XI. Midsummer Combinatorial Workshop

Zdeněk Dvořák, ed.

July 26 — 30, 2004 Prague

Contents

Preface 4 Photos from the workshop 5 Augmentations, arc reversals and deorientations in digraphs 10 Jørgen Bang-Jensen The Roots of the Stable Set Polynomial of a Clawfree Graph 20 Maria Chudnovsky Three Optimal Algorithms for Balls of Three Colors 22 Zdeněk Dvořák Orders derived from locally constrained homomorphisms 23 Jiří Fiala Uniform Abelian Group Labels on Hamiltonian Cycles 34 John Gimbel The circular chromatic index of graphs of high girth 36 Daniel Král’ Reptile Simplices Could Help the Net Police — But Probably They Do Not Exist 38 Jiří Matoušek Comments on the Erdős-Turán conjecture 39 Jaroslav Nešetřil Perfect Matching Preservers 42 Ondřej Pangrác Prisms, why, how and what 44 Moshe Rosenfeld On the Regularity Method for Hypergraphs 50 Mathias Schacht

Open problems of separoids 54 Ricardo Strausz

Weak Pentagon Problem — On a Certain 5-Edge-Coloring 59 Robert Šámal

A new multiplicative graph 64 Claude Tardif

Colouring Visibility Graphs 68 David R. Wood

A simple proof of the circular chromatic number of series parallel graphs 71 Yared Nigussie

List of participants 77

Preface

The Eleventh Prague Midsummer Combinatorial Workshop was held from July 26 to July 30, 2004 in our newly reconstructed building Malostranské náměstí 25. This of course contributed to the comfort of the participants as all the activities (including the lunches) could be taken on the same site. Besides, as it was expressed by several participants, the renovated faculty building surely belongs to the most beautiful math and CS departments in the world! The workshop was organized by the Department of Applied Mathematics (KAM) of Charles University jointly with the DIMATIA centre. Only a small but distinguished group of mathematicians was invited and we were particularly happy to have Endre Szemeredi and Paul Seymour among the participants. The list of participants is included in this booklet.

As it already became a tradition, the workshop benefited from participation of young researchers and PhD students. Five undergraduate students from the USA and three undergraduate students from Charles University, together with their mentors Martin Mareš and Brenda Latka, took part in the workshop, within a joint DIMATIA-DIMACS program International REU (supported jointly by NSF and Czech ministry of education).

The workshop followed an informal daily routine with morning and early afternoon discussions and presentations. This report reflects some of the presentations during the workshop. Perhaps you can digest some of the atmosphere at the workshop from these proceedings, and you can also see that the fruitful exchange of ideas led directly to some new results and papers.

This volume was edited by Zdeněk Dvořák. Most of the contributions were supplied by the authors in electronic form. In a few cases, slight typographical changes were necessary. We apologize for any possible inaccuracies which might have occurred in the editing process.

The Eleventh Midsummer Combinatorial Workshop was supported by Kontakt CS-US Grants and by our institute ITI (financed by the Ministry of Education of the Czech Republic as project LN00A056) and the publication of these series is supported by the newly approved ITI 1M0021620808. DIMATIA was the main organizer.

Based on our past experience and being encouraged by several participants, we hope to organize the Twelfth Prague Midsummer Combinatorial Workshop in the summer of 2005 (July 24-29). We hope to meet you there!

Jaroslav Nešetřil

Photos from the workshop

6

7

8

9

Augmentations, arc reversals and deorientations in digraphs

Jørgen Bang-Jensen University of Southern Denmark Odense University, Denmark

Abstract

We survey results and problems related to connectivity of digraphs.

1 Basics

Notation not defined here follows [1]. For a given digraph D(V, A) and X ⊂ V we denote by d^−(X) the in-degree and by d^+(X) the out-degree of X, that is, the number of arcs leaving, respectively entering X. The number of in-neighbours (out-neighbours) of X is denoted by N^−(X) (N^+(X)).

A digraph D = (V, A) is strong if and only if it contains a directed path from x to y for every choice of vertices x, y ∈ V . A digraph D = (V, A) is k-strong if D − X is strong for every subset X of at most k − 1 vertices. A digraph D = (V, A) is k-arc-strong if D − X is strong for every subset X of at most k − 1 arcs.

Proposition 1 Let D = (V, A) be a directed multigraph and let X, Y be subsets of V . Then the following holds:

d^+(X) + d^+(Y ) = d^+(X ∪ Y ) + d^+(X ∩ Y ) + d(X, Y ) d^−(X) + d^−(Y ) = d^−(X ∪ Y ) + d^−(X ∩ Y ) + d(X, Y ). (1)

2 Augmenting connectivity by adding new arcs

Definition 1 Let D = (V, A) be a directed multigraph. Then γ_k(D) is the smallest integer γ such that ∑ X_i ∈F (k − d^−(X_i)) ≤ γ and ∑ X_i ∈F (k − d^+(X_i)) ≤ γ,

for every subpartition F = {X_1, . . . , X_t} of V .

Theorem 2 (Frank) [7] Let D = (V, A) be a digraph and k a natural number such that γ_k(D) > 0.

(a) The minimum number a^′_k(D) of new arcs that must be added to D in order to give a k-arc-strong digraph D^′ = (V, A ∪ F ) equals γ_k(D).

(b) Using flows in networks one can find an optimal augmenting set of arcs in polynomial time.

Definition 2 Let D = (V, A) be a directed graph. Then γ^∗_k(D) is the smallest integer γ such that ∑ X∈F^− (k − |N^−(X)|) ≤ γ and ∑ X∈F^+ (k − |N^+(X)|) ≤ γ,

for every choice of subpartitions F^−, F^+ of V with the property that every X ∈ F^− satisfies N^−[X] ≠ V and every X ∈ F^+ satisfies N^+[X] ≠ V .

We call the number γ^∗_k(D) the subpartition lower bound for the vertexstrong connectivity.

Let a_k(D) denote the minimum number of new arcs that must be added to a digraph D = (V, A) in order to obtain a k-strong digraph. It is easy to see that a_k(D) is well-defined provided that D has at least k + 1 vertices. We also call a_k(D) the k-strong augmentation number of D.

Let X, Y be disjoint non-empty proper subsets of V . The ordered pair (X, Y ) is a one-way pair in D = (V, A) if D has no arc with tail in

(a) (b)

T2 H3 H1 T3 H2 T1 e f

a b c d

Figure 1: An example, due to Jordán, showing that the subpartition lower bound for vertex connectivity augmentation is not always attainable. The desired connectivity is k = 2 and the value γ^∗_2(D) is 2 and it is realized by the subpartitions {{d}, {e}}, {{a}, {f}}, respectively, (see (a)). Part (b) shows three pairwise independent one-way pairs (T_1, H_1), (T_2, H_2), (T_3, H_3) (tails are indicated by boxes). This shows that a_2(D) ≥ 3. In fact a_2(D) = 3, since adding the arcs af, ed, da will result in a 2-strong digraph.

X and head in Y . This definition is due to Frank and Jordán [9]. For such a pair (X, Y ) we refer to X (Y ) as the tail (head) of the pair. Let h(X, Y ) = |V − X − Y |. The deficiency of a one-way pair (X, Y ) with respect to k-strong connectivity is η_k(X, Y ) = max{0, k − h(X, Y )}. (2) Lemma 3 (Frank and Jordán) [9] A digraph D = (V, A) is k-strong if and only if we have h(X, Y ) ≥ k for every one-way pair (X, Y ) in D.

Two one-way pairs (X, Y ), (X^′, Y^′) are independent if either their heads or their tails are disjoint.

Note that one-way pairs that contribute to the sums in Definition 2 are always independent since either all heads or all tails are disjoint for those pairs.

Theorem 4 (Frank and Jordán) [9] For every digraph D on at least k+ 1 vertices we have

a_k(D) = max_F { ∑ (X,Y )∈F η_k(X, Y )}, (3) where F is a family of independent one-way pairs in D.

Theorem 5 (Frank and Jordán) [9] There exists a polynomial algorithm which given a digraph D = (V, A) and a natural number k finds a minimum cardinality set F of new arcs to add to D so that the resulting graph is k-strong. ⋄

The algorithm uses the ellipsoid algorithm and hence is not purely combinatorial.

Problem 1 Find a purely combinatorial polynomial algorithm for determining a_k(D).

The existence of such an algorithm is open, except for the case when D is already (k − 1)-strong. Here Frank has an algorithm.

3 Orienting edges and reversing arcs

Problem 2 Given natural number k and a digraph D = (V, A) on at least k + 1 vertices, find a minimum set F ⊂ A of arcs in D such that the digraph D^′ obtained from D by reversing every arc in F is k-strong.

If such a subset exists, then we let r_k (D) = |F |, where F is a minimum cardinality subset of A, whose reversal makes the resulting digraph k-strong. Otherwise we let r_k(D) = ∞.

Since adding a new copy of an arc xy ∈ A(D) have cannot affect the vertex connectivity of a digraph it is easy to see that if D is an oriented graph, then a good reversal exists if and only if there exist a k-strong orientation of the underlying graph UG(D). Deciding the existence of such an orientation seems very hard and it is not known whether there is any function f(k) will guarantee that every f(k)-connected graph has a k-strong orientation when k > 2. For k = 2 Jordán has proved recently (private communication) that f(2) ≤ 18. He also proved that for eulerian graphs there is a polynomial algorithm for deciding the existence of a 2-strong orientation.

Conjecture 1 (Jackson and Thomassen) [12] Every 2k-connected graph has a k-strong orientation.

Theorem 6 (Bang-Jensen and Jordan) [2] If D is a semicomplete digraph on at least 3k − 1 vertices for some k ≥ 2 then a_k(D) = r_k(D).

Conjecture 2 [2] If D is a tournament on at least 2k + 1 vertices for some k ≥ 2 then a_k(D) = r_k (D).

Conjecture 3 (Bang-Jensen, 1994) For every tournament T with n ≥ 2k + 1 vertices we have r_k(T ) ≤^{k(k+1)}_2

Using the following two easy observations it is easy to show that r_k(T ) is bounded by a function of k for every tournament T on at least 2k + 1 vertices.

(a) If D is a k-strong digraph and D^′ is obtained from D by adding a new vertex x and arcs from x to every vertex in a set X of k distinct vertices of D and arcs from every vertex of a set Y of k distinct vertices of D to x, then D^′ is also k-strong.

(b) If T is a tournament on at least 4k − 1 vertices, then T contains a vertex with in-degree and out-degree at least k.

Let F be a family of subsets of S and let b : F → Z ∪ {∞} be a function defined on F. The function b is fully submodular on F if the inequality

b(X) + b(Y ) ≥ b(X ∩ Y ) + b(X ∪ Y ) (4)

holds for every choice of members X, Y of F. If (4) is only required to hold for intersecting (crossing) members of F, then b is intersecting (crossing) submodular on F.

A function f : S → R is modular if f(X)+f(Y ) = f(X ∩Y )+f(X ∪Y ) holds for every choice of X, Y ⊆ S.

Let D = (V, A) be a directed multigraph let F be a family of subsets of V such that ∅, V ∈ F and let b : F → Z ∪ {∞} be fully submodular on F. A function x : A → R is a submodular flow with respect to F, b if it satisfies

x^−(U) − x^+(U) ≤ b(U) for all U ∈ F. (5)

Theorem 7 (Edmonds and Giles) [4] Let D = (V, A) be a directed multigraph. Let F be a crossing family of subsets of V such that ∅, V ∈ F, let b : F → Z ∪ {−∞} be crossing submodular on F with b(∅) = b(V ) = 0, and let f ≤ g be modular functions on A such that f : A → Z ∪ {−∞} and g : A → Z ∪ {∞}. The linear system

{f ≤ x ≤ g and x^−(U) − x^+(U) ≤ b(U) for all U ∈ F} (6) is totally dual integral. That is if f, g, b are all integer valued, then the linear program min {c^T x : x satisfies (6)} has an integer optimum solution (provided it has a solution). Furthermore, if c is integer valued, then the dual linear program has an integer valued optimum solution (provided it has a solution).

Theorem 8 (Frank) [5] One can verify in polynomial time whether a given submodular flow problem has a feasible solution. If f, g, b are all integer valued and there exists a feasible submodular flow, then there exist a feasible integer valued submodular flow. Furthermore, if there is also a cost function on the arcs, then one can find a minimum cost feasible submodular flow in polynomial time.

Let G = (V, E) be an undirected graph. Let D be an arbitrary orientation of G. Clearly G has a k-arc-strong orientation if and only if it is possible to reorient some arcs of D so as to get a k-arc-strong directed multigraph. Suppose we interpret the function x : A → {0, 1} as follows: x(a) = 1 means that we reorient a in D and x(a) = 0 means that we leave the orientation of a as it is in D. Then G has a k-arc-strong orientation if and only if we can choose x so that the following holds:

d^−_D(U) + x^+(U) − x^−(U) ≥ k for all ∅ ≠ U ⊂ V. (7)

This is equivalent to

x^−(U) − x^+(U) ≤ (d^−_D(U) − k) = b(U) for all U ⊂ V, U ≠ ∅, V, (8)

b(∅) = b(V ) = 0. (9)

Observe that the function b is crossing submodular on F = 2^V (it is not fully submodular in general, since we have taken b(∅) = b(V ) = 0). Thus we have shown that G has a k-arc-strong orientation if and only if there exists a feasible integer valued submodular flow in D with respect to the functions f ≡ 0, g ≡ 1 and b.

