawbacks. The simplex algorithm yields optimal basis solutions, but interior point methods generally result in non-basic solution. The second shortcoming is that the region described by (4) is not the maximal region of the objective function coefficients where the optimality of x^∗ is preserved. This happens when x^∗ is degenerate solution. In the following sections we will address these issues.

3.1.2 Support set and optimal partition invariancy

Recall that x^∗ stands for an optimal (not necessarily basic) solution of (2). Denote Z := {1, . . . , n} \ σ(x^∗) and suppose that the lineality space {x | Ax = 0, x_Z = 0} has zero dimension (otherwise the tolerances are zero due to dual degeneracy). According to [18, Theorem 1], support set invariancy region is characterized by the system

g^T_k γ ≥ 0, k ∈ K, (5)

where g_k, k ∈ K, are all extremal directions of the convex polyhedral cone

{x | Ax = 0, x_Z ≥ 0}. (6)

Moreover, the support set invariancy region is exactly the set of all γ ∈ R^n for which x^∗ keeps its optimality. It is easy to see it via complementary slackness conditions. Let γ ∈ R^n and x be an optimal solution to (3) such that σ(x) = σ(x^∗). Then there is an optimal solution y to the corresponding dual problem and the complementary slackness condition (A^T y − c)^T x = 0 holds. Hence (A^T y − c)^T x^∗ = 0 is true as well, and therefore x^∗ is optimal to (3).

The system (5) consists of linear inequalities, and therefore we can directly apply the tolerance analysis as presented in Section 2. The main drawback of this approach is that we must enumerate all extremal directions of (6), which may be time consuming. We discuss this question in Section 3.1.3.

Under the same assumption optimal partition invariancy region is described by the system of strict inequalities [18, Theorem 3]

g^T_k γ > 0, k ∈ K.

In this case we determine the tolerances along Remark 2.

3.1.3 Complexity

The support set invariancy region (5) is exactly the set of all objective function vectors for which the linear program (3) detains the optimal solution x^∗. That is why it is so important in practice and why we discuss it more in detail.

Consider a linear programming problem (2) and let x^∗ be its optimal solution. We show that the problem to determine the maximal (Wendell’s) symmetric tolerance δ^∗ under which x^∗ remains optimal is an NP-hard problem, even though we restrict ourselves to the simplest tolerance rates x^Δ := e. We build on the following lemma; its proof is omitted since it is a slight modification of the proof of Theorem 2.3 from [7] where the NPhardness of testing the solvability of a system |Mx| ≤ e, e^T |x| ≥ 1 was proved.

Lemma 1. Let M ∈ Q^{n×n} be a nonnegative positive definite matrix. Checking the solvability of the system |Mx| ≤ e, e^T |x| > 1 (7) is an NP-hard problem.

Theorem 3. Checking whether the maximal tolerance δ^∗ ≤ 1 is an NP-hard problem.

Proof. We want to find maximum tolerance such that x^∗ remains optimal for any perturbation of c within this tolerance. Formally,

max δ subject to γ^T x^∗ ≤ γ^T x ∀x ∈ X ∀γ : |γ − c| ≤ δe. This can be rewritten as

inf δ subject to γ^T x^∗ > γ^T x, x ∈ X , |γ − c| ≤ δe. Substitute z := x − x^∗. Then the problem reads inf δ subject to γ^T z < 0, z ∈ X^′, |γ − c| ≤ δe, where X^′ := {z ∈ R^n | Az = b − Ax^∗, z ≥ −x^∗}.

The lowest possible value of γ^T z over all γ such that |γ − c| ≤ δe is equal to c^T z − δe^T |z|, and it is achieved for that γ which satisfies γ_i = c_i − δ if z_i ≥ 1 and γ_i = c_i + δ if z_i < 1. Now, the problem takes the form inf δ subject to c^T z − δe^T |z| < 0, z ∈ X^′. (8) Now, we construct a polynomial reduction from the NP-hard problem mentioned in Lemma 1 to our problem. Let M ∈ Q^{n×n} be a nonnegative positive definite matrix and consider the system (7) rewritten in this form Mx ≤ e, −Mx ≤ e, e^T |x| > 1. (9)

