Optimal real number graph labelings of a subfamily of Kneser graphs^∗

Rok Erman^† Suzana Jurečič^† Daniel Král’^‡

Kris Stopar^† Nik Stopar^†

Abstract

A notion of real number graph labelings captures the dependence of the span of an optimal channel assignment on the separations that are required between frequencies assigned to close transmitters. We determine the spans of such optimal labelings for a subfamily of Kneser graphs formed by the complements of the line graphs of complete graphs. This subfamily contains (among others) the Petersen graph.

1 Introduction

Distance constrained labelings form a well-established graph theory model for the channel assignment problem. Since their introduction by Griggs and Yeh [23] in 1992 they attracted a considerable amount of interest of researchers. One can find papers on their structural aspects as well as on algorithms computing optimal or near-optimal labelings. Let us recall this notion: an L(p_1, . . . , p_k)-labeling of a graph G for non-negative integers

∗This research was conducted in the framework of the Czech-Slovenian bilateral research project 15/2006-2007.

†Faculty of Mathematics and Physics (FMF), University of Ljubljana, Jadranska 19, 1000 Ljubljana, Slovenia. E-mails: rok.erman@siol.net, suzana.jurecic@gmail.com and {kris.stopar,nik.stopar}@student.fmf.uni-lj.si.

‡Institute for Theoretical Computer Science, Faculty of Mathematics and Physics, Charles University, Malostranské náměstí 25, 118 00 Prague, Czech Republic. E-mail:

kral@kam.mff.cuni.cz. The Institute for Theoretical Computer Science (ITI) is sup-

ported by the Ministry of Education of the Czech Republic as project 1M0545.

p_1, . . . , p_k is a labeling c of its vertices with non-negative integers such that the labels of any two vertices at distance j, 1 ≤ j ≤ k, differ by at least p_j (p_j represents the required separation of the frequencies needed to avoid their interference). A labeling satisfying these properties is also called proper, and the maximal label used by a labelling is called the span. The smallest span of a proper L(p_1, . . . , p_k)-labeling of G is denoted by λ_{p1 ,...,pk} (G).

Because of practical applications [24], the most studied distance constrained labelings are those with k = 2 and among these those with p_1 = 2 and p_2 = 1. A famous conjecture of Griggs and Yeh [23] asserts that every graph with maximum degree Δ ≥ 2 has an L(2, 1)-labeling with span at most Δ^2. In their paper [23], Griggs and Yeh proved that every such graph has an L(2, 1)-labeling with span at most Δ^2 + 2Δ. In a series of papers [10, 31, 17], this bound has been decreased successively to the current best bound Δ^2 +Δ−2 of Gonçalves [17]. Let us also remark that the conjecture is known to be true for several special classes of graphs, such as graphs of maximum degree two, chordal graphs ([36], see also [11, 29]), Hamiltonian cubic graphs [25] and planar graphs with maximum degree Δ ≠ 3 [3]. There is a substantial body of results in this area which we are not able to survey here, but let us mention as examples the papers [4, 5] on real-world applications of this kind of labelings, the papers [33, 35] on distance constrained labelings of planar graphs and the papers [1, 6, 13, 14, 28, 34] on their algorithmic aspects.

Since the separations p_1, . . . , p_k might sometimes need to be determined ad hoc, it is interesting to study the optimal span λ_{p1 ,...,pk} (G) as the function of p_1, . . . , p_k. This approach has been formalized by Griggs and Jin [18] and subsequently generalized to a more general notion of lambda graphs [2, 30]. Because of the kind of a problem that we address, it is enough for us to stay in the framework defined in [18] and thus we will not introduce the more general notion of lambda graphs.

In the setting proposed by Griggs and Jin [18], both the separations p_1, . . . , p_k and the labels of the vertices of G are non-negative reals. The smallest span of an optimal L(p_1, . . . , p_k) is then denoted by λ(G; p_1, . . . , p_k) to emphasize its dependence on the parameters p_1, . . . , p_k. It is easy to see that λ(G; p_1, . . . , p_k) is a continuous function of p_1, . . . , p_k. Griggs and Jin [19] also established other basic properties of λ(G; p_1, . . . , p_k) such as the scaling property, i.e., λ(G; αp_1, . . . , αp_k) = αλ(G; p_1, . . . , p_k) for every α ≥ 0, and that the function λ(G; p_1, . . . , p_k) is piecewise linear. In [30], it has been shown that the function λ(G; p_1, . . . , p_k) has only finitely many linear parts even if the graph G is infinite. The reader is referred to the survey [22] for a more comprehensive introduction to the subject.