Theorem 9 (Nash-Williams) [11] A multigraph G has a k-arc-strong orientation if and only if G is 2k-edge-connected.

Proof: ([6], [10]) Suppose that G is 2k-edge-connected, that is d_G(X) ≥ 2k for all proper non-empty subsets of V (by Menger’s theorem). We claim that x ≡^1_2 is a feasible submodular flow. This follows from the following calculation:

d^−_D(U) + x^+(U) − x^−(U) = d^−_D(U) + 1 2 d^+_D (U) − 1 2 d^−_D(U) = 1 2 d^−_D(U) + 1 2 d^+_D(U) ≥ 1 2 (2k − d^+_D (U)) + 1 2 d^+_D (U) = k. (10)

Hence it follows from the integrality statement of Theorem 8 and the equivalence between (7) and (8) that there is a feasible integer valued submodular flow x in D with respect to f, g and b. As described above this implies that G has a k-arc-strong orientation where the values of x prescribe which arcs to reverse in order to obtain such an orientation from D. ⋄

Notice that by formulating the problem as a minimum cost submodular flow problem, we can also solve the weighted version where the two possible orientations of an edge may have different costs and the goal is to find the cheapest k-arc-strong orientation of the graph. This clearly includes the problem where we wish to find the minimum number of arcs to reverse in order to obtain a k-arc-strong directed multigraph, hence we have

Theorem 10 (Frank) [5] Given a directed multigraph D, one can find in polynomial time the minimum number of arcs whose reversal in D results in a k-arc-strong directed multigraph.

This includes the case when D has no such reversal which can be detected by checking whether the submodular flow problem above has a feasible solution.

Theorem 11 (Jackson, 1988) [10] Every 2k-arc-strong digraph contains a spanning k-arc-strong oriented graph.

Conjecture 1 is a special case of the following conjecture.

Conjecture 4 (Jackson and Thomassen) [12] Every 2k-strong digraph contains a spanning k-strong oriented graph.

This conjecture is open even for semicomplete digraphs (digraphs with no non-adjacent vertices). Here the best known bound is 3k − 2 see [1, Section 7.14].

Conjecture 5 (Frank) [8] A graph G = (V, E) has a k-strong orientation if and only if G − X is 2(k − j)-edge-connected for every set X of j vertices (0 ≤ j ≤ k). A mixed graph is a graph M = (V, A ∪ E) which has both arcs (A) and undirected edges (E). A mixed graph M is k-arc-strong is the digraph we obtain from M by replacing every undirected edge by a directed 2-cycle is k-arc-strong.

By an orientation of a mixed graph M we mean any digraph that can be obtained by assigning an orientation to each edge of M. Using submodular flows one can decide in polynomial time whether a given mixed graph has a k-arc-strong orientation.

Problem 3 Is there a polynomial algorithm for the following problem: Given a k-arc-strong mixed graph M = (V, A ∪ E) which does not have a k-arc-strong orientation. Find a maximum cardinality subset of E which can be oriented such that the resulting mixed graph is still k-arc strong.

4 Deorienting arcs

By deorienting an arc ij in a digraph we mean the operation of adding the opposite arc ji to the digraph. We will only allow to deorient an arc which is not in a directed 2-cycle.

Let Deor_k(D) denote the minimum number of arcs one must deorient in D in order to obtain a k-arc-strong superdigraph of D. Clearly Deor_k(D) < ∞ precisely when the underlying graph UG(D) is k-edge-connected.

Since deorienting arcs is a special (restricted) form of augmentation and instead of reversing a set of arcs we may add the corresponding set of oppositely oriented arcs, we have that for every oriented graph D

r^′_k(D) ≥ Deor_k(D) ≥ a^′_k(D)

As we have seen, the first number can be calculated in polynomial time using submodular flows and the third can be calculated in polynomial time using flows (via Franks algorithm).

x

y Figure 2: A digraph D with r^′_2(D) > Deor_2(D) = 1. All arcs into y are critical showing that r^′_2(D) > 1.

Problem 4 Is there a polynomial algorithm for calculating Deor_k(D)?

In the special case of tournaments, the answer is yes.

Theorem 12 (Bang-Jensen and Yeo) [3] Let T be a tournament on n ≥ 2k + 1 vertices. Then (a) Deor_k(T ) = r^′_k(T ) (b) One can calculate Deor_k(T ) and find an optimal set of arcs to deorient using flows in networks.

(c) Deor_k(T ) ≤^{k(k+1)}_2 .

References

[1] J. Bang-Jensen and G. Gutin, Digraphs, Theory, Algorithms and Applications, Springer Verlag, London (2001).

[2] J. Bang-Jensen and T. Jordán, Adding and reversing arcs in semicomplete digraphs, Combin. Probab. Comput. 7 (1998) 17-25.

[3] J. Bang-Jensen and A. Yeo, Making a tournament k-arc-strong by reversing or deorienting arcs, Discrete Applied Math. 136 161-171.

[4] J. Edmonds and R. Giles, A min-max relation for submodular functions on graphs. In Studies in integer programming, Annals of Discrete Mathematics vol 1. (1977) 185-204.

[5] A. Frank, An algorithm for submodular functions on graphs. In Bonn Workshop on Combinatorial Optimization (Bonn, 1980), Annals of Discrete Math. 16 (1982) 97-120.

[6] A. Frank, Submodular flows. In Progress in combinatorial optimization (Waterloo Ont. 1982), Academic Press, Toronto (1984) 147-165.

[7] A. Frank, Augmenting graphs to meet edge-connectivity requirements, SIAM J. Discrete Math. 5 (1992) 25-53.

[8] A. Frank, Connectivity and Network Flows. In Handbook of combinatorics Vol 1., Elsevier Amsterdam (1995) 111-177.

[9] A. Frank and T. Jordán, Minimal edge-coverings of pairs of sets, J.

Combin. Theory Ser. B 65 (1995) 73-110.

[10] B. Jackson, Some remarks on arc-connectivity, vertex splitting, and orientation in graphs and digraphs, J. Graph Theory 12 (1988) 429-436.

[11] C.St.J.A Nash-Williams, On orientations, connectivity and odd-vertex pairings in finite graphs, Canadian J. Math. 12 (1960) 555-567.

[12] C. Thomassen, Configurations in graphs of large minimum degree, connectivity, or chromatic number, Annals of the New York Academy of Sciences 555 (1989) 402-412.

The Roots of the Stable Set Polynomial of a Clawfree Graph Extended Abstract

Maria Chudnovsky^∗ Princeton University, Princeton NJ 08544

Joint work with Paul Seymour

A stable set in a graph is a set of pairwise non-adjacent vertices. The stable set polynomial of a graph G is the polynomial

S(G)(x) = Σ_{i≥0}a_ix^i

where a_i is the number of stable sets in G of size i.

Given a graph H, its line graph L(H) is the graph whose vertex set is the set of edges of H, and two vertices are adjacent if they share an end in H. In [2] Heilmann and Lieb proved that if G is a line graph, then all the roots of S(G) are real. This property does not hold for all graphs, since the stable set polynomial of a claw is

1 + 4x + 3x^2 + x^3

and not all its roots are real (a claw is the graph with vertex set {v_1, v_2, v_3, v_4} and three edges v_1v_2, v_1v_3 and v_1v_4.)

A graph G is said to be clawfree if no induced subgraph of it is a claw. We answer a question of Hamidoune [1] that was later posed as a conjecture by Stanley [3].

Theorem 1 If G is clawfree then all roots of S(G) are real.

∗This research was conducted during the period the author served as a Clay Mathematics Institute Research Fellow.

Since all line graphs are clawfree, this extends the result of [2]. The proof of 1 consists of two parts. First we prove a lemma about polynomials, that allows us to deduce that non-negative linear combinations of certain polynomials have all roots real. Then we find a recursion formula for S(G), describing S(G) as a non-negative linear combination of polynomials, satisfying the hypotheses of the lemma. We then combine the two parts, applying the lemma to the recursive formula for S(G), to conclude that all roots of S(G) are real.

References

[1] Y.O.Hamidoune, On the numbers of independent k-sets in a clawfree graph, J. Combinatorial Theory (B) 50 (1990), 241-244

[2] O.J. Heilmann and E.H. Lieb, Theory of monomer-dimer systems, Commun. Math. Physics 25 (1972), 190-232

[3] R.P. Stanley, Graph colorings and related symmetric functions: ideas and applications, Discrete Mathematics 193 (1998), 267-286

Three Optimal Algorithms for Balls of Three Colors

Zdeněk Dvořák Joint work with Vít Jelínek, Daniel Král’, Jan Kynčl, and Michael Saks

We consider a game played by two players, Paul and Carol. Carol fixes a coloring of n balls with three colors. At each step, Paul chooses a pair of balls an asks Carol whether the balls have the same color. Carol truthfully answers yes or no. In the Plurality problem, Paul wants to find a ball with the most common color. In the Partition problem, Paul wants to partition the balls according to their colors. He wants to ask Carol the least number of questions to reach his goal. We describe optimal deterministic and probabilistic strategies for the Partition problem and an asymptotically optimal probabilistic strategy for the plurality problem.

Orders derived from locally constrained homomorphisms

(extended abstract)

Jiří Fiala^a Joint work with Daniël Paulusma^b and Jan Arne Telle^c

a Charles University, Faculty of Mathematics and Physics, DIMATIA and Institute for Theoretical Computer Science (ITI)^1 , Malostranské nám. 2/25, 118 00, Prague, Czech Republic.

fiala@kam.mff.cuni.cz

b University of Twente, Faculty of Electrical Engineering, Mathematics and Computer Science, Department of Applied Mathematics, P.O. Box 217, 7500 AE Enschede, The Netherlands.

d.paulusma@math.utwente.nl

c Department of Informatics, University of Bergen, N-5020 Bergen, Norway

telle@ii.uib.no

1 Introduction

The well-known H-Coloring problem asks whether for a graph G (the instance) a graph homomorphism f : V_G → V_H exists, meaning that f is an edge preserving mapping. The H-Coloring problem is solvable in polynomial time if H is bipartite, and it is NP-complete otherwise [6].

In this paper we study locally constrained graph homomorphisms [9]. The adjective “locally constrained” expresses the condition that the mapping f restricted to the neighborhood of any vertex u must satisfy further properties. (See [15, 7] for a more general model of such conditions.) The mapping f may be required to be locally

1Supported by the Ministry of Education of the Czech Republic as project LN00A056.

• bijective, then f is called a local isomorphism or a full covering projection to H, and the corresponding decision problem whether such a mapping exists is called H-Cover [1, 14],

• injective, then it is called a local monomorphism or a partial covering, and the associated problem is H-PCover [8, 9],

• surjective, then we get a local epimorphism or a locally surjective homomorphism of H or a H-role assignment of G, and decision problem is H-Colordomination [15] also known as H-Role Assignment [12].

Full covers have important applications, for example in distributed computing [5], in recognizing graphs by networks of processors [2, 3], or in constructing highly transitive regular graphs [4]. Partial covers are used in distance constrained labelings of graphs [10] and also as indicators of the existence of homomorphisms of derivate graphs (line graphs) [17]. Locally surjective covers are of interest in social network theory where networks are modeled, in which individuals of the same social role relate to other individuals in the same way.

In [12] it is proven that for connected graphs H H-Colordomination is polynomially solvable if H contains at most two vertices, and NP-complete if H contains at least three vertices. This is in contrary to the related H-Cover and H-PCover problem for locally bijective and locally injective homomorphisms. For these problems many nontrivial graphs H are known, for which the associated problems are polynomially solvable, and where up today no computational complexity classification is known (or even conjectured).

We introduce (partial) orderings on a family of graphs, in which a graph H is smaller than a graph G, if a locally constrained homomorphism from G to H exists (Sect. 3.1). We show that a similar order can be derived also for matrices describing the degree structure of the graph (Sect. 3.3).

2 Preliminaries

A graph homomorphism from G to H is a vertex mapping f : V_G → V_H satisfying the property that whenever an edge (u, v) appears in E_G, then (f(u), f(v)) belongs to E_H as well, i.e., f(N_G(u)) ⊆ N_H (f(u)) for all u ∈ V_G.

Definition 1 For graphs G and H we say that G covers H fully, denoted by G^B−→ H, if a graph homomorphism f : V_G → V_H exists satisfying:

for all u ∈ V_G : f(N_G(u)) = N_H (f(u)) and |f(N_G(u))| = |N_G(u)|. The function f is called a locally bijective homomorphism or a (full) covering projection from G to H.

We denote by G^I−→ H when G covers H partially, i.e., if there exists a graph homomorphism f : V_G → V_H such that: for all u ∈ V_G : |f(N_G(u))| = |N_G(u)|.

The mapping f is then called a locally injective homomorphism or a partial covering projection from G to H.

Finally, G covers H surjectively, denoted by G^S−→ H, if G allows a homomorphism f : V_G → V_H satisfying: for all u ∈ V_G : f(N_G(u)) = N_H (f(u)).

In this case the function f is called a locally surjective homomorphism.