We claim that it is solvable iff the system

Mx ≤ ey, −Mx ≤ ey, e^T |x| > y, y ≥ 0 (10)

is solvable with respect to variables x ∈ R^n and y ∈ R. The proof is as follows: If x solves the former system then x and y = 1 solve the latter. Conversely, if x, y solve (10) then there are two possibilities. If y > 0 then 1 y x is a solution of (9). Otherwise, if y = 0 then we have Mx = 0, e^T |x| > 0, and the solution of (9) is e.g. x^′ :=^2_{eT |x|} x since

Mx^′ = M 2 e^T |x| x = 0 ≤ e,

− Mx^′ = −M 2 e^T |x| x = 0 ≤ e, and e^T |x^′| = e^T | | | 2 e^T |x| x | | | = 2 > 1.

To finish the polynomial reduction we rewrite (10) as

Mx + u = ey, −Mx + v = ey, 2y + e^T u + e^T v − e^T |x| − |y| − e^T |u| − e^T |v| < 0, y, u, v ≥ 0,

and associate z := (x, y, u, v) ∈ R^{3n+1}. Thus the system takes the form

c^T z − e^T |z| < 0, z ∈ X^′, (11)

where c := ( 0^T , 2, e^T , e^T

)_T

, x^∗ := ( − Ke^T , 0, 0^T , 0^T

)_T and A := ( M −e I 0 −M −e 0 I ) . The constant K is chosen large enough, compare [25].

If we can calculate (8) in polynomial time then we can do so for solvability of (11): If the optimal value of (8) is δ^∗ < 1 then (11) is solvable, and if δ^∗ > 1 then (11) has no solution. It remains to discuss the pathological case when δ^∗ = 1. In this case, (11) cannot be solvable. Otherwise, if z is its solution then z and δ = 1 − ε is a feasible point of (8) for sufficiently small ε > 0. It is a contradiction with optimality of δ^∗ = 1.

Remark 3. NP-hardness results hold also true for linear programming problems in another forms. For instance, (2) is easily transformable to

min c^T x subject to x ∈ X^′ := {x ∈ R^n | F x ≤ f},

by putting

F := A −A −I , f := b −b 0 , and the objective function tolerances remain the same.

3.2 Right-hand side coefficients

Herein, we turn our attention to the right-hand side perturbation of (2).

3.2.1 Optimal basis invariancy

Let x^∗ be an optimal basic solution to (2) and B ⊆ {1, . . . , n} the corresponding basis. The set of all right-hand sides β ∈ R^m under which the basis B remain optimal is described by the linear system [10, 21, 26]

A^{−1}_B β ≥ 0.

Now, tolerance analysis of the right-hand sides can be easily done by applying the approach proposed in Section 2. We simply put D := −A^{−1}_B and d := 0; the variables are β ∈ R^m and the initial value is β^∗ := b.

3.2.2 Support set and optimal partition invariancy

Let x^∗ be an optimal solution of (2) and denote P := σ(x^∗). Suppose that the lineality space {y | A^T_P y = 0} has zero dimension; otherwise the emerged degeneracy mostly causes that the tolerances are zero. Due to [18], both the support set and optimal partition invariancy regions are equal and described by h^T_k β < 0, k ∈ K^′,

where h_k, k ∈ K^′, are all extremal directions of the convex polyhedral cone

{y | A^T_P y ≤ 0}. (12)

To compute tolerances we proceed along Remark 2.

The complexity results are similar to that derived in Section 3.1.3. We can simply consider the dual problem to (2) which has parameters in the objective function. The optimal partition does not depend on whether we consider the primal or dual problem. Thus the optimal partition invariancy region in the case of right-hand side parameters and primal problem is the same as optimal partition invariancy region for objective function coefficients and dual problem.

The following example not only illustrates the right-hand side tolerances, but also shows that the traditional optimal basis invariancy is not always convenient to use.

Example 2. Consider the linear programming problem [18]:

min 2x_2 − 3x_3 subject to 3x_1 + x_2 = 3, 3x_1 − x_2 + 3x_3 = 3, x_1, x_2, x_3 ≥ 0.

The feasible set equals the optimal solution set and is represented by a segment with endpoints x^1 = (1, 0, 0)^T and x^2 = (0, 3, 2)^T ; see Figure 2. We set the tolerance rates as β^Δ = (3, 3)^T .