In the fundamental case k = 2, the function λ(G; p_1, p_2) is determined by its values for p_2 = 1 and thus it can also be viewed as a one-parameter function λ(G; x, 1). Note that λ(G; 1, 0) = lim_{x→∞} λ(G; x, 1)/x. We often refer to λ(G; x, 1) as to the lambda function of the graph G. Note that λ(G; 1, 0) = χ(G) − 1 and λ(G; 1, 1) = χ(G^2) − 1. Since the problem of determining the lambda function of a graph includes determining its chromatic number as well as the chromatic number of its square, it is not surprising that the lambda functions are determined only for graph classes formed by well-structured graphs. Such graph classes include paths and cycles [15, 19], wheels [15, 19], or complete bipartite graphs [21]. Because of practical applications, the lambda functions of some particular infinite graphs are also known, for instance, the lambda functions of the infinite square and hexagonal planar grids have been determined [20, 8] and that of the triangular grid has been found [20, 8] for most of the values of x. Another class of graphs for which the lambda functions are known are infinite regular trees [16, 9]. In this paper, we extend this list of results by determining the lambda functions of some Kneser graphs. Notice that determining the lambda functions for all Kneser graphs would include determining the chromatic number of squares of Kneser graphs, a problem posed by Füredi, with only few partial results [12, 26].

Recall that a Kneser graph K(n, k), n > 2k, is the graph with

(_n k ) vertices defined as follows: each vertex is associated with a k-element subset of a base n-element set and two vertices are adjacent if the sets corresponding to them are disjoint. Note that the Kneser graph K(5, 2) is the Petersen graph. The problem of determining the chromatic number of Kneser graphs is a well-known problem which was solved by Lovász using topological tools [32] (see also [27]) who showed the chromatic number of K(n, k) is equal to n − 2k + 2. On the other, the chromatic number of squares of Kneser graphs is not known and there is even no conjecture on its value.

The problem of determining the lambda functions of all Kneser graphs includes the problems on the chromatic number of them as well as their squares as special cases; in this paper, we determine the lambda functions of all Kneser graphs K(n, 2) with n ≥ 5 (Theorem 8). As examples, the lambda functions of Kneser graphs K(n, 2), n = 5, 6, 7, 8, can be found in Figure 1.

Before we start the exposition of our results, let us observe several properties of K(n, 2). The graph K(n, 2) is isomorphic to the complement of the line graph of the complete graph K_n: indeed, each vertex of K(n, 2) can

4

Figure 1: The lambda functions of the Kneser graphs K(5, 2), K(6, 2), K(7, 2) and K(8, 2).

be associated with an edge of K_n. Such an edge naturally corresponds to a two-element subset of an n-element set (which is formed by the vertices of K_n). Two such vertices of K(n, 2) are adjacent if and only if the corresponding sets are disjoint. The latter is equivalent to the fact that they are not adjacent in the line graph of K_n. It turned out to be very handful in our considerations to associate n − 1 vertices of K_n with the numbers 0, . . . , n − 2 and the last one with the star, ∗. This distinction will be useful in most of our considerations.

A corollary of the just observed correspondence of K(n, 2) with the line graph of K_n is that the maximum clique size of K(n, 2) is ⌊n/2⌋ (the size of a maximum matching of K_n). Another fact that will be useful in our work is that the square of K(n, 2) is complete for all n ≥ 5, i.e., the distance between any two vertices of K(n, 2) is at most two. In particular, λ(K(n, 2); 1, 1) = χ(K(n, 2)^2) − 1 =

(_n 2 ) − 1.

2 Small values of x

In this section, we establish auxiliary lemmas that will be useful in determining the lambda function λ(K(n, 2); x, 1) of Kneser graphs K(n, 2) for small values of x. We start with two lemmas asserting that vertices of Kneser graphs K(n, 2) can be ordered in such a way that large segments of consecutive vertices form cliques in K(n, 2). We first consider the case when n is odd.

Lemma 1. For every ℓ ≥ 2, there exists an order v_1, . . . , v_m, m =

(_{2ℓ+1} 2 ) , of the vertices of K(2ℓ + 1, 2) such that for every i = 1, . . . , m − (ℓ − 1) the vertices v_i, . . . , v_{i+ℓ−1} form a clique of order ℓ in K(2ℓ + 1, 2).

Proof. We construct an order of the vertices of K(2ℓ + 1, 2) that can be partitioned into ℓ blocks, B_0, . . . , B_{ℓ−1}, each formed by 2ℓ + 1 consecutive vertices. The first vertex v_{k(2ℓ+1)+1} of B_k is the vertex corresponding to the set {∗, k} (see Figure 2), the i-th vertex v_{k(2ℓ+1)+i}, i = 2, . . . , ℓ, is the vertex corresponding to the set {(−(i−1)+k) mod 2ℓ, ((i−1)+k) mod 2ℓ}, the (ℓ + 1)-th vertex v_{k(2ℓ+1)+ℓ+1} is the vertex corresponding to the set {∗, k + ℓ}, and the i-th vertex v_{k(2ℓ+1)+i}, i = ℓ + 2, . . . , 2ℓ + 1, is the vertex corresponding to the set {((i−ℓ−1)+k) mod 2ℓ, (−(i−ℓ−2)+k) mod 2ℓ}.