Note that whenever G covers H fully, it also covers H both partially and surjectively. Hence, any result valid for locally injective or for locally surjective homomorphisms is also valid for full covering projections.

We provide here also an alternative definition of these three kinds of mappings via subgraphs induced by preimages of edges. Surprisingly, upto our knowledge, this useful definition didn’t yet appear in literature. Observation 1 Let f : G → H be a graph homomorphism. For every edge (x, y) of H, the subgraph of G induced by f^{−1}(x) ∪ f^{−1}(y) is • a perfect matching if and only if f is locally bijective, • a matching iff f is locally injective, • a bipartite graph without isolated vertices iff f is locally surjective. For a finite connected graph F we define the universal cover T_F as the only (possibly infinite) tree which allows a locally bijective homomorphism T_F^B−→ F . The vertices of T_F can be represented as walks in F starting in a fixed vertex u that do not traverse the same edge in two consecutive steps.

Edges in T_F connect those walks that differ in the presence of the last edge. The mapping f_0 : T_f^B−→ F sending a walk in V (T_F ) to its last vertex is a locally bijective homomorphism.

It was shown in [11] that if a connected graph G partially covers a connected graph H, then a locally injective homomorphism g^′ : T_G^I−→ T_H can be derived from any homomorphism g : G^I−→ H. Moreover, the same construction provides a locally surjective homomorphism g^′ : T_G^S−→ T_H from a homomorphism g : G^S−→ H.

In the sequel we consider all isomorphism classes of connected simple graphs. We assume that each of these classes is represented by one of its elements, and these representatives form the set C, called the set of connected (unlabeled) graphs.

3 Homomorphism-induced orders

It is well known that graph homomorphisms define a quasiorder on the class of all graphs, which can be factorized into a partial order (for an overview of these results see e.g. recent monograph [13]).

We show that a similar interesting structure exists on the class of connected graphs C for locally constrained homomorphisms. For this purposes we will view^B−→,^I−→ and^S−→ as binary relations on C, denoted by (C,^∗−→) if necessary, where ∗ will indicate the appropriate local constraint.

3.1 Partial orders on graphs

We first show that (C,^∗−→) is a partial order for any of the three local constraints ∗ = B, I, S:

Observe first that for any G ∈ C the identity mapping i : G → G clarifies that all three relations^∗−→ are reflexive.

Also for any kind of the local constraint, the composition of two graph homomorphisms is a graph homomorphism of the same sort (composition of two local bijections is a local bijection, etc.) Hence each^∗−→ is also transitive.

Proposition 2 ([11]) If G allows a locally injective and also a locally surjective homomorphism to the same connected graph H, then both these homomorphisms are locally bijective.

Finally, for G, H ∈ C suppose that f : G^∗−→ H, g : H^∗−→ G, where f, g and consequently also f ∘ g : G^∗−→ G are all of the same local constraint.

But the identity mapping assure also G^B−→ G, hence f ∘g, and consequently f and g are graph isomorphisms. As G ≃ H we get that all three relations are antisymmetric.

We note here that the antisymmetry of^I−→ was proved by an iterative proof in [17] in a different setting.

Proposition 3 All three relations (C,^B−→), (C,^I−→) and (C,^S−→) are partial orders.

In view of Proposition 2 we can conclude: (C,^B−→) = (C,^I−→) ∩ (C,^S−→) 3.2 Degree partitions and their matrices

During studying locally bijective homomorphisms, it was shown that the notion of degree partition and the associated degree refinement matrices provide a necessary condition for the existence of such a mapping. Moreover, these matrices are computable in polynomial time, so this condition can be tested in polynomial time as well. (This among others imply that the H-PCover problem is NP-complete whenever the corresponding H-Cover problem is NP-complete [9].)

These notions are based on the property of locally bijective homomorphisms (originally graph isomorphisms) that these mappings maintain vertex degree and this property propagates also on the neighborhood of any vertex.

Definition 2 The degree partition of a graph G is a partition of the vertex set V_G into the disjoint sets B = {B_1, . . . , B_k}, called blocks such that whenever two vertices u and v belong to the same block B_i, then for any j ∈ {1, . . . , k} it holds |N(u) ∩ B_j | = |N(v) ∩ B_j | = m_{i,j} . The matrix M^B such that (M^B)_{i,j} = m_{i,j} is called degree partition matrix for B.

Observe that the incidence matrices appear as a special kind of degree partition matrices. Moreover, for any graph, the degree partition with the minimum number of classes is unique upto a permutation of its classes. Such a partition can be computed (in O(n^3) time) by the following iterative procedure:

Algorithm for minimal degree partition Input: A graph G Output: The minimal degree partition B

0. Set B^0 = {B^0_1 } = {V_G}, t = 1.

1. For each vertex u compute the degree vector −−→ d(u) := ( |N(u) ∩ B^t_1|, |N(u) ∩ B^t_2|, . . . ) . 2. Set t := t + 1 and define the new partition B^t of V_G such that

– u, v ∈ B^t_i if and only if −−→ d(u) = −−→ d(v), – u ∈ B^t_i , v ∈ B^t_i′ i ≤ i^′ if and only if −−→ d(u) ≤_{Lex} −−→ d(v), where ≤_{Lex} is the lexicographic order on integer sequences.

3. If B^t = B^{t−1} then set B = B^t and stop,

otherwise continue by the step 1.

As a side-effect the procedure provides also an unique canonical ordering of the blocks and in the rest we assume that the blocks of any minimal partition B are ordered in this manner The unique matrix drm(G) = M^B is then called the degree refinement matrix of G.

Clearly each degree partition matrix is symmetric in the sense that symmetric entries are either both zero or both non-zero. On the other hand for no such a matrix is a degree refinement matrix. E.g. the degree partition

matrix ( 0 k k 0 ) with k ≥ 1, describes bipartite k-regular graphs, but the

degree refinement matrix of this class is the 1 × 1 matrix (k).

The test whether a given matrix M is a degree refinement matrix, i.e. whether there exists a graph G and its minimal degree partition B s.t. M = M^B = drm(G), can be resolved in polynomial time by an algorithm similar for computing the minimal degree partition. Assume that the given matrix M is of order k. We will introduce a row partition R = {R_1, R_2, . . . } of the set of row indices {1, 2, . . . , k}, which will imitate the degree partition B of the vertex set V_G of a possible graph G with that degree refinement matrix.

Algorithm constructing degree refinement matrix Input: A degree partition matrix M Output: A degree refinement matrix M^′, which encode the same class of graphs as M.

0. Set R^0 = {R^0_1} = {1, . . . , k}, t = 1.

1. For each row r = 1, . . . , k compute the row-degree vector −−→ d(r) := (∑ i∈R^t_1 mr,i, ∑ i∈R^t_2 mr,i, . . . ) . 2. Set t := t + 1 and define the new partition R^t of {1, . . . , k} such that

– r, s ∈ B^t_i if and only if −−→ d(r) = −−→ d(s), – r ∈ B^t_i , s ∈ B^t_i′ i ≤ i^′ if and only if −−→ d(r) ≤_{Lex} −−→ d(s),

3. If R^t = R^{t−1} then set M^′ = −−→ d(r) : r ∈ R^t_1 −−→ d(r) : r ∈ R^t_1 . . and stop,

otherwise continue by the step 1.

Clearly, for any graph G allowing a (possibly non-minimal) degree partition B with matrix M, and any vertex u belonging to a class B_r in any time interval t the degree vector of and the associated row-degree vectors are equal: −−→ d(u) = −−→ d(r). Let us note, that for a given matrix M it would not be worth to try to construct implicitly a graph G, such that drm(G) = M, since even for M = (k), such smallest G is the complete graph on k+1 vertices, and its size is exponential in the size of M if k is encoded in binary. On the other hand (i.e. if the exponential space and time is not an issue), given an positive integer-valued matrix M with all zeros placed symmetrically around the diagonal, a graph G and and its degree partition B with associated matrix M can be constructed on at most n = lcm({m_{i,j} : m_{i,j} ≠ 0, i ≠ j} ∪ {m_{i,i} + 1}) vertices. (We leave this simple assertion as an exercise.)

3.3 Derived orders on matrices

Let us recall here a folklore fact that (e.g. proved explicitly in a wider context in [16]) a locally bijective homomorphism from a graph G to a graph

H may exists only if G and H have the same degree refinement matrix:

Theorem 4 ([16]) Two finite connected graphs G and H have a common degree refinement matrix if and only if they share a common finite cover as well as iff their universal covers are isomorphic.

In view of this theorem we can define the universal cover T_M associated with a degree refinement matrix M as the universal cover T_G = T_M of any graph G s.t. drm(G) = M.

Observe that the symmetric and transitive closure of the partial order B−→ is an equivalence relation whose classes can be naturally represented by degree refinement matrices. Speaking in the negative manner, whenever two graphs have different representatives (i.e. matrices), no locally bijective homomorphism can exist.

The above observation lead Jan Arne Telle to ask whether the other two kinds of locally constrained homomorphisms would be conditioned by the existence of a well defined relation (e.g. a nontrivial partial order) on the degree refinement matrices. Here we prove, that such a relation exists and moreover, that it is a partial order.

Definition 3 Denote by M the set of all degree refinement matrices of connected graphs and define three relations^B−→,^I−→, and^S−→ resp., on M, where for two matrices M, N ∈ M holds M^∗−→ N if there exist finite graphs G and H such that M = drm(G) and N = drm(H), where G^∗−→ H for the appropriate local constraint.

As stated above (M,^B−→) is a trivial order where no distinct element are comparable. For the other two relations, the reflexivity of the relation follows straightforwardly from existence the identity mapping on any underlying graph (where at least one must exist to assert the membership of the matrix in M).

The other two properties would require more effort: For proving antisymmetry we involve again the notion of universal cover. Assume (according to the definition) that M^I−→ N and N^I−→ M, where the locally injective homomorphism f : G_1^I−→ H_1 justifies the first comparison and g : G_2^I−→ H_2 the second. But f^′ : T_M^I−→ T_N is a locally injective homomorphism between the associated universal covers as well as the derived mapping g^′ : T_N^I−→ T_M . As in the previous section we get that f^′ ∘ g^′ is an automorphism of T_M , then the universal covers T_M and T_N are isomorphic and hence M = N due to Theorem 4.

The antisymmetry of^S−→ can be proven according to exactly same arguments: By the composition of the derived homomorphisms we get that the universal covers T_N and T_M are isomorphic, and hence both correspond to the same matrix.

For the transitivity property of^I−→ assume that M^I−→ N and N^I−→ Q and let locally injective homomorphisms f : G_1^I−→ H_1 witnesses the first and g : G_2^I−→ H_2 the second relation, where all four graphs are finite a connected. If H_1 = G_2 then the composition f ∘ g would justify M^I−→ Q. If this is not the case, we can only relay on the fact that H_1 and G_2 share the same degree refinement matrix. Now the transitivity property of^I−→ follows from the construction established in the next lemma.

Lemma 5 Let for finite connected graphs G_1, G_2, H_1, H_2 hold that G_1^I−→ H_1 and G_2^I−→ H_2 where H_1 and G_2 share the same degree refinement matrix. Then there exists a finite connected graph F such that F^I−→ H_2 and F^B−→ G_1.

The same assertion can be proved also for the order^S−→ with exactly same arguments, the only difference is that the preimage in G_1 of any edge (x, y) ∈ E_{H1} is a spanning bipartite graph, and the same holds also for the preimage of any corresponding (x_i, y_j ) ∈ E_F ′ in F .

Hence we can conclude:

Theorem 6 All the three relations (M,^B−→), (M,^I−→) and (M,^S−→) are partial orders and moreover (M,^B−→) = (M,^I−→) ∩ (M,^S−→) = (M, {(M, M) : M ∈ M}). Corollary 7 For an arbitrary kind of local constraint ∗ = B, I, S the order (M,^∗−→) arises as a factor of the order (C,^∗−→), when we unify the graphs that have the same degree refinement matrices.

Finally let us note that any partial covering projection G^I−→ H can be extended to a full covering projection G^{′ B}−→ H where G ⊆ G^′. This yields an alternative definition of the order (M,^I−→):

Observation 8 For any pair of matrices M, N ∈ M it holds M^I−→ N if and only if there exists graphs G and H with degree refinement matrices M and N, resp. such that G is a subgraph of H.

Similarly, for universal covers hold that

Theorem 9 For any degree refinement matrices M, N ∈ M it holds that M^I−→ N if and only if T_M ⊆ T_N , and similarly M^S−→ N iff T_N ⊆ T_M .

References

[1] Abello, J., Fellows, M. R., and Stillwell, J. C. On the complexity and combinatorics of covering finite complexes. Australian Journal of Combinatorics 4 (1991), 103–112.

[2] Angluin, D. Local and global properties in networks of processors.

In Proceedings of the 12th ACM Symposium on Theory of Computing (1980), 82–93.

[3] Angluin, D., and Gardiner, A. Finite common coverings of pairs of regular graphs. Journal of Combinatorial Theory B 30 (1981), 184–187.

[4] Biggs, N. Constructing 5-arc transitive cubic graphs. Journal of London Mathematical Society II. 26 (1982), 193–200.

[5] Bodlaender, H. L. The classification of coverings of processor networks. Journal of Parallel Distributed Computing 6 (1989), 166–182.