1

2

3

0 x_3

x_1 x_2 x^1 x^2 x^∗

Figure 2: (Example 2) the bold segment illustrate the feasible set, which is identical to the optimal set.

First we consider an optimal basis solution, say x^1. The optimal basis invariancy region is described by

β_1 + β_2 ≥ 0, β_1 − β_2 ≥ 0,

and the support set (and optimal partition) invariancy region by

β_1 − β_2 = 0, −β_1 − β_2 < 0.

In both the cases, the Wendell’s tolerance is zero; an arbitrarily small perturbation from the initial point b = (3, 3)^T suffices to break its feasibility.

Nevertheless for nonbasic solutions better results are obtained. We take an analytic center x^∗ = (^1_2 ,^3_2 , 1)^T of the optimal solution set; interior point methods converge to this point. Herein, we cannot consider optimal basis invariancy, but the support set invariancy region has description

−β_1 < 0, −β_1 − β_2 < 0.

The simple Wendell’s tolerance analysis yields δ^∗ < 1. That is, the righthand side parameters can vary up to the almost 100% while preserving the support set and optimal partition.

References

[1] H. Arsham. Postoptimality analyses of the transportation problem. J.

Oper. Res. Soc., 43(2):121–139, 1992.

[2] H. Arsham. Construction of the largest sensitivity region for general linear programs. Appl. Math. Comput., 189(2):1435–1447, 2007.

[3] H. Arsham and M. Oblak. Perturbation analysis of general LP models:

A unified approach to sensitivity, parametric, tolerance, and more-for-less analysis. Math. Comput. Modelling, 13(8):79–102, 1990.

[4] A. B. Berkelaar, K. Roos, and T. Terlaky. The optimal set and optimal partition approach to linear and quadratic programming. In T. Gal and H. J. Greenberg, editors, Advances in sensitivity analysis and parametric programming, pages 6.1–6.44. Kluwer Acad. Publ., Boston, 1997.

[5] F. Borrelli, A. Bemporad, and M. Morari. Geometric algorithm for multiparametric linear programming. J. Optim. Theory Appl., 118(3):515– 540, 2003.

[6] M. Dehghan, A. G. Hadigheh, and K. Mirnia. Support set invariancy sensitivity analysis in bi-parametric linear optimization. Adv. Model. Optim., 9(1):81–89, 2007.

[7] M. Fiedler, J. Nedoma, J. Ramík, J. Rohn, and K. Zimmermann. Linear optimization problems with inexact data. Springer, New York, 2006.

[8] T. Gal. Postoptimal analyses, parametric programming, and related topics. McGraw-Hill, New York, 1979.

[9] T. Gal and H. J. Greenberg, editors. Advances in sensitivity analysis and parametric programming. Kluwer Academic Publishers, Boston, 1997.

[10] T. Gál and J. Nedoma. Multiparametric linear programming. Manage.

Sci., Theory, 18(7):406–422, 1971/72.

[11] H. J. Greenberg. The use of the optimal partition in a linear programming solution for postoptimal analysis. Oper. Res. Lett., 15(4):179–185, 1994.

[12] H. J. Greenberg. Simultaneous primal-dual right-hand-side sensitivity analysis from a strictly complementary solution of a linear program. SIAM J. Optim., 10(2):427–442, 2000.

[13] A. G. Hadigheh, H. G. Hadigheh, and T. Terlaky. Bi-parametric optimal partition invariancy sensitivity analysis in linear optimization. Cent. Eur. J. Oper. Res., 16(2):215–238, 2008.

[14] A. G. Hadigheh, K. Mirnia, and T. Terlaky. Active constraint set invariancy sensitivity analysis in linear optimization. J. Optim. Theory Appl., 133(3):303–315, 2007.

[15] A. G. Hadigheh and T. Terlaky. Generalized support set invariancy sensitivity analysis in linear optimization. J. Ind. Manag. Optim., 2(1):1– 18, 2006.

[16] A. G. Hadigheh and T. Terlaky. Sensitivity analysis in linear optimization: invariant support set intervals. Eur. J. Oper. Res., 169(3):1158– 1175, 2006.