The constructed order of the vertices has a nice interpretation in the edge representation of Kneser graphs. In the drawing of a complete graph with the star vertex in the middle and the numbered vertices on a cycle around the star vertex, each block B_i corresponds to a Hamilton cycle and each ℓ consecutive edges of B_i form a matching as depicted in Figure 2. Consecutive blocks are then obtained by rotating the Hamilton cycle by 360/(2ℓ) degrees clockwise.

We now verify that any ℓ consecutive vertices form a clique of K(2ℓ + 1, 2), i.e., the sets corresponding to them are mutually disjoint. The easiest way to see this is to use the correspondence with Hamilton cycles of K_{2ℓ+1} explained in the previous paragraph. Observe that the last ℓ edges of each block B_i,i = 0, . . . , ℓ−2, with the first ℓ+1 edges of the block B_{i+1} also form a Hamilton cycle and, moreover, any ℓ consecutive edges out of these form a matching (see Figure 2). Since any ℓ consecutive edges lie in a single block or in two blocks B_i and B_{i+1} for some i = 0, . . . , ℓ − 2, we conclude that any ℓ edges that are consecutive in the constructed order form a matching in the complete graph and thus the corresponding vertices form a clique of K(2ℓ + 1, 2). The statement of the lemma now follows.

Next, we focus on the Kneser graphs K(n, 2) with even n.

Lemma 2. For every ℓ ≥ 2, there exists an order v_1, . . . , v_m, m =

(_{2ℓ+2} 2 ) , of the vertices of K(2ℓ + 2, 2) such that for every i = 1, . . . , m − (ℓ − 1) the vertices v_i, . . . , v_{i+ℓ−1} form a clique of order ℓ in K(2ℓ + 2, 2) and for every i = 1, ℓ + 2, 2ℓ + 3, . . ., m − ℓ, the vertices v_i, . . . , v_{i+ℓ} form a clique of order ℓ + 1.

Proof. We construct an order of the vertices of K(2ℓ + 2, 2) that consists of 2ℓ + 1 blocks of ℓ + 1 vertices each. The blocks are numbered from 0 to 2ℓ. The first vertex v_{k(ℓ+1)+1} of the k-th block is the vertex corresponding to the set {∗, k} and the i-th vertex v_{k(ℓ+1)+i}, i = 2, . . . , ℓ + 1, is the vertex corresponding to the set {(−(i − 1) + k) mod (2ℓ + 1), ((i − 1) + k) mod (2ℓ + 1)}. Clearly, each block forms a clique of order ℓ + 1 as required.

The constructed order of the vertices has also a nice interpretation in the edge representation of Kneser graphs. In the drawing of a complete graph with the star vertex in the middle and the numbered vertices on a cycle around the star vertex, each block corresponds to a perfect matching consisting of an edge joining the star vertex to one of the numbered vertices and all the edges perpendicular to this edge (see Figure 3). Consecutive blocks are then obtained by rotating the perfect matching by 360/(2ℓ + 1) degrees clockwise.

We now verify that any ℓ consecutive vertices form a clique of K(2ℓ + 2, 2), i.e., the sets corresponding to them are mutually disjoint. Let us

Figure 2: The edges corresponding to the vertices v_1, . . . , v_9 contained in the block B_1 and the vertices v_{10}, . . . , v_{18} contained in the block B_2 of the order of the vertices of K(9, 2) constructed in the proof of Lemma 1 (the left and the middle part of the figure). In the right part of the figure, there is depicted the subgraph formed by the last four edges of the first block and the first five edges of the second block.

Figure 3: The edges corresponding to vertices of the first and the second block of the order constructed for K(8, 2) in the proof of Lemma 2.

consider a vertex v_{k(ℓ+1)+i}, k = 0, . . . , 2ℓ and i = 1, . . . , ℓ + 1. The set corresponding to it is disjoint from all the sets corresponding to the vertices within the same block, i.e., the sets corresponding to v_{k(ℓ+1)+i}′ for i^′ = 1, . . . , ℓ + 1 and i^′ ≠ i. If k > 0, the last vertex of the previous block whose set is not disjoint from the set corresponding to v_{k(ℓ+1)+i} is the vertex v_{(k−1)(ℓ+1)+i+1} if i < ℓ + 1 (we do not have to analyze the case i = ℓ + 1). Similarly, if k < 2ℓ + 1, the first vertex of the next block whose set is not disjoint from the set corresponding to v_{k(ℓ+1)+i} is the vertex v_{(k−1)(ℓ+1)+i−1} if i > 0. Hence, the set corresponding to v_{k(ℓ+1)+i} is disjoint from all the sets corresponding to the vertices v_{k(ℓ+1)+i+j} for j = ±1, . . . , ±(ℓ − 1). The claim of the lemma now follows.