[6] Hell, P., and Nesetril, J. On the complexity of H-colouring. Journal of Combinatorial Theory, Series B, 48 (1990), 92–110.

[7] Fiala, J., Heggernes, P., Kristiansen, P., and Telle, J. A.

Generalized H-coloring and H-covering of trees. In Graph-Theoretical Concepts in Computer Science, 28th WG ’02, Český Krumlov (2002), no. 2573 in Lecture Notes in Computer Science, Springer Verlag, pp. 198–210.

[8] Fiala, J., and Kratochvíl, J. Complexity of partial covers of graphs. In Algorithms and Computation, 12th ISAAC ’01, Christchurch, New Zealand (2001), no. 2223 in Lecture Notes in Computer Science, Springer Verlag, pp. 537–549.

[9] Fiala, J., and Kratochvíl, J. Partial covers of graphs. Discussiones Mathematicae Graph Theory 22 (2002), 89–99.

[10] Fiala, J., Kratochvíl, J., and Kloks, T. Fixed-parameter complexity of λ-labelings. Discrete Applied Mathematics 113, 1 (2001), 59–72.

[11] Fiala J., and Maxová, J. Cantor-Bernstein type theorem for locally constrained graph homomorphisms. manuscript 2003.

[12] Fiala, J., and Paulusma, D. The computational complexity of the role assignment problem. In Automata, Languages and Programming, 30th ICALP ’03, Eindhoven, The Netherlands, (2003), no. 2719 in Lecture Notes in Computer Science, Springer Verlag, pp. 817–828.

[13] Hell, P., and Nešetřil, J. Graphs and Homomorphisms. Oxford University Press, 2004.

[14] Kratochvíl, J., Proskurowski, A., and Telle, J. A. Covering regular graphs. Journal of Combinatorial Theory B 71, 1 (1997), 1–16.

[15] Kristiansen, P., and Telle, J. A. Generalized H-coloring of graphs. In Algorithms and Computation, 11th ISAAC ’01, Taipei, Taiwan (2000), no. 1969 in Lecture Notes in Computer Science, Springer Verlag, pp. 456–466.

[16] Leighton, F. T. Finite common coverings of graphs. Journal of Combinatorial Theory B 33 (1982), 231–238.

[17] Nešetřil, J. Homomorphisms of derivative graphs. Discrete Mathematics 1, 3 (1971), 257–268.

Uniform Abelian Group Labels on Hamiltonian Cycles

John Gimbel Mathematical Sciences, P.O. Box 756660, University of Alaska, Fairbanks, Alaska, 99775 U.S.A.

We consider labeling edges of graphs with elements from abelian groups. Particular attention is given to graphs where the labels on any two hamiltonian cycles sum to the same value. We find several characterizations for such labelings for cubes, complete graphs and complete bipartite graphs. This extends work done in a variety of places, where the group under consideration is the integers with standard addition.

Let G be a graph of order n. By group we shall mean an abelian group. We shall let (A, +) represent an arbitrary group. Given x ∈ A let 2x represent x + x. We shall refer to 2x as twice the value of x. We shall say y is even if it is twice the value of some group element. A vertex labeling of G is a mapping from V (G) into A. An edge labeling is defined similarly. When clarity allows, we will refer to an edge labeling simply as a labeling. An edge labeling γ is induced by a vertex labeling α if γ(uv) = α(u) + α(v), for each edge uv. We will say a labeling is induced if it is induced by some vertex labeling. Given a labeled graph G, the weight of G, denoted ω(G), is the sum of the edge labels. This term will often be applied to edges in a subgraph. Given a labeled graph G, if we speak of a subgraph H we will mean that H is labeled with the labeling on E(G) restricted to E(H). We wish to study labelings which have the property that given any pair of hamiltonian cycles, the cycles have the same weight.

Let us say a labeling is hamilton-stable if every pair of hamiltonian cycles has the same weight. Suppose the vertices of a circuit appear sequentially as v_1, v_2, . . . , v_k . We shall represent the circuit as (v_1, v_2, . . . , v_k). At times it will be important to similarly represent a circuit by sequentially listing its edges e.g. (e_1, e_2, . . . , e_k). In a graph labeled by γ, an even circuit (e_1, e_2, . . . , e_k) is balanced if γ(e_1) − γ(e_2) + . . . − γ(e_k) = 0. A labeling γ is C_4-balanced if each 4-cycle is balanced. Let us say an odd cycle (e_1, e_2, . . . , e_k) is even if γ(e_1) − γ(e_2) + γ(e_3) − γ(e_4) + . . . + γ(e_k) is even. If the labels on any pair of k-factors have the same weight, we will say the labeling is k-stable. Thus, if a labeling is 2-stable then it is hamilton-stable. This leads us to define the following problem.

HAMILTON STABLE Instance: A labeled graph G. Question: Is G not hamilton-stable?

Theorem 1 The Hamilton Stable problem remains NP-complete when restricted to integer labeled graphs that are planar, cubic, 3-connected and have face girth at least five.

Observation 2 Given r and s where 1 ≤ s ≤ r, a labeling of an r-regular graph is s-stable if and only if it is (r − s)-stable.

Let Q_n denote the n-dimensional cube.

Theorem 3 A labeling of Q_n is induced if and only if it is C_4-balanced.

A proof is by induction on the dimension.

A 3-cube may be hamilton-stable yet fail to be C_4-balanced. Our next result shows that for larger dimensions, this is not the case.

Theorem 4 For n ≥ 4, a labeling of Q_n is C_4-balanced if and only if it is hamilton-stable.

Thus, while being hamilton-stable is a global property, it is equivalent to a local property.

Theorem 5 A labeling of Q_3 with elements from the real numbers is hamiltonstable if and only if it is C_4-balanced.

Theorem 6 If a labeling of Q_n is 1-stable then it is hamilton-stable.

Theorem 7 For n ≥ 4 and k fixed between 1 and n − 1, a labeling of Q_n is hamilton-stable if and only if it is k-stable.

Similar results can be stated for complete and complete bipartite graphs. However, the proofs are somewhat different.

The circular chromatic index of graphs of high girth

Daniel Král’ (Charles University, Prague), joint work with Tomáš Kaiser (University of West Bohemia, Pilsen) Riste Škrekovski (University of Ljubljana, Ljubljana) Xuding Zhu (National Sun yat-sen University, Kaohsiung)

Colorings of graphs form a prominent topic in graph theory. Several relaxations of usual colorings have been introduced and intensively studied. In this talk, we focused on circular colorings of line graphs. A proper circular k-edge-coloring, for a real k ≥ 1, is a coloring by real numbers from the interval ⟨0, k) such that the difference modulo k of the colors γ_1 and γ_2 assigned to incident edges is at least one, i.e., 1 ≤ |γ_1 − γ_2| ≤ k − 1.

A classical theorem of Vizing states that the edges of every graph G with maximum degree D can be colored by at most D + 1 colors so that no two incident edges have the same color, i.e., the chromatic index of G is at most D + 1. We show that for every ε > 0, there exists g such that the circular chromatic index of a graph G with maximum degree D whose girth is at least g does not exceed D + ε. Note that the circular chromatic index must be at least D because the line graph of such graph G contains a clique of order D. A key ingredient of our proof is recent results on systems of independent representatives and hypergraph matchability of Aharoni, Haxell, Meshulam and others.

Our research has been motivated by a conjecture of Jaeger and Swart 1979 that high girth cubic graphs have chromatic index three, which was disproved by Kochol in 1996. Our results imply that the conjecture is true when relaxed to circular colorings: the circular chromatic index of high girth cubic graphs is close to three.

At the end of the talk, we posed several open problems and questions including the following ones:

• Can the assumption that the girth of a graph G is high be replaced by a weaker assumption that its odd girth is high?

• What is the least g such that circular chromatic index of every cubic bridgeless graph of girth at least g is at most 5/2?

For the latter problem, the best upper bound on g which we know is 14.

Reptile Simplices Could Help the Net Police But Probably They Do Not Exist

Jiří Matoušek

A simplex S is called an m-reptile if it can be tiled without overlaps by simplices S_1, S_2, . . . , S_m that are all congruent and similar to S. The only m-reptile d-simplices that seem to be known for d ≥ 3 have m = k^d , k ≥ 2. We prove, using eigenvalues, that there are no 2-reptile simplices of dimensions d ≥ 3. This investigation has been motivated by a probabilistic packet marking problem in theoretical computer science, introduced by Adler in 2002.

Comments on the Erdős-Turán conjecture

Jaroslav Nešetřil Joint work with Oriol Serra

Abstract

An old conjecture of Erdős and Turán states that the representation function of an additive basis can not be bounded. We survey some of the main results related to this conjecture.

Let (G, ∗) be a semigroup and X ⊂ G. A subset A ⊂ X is a basis of X if X ⊂ A ∗ A. When X is an infinite set, a subset A is an asymptotic basis if X \ (A ∗ A) is finite.

For g ∈ G we denote by r_A(g) the number of pairs (a, a^′) ∈ A × A such that g = a ∗ a^′. We call r_A the representation function of A in (G, ∗).

Given a positive integer k, we say that X has the k-Erdős-Turán property ET (k) if, for any base A of X, there is an element x ∈ X with r_A(x) ≥ k. We say that X has the Erdős-Turán property ET if it has ET (k) for every k ∈ N . A famous conjecture of Erdős and Turán [5] formulated in 1941 states that the set of positive integers with addition has the ET property.

Here we survey some of the main results connected to this conjecture. Even if the conjecture is originally formulated for sets which are additive basis, it can be easily shown that sets with large density do have unbounded representation functions, regardless of them being a basis.

Erdős [1] proved in 1964 that (N , ·) does have the ET property. Nešetřil and Rödl [8] gave a simple proof of this result by using Ramsey Theorem. Puš [10] extended this result by showing that a semigroup with an infinite set of primes and a finite number of units has the ET property.

A broader view of the problem can be taken by considering more general binary operations. We can for example show that direct sums of lattices do have the ET property. In particular, the family of finite sets of a countable set with union or intersection do have the ET property. The proof goes along the lines of Neštřil-Rödl method.

As another application of this method, the conjecture was proved to be true for the class of so-called d-bounded additive basis of N . We discuss this application to the original problem and some possible limitations of the method for this case.

On the negative side, it is known that the group of integers with addition has basis with unique representation (up to commutativity), a result which can be extended to any abelian free group. Ruzsa [11] shows that, for any prime p, there are bases of Z_p × Z_p whose representation function is bounded by 18. This result has been recently extended by Haddad and Helou [6] by showing that the class of cyclic groups does not have the ET -property. These authors also show that vector spaces over finite fields of odd characteristic or algebraic closed fields do not have the ET –property.

References

[1] P. Erdős, On the multiplicative representation of integers, Israel J. Math.

2 (1964), 251–261.

[2] P. Erdős, Problems and results in additive number theory, Colloque sur la Theorie des Nombres (CBRM), Bruxelles, 1956, 127–137.

[3] P. Erdős, R.L. Graham, Old and New Problems and Results in Combinatorial Number Theory, LEnseignement Math. 28 (1980), 128 pp.

[4] P. Erdős, Some applications of Ramsey’s theorem to additive number theory, European. J. Combin. 1 (1980) 43–46.

[5] P. Erdős and P. Turán, On a problem of Sidon in additive number theory and some related problems, J. London Math. Soc. 16 (1941), 212–215.

[6] L. Haddad and C. Helou, Bases in Modular an additive Groups, preprint (2004).

[7] M. Nathanson, The inverse problem for representation functions of additive basis, in Number Theory: New York Seminar 2003, Springer, 2004, 253–262.

[8] J. Nešetřil and V. Rödl, Two proofs in Combinatorial Number Theory, Proc. Am. Math. Soc. 93 1 (1985), 185–188.

[9] J. Nešetřil and O. Serra, The Erdős-Tuán property for a class of bases.

Acta Arith. 115 (2004), no. 3, 245–254.

[10] V. Puš, On multiplicative bases in commutative semigroups. European J. Combin. 13 (1992), no. 3, 201–211.

[11] I. Z. Ruzsa, On a just basis, Monatsh. Math. 109 no. 2, (1990), 145–151.

Perfect Matching Preservers

(Extended Abstract)

Ondřej Pangrác Joint work with Martin Loebl

A subset M ⊆ E(G) of the edge set of a graph G is called a matching if no two edges in M have a vertex in common. A matching M is called a perfect matching if each vertex of G is incident with one edge in M. A graph G is k-extendable, where k is an integer, if every matching in G of size at most k can be extended to a perfect matching in G.

In this note we characterize the bipartite graphs which have the same perfect matchings. We will achieve it by a full description of matching preservers defined as follows: A bijection ψ : E(G) → E(G^′) is called a matching preserving mapping, or a matching preserver, if M ⊆ E(G) forms a perfect matching in G if and only if ψ(M) does in G^′. The question of the existence of matching preservers arise from the theory of permutation linear preservers and our result answers the conjecture of Brualdi (R. Brualdi: Linear Preservers and Diagonal Hypergraphs. Linear Alg. Applics., to appear) on the structure of permanent preserving permutation linear operators on coordinate subspaces.