[17] P. Hansen, M. Labbé, and R. E. Wendell. Sensitivity analysis in multiple objective linear programming: The tolerance approach. Eur. J. Oper. Res., 38(1):63–69, 1989.

[18] M. Hladík. Multiparametric linear programming: support set and optimal partition invariancy. technical report KAM-DIMATIA Series (2007-815), Department of Applied Mathematics, Prague, 2007.

[19] M. Hladík. Additive and multiplicative tolerance in multiobjective linear programming. Oper. Res. Lett., 36(3):393–396, 2008.

[20] M. Hladík. Computing the tolerances in multiobjective linear programming. Optim. Methods Softw., 23(5):731–739, 2008.

[21] B. Jansen, J. de Jong, C. Roos, and T. Terlaky. Sensitivity analysis in linear programming: Just be careful! Eur. J. Oper. Res., 101(1):15–28, 1997.

[22] T. Koltai and T. Terlaky. Difference between the managerial and mathematical interpretation of sensitivity analysis results in linear programming. Int. J. Prod. Econ., 65(3):257–274, 2000.

[23] M. Labbé, J.-F. Thisse, and R. E. Wendell. Sensitivity analysis in minisum facility location problems. Oper. Res., 39(6):961–969, 1991.

[24] N. Ravi and R. E. Wendell. The tolerance approach to sensitivity analysis in network linear programming. Networks, 18(3):159–171, 1988.

[25] A. Schrijver. Theory of linear and integer programming. Repr. Wiley, Chichester, 1998.

[26] J. E. Ward and R. E. Wendell. Approaches to sensitivity analysis in linear programming. Ann. Oper. Res., 27:3–38, 1990.

[27] R. E. Wendell. A preview of a tolerance approach to sensitivity analysis in linear programming. Discrete Math., 38:121–126, 1982.

[28] R. E. Wendell. Using bounds on the data in linear programming: The tolerance approach to sensitivity analysis. Math. Program., 29:304–322, 1984.

[29] R. E. Wendell. Sensitivity Analysis Revisited and Extended. Decis.

Sci., 23(5):1127–1142, 1992.

[30] R. E. Wendell. Linear programming. III: The tolerance approach. In Gal, Tomas et al., editor, Advances in sensitivity analysis and parametric programming, chapter 5, pages 1–21. Kluwer Academic Publishers, Dordrecht, 1997.

[31] F. R. Wondolowski. A generalization of Wendell’s tolerance approach to sensitivity analysis in linear programming. Decis. Sci., 22(4):792– 811, 1991.

Algorithm 1 (Optimal individual tolerances) 1: I := {1, . . . , m};

2: α^+_j := 1, α^−_j := 1 ∀j = 1, . . . , n;

3: while I ≠ ∅ and ∃j : (α^+_j = 1 or α^−_j = 1) do 4: R_i := d_i − D_i.x^∗ − ∑ j; d_{ij} >0, α^+_j =0

d_{ik}x^Δ_j δ^+_j + ∑ j; d_{ij} <0, α^+_j =0

d_{ik} x^Δ_j δ^−_j , ∀i ∈ I;

5: S_i := ∑ j; d_{ij} >0, α^+_j =1

d_{ij} x^Δ_j − ∑ j; d_{ij} <0, α^−_j =1

d_{ij} x^Δ_j , ∀i ∈ I;

6: for all j ∈ {1, . . . , n} do 7: if α^+_j = 1 then

8: δ^+_j := inf

i∈I; S_i>0, d_{ij} >0

R_i S_i ; 9: end if 10: if α^−_j = 1 then

11: δ^−_j := inf

i∈I; S_i>0, d_{ij} <0

R_i S_i ; 12: end if 13: end for 14: for all i ∈ I do 15: if D_i.x^∗ + ∑ k; d_{ik} >0

d_{ik} x^Δ_k δ^+_k + ∑ k; d_{ik} <0

d_{ik}x^Δ_k δ^−_k = d_i then

16: I := I \ {i};

17: for all j ∈ {1, . . . , n} do 18: if d_{ij} > 0 then 19: α^+_j := 0;

20: else if d_{ij} < 0 then 21: α^−_j := 0; 22: end if 23: end for 24: end if 25: end for 26: end while