In the rest of this section, we focus on establishing lower bounds on the lambda function of K(n, 2) for x ∈ ⟨0, 1/ℓ⟩. Again, we have to distinguish two cases with respect to the parity of n. Let us start with the odd case.

Lemma 3. The following estimate holds for every ℓ ≥ 2 and x ∈ ⟨0, 1/ℓ⟩:

λ(K(2ℓ + 1, 2); x, 1) ≥ 2ℓ + (ℓ − 1)x .

Proof. Let c be an L(x, 1)-labeling of K(2ℓ + 1, 2) and let v_1, . . . , v_m, m = (_{2ℓ+1} 2 ) , be an order of the vertices such that c(v_1) ≤ c(v_2) ≤ · · · ≤ c(v_m).

We now show that c(v_{iℓ+1}) ≥ i for every i = 0, . . . , 2ℓ. The inequality clearly holds for i = 0. If i > 0, then there are two non-adjacent vertices among v_{(i−1)ℓ+1}, . . . , v_{iℓ+1} since K(2ℓ + 1, 2) does not contain a clique of order ℓ+1. Hence, the labels of these two vertices differ by at least one. We infer from c(v_{(i−1)ℓ+1}) ≤ · · · ≤ c(v_{iℓ+1}) that c(v_{iℓ+1}) ≥ c(v_{(i−1)ℓ+1}) + 1 ≥ (i − 1) + 1 = i and eventually conclude that c(v_{2ℓ}2_{+1}) ≥ 2ℓ.

Since the difference of any two labels is at least x, the next estimate readily follows:

c(v_m) ≥ c(v_{2ℓ}2_{+1}) + ( m − (2ℓ^2 + 1) ) x ≥ 2ℓ + (ℓ − 1)x .

This finishes the proof of the lemma.

We conclude this section with the lower bound on the lambda function of K(n, 2) with n even. This case turned out to be more complex than the case of odd n.

Lemma 4. The following estimate holds for every ℓ ≥ 2 and x ∈ ⟨0, 1/ℓ⟩:

λ(K(2ℓ + 2, 2); x, 1) ≥ 2ℓ + 3ℓx .

Proof. Let c be an L(x, 1)-labeling of K(2ℓ + 2, 2) and let v_1, . . . , v_m, m = (_{2ℓ+2} 2 ) be an order of the vertices such that c(v_1) ≤ c(v_2) ≤ · · · ≤ c(v_m).

We define recursively indices i_0, . . . , i_{2ℓ}. Set i_0 = 1. For j > 0, let i_j be the largest index such that the vertices from the i_{j−1}-th to (i_j − 1)-th one, i.e., v_{ij−1} , . . . , v_{ij −1}, form a clique. Since the maximal order of a clique of K(2ℓ + 2, 2) is ℓ + 1, K(2ℓ + 2, 2) cannot be vertex covered by less than 2ℓ + 1 cliques, and thus all the indices i_0, . . . , i_{2ℓ} are well-defined.

Let further C_j , j = 0, . . . , 2ℓ − 1, be the clique of K(2ℓ + 2, 2) formed by the vertices v_{ij} , . . . , v_{ij+1 −1} and γ_j , j = 0, . . . , 2ℓ, be the number of cliques of order ℓ + 1 among C_0, . . . , C_{j−1}. In particular, γ_0 = 0 and γ_j ≤ j.

We now prove the following claim:

Claim: It holds that c(v_{ij} ) ≥ j + γ_j x for every j = 0, . . . , 2ℓ.

We proceed by the induction on j. The statement trivially holds for j = 0. Hence, let us assume j > 0. Let k ∈ {0, . . . , |C_{j−1}|−1} be the largest k such that the vertex v_{ij−1 +k} of C_{j−1} is not adjacent to the vertex v_{ij} . In addition, if the order of the clique C_{j−1} is ℓ + 1, then the edges of the complete graph corresponding to the vertices of C_{j−1} form a matching and the vertex v_{ij} is not adjacent to at least two of the vertices of C_{j−1}. In particular, k ≥ 1. Since the difference between the labels of any two vertices is at least x (recall that x ≤ 1) and v_{ij} is not adjacent to v_{ij−1 +k}, we obtain:

c(v_{ij} ) ≥ c(v_{ij−1 +k}) + 1 ≥ c(v_{ij−1} ) + 1 + kx ≥ j + γ_{j−1}x + kx .

If γ_j = γ_{j−1}, we have obtained the desired inequality. Otherwise, the order of C_{j−1} is ℓ + 1, thus k ≥ 1, and the inequality also follows. This finishes the proof of the claim.

The cliques C_0, . . . , C_{2ℓ−1} contain at most 2ℓ · ℓ + γ_{2ℓ} vertices of K(2ℓ + 2, 2). Hence, i_{2ℓ} ≤ 2ℓ^2 + 1 + γ_{2ℓ}. The next estimate on c(v_m) easily follows:

c(v_m) ≥ c(v_{i2ℓ} ) + (m − i_{2ℓ}) x ≥ 2ℓ + γ_{2ℓ}x + ( (2ℓ^2 + 3ℓ + 1) − (2ℓ^2 + 1 + γ_{2ℓ}) ) x ≥ 2ℓ + 3ℓx .