If G is bipartite then we say that a twist is a bitwist if the corresponding vertices u, v belong to different parts of G. It is easy to observe that bitwists do not preserve only circuits but also perfect matchings. In the language of bipartite graphs, the conjecture of Brualdi can be stated as follows.

Conjecture 1 Let G and G^′ be two bipartite 1-extendable graphs and let ψ : E(G) → E(G^′) be a matching preserver. Then there is a sequence of bitwists of G resulting in a graph isomorphic to G^′ and ψ is induced by this isomorphism.

We show that this is not true: one more operation is needed to describe matching preservers.

Let G be a 2-connected bipartite graph and G_1, G_2, G_3 be subgraphs of G and let a_i, b_i be vertices of G_i both from the same part of G_i, i = 1, 2, 3.

Further let G be obtained from a disjoint union of G_1, G_2, G_3 by identifying pairs b_1, a_2; b_2, a_3 and b_3, a_1. Then we can define bitransposition as follows: Let G^′ be a graph obtained from a disjoint union of G_1, G_2, G_3 by identifying pairs b_1, a_3; b_2, a_1 and b_3, a_2. The graph G^′ is said to be obtained from G by bitransposition of G_1 and G_2. The operation of bitransposition also preserves both circuits and perfect matchings.

Theorem 1 Let G and G^′ be two bipartite 1-extendable graphs and let ψ : E(G) → E(G^′) be a matching preserver. Then there is a sequence of bitwists and bitranspositions of G resulting in a graph isomorphic to G^′ and ψ is induced by this isomorphism.

Prisms, why, how and what

Moshe Rosenfeld^1

Abstract A brief history of prisms over graphs and the Prague summer workshops.

1 Before the summer workshops...

The prism over a graph G is the Cartesian product G□K_2 of G with the complete graph K_2. In plain words, we take two disjoint copies of a graph G and add a perfect matching that matches a vertex in G with its clone in the other copy. Initially, my study of prisms was motivated by D. Barnette’s conjecture that all simple 4-polytopes are Hamiltonian (these are certain 4-regular, 4-connected graphs). Prisms over simple 3-polytopes (planar, 3-connected cubic graphs) are examples of simple 4-polytopes. In 1973 [19] we observed that if G is the graph of a simple 3-polytope and the 4 color conjecture is true then the prism over G is Hamiltonian. After the establishment of the 4-color theorem, we carried this study further. In 1978 while visiting Simon Fraser University, B. Alspach and I [1] observed that not only the prisms over certain cubic graphs are Hamiltonian but actually they can be decomposed into two disjoint Hamiltonian cycles. We conjectured that the prisms over all cubic, 3-connected graphs can be decomposed into two disjoint Hamiltonian cycles. This conjecture is still open.

2 Prague summer workshops

I presented the decomposition conjecture in the Prague 2001 summer workshop. Immediately following the workshop, together with R. Čada, T. Kaiser and Z. Ryjáček [6] we proved that prisms over 3-connected, cubic, bipartite planar graphs have a Hamiltonian decomposition.

3Computing and Software Systems Program, University of Washington, Tacoma, Washington 98402, USA. E-mail: moishe@u.washington.edu.

In the 2002 summer workshop, just before the floods, we noted a close connection between prisms and Hamiltonian cycles and paths in graphs.

The hunt for Hamiltonian cycles in graphs precedes Graph Theory by hundreds of years. The famous knight’s tour problem on a chess board, a search for a Hamiltonian path or cycle in a graph of order 64 can be traced back to 840 AD. Its first mathematical formulation, or more precisely, the first mathematical paper on the subject was the paper by L. Euler [12] in 1759. Officially, the notion of Hamiltonian cycle was introduced almost a 100 years later by Hamilton. Thus the mathematical gestation period (the time elapsed from its first mathematical appearance to the formal introduction of the concept) of Hamiltonian cycles is about 100 years. George Jelliss’ web site http://www.ktn.freeuk.com/ is full of gems on the history and current affairs of the knight’s tour.

Nowadays we are flooded by theorems, conjectures, refuted conjectures, web sites all devoted to finding Hamiltonian cycles in graphs. The search for Hamiltonian cycles can be broken roughly into three categories:

• Specific graphs, such as the knight’s tour or I. Havel’s “mid cube” graph, Kneser graphs and many more.

• If G has property P then G is Hamiltonian.

• Find long cycles in graphs.

The long search for Hamiltonian cycles has left us with many theorems, intricate constructions, conjectures, some refuted and many still open (not surprisingly the difficult ones). The vast list of theorems, open problems, conjectures and counter examples can be easily found in the numerous survey papers on Hamiltonian cycles such as Ron Gould’s recent survey [14], Adrian Bondy’s [4] a quarter century earlier and many more.

As the remaining problems on Hamiltonian cycles are tough, the tough search for alternative problems. Various approaches have been adopted by researchers to modify the Hamilton cycle (or path) and search for closely related structures in graphs. Researchers are also trying to develop measures of “closeness” to Hamiltonicity. An excellent natural example of such a measure was proposed by B. Jackson and N. Wormald [16].

A Hamilton cycle is a spanning closed walk that visits each vertex exactly once and a Hamiltonian path is a spanning tree of maximum degree 2. It is then very natural to explore the following modifications:

Instead of searching for a Hamilton cycle in a graph, search for a spanning, closed walk in which every vertex is visited at most twice (or k times).

Instead of searching for a Hamilton path, look for a spanning tree of maximum degree 3 (or more). We call these spanning structures k-walks and k-trees respectively.

It is not hard to show that any graph with a k-tree has a k-walk, and that the existence of a k-walk guarantees the existence of a (k + 1)-tree (see [16]). This creates the following hierarchy among families of graphs:

1-walk (Hamilton cycle) ⇒ 2-tree (Hamilton path) ⇒ 2-walk ⇒ 3-tree ⇒ . . .

This hierarchy provides a natural setting for defining closeness to being Hamiltonian. For more information on k-walks, k-trees and related topics refer, e.g., to [10].

In 2002 we observed that having a Hamiltonian prism is ‘sandwiched’ between the existence of a 2-tree and the existence of a 2-walk. That is:

2-tree ⇒ Hamiltonian prism ⇒ 2-walk (1)

and all of the implications are sharp. This means that having a Hamiltonian prism is “closer” to Hamiltonian than having a closed 2-walk. This observation naturally led us to revisit and consider many theorems and conjectures on Hamiltonian cycles and paths. As am example, consider the following sequence of proofs: D. Barnette [2] proved in 1966 that planar 3-connected graphs have a spanning 3-tree. Gao and Richter [13] improved Barnette’s result. They proved that 3-connected planar graphs have 2-walks, or are even “closer” to Hamiltonian graphs. Are 3-connected planar graphs even closer to being Hamiltonian?

Conjecture 1 The prisms over 3-connected planar graphs are Hamiltonian.

Immediately following the workshop, we expanded our team and managed to show that certain families of graphs, such as Kleetopes, generalized Halin graphs, 2-connected line-graphs and others have a Hamiltonian prism [17]. Kleetopes are planar triangulations, but not all planar triangulations are Kleetopes. Probably the next step should be to prove that all 3-connected planar triangulations have Hamiltonian prisms. We are now considering more related questions. Nash-Williams [18] conjectured that 4-regular, 4-connected graphs are Hamiltonian. This was disproved by Meredith [5]. Since these graphs are Eulerian they have a closed 2-walk. Are these graphs closer than having a 2-walk to being Hamiltonian?

Conjecture 2 The prisms over 4-connected 4-regular graphs are Hamiltonian.

In 1973, Chvátal [8] stated the beautiful conjecture that every 2-tough graph is Hamiltonian. 27 Years later, in 2000, the conjecture was disproved by Bauer, Broersma and Veldman [3] by constructing non-Hamiltonian 9/4 − ε-tough graphs (for small ε). A weaker form of the conjecture, that there is a fixed k such that k-toughness implies Hamiltonicity, is still open. The construction from [3] was modified by Ellingham and Zha [11] who constructed (17/24 − ε)-tough graphs with no 2-walk. An upper bound for toughness that guarantees the existence of a 2-walk was also obtained in [11]: every 4-tough graph has a 2-walk. These are the best bounds available, but a conjecture from [16] states that the truth is much closer to the lower bound: namely that 1-tough graphs have a 2-walk. This would improve a result of Win [21] that all 1-tough graphs have a spanning 3-trees. Clearly, if G is t-tough then G□K_2 is 2t-tough. Thus if G has a Hamiltonian prism it must be^1_2 -tough. We were able to construct (9/8−ε)-tough graphs whose prisms are not Hamiltonian. These led us to the following conjecture:

Conjecture 3 If G is 2-tough then the prism over G is Hamiltonian.

The notorious ”middle two levels” problem (as Tom Trotter refers to it in his web site): “Let n = 2k+1 be an odd integer and consider the subset lattice consisting of all subsets of {1, . . . , 2k + 1}. The middle two levels consisting of the sets of size k and k + 1 form a bipartite graph. A k subset is connected by an edge to all k + 1 subsets that contain it. It is conjectured that this graph is Hamiltonian. Known to be true for n at most 15. The origins of this problem are not completely clear, but it was first posed to me by Ivan Havel in the summer of 1982. Havel in fact showed me a reprint in which the problem was posed. [15]”

Papers considering this problem proved existence of long cycles in the middle level graph e.g. [20] or constructed explicit complete factorization hoping that two disjoint 1-factors will produce the elusive Hamiltonian cycle. Days before the 2004 summer workshop, using the modular explicit factorization [9], we were able to show that the prism over the middle two levels graph is Hamiltonian. Other related graphs, such as the “odd graph”, the graph whose vertices are the k subsets of {1, . . . , 2k + 1} where two vertices (k-subsets) are connected by an edge if the two subsets are disjoint (also known as the Kneser Graph K(2k + 1, k)) so far resisted our attempts to prove that the prisms over these graphs are Hamiltonian. We conjecture:

Conjecture 4 The prisms over the Kneser Graphs K(2k+1, k) are Hamiltonian.

More generally, the Kneser Graphs K(n, k) are known to be Hamiltonian for n ≥ 3k [7]. We conjecture:

Conjecture 5 The prisms over the Kneser Graphs K(n, k) are Hamiltonian.

References

[1] B. Alspach and M. Rosenfeld, “On Hamilton decompositions of prisms over simple 3-polytopes”, Graphs Comb. 2 (1986) 1–8.

[2] D. Barnette, “Trees in polyhedral graphs”, Canad. J. Math. 18 (1966) 731–736.

[3] D. Bauer, H. J. Broersma and H. J. Veldman, “Not every 2-tough graph is Hamiltonian”, Discrete Appl. Math. 99 (2000) 317–321.

[4] A.J. Bondy, “Hamilton cycles in graphs and digraphs”, Congr. Numerantium bf 21, (1978) 3 - 28.

[5] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications (Macmillan, London, and Elsevier, New York, 1976).

[6] R. Čada, T. Kaiser, M. Rosenfeld and Z. Ryjáček, “Hamiltonian decompositions of prisms over cubic graphs”, Discrete Mathematics Vol. 286, (2004), 45 - 56 Preprint: ITI Series 2002-108,

http://iti.mff.cuni.cz/series/files/iti108ps.zip.

[7] Y-C. Chen, “Kneser Graphs are Hamiltonian for n ≥ 3k”, J. Combin.

Theory Ser. B. 80(1) (2000), 69–79.

[8] V. Chvátal, “Tough graphs and Hamiltonian circuits”, Discrete Math.

5 (1973) 215–228.

[9] D. Duffus, H. A. Kirstead and H. S. Snevily, “An explicit 1-factorization in the middle of the Boolean lattice”, J.C.T. Ser. A. 65 (1994), 334-342

[10] M. N. Ellingham, “Spanning paths, cycles, trees and walks for graphs on surfaces”, Congr. Numerantium 115 (1996) 55–90.

[11] M. N. Ellingham and X. Zha, “Toughness, trees, and walks”, J. Graph Theory 33 (2000) 125–137.

[12] L. Euler, “Solution d’une question curieuse qui ne paroit soumise aucune analyse”, Mmoires de l’Academie Royale des Sciences et Belles Lettres, Anne 1759, vol.15, pp.310-337, Berlin 1766.

[13] Z. Gao and R. B. Richter, “2-walks in circuit graphs”, J. Comb. Theory Ser. B 62 (1994) 259–267.

[14] R. Gould, “Advances on the Hamiltonian problem - a survey”, Graphs and Combinatorics, (2003) 7 - 52.

[15] I. Havel, “Semipaths in directed cubes” in Graphs and other combinatorial topics (Prague, 1982), 101–108, Teubner, Leipzig, 1983. MR 85e:05058

[16] B. Jackson and N. C. Wormald, “k-walks of graphs”, Australas. J.

Combin. 2 (1990) 135–146.

[17] T. Kaiser, D. Král, M. Rosenfeld, Z. Ryjáček and H.J. Voss, “Hamiltonian decompositions of prisms over cubic graphs”, Discrete Math., to appear.

[18] C. St. J. A. Nash-Williams, “Hamiltonian arcs and circuits”, in Recent trends in graph theory, Volume 185 of Lecture Notes in Math., (Springer, Berlin, 1971) 197–210.

[19] M. Rosenfeld and D. Barnette, “Hamiltonian circuits in certain prisms”, Discrete Math. 5 (1973) 389–394.