The lemma is now established.

3 Large values of x

In this section, we prove lower and upper bounds on the lambda function of K(n, 2) for x ≥ 1. We start with the upper bound for x ∈ ⟨1, 3⟩.

Lemma 5. For every n ≥ 5 and x ∈ ⟨1, 3⟩, there exists an L(x, 1)-labeling of K(n, 2) of span

(_n 2 ) − 1 such that all the assigned labels are (distinct) integers and the two largest labels are

(_n 2 ) − 2 and

(_n 2 ) − 1.

Proof. The proof proceeds by induction on n. For n = 5, label the vertices of K(5, 2) with labels 0, 1, . . . , 9 in the order in which they correspond to the following sets:

{∗, 0}, {∗, 1}, {∗, 2}, {∗, 3}, {3, 2}, {3, 1}, {3, 0}, {0, 1}, {0, 2} and {1, 2} .

Since the vertices corresponding to the sets {0, 2} and {1, 2} are non-adjacent, the labeling also satisfies the additional assertion of the lemma.

Now assume that n > 5. By induction, there exists an L(x, 1)-labeling of the subgraph G of K(n, 2) induced by the vertices corresponding to the sets not containing the star that has span

(_{n−1} 2 ) −1 and two non-adjacent vertices of G are assigned the labels

(_{n−1} 2 ) − 2 and

(_{n−1} 2 ) − 1. By symmetry, we can assume that the vertices labeled with

(_{n−1} 2 ) − 2 and

(_{n−1} 2 ) − 1 correspond to the sets {0, 2} and {0, 1}, respectively. Assign now the label

(_{n−1} 2 ) +i to the vertex corresponding to the set {∗, i}, i = 0, . . . , n − 2. It is easy to verify that the labeling obtained in this way is an L(x, 1)-labeling of K(n, 2) and there are two non-adjacent vertices, {∗, n − 3} and {∗, n − 2}, labeled with the labels

(_n 2 ) − 2 and

(_n 2 ) − 1.

Next, we prove the upper bound for x ≥ 3.

Lemma 6. For every n ≥ 5 and x ≥ 3, there exists an L(x, 1)-labeling of K(n, 2) with span (n−3)(x−3)+

(_n 2 ) −1 such that the three largest labels are (n − 3)(x − 3) +

(_n 2 ) − 3, (n − 3)(x − 3) +

(_n 2 ) − 2 and (n − 3)(x − 3) +

(_n 2 ) − 1.

Proof. We proceed similarly as in the proof of Lemma 5. First, we label the vertices of K(5, 2) with labels

0, 1, 2, 3, x + 1, x + 2, x + 3, 2x + 1, 2x + 2 and 2x + 3

in the order in which they correspond to the sets

{∗, 0}, {∗, 1}, {∗, 2}, {∗, 3}, {3, 2}, {3, 1}, {3, 0}, {0, 1}, {0, 2} and {1, 2} .

The labeling also satisfies the additional assertion of the lemma.

We assume n > 5 in the rest. Let us consider an L(x, 1)-labeling of the subgraph of K(n, 2) induced by vertices corresponding to sets that do not contain the star such that three largest labels are (n − 4)(x − 3) +

(_{n−1} 2 ) − 3, (n − 4)(x − 3) +

(_{n−1} 2 ) − 2 and (n − 4)(x − 3) +

(_{n−1} 2 ) − 1. By symmetry, we can assume that the label (n − 4)(x − 3) +

(_{n−1} 2 ) − 2 is assigned to the vertex corresponding to the set {0, 2} and the label (n − 4)(x − 3) +

(_{n−1} 2 ) − 1 to the one corresponding to {0, 1}. Label now the vertex corresponding to the set {∗, i}, i = 0, . . . , n − 2, with (n − 3)(x − 3) +

(_{n−1} 2 ) + i. It is easy to verify that the labeling obtained in this way satisfies the assertion of the lemma.

We finish the section with establishing the lower bound for x ≥ 3 that matches the upper bound shown in the previous lemma.

Lemma 7. The following estimate holds for every n ≥ 5 and x ≥ 3:

λ(K(n, 2); x, 1) ≥ (n − 3)(x − 3) + ( n 2 ) − 1 .

Proof. Consider an L(x, 1)-labeling c of K(n, 2) and let v_1, . . . , v_m, m =

(_n 2 ) , be an order of the vertices such that c(v_1) ≤ c(v_2) ≤ · · · ≤ c(v_m). Let i_1 be the largest index such that the vertices v_1, . . . , v_{i1} form an independent set in K(n, 2), i_2 the largest index such that the vertices v_{i1 +1}, . . . , v_{i2} form an independent set, i_3 the largest index such that the vertices v_{i2 +1}, . . . , v_{i3} form an independent set, etc. Finally, let A_j = {v_{ij−1 +1}, . . . , v_{ij} } for j = 1, 2, . . . , (setting i_0 = 0), and let k be the number of such sets A_j .

There are two types of independent sets A_j : those corresponding to stars in the edge representation of K(n, 2) and those corresponding to triangles. Let k_s be the number of sets of the former type. Since k_s vertices of a complete graph of order n are incident with^{ks(2n−1−ks)}_2 edges and each independent set of the other type contains exactly three edges, we have the following bound on k:

k ≥ k_s +

(_n 2 ) −^{ks(2n−1−ks)} 2 3 = k^2_s − (2n − 7)k_s + n^2 − n 6 . It is straightforward to verify using elementary tools from the mathematical analysis that the expression is minimized for k_s ∈ {n − 4, n − 3}. Hence, we can conclude that: k ≥ (n − 3)^2 − (2n − 7)(n − 3) + n^2 − n 6 = 6n − 12 6 = n − 2 .

We now prove the following claim:

Claim: If the vertex v_i, i ∈ {1, . . . , m}, is contained in A_j , then c(v_i) ≥ (j − 1)(x − 3) + i − 1.

We proceed by induction on i. Since v_1 ∈ A_1, the claim trivially holds for i = 1. Let us now consider a vertex v_i with i > 1. If v_{i−1} and v_i are contained in the same set A_j , then we have

c(v_i) ≥ c(v_{i−1}) + 1 ≥ (j − 1)(x − 3) + i − 1

since any two labels differ by at least one. Hence, we can assume in the rest that v_{i−1} ∈ A_{j−1} and v_i ∈ A_j .

We claim that there exists 1 ≤ i^′ ≤ min{3, |A_{j−1}|} such that the vertices v_{i−i}′ and v_i are adjacent (clearly, such v_{i−i}′ ∈ A_{j−1}). If |A_{j−1}| ≤ 3, the claim follows directly from the choice of the set A_{j−1}. On the other hand, if |A_{j−1}| > 3, then the edges corresponding to the vertices of A_{j−1} must form a star in the complete graph and the edge corresponding to v_i is incident to at most two such edges. Hence, v_i must be in K(n, 2) adjacent to one of the vertices v_{i−3}, v_{i−2} and v_{i−1}.

Consider i^′ as defined in the previous paragraph. Since the vertices v_{i−i}′ and v_i are adjacent, their labels differ by at least x ≥ 3 and we obtain the following bound on c(v_i):

c(v_i) ≥ c(v_{i−i}′ ) + x = x + (j − 2)(x − 3) + (i − i^′) − 1

≥ (j − 1)(x − 3) + i − 1 + 3 − i^′ ≥ (j − 1)(x − 3) + i − 1 .

This finishes the proof of the claim.

Finally, since c(v_m) is at least

(k − 1)(x − 3) + m − 1 ≥ (n − 3)(x − 3) + ( n 2 ) − 1 ,

the statement of the lemma readily follows.

4 Main result

We are now ready to prove our main theorem.

Theorem 8. The lambda functions of the graphs K(2ℓ + 1, 2) and K(2ℓ + 2, 2) for every ℓ ≥ 2 are the following:

λ(K(2ℓ + 1, 2); x, 1) =

2ℓ + (ℓ − 1)x for x ∈ ⟨0, 1/ℓ), (2ℓ^2 + ℓ − 1)x for x ∈ ⟨1/ℓ, 1), 2ℓ^2 + ℓ − 1 for x ∈ ⟨1, 3), (2ℓ − 2)x + 2ℓ^2 − 5ℓ + 5 for x ≥ 3, and

λ(K(2ℓ + 2, 2); x, 1) =

2ℓ + 3ℓx for x ∈ ⟨0, 1/ℓ), (2ℓ^2 + 3ℓ)x for x ∈ ⟨1/ℓ, 1), 2ℓ^2 + 3ℓ for x ∈ ⟨1, 3), and (2ℓ − 1)x + 2ℓ^2 − 3ℓ + 3 for x ≥ 3.

Proof. We first determine the lambda functions for x ≥ 1. Let m be the number of vertices of K(n, 2) where n is equal to 2ℓ + 1 or 2ℓ + 2. Since n ≥ 5, the distance between any two vertices of K(n, 2) is at most two. Hence, λ(K(n, 2); x, 1) ≥ m − 1. This simple lower bound and Lemma 5 determine the lambda function for x ∈ ⟨1, 3⟩. For x ≥ 3, the matching upper and lower bounds are given in Lemmas 6 and 7.