[20] I. Shields and C. D. Savage, “A Hamilton path heuristic with applications to the middle two levels problem”, Congressus Numerantium , Vol 140 (1999) 161-178.

[21] S. Win, “On a connection between the existence of k-trees and the toughness of a graph”, Graphs Comb. 5 (2) (1989) 201–205.

On the Regularity Method for

Hypergraphs

Mathias Schacht joint work with Brendan Nagle, Vojtěch Rödl, and Jozef Skokan

The Regularity Lemma of Szemerédi [22], proved to be a powerful tool in Combinatorics. This lemma states that all sufficiently large graphs can be approximated, in some sense, by random graphs. Since “random-like” graphs are often easier to handle than arbitrary graphs, the Regularity Lemma is especially useful in situations when the problem in question is easier to prove for random graphs.

Let G = (V, E) be a graph and A, B ⊆ V be a pair of disjoint sets of vertices of G. Denote by e(A, B) the number of edges of G between A and B. The density of the pair (A, B) is defined by d(A, B) = e(A, B)/(|A||B|). The pair is called ε-regular if for any A^′ ⊆ A, B^′ ⊆ B with |A^′| ≥ ε|A|, |B^′| ≥ ε|B|, we have |d(A, B) − d(A^′, B^′)| < ε. Theorem 1 (Szemerédi’s Regularity Lemma) For every ε > 0 there exist a T_0 such that the vertex set V (G) of any graph G can be partitioned into t ≤ T_0 classes V (G) = V_1 ∪ · · · ∪ V_t, so that all but εt^2 pairs (V_i, V_j ) are ε-regular.

Many applications of the Regularity Lemma are based on its accompanying Counting Lemma (see, e.g., [11, 12] for a survey).

Theorem 2 (Counting Lemma) If G is an ℓ-partite graph with V (G) = V_1 ∪ · · · ∪ V_ℓ and |V_i| = n for all i ∈ [ℓ], and all pairs (V_i, V_j ) are ε-regular of density d for 1 ≤ i < j ≤ ℓ, then G contains (1 ± f_ℓ(ε))d(^{ℓ2}) × n^ℓ cliques K_ℓ of order ℓ, where f_ℓ(ε) → 0 as ε → 0.

We discuss a generalization of Szemerédi’s Regularity Lemma from graphs to k-uniform hypergraphs, which allows us to prove an accompanying Counting Lemma. Unlike for graphs, there are several “natural ways” to define “regularity” for k-uniform hypergraphs. Consequently, various forms of a

Regularity Lemma for hypergraphs have been already considered in [1, 2, 4, 6, 15]. None of these Regularity Lemmas seemed to admit a companion counting result (i.e., a corresponding generalization of Theorem 2). The first attempt of developing a Hypergraph Regularity Lemma with a corresponding Counting Lemma was undertaken by Frankl and Rödl in [5] for 3-uniform hypergraphs. Recently, Rödl and Skokan [19] established a generalization of this Regularity Lemma to k-uniform hypergraphs for any k ≥ 3. Analogously to the feature that Szemerédi’s Regularity Lemma decomposes a given graph into an ε-regular partition, this Hypergraph Regularity Lemma decomposes the edge set of a given k-uniform hypergraph into constantly many “blocks”, almost all of which are, in a specific sense, “quasi-random”. The concept of hypergraph regularity which plays the analogous role of the ε-regular pair is, unfortunately, considerably more technical than its graph counterpart, and we cannot give the precise definitions here.

Just as Theorem 2, the Counting Lemma, is an important companion statement to Szemerédi’s Regularity Lemma, most applications of the Hypergraph Regularity Lemma from [19] require a similar companion lemma - the “general Counting Lemma”. Analogously to Theorem 2, the general Counting Lemma estimates the number of copies of the clique K^{(k)}_ℓ (i.e., the complete k-uniform hypergraph on ℓ vertices) contained in an appropriate collection of “dense and regular blocks” within a regular partition provided by the Hypergraph Regularity Lemma. Such a Counting Lemma was established for special cases (k = 3, ℓ > 3 and k = 4, ℓ = 5) in [5, 13, 18]. Recently, in [14] we succeeded to prove the general Counting Lemma for any ℓ > k ≥ 2, reducing it to an earlier result from [10]. This Counting Lemma together with the Hypergraph Regularity Lemma of [19] can be viewed as a generalization of the Regularity Method from graphs to uniform hypergraphs. A similar extension was independently obtained by Gowers [9].

These generalizations can be applied to several extremal hypergraph problems. In particular, answering a question of Erdős, Frankl, and Rödl [3], the following theorem was proved in [17] Theorem 3 Suppose an n-vertex k-uniform hypergraph H contains only o(n^ℓ) copies of K^{(k)}_ℓ . Then one can delete o(n^k) edges of H to make it K^{(k)}_ℓ -free.

It is known that this theorem can be used to give an alternative proof the well-known Density Theorem of Szemerédi [21] regarding the upper density of sets containing no arithmetic progression of fixed length (see [5, 17]). Moreover, it can also be used to derive combinatorial proofs to some of the density theorems of Furstenberg and Katznelson [7, 8] (see [9, 16, 20]).

References

[1] F. R. K. Chung, Regularity lemmas for hypergraphs and quasi-randomness, Random Structures Algorithms 2 (1991), no. 2, 241–252.

[2] A. Czygrinow and V. Rödl, An algorithmic regularity lemma for hypergraphs, SIAM J. Comput. 30 (2000), no. 4, 1041–1066 (electronic).

[3] P. Erdős, P. Frankl, and V. Rödl, The asymptotic number of graphs not containing a fixed subgraph and a problem for hypergraphs having no exponent, Graphs Combin. 2 (1986), no. 2, 113–121.

[4] P. Frankl and V. Rödl, The uniformity lemma for hypergraphs, Graphs Combin. 8 (1992), no. 4, 309–312.

[5] P. Frankl and V. Rödl, Extremal problems on set systems, Random Structures Algorithms 20 (2002), no. 2, 131–164.

[6] A. Frieze and R. Kannan, Quick approximation to matrices and applications, Combinatorica 19 (1999), no. 2, 175–220.

[7] H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for commuting transformations, J. Analyse Math. 34 (1978), 275–291 (1979).

[8] H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for IP-systems and combinatorial theory, J. Analyse Math. 45 (1985), 117–168.

[9] W. T. Gowers, Hypergraph regularity and the multidimensional Szemerédi theorem, manuscript.

[10] Y. Kohayakawa, V. Rödl, and J. Skokan, Hypergraphs, quasi-randomness, and conditions for regularity, J. Combin. Theory Ser. A 97 (2002), no. 2, 307–352.

[11] J. Komlós, A. Shokoufandeh, M. Simonovits, and E. Szemerédi, The regularity lemma and its applications in graph theory, Theoretical aspects of computer science (Tehran, 2000), Lecture Notes in Comput. Sci., vol. 2292, Springer, Berlin, 2002, pp. 84–112.

[12] J. Komlós and M. Simonovits, Szemerédi’s regularity lemma and its applications in graph theory, Combinatorics, Paul Erdős is eighty, Vol. 2 (Keszthely, 1993), Bolyai Soc. Math. Stud., vol. 2, János Bolyai Math. Soc., Budapest, 1996, pp. 295–352.

[13] B. Nagle and V. Rödl, Regularity properties for triple systems, Random Structures Algorithms 23 (2003), no. 3, 264–332.

[14] B. Nagel, V. Rödl, and M. Schacht, The counting lemma for regular k-uniform hypergraphs, manuscript.

[15] H. J. Prömel and A. Steger, Excluding induced subgraphs. III. A general asymptotic, Random Structures Algorithms 3 (1992), no. 1, 19–31.

[16] V. Rödl, M. Schacht, E. Tengan, and N. Tokushige, Density theorems and extremal hypergraph problems, manuscript.

[17] V. Rödl and J. Skokan, Applications of the regularity lemma for uniform hypergraphs, manuscript.

[18] V. Rödl and J. Skokan, Counting subgraphs in quasi-random 4-uniform hypergraphs, submitted.

[19] V. Rödl and J. Skokan, Regularity lemma for k-uniform hypergraphs, Random Structures Algorithms 25 (2004), no. 1, 1–42.

[20] J. Solymosi, Note on a question of Erdős and Graham, Combin. Probab. Comput.

13 (2004), no. 2, 263–267.

[21] E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta Arith. 27 (1975), 199–245, Collection of articles in memory of Juriĭ Vladimirovič Linnik.

[22] E. Szemerédi, Regular partitions of graphs, Problèmes combinatoires et théorie des graphes (Colloq. Internat. CNRS, Univ. Orsay, Orsay, 1976), CNRS, Paris, 1978, pp. 399–401.

Open problems of separoids

Ricardo Strausz strausz@math.unam.mx

A separoid is a set S endowed with a symmetric relation † ⊂

(_2S 2 ) defined on its pairs of disjoint subsets which is closed as a filter in the natural partial order induced by the inclusion. That is, if A, B ⊆ S then • A † B =⇒ A ∩ B = ∅, •• A † B & B ⊂ B^′ (⊆ S \ A) =⇒ A † B^′. The pair A † B is a Radon partition, each part (A and B) is a component and the union A ∪ B is the support of the partition. The separoid is acyclic if A † B =⇒ |A||B| > 0. Theorem 1 (Arocha et al. [1] and Strausz [2, 9]) Every finite separoid can be represented by a family of convex sets in some Euclidean space; that is, for every separoid S there exists a family of convex sets F = {C_i ⊆ IE^d : i ∈ S} such that, for A, B ⊆ S (∗) A † B ⇐⇒ ⟨C_a ∈ F : a ∈ A⟩ ∩ ⟨C_b ∈ F : b ∈ B⟩ ≠ ∅ (and A ∩ B = ∅), where ⟨·⟩ denotes the convex hull. Furthermore, if the separoid is acyclic, then such a representation can be done in the (|S|−1)-dimensional Euclidean space.

For the acyclic case, let S be identified with the set {1, . . . , n}. For each element i ∈ S and each pair A † B such that i ∈ A, let ρ^i_{A†B} be the point of IR^n defined by

ρ^i_{A†B} = e_i + 1 2 [ 1 |B| ∑ b∈B e_b − 1 |A| ∑ a∈A e_a ] , where {e_i} is the canonical basis of IR^n. Observe that all such points are in the affine hyperplane spanned by the basis. Now, each element i ∈ S is represented by the convex hull of all such points: i → C_i = ⟨ ρ^i_{A†B} : i ∈ A and A † B ⟩ .

From here, it is easy to prove (∗). •

Question 1 ¿Is there a geometric representation theorem for infinite separoids? Guess: YES.

The minimum dimension where the separoid S can be represented is the geometric dimension of S and it is denoted by gd(S). The (combinatorial) dimension d(S) is the minimum d such that every subset with d+2 elements is the support of a Radon partition. The separoid S is in general position if no d(S) + 1 elements are the support of a Radon partition. The separoid S is a point separoid if it can be represented by a family of points P ⊂ IE^d in some Euclidean space (cf. [3]).

Theorem 2 (Bracho & Strausz [4]) Let S be a separoid in general position. S is a point separoid if and only if d(S) = gd(S).

Marcos: The smallest non-point separoid S such that d(S) = gd(S).

Question 2 ¿Is there a polynomial-verifiable property of separoids Ψ which makes the following statement true: S is a point separoid if and only if Ψ(S) and d(S) = gd(S)? Guess: YES.

Given two separoids S and T , a mapping h: S → T is a homomorphism if the image of minimal Radon partitions are minimal Radon partitions; that is, for A, B ⊆ S,

A † B minimal =⇒ h(A) † h(B) minimal.

Theorem 3 (Nešetřil & Strausz [5]) The category of separoids endowed with homomorphisms is a universal category. That is, every category can be represented by an induced subcategory of separoids’ homomorphisms.

Question 3 ¿Is the subcategory of point separoids universal? Guess: NO.

The homomorphisms order of separoids is defined with the relation S ⪯ T ⇐⇒ ∃h: S −→ T, and identifying those separoids S and S^′ which S ⪯ S^′ and S^′ ⪯ S. A partially ordered set (X, ≤) is fractal if for each interval [x, y] := {z ∈ X : x ≤ z ≤ y} there exists a monotone and injective function ι: X → [x, y].

Theorem 4 (Nešetřil [6]) The homomorphisms order of graphs is fractal.

Question 4 ¿Is the homomorphisms order of separoids fractal? Guess: YES.

A pair of disjoint subsets A∩B = ∅ which are not a Radon partition, are said to be separated and denoted A | B. A mapping μ: S → T is a morphism if the preimage of separations are separations; that is, for C, D ⊆ T , C | D =⇒ μ^{−1}(C) | μ^{−1}(D). A morphism is a monomorphism if it is injective.

Theorem 5 (Strausz [8]) Let S be a d-dimensional separoid of order |S| = (k − 1)(d + 1) + 1. Suppose that in addition there exists a monomorphism μ: S −→ P into a d-dimensional point separoid P in general position. Then there exists a k-colouring ς : S → {1, . . . , k} such that each pair of chromatic classes are the components of a Radon partition; that is, 1 ≤ i < j ≤ k =⇒ ς^{−1}(i) † ς^{−1}(j). Question 5 ¿How far the additional hypothesis can be weakened —the hypothesis “∃μ . . . ”— while maintaining the conclusion of the previous Theorem? ¿Is there a purely combinatorial Tverberg-type theorem for separoids? Guess: Not much and. . . I do not know.