Next, we proceed separately for the cases of K(2ℓ+1, 2) and K(2ℓ+2, 2). Let us start with determining the rest of the lambda function of K(2ℓ+1, 2). Note that m =

(_{2ℓ+1} 2 ) on this case. If x ∈ ⟨0, 1/ℓ), the value of λ(K(2ℓ + 1, 2); x, 1) is at least 2ℓ + (ℓ − 1)x by Lemma 3. For the upper bound, we consider the order of the vertices v_1, . . . , v_m as described in Lemma 1 and assign the vertex v_i the label (i−1)x+⌊(i − 1)/ℓ⌋ (1−ℓx). The labeling can be interpreted as follows: the vertices in the order form ℓ cliques of order 2ℓ + 1 and the label of the i-th vertex of the k-th clique is k + (i − 1)x.

We now argue that the obtained labeling is proper. Consider two vertices v_i and v_j , 1 ≤ i < j ≤ m. If j−i < ℓ, then the vertices v_i and v_j are adjacent by the choice of our order. Since their labels differ by at least x, the edge v_iv_j is properly labeled. Otherwise, j − i ≥ ℓ and the labels of v_i and v_j differ by at least one, thus they are properly labelled. Since

c(v_m) = (m−1)x+ ⌊ m − 1 ℓ ⌋ (1−ℓx) = (2ℓ^2+ℓ−1)x+2ℓ(1−ℓx) = 2ℓ+(ℓ−1)x,

the upper bound follows.

Suppose that x ∈ ⟨1/ℓ, 1). Since the labels of any two vertices must differ by at least x,

λ(K(2ℓ + 1, 2); x, 1) ≥ (m − 1)x = (2ℓ^2 + ℓ − 1)x .

For the upper bound, we consider the order v_1, . . . , v_m as in Lemma 1 and assign the vertex v_i the label (i − 1)x. The arguments that this labeling is proper follow those presented in the previous paragraph.

It remains to determine the rest of the lambda function of K(2ℓ + 2, 2). Recall that m =

(_{2ℓ+2} 2 ) in this case. If x ∈ ⟨0, 1/ℓ), the value of λ(K(2ℓ + 2, 2); x, 1) is at least 2ℓ+3ℓx by Lemma 4. For the upper bound, we consider the order of the vertices v_1, . . . , v_m as described in Lemma 2 and assign the vertex v_i the label (i − 1)x + ⌊(i − 1)/(ℓ + 1)⌋ (1 − ℓx). We can interpret the labeling with the aim of the proof of Lemma 2 as follows: the label of the i-th vertex of the block B_k (as defined in the proof) is k(1 + x) + (i − 1)x.

We now analyze the obtained labeling. The labels of two vertices v_i and v_j , 1 ≤ i < j ≤ m, differ by at least one if j − i > ℓ. If j − i < ℓ, the vertices v_i and v_j are adjacent by the choice of the order and since their labels differ by at least x, the vertex corresponding to v_iv_j is properly labelled. If j − i = ℓ and i = 1 mod (ℓ + 1), the vertices v_i and v_j are also adjacent and thus the edge v_iv_j is also properly labeled. Finally, if i ≠ 1 mod (ℓ + 1), the labels of v_i and v_j differ by at least one. We conclude that the labeling is a proper L(x, 1)-labeling of K(2ℓ + 1, 2). Since

c(v_m) = (m − 1)x + ⌊ m − 1 ℓ + 1 ⌋ (1 − ℓx) = (2ℓ^2 + 3ℓ)x + 2ℓ(1 − ℓx) = 2ℓ + 3ℓx,

the upper bound follows.

Let us now consider the case that x ∈ ⟨1/ℓ, 1). Since the labels of any two vertices must differ by at least x, we infer

λ(K(2ℓ + 2, 2); x, 1) ≥ (m − 1)x = (2ℓ^2 + 3ℓ)x .

For the upper bound, we consider the order v_1, . . . , v_m as in Lemma 2 and assign the vertex v_i the label (i − 1)x. The arguments that this labeling is proper are analogous to those presented in the previous paragraph.

Acknowledgement

This research was conducted when Rok Erman, Suzana Jurečič, Kris Stopar and Nik Stopar were participating in the part of the DIMACS/DIMATIA Research Experience for Undergraduates program that was held in Prague in August 2006.

References

[1] G. Agnarsson, R. Greenlaw, M. M. Halldórsson: Powers of chordal graphs and their coloring, to appear in Congr. Numer.

[2] R. Babilon, V. Jelínek, D. Král’, P. Valtr: Labellings of graphs with fixed and variable edge-weights, submitted.

[3] P. Bella, D. Král’, B. Mohar, K. Quittnerová: Labelling planar graphs with a condition at distance two, to appear in European J. Combin.

[4] A. A. Bertossi, M. A. Bonucelli: Code assignment for hidden terminal interference in multihop packet radio networks, IEEE/ACM Trans. Networking 3 (1995), 441–449.

[5] A. A. Bertossi, C. M. Pinotti, R. B. Tan: Channel assignment with separation for interference avoidance in wireless networks, IEEE Trans. Paralle Distrib. Sys. 14 (2003), 222–235.

[6] H. L. Bodlaender, T. Kloks, R. B. Tan, J. van Leeuwen: λ-coloring of graphs, in: G. Goos, J. Hartmanis, J. van Leeuwen, eds., Proc. STACS’00, LNCS Vol. 1770, Springer, 2000, 395–406.

[7] T. Calamoneri: Exact solution of a class of frequency assignment problems in cellular networks and other regular grids, in: 8th Italian Conf. Theor. Comp. Sci. (ICTCS’03), LNCS vol. 2841 (2003), 150–162.

[8] T. Calamoneri: Optimal L(h, k)-labeling of regular grids, Discrete Math. and Theor. Comp. Science 8 (2006), 141–158.

[9] T. Calamoneri, A. Pelc, R. Petreschi: Labelling trees with a condition at distance two, to appear in Discrete Math.

[10] G. J. Chang, D. Kuo: The L(2, 1)-labelling problem on graphs, SIAM J. Discrete Math. 9(2) (1996), 309–316.

[11] G. J. Chang, W.-T. Ke, D. D.-F. Liu, R. K. Yeh: On L(d, 1)-labellings of graphs, Discrete Math. 3(1) (2000), 57–66.

[12] J.-Y. Chen, K.-W. Lih, J. Wu: Coloring squares of Kneser and Schrijver graphs, manuscript.

[13] J. Fiala, J. Kratochvíl, T. Kloks: Fixed-parameter complexity of λlabellings, Discrete Appl. Math., 113(1) (2001), 59–72.

[14] D. A. Fotakis, S. E. Nikoletseas, V. G. Papadopoulou, P. G. Spirakis:

NP-Completeness results and efficient approximations for radiocoloring in planar graphs, in: B. Rovan, ed., Proc. MFCS’00, LNCS Vol. 1893, Springer, 2000, 363–372.

[15] J. P. Georges, D. W. Mauro: Generalized vertex labelings with a condition at distance two, Congress. Numer. 109 (1995), 141–159.

[16] J. P. Georges, D. W. Mauro: Labelling trees with a condition at distance two, Discrete Math. 269 (2003), 127–148.

[17] D. Gonçalves: On the L(p, 1)-labelling of graphs, Discrete Math. and Theor. Comp. Science AE (2005), 81–86.

[18] J. R. Griggs, X. T. Jin: Real number graph labellings with distance conditions, to appear in SIAM J. Discrete Math.

[19] J. R. Griggs, X. T. Jin: Real number graph labellings for paths and cycles, submitted.

[20] J. R. Griggs, X. T. Jin: Real number channel assignments for lattices, submitted.

[21] J. R. Griggs, X. T. Jin: Recent progress in mathematics and engineering on optimal graph labellings with distance conditions, to appear in J. Comb. Optim.

[22] J. Griggs, D. Král’: Graph labellings with variable weights, a survey, submitted.

[23] J. R. Griggs, R. K. Yeh: Labelling graphs with a condition at distance 2, SIAM J. Discrete Math. 5 (1992), 586–595.

[24] W. K. Hale: Frequency assignment: Theory and applications, Proceedings of the IEEE 68 (1980), 1497–1514.

[25] J.-H. Kang: L(2, 1)-labelling of 3-regular Hamiltonian graphs, submitted.

[26] S.-J. Kim, K. Nakprasit: On the chromatic number of the sqaure of Kneser graph K(2k + 1, k), Graphs and Combin. 20 (2004), 70–90.

[27] J. Matoušek: Using the Borsuk-Ulam Theorem: Lectures on topological methods in combinatorics and geometry, Springer, 2003.

[28] D. Král’: An exact algorithm for channel assignment problem, Discrete Appl. Math. 145(2) (2004), 326–331.

[29] D. Král’: Coloring powers of chordal graphs, SIAM J. Discrete Math.

18(3) (2004), 451–461.

[30] D. Král’: The channel assignment problem with variable weights, to appear in SIAM J. Discrete Math.

[31] D. Král’, R. Škrekovski: A theorem about channel assignment problem, SIAM J. Discrete Math. 16(3) (2003), 426–437.

[32] L. Lovász: Kneser’s conjecture, chromatic number, and homotopy, J.

Comb. Theory Ser. A 25 (1978), 319–324.

[33] M. Molloy, M. R. Salavatipour: A bound on the chromatic number of the square of a planar graph, J. Combin. Theory Ser. B. 94 (2005), 189–213.

[34] C. McDiarmid: On the span in channel assignment problems: bounds, computing and counting, Discrete Math. 266 (2003), 387–397.

[35] M. Molloy, M. R. Salavatipour: Frequency channel assignment on planar networks, in: R. H. Möhring, R. Raman, eds., Proc. ESA’02, LNCS Vol. 2461, Springer, 2002, 736–747.

[36] D. Sakai: Labelling chordal graphs: distance two condition, SIAM J.

Discrete Math. 7 (1994), 133–140.