A morphism is an epimorphism if it is surjective. An epimorphism ς : S → T is a chromomorphism if the preimage of minimal Radon partitions are Radon partitions; that is, for C, D ⊆ T ,

C † D minimal =⇒ ς^{−1}(C) † ς^{−1}(D).

The complete separoid K_k is the separoid of k elements such that i † j, for all i, j ∈ K_k. The (k, d)-Tverberg number ϑ(k, d) is the minimum n such that all d-dimensional separoids of order at least n maps onto K_k with a chromomorphism; that is, ϑ(k, d) is minimal with the property |S| ≥ ϑ(k, d(S)) =⇒ ∃ς : S −→ K_k. Theorem 6 (Montellano et al. [7]) For all d > 0 and k > 2 it follows that (k − 1)(d + 1) + 1 < ϑ(k, d) < ( k 2 ) (d + 1) + 1.

Furthermore, for each d > 0 there exists a constant C_d such that for all k ≥ d + 2, ϑ(k, d) ≤ C_dk log k. Question 6 ¿Is it true that ϑ(k, d) ∈ O(kd)? ¿Can ϑ(k, d) be precisely determined? Guess: YES and. . . I do not know, I am working on that.

Metaproblem. Choose your favourite problem from graph theory and/or discrete geometry and generalise it to include all separoids. Now, solve it!

For instance:

¿Does the perfect separoids conjecture hold? ¿Does Erdős-Szekeres theorem hold for separoids?

¿Do visibility separoids have chromatic number bounded by a function of their clique number?

References

[1] J.L. Arocha, J. Bracho, L. Montejano, D. Oliveros, R. Strausz, Separoids, their categories and a Hadwiger-type theorem, Discrete & Computational Geometry 27 (2002), 377–385”.

[2] R. Strausz, On Radon’s Theorem and Representations of Separoids, ITI Series number 2003-118, submitted to Graphs and Combinatorics for the special volume in honour to Victor Neumann-Lara.

[3] J.J. Montellano-Ballesteros, R. Strausz, Counting polytopes via the Radon complex, Journal of Combinatorial Theory, Series A 106 (2004), 109–121.

[4] J. Bracho, R. Strausz Separoids and a characterisation of linear uniform oriented matroids KAM-DIMATIA Series number 2002-566,

Charles University at Prague, submitted to Journal of Combinatorial Theory, Series A as a note with the title ‘Separoids of points in general position’

[5] J. Nešetřil, R. Strausz, Universality of Separoids, submitted.

[6] J. Nešetřil, The homomorphism structure of classes of graphs, in Recent Trends in Combinatorics, Győry, E. and Sós, Vera T., Cambridge University Press (2001), 177–184.

[7] J.J. Montellano-Ballesteros, A. Pór, R. Strausz, Tverberg-type theorems for separoids, submitted to Discrete & Computational Geometry.

[8] R. Strausz, Representations of Separoids and a Tverberg-type problem, in IX. Midsummer Combinatorial Workshop, Prague 2002, M. Mareš (ed.). KAM-DIMATIA Series number 2004-686, Charles University at Prague (2004), 42–51.

[9] R. Strausz, Ricardo, On Separoids Ph.D. thesis, Universidad Nacional Autónoma de México (2004).

Weak Pentagon Problem or On a Certain 5-Edge-Coloring

Robert Šámal Joint work with Matt J. DeVos^{∗†}

Abstract

We prove that edges of a cubic graph of girth at least 16 can be 5-colored so that the complement of any color class is bipartite (see Fig. 1). Equivalent formulation is that any such graph admits a homomorphism to the Clebsch graph (see Fig. 2). This is an approach to the Pentagon Conjecture; it also provides a coloring version of results of [1] and [5] on the size of maximal bipartite subgraph.

For a graph G let MAXCUT(G) be the maximum number of edges in a bipartite subgraph of G, we normalize and write b(G) = MAXCUT(G) |E(G)| . It is an easy exercise to show that b(G) ≥ 1/2 for any graph G and b(G) ≥ 2/3 when G is cubic, that is 3-regular graph. The former inequality is almost attained by a large complete graph, the latter is attained for G = K_4: any triangle contains at most two edges from any bipartite subgraph, and every edge of K_4 is in the same number of triangles. This shows triangle has a special role and rises a natural question to determine b(G) for a (cubic) G that contains no triangle, or perhaps even no short circuits. In 1980’s several authors independently considered this problem ([5], [1], [11], . . . ); the strongest results being

∗Institute for Theoretical Computer Science (ITI) Charles University, Malostranské náměstí 25, 118 00, Prague, Czech Republic. e-mail: samal@kam.mff.cuni.cz †Institute for Theoretical Computer Science is supported as project LN00A056 by Ministry of Education of the Czech Republic.

Figure 1: Petersen graph with edges partitioned into five odd-circuit blockers.

• b(G) ≥ 4/5 for G with maximum degree 3 and no triangle ([1])

• b(G) ≥ 6/7 − o(1) for cubic G with girth (the length of the shortest circuit) tending to infinity [11]

On the other hand, by considering random cubic graph we can prove that there are cubic graphs of arbitrarily high girth with b(G) < 0.999 ([7]).

Call a set F ⊆ E(G) an odd-circuit blocker (OCB) if it contains an edge from every odd circuit of G, that is if G\F is bipartite. The fact b(G) ≥ 4/5 can be reformulated as (∃F ⊆ E(G)) |F | |E(G)| ≤ 1 5 and F is an OCB.

We prove a coloring version of this holds when G has high girth.

Theorem 1 Let G be a graph with maximum degree 3 and girth at least 16. Then we can partition the edges of G into five odd-circuit blockers. Moreover, there is a linear-time algorithm that computes this partition.

We remark the girth assumption is only forced by the proof, for all what we know it may be enough to suppose G is triangle-free.

Figure 2: Clebsch graph

We conclude the Introduction by the relation of our theorem to the Nešetřil’s Pentagon Conjecture ([6]). Recall that a mapping f : V (G) → V (H) is a homomorphism if f(u)f(v) is an edge of H for any edge uv of G.

Conjecture 1 If G is a cubic graph of sufficiently high girth then there is a homomorphism from G to C_5.

When we replace C_5 by C_3 we get an easy consequence of Brook’s theorem. It is known that the Conjecture is false if we replace C_5 by C_11 ([6]), by C_9 ([10]) and (proved recently) by C_7 ([4]). If the conjecture is true, our theorem follows immediately (possibly with a different girth assumption): If f is a homomorphism from G to C_5, color the edge e ∈ E(G) by f(e). As no odd circuit can be homomorphically mapped to a proper subgraph of C_5 we see that each color class is an OCB. On the other hand we probably can’t obtain the conjecture using Theorem 1, as for example Figure 1 shows that Petersen graph has desired partition but it has no homomorphism to C_5.

Call a mapping g : E(G) → E(H) cut-continuous if for every cut X ⊆ E(H) the set g^{−1}(X) is a cut in G. This concept is introduced in [2]. In [9] the relation between statements “there is a homomorphism from G to H” and “there is a cut-continuous mapping from G to H” is studied in greater detail. Here we just show how Theorem 1 can be reformulated using this notion.

Lemma 2 For any graph G the following are equivalent.

1. There is a partition of E(G) into five odd-circuit blockers. 2. There is a cut-continuous mapping from G to C_5.

3. There is a homomorphism from G to the Clebsch graph (depicted in Figure 2).

This Lemma shows that Reza ([8] using results of Guenin [3]) proves the same result from different assumption.

Theorem 3 Any planar triangle-free graph admits a homomorphism to the Clebsch graph.

References

[1] J. A. Bondy and S. C. Locke. Largest bipartite subgraphs in triangle-free graphs with maximum degree three. J. Graph Theory, 10(4):477–504, 1986.

[2] M. DeVos, J. Nešetřil, and A. Raspaud. On flow and tension-continuous maps. KAM-DIMATIA Series, 567, 2002.

[3] Bertrand Guenin. Packing t-joins and edge colouring in planar graphs. [4] Hamed Hatami. Random cubic graphs are not homomorphic to the cycle of size 7.

[5] Glenn Hopkins and William Staton. Extremal bipartite subgraphs of cubic triangle-free graphs. J. Graph Theory, 6(2):115–121, 1982.

[6] A. Kostochka, J. Nešetřil, and P. Smolíková. Colorings and homomorphisms of degenerate and bounded degree graphs. Discrete Math., 233(1-3):257–276, 2001. Graph theory (Prague, 1998).

[7] Brendan McKay. personal communication.

[8] Reza Naserasr. Homomorphisms and bounds. PhD thesis, Simon Fraser University, 2003.

[9] J. Nešetřil and R. Šámal. Tension continuous maps—their structure and applications, ITI series 2005-242.

[10] I. M. Wanless and N. C. Wormald. Regular graphs with no homomorphisms onto cycles. J. Combin. Theory Ser. B, 82(1):155–160, 2001.

[11] Ondřej Zýka. On the bipartite density of regular graphs with large girth. J. Graph Theory, 14(6):631–634, 1990.

A new multiplicative graph

Claude Tardif^∗

Keywords: Categorical product, Multiplicative graphs, Hedetniemi’s conjecture. AMS 1991 Subject Classification: 05C15.

Abstract

A graph K is called multiplicative if whenever a categorical product of two graphs admits a homomorphism to K, then one of the factors also admits a homomorphism to K. We use right adjoints in (the skeleton of) the category of graphs to provide a new example of a multiplicative graph

1 Introduction: Multiplicativity

The categorical product of two graphs G and H is the graph G × H with vertex-set V (G × H) = V (G) × V (H) and edge-set E(G × H) = {[(u, v), (w, x)] : [u, w] ∈ E(G) and [v, x] ∈ E(H)}. A graph K is called multiplicative if whenever a product G × H admits a homomorphism (that is, an edge-preserving map) to K, one of the factors G, H also admits a homomorphism to K. This concept was introduced in [2] and [3] in connection with Hedetniemi’s conjecture which states that the chromatic number of a categorical product of graphs is equal to the minimum of the chromatic numbers of the factors. In terms of multiplicativity, this conjecture is equivalent to the statement that every complete graph is multiplicative.

The fact that K_2 is multiplicative is an easy consequence of König’s characterisation of bipartite graphs as the graphs that do not contain odd cycles. However, as this characterisation amounts to a polynomial characterisation

∗Author address: Royal Military College of Canada, PO Box 17000 Station “Forces”, Kingston, Ontario, Canada, K7K 7B4, email Myfirstname.Mylastname@rmc.ca. Research supported by grants from NSERC and ARP

of bipartite graphs, no obvious generalisation is available for larger complete graphs. A considerable breakthrough was obtained by El-Zahar and Sauer [1] who used “topological” properties of the 3-colourings of cycles to prove that K_3 is multiplicative. Their result was generalised by Haggvist et al [2] who proved that all odd cycles are multiplicative. No other graph has been shown to be multiplicative since.

In this note we show that the family of known multiplicative graphs can be enriched by using the right adjoints in the category of graphs, which have been described by Pultr [6]. The idea of the method is apparently due to Roman Bacik and was communicated to the author by Xuding Zhu. We will limit ourselves to one example here, and discuss the generalisations and limitations of the method afterwards.

2 A new multiplicative graph

Figure 1: M

The reader can easily verify that the graph M above can be described as follows: Its vertices are the couples (A, B) of nonempty subsets of {0, 1, 2} such that A ∩ B ≠ ∅, and its edges are the pairs {(A, B), (A^′, B^′)} such that A ∩ A^′ = ∅, B ∩ B^′ = ∅, A ∩ B^′ ≠ ∅ and B ∩ A^′ ≠ ∅.

Next we define a construction Φ_c making a graph Φ_c(G) from an input graph G. The vertices of Φ_c(G) are the homomorphisms from K_2 to G, (where V (K_2) = {0, 1}), and the edges of Φ_c(G) are the pairs {f, g} such that there exists a homomorphism h from the 6-cycle C_6 to G such that f(0) = h(0), f(1) = h(1), g(0) = h(3) and g(1) = h(4) (where V (C_6) = {0, 1, . . . , 6}). Thus, the vertices of Φ_c(G) correspond to the arcs of G, and the edges of Φ_c(G) join opposite arcs in a closed walk of length 6 in G. The functorial definition of Φ_c has the following consequence (whose proof is a straightforward application of the definition:

Lemma 1 Φ_c(G × H) = Φ_c(G) × Φ_c(H)

We also have the following:

Lemma 2 Φ_c(G) is 3-colourable if and only if G admits a homomorphism to M.

Sketch of proof. A finite verification shows that Φ_c(M) is 3-colourable. Hence if there is a homomorphism from G to M, then there is a homomorphism from Φ(G) to Φ(M), from which we can pull back a 3-colouring of G. Conversely, if ψ : Φ(G) → K_3 is a homomorphism (where V (K_3) = {0, 1, 2}), then we can define a homomorphism ψ̂ : G → M by putting ψ̂(u) = (A_u, B_u), where A_u = {ψ(f) : f(1) = u} and B_u = {ψ(f) : f(0) = u}.

Corollary 3 M is multiplicative.

Proof. Let G, H be graphs such that there is a homomorphism from G × H to M. Then Φ_c(G×H) is 3-colourable by the second lemma whence Φ_c(G)× Φ_c(H) is 3-colourable by the first lemma. Since K_3 is multiplicative by [1], Φ_c(G) or Φ_c(H) is 3-colourable, whence G or H admits a homomorphism to M by the first lemma.

3 Concluding comments

The method employed above can be generalized as follows: If K and M are graphs and Φ is a construction making a graph Φ(G) out of the graph G, with the following properties:

(i) Φ(G × H) ≃ Φ(G) × Φ(H),

(ii) Φ(G) admits a homomorphism to M if and only if G admits a homomorphism to K.

Then if M is multiplicative, so is K. In [7] we showed that this method is sufficient to prove the multiplicativity of the circulants used in the definition of the circular chromatic number up to (but not including) K_4. There seems to be a ”topological gap” preventing the method from being useful to prove the multiplicativity of other complete graphs, so it may be worth the while to investigate semi-lattice homomorphisms from the category of graphs to other semi-lattices.

On the other hand, the arc graph construction of Poljak and Rödl is also a right adjoint. In [5] and [4], it has been used to show that if the function f is bounded above, then the bound is at most 9, where f(n) = min{χ(G × H) : χ(G) ≥ χ(H) ≥ n}. Other right adjoints could perhaps be used to sharpen this bound.

References

[1] M. El-Zahar, N. W. Sauer, The chromatic number of the product of two 4-chromatic graphs is 4, Combinatorica 5 (1985), 121–126.

[2] R. Häggkvist, P. Hell, D. J. Miller, V. Neumann Lara, On multiplicative graphs and the product conjecture, Combinatorica 8 (1988), 63–74.

[3] J. Nešetřil, A. Pultr, On classes of relations and graphs determined by subobjects and factorobjects,

[4] S.Poljak, Coloring digraphs by iterated antichains, Comment. Math.

Univ. Carolin. 32 (1991), 209–212.

[5] S. Poljak, V. Rödl, On the arc-chromatic number of a digraph, J. Combin. Theory Ser. B 31 (1981), 190–198.

[6] A. Pultr, The right adjoints into the categories of relational systems.

Reports of the Midwest Category Seminar IV, Lecture Notes in Mathematics 137 (1970) Springer, Berlin 100–113.

[7] C. Tardif, Multiplicative graphs and semi-lattice endomorphisms in the category of graphs, preprint (2004), 9 pages ms.

Colouring Visibility Graphs^∗

David R. Wood^{‡§} Joint work with Jan Kára^§and Attila Pór^§

Let P ⊆ R^2 be a set of points in the plane. Let vw denote the closed line-segment between points v ∈ R^2 and w ∈ R^2 . Two distinct points v, w ∈ P are visible with respect to P if P ∩ vw = {v, w}. The visibility graph V(P ) of P has vertex set P , with an edge between every pair of visible points in P . This paper studies the following open problem.

Open Problem 1 Are visibility graphs χ-bounded? That is, is there a function f such that χ(V(P )) ≤ f(ω(V(P ))) for every finite point set P ?

As an example, consider the integer lattice P = {(x, y) : x, y ∈ Z}, as illustrated in Figure 1. Let f((x, y)) = (x mod 2, y mod 2) for all (x, y) ∈ P . For any two monochromatic points (x_1, y_1) and (x_2, y_2) in P , both |x_1 − x_2| and |y_1 − y_2| are even. Thus the midpoint of the segment (x_1, y_1)(x_2, y_2) is in P , and (x_1, y_1) and (x_2, y_2) are not visible. Hence f is a 4-colouring of V(P ). There is no 3-colouring since {(0, 0), (1, 0), (1, 1), (0, 1)} is a 4-clique. Therefore χ(V(P )) = 4.

The bipartite visibility graphs are easily characterised as follows.

Theorem 1 Let P be a finite point set. Then the following are equivalent: (a) χ(V(P )) ≤ 2, (b) all the points in P are collinear, (c) V(P ) has no K_3 subgraph.

Eppstein [2] characterised the planar visibility graphs as follows, as illustrated in Figure 2.

§Department of Applied Mathematics, Charles University, Prague, Czech Republic. Email: {por,kara}@kam.mff.cuni.cz

‡School of Computer Science, Carleton University, Ottawa, Canada. Email:

davidw@scs.carleton.ca

∗Research supported by NSERC and COMBSTRU.

Figure 1: 4-colouring of the visibility graph of the integer lattice.

Lemma 2 ([2]) Let P be a point set. Then V(P ) is planar if and only if at least one of the following conditions hold: (a) all the points in P are collinear, (b) all the points in P , except for one, are collinear, (c) all the points in P are collinear, except for two non-visible points, (d) all the points in P are collinear, except for two points v, w ∈ P , such that the line-segment vw does not intersect the line-segment that contains P \ {v, w}, (e) V(P ) is the drawing of the octahedron shown in Figure 2(e).

Lemma 2 and a result of Develin et al. [1] are the key ingredients to the proof of the following characterisation of 3-colourable visibility graphs.

Theorem 3 Let P be a finite point set. Then the following are equivalent: (i) χ(V(P )) ≤ 3, (ii) P satisfies conditions (a), (b), (c) or (e) in Lemma 2, (iii) V(P ) has no K_4 subgraph.

Figure 2: The planar visibility graphs.

Our main result is the following super-polynomial lower bound on the chromatic number of a visibility graph.

Theorem 4 There are constants c_1, c_2, c_3, c_4 > 0 and an infinite sequence of visibility graphs G_0, G_1, G_2, . . . , such that ω(G_i) → ∞ and

χ(G_i) ≥ (c_1 log ω(G_i))^{c2 log ω(Gi)} = (c_3 ω(G_i))^{c4 +log log ω(Gi)} .

The next interesting case in Open Problem 1 is ω(V(P )) = 4. There is a visibility graph V(P ) with ω(V(P )) = 4 and χ(V(P )) = 5. It is an open problem whether every visibility graph with ω(V(P )) ≤ 4 has χ(V(P )) ≤ 5.

Acknowledgements

Thanks to Ricardo Strausz for stimulating discussions.

References

[1] M. Develin, S. Hartke, and D. P. Moulton, A general notion of visibility graphs. Discrete Comput. Geom., 29(4):511–524, 2003.

[2] D. Eppstein, Dilation-free planar graphs, 1997,

http://www.ics.uci.edu/~eppstein/junkyard/dilation-free/.

A simple proof of the circular chromatic number of series parallel graphs

Yared Nigussie^∗ Department of Applied Mathematics Institute for Theoretical Computer Science(ITI) Charles University Malostranské nám.25 11800 Praha 1 Czech Republic yared@kam.mff.cuni.cz

Abstract

This paper gives a simple proof of the result of Z. Pan and X. Zhu [2], that gives an upper bound for χc(G) of a series-parallel graph G.

1 Introduction

For two integers k ≥ d ≥ 1, a (k, d)-coloring of a graph G is a coloring c of the vertices of G with colors 0, 1, 2, . . . , k − 1 such that d ≤ |c(x) − c(y)| ≤ k − d, whenever {x, y} is an edge of G. The infimum of the ratio k/d for which there exists a (k, d)-coloring is denoted by χ_c(G) and we say χ_c(G) is the circular chromatic number of G.

Finding a tight upper bound for χ_c(G), in a class of K_n-minor-free graphs, (G/K_n), is a difficult problem even for small n. The case n ≥ 5 is unsolved. For planar graphs, to date the best known upper bound is given by Zhu, [5], but we are far from the conjectured upper bound. Pan and Zhu have settled this problem for G/K_4 (the class of series-parallel-graphs) in [2] and proved in [3] that their bound is indeed the best possible by constructing a

∗Partially supported by DIMATIA and LN00A56

PSfrag replacements

Figure 1: Example of an eye C (left), a 3-lens v (middle) and a 4-lens v^{′′}(right). The labels C^{′′}, w, v^′, x, x^′, y are used in proof of Lemma 3.

graph G, with χ_c(G) arbitrarily close to the given bounds. The following is the main result of [2], for which we give a new proof. We rewrite their theorem in this way for convenience in our proof.

Theorem 1 (Pan, Zhu) Suppose r ∈ {−1, 1, 3} and G ∈ G/K_4 has odd-girth g. If g ≥ 6k + r, then χ_c(G) ≤ 2g^′/(g^′ − 1), where g^′ = 4k + (r + |r|)/2. The results by Pan and Zhu are based on the so-called labelling method and a clever construction. Although the labelling method has been quite useful in several proofs, it leads to long case analysis and calculations, and so resulted omitting of some technical details. In this note, we give a short structural proof of Theorem 1.

We assume graphs are finite and simple. Let G, G^′ be graphs. A homomorphism from G to G^′ is a mapping f:V (G) → V (G^′) which preserves adjacency, (i.e., {u, v} ∈ E(G) implies {f(u), f(v)} ∈ E(G^′)). The notation G → G^′ means there is a homomorphism from G to G^′. Note that ”→” is a reflexive and transitive relation.

Let G be a graph. If C ⊆ G, is an induced cycle in G then (C, v_1, v_2) is an eye of G, if C has exactly two vertices v_1 and v_2 of degree at least 3. Let (C^1, v, u) be an eye of G. Then v is a 3-lens if degree(v) = 3 in G. If degree(v) = 4 and v ∈ V (C^1) ∩ V (C^2), for some eye (C^2, v, u^′), u ≠ u^′, then we call v a 4-lens of G. (See Figure 1). We say v is a lens when its degree is irrelevant. A simple graph G is hom-simple if every eye of G is an odd cycle.

Lemma 2 Every 2-connected hom-simple graph G ∈ G/K_4 which is not a cycle contains a lens.

Proof: Let G ∈ G/K_4 be 2-connected. Let Ḡ ∈ G/K_4 be the graph we obtain from G by replacing every path of degree 2 vertices by an edge, and by identifying resulting parallel edges. Since G is hom-simple and not a cycle, we have |V (Ḡ)| > 2, and that Ḡ is simple and 2-connected. Note that Ḡ ∈ G/K_4 and so a degree 2 vertex v̄ in Ḡ exists and v̄ is a lens in G, because G is hom-simple. □

The following is a key lemma which we use in the next section.

Lemma 3 (Folding lemma for G/K_4) Let G ∈ G/K_4 be a 2-connected hom-simple graph of odd-girth(G) = g > 3. If G has a 3-lens v or if G has eyes (C^1, v, u) and (C^2, v, u^′), such that v is a 4-lens and |C^1| > g or |C^2| > g, then there exists a graph G^′ ∈ G/K_4 of same odd-girth, and a 4-lens z ∈ V (G^′), with eyes (C^′_1, u^′, z), (C^′_2, z, w^′), such that G → G^′, |V (G^′)| < |V (G)| and |C^′_1| = |C^′_2| = g. Proof: Let G be contrary to the lemma, where |V (G)| is minimal. Let v be a lens of an eye (C^1, v, u) of G. If v is a 3-lens as in Figure 1 middle, let H be obtained by identifying v^′ with a neighbor, w of v, w ≠ u. If v is a 4-lens as in Figure 1, right, and |C^1| > g > 3, let H be obtained by identifying vertices x and x^′ of C^1, that have a common degree 2 neighbor y and identifying y with a neighbor of x or x^′. We see that H remains 2-connected and hom-simple. Moreover, H has odd girth g, for otherwise some cycle C^{′′}, where E(C^{′′}) ∩ E(C^1) ≠ ∅ has length g (See Figure 1). But this implies the edges of E(C^1)\E(C^{′′}) can be identified with E(C^{′′}), contrary to G being minimal. Hence, in both cases we have G → H and |H| < |G|. The induction assumption and transitivity of ”→” obtains a contradiction and the result follows. □

2 Proof of Theorem 1

Let G ∈ G/K_4 of odd girth g be a counterexample to Theorem 1, with |V (G)| as small as possible. For integers q ≥ p ≥ 1, let G^p_q denote the graph with vertex set {0, 1, . . . , q − 1} in which i is adjacent to j when p ≤ |i − j| ≤ q − p. To prove χ_c(G) ≤ p/q, it suffices to show G → G^p_q . We prove that if r ≠ −1 then G → G^{2k+(r−1)/2}_{4k+r} = C_{4k+r} and if r = −1, G → G^{4k−1}_{8k} = V_{8k} , which contradicts the choice of G.

PSfrag replacements

Figure 2: Left: G with its 4-lens v and eyes C^1 and C^2. The label P_n denotes a path of length n ≥ 1. In the right, {P_α, P_β } = {P_{L2} , P_{l2} } such that L_1 − l_3 = β modulo 2.

It is easy to see that G must be 2-connected, because G^p_q is vertex-transitive and so inductively a homomorphism f_i : H_i → G^p_q for each 2-connected component H_i, i = 1, 2, . . . , m ≥ 2, can be extended to f : G → G^p_q , a contradiction. By Lemma 3, G has odd-girth g = 6k + r, r ∈ {−1, 1, 3}, and a 4-lens v, such that |C^1| = |C^2| = g (i.e. in Figure 2, L_i +l_i = 6k+r, i = 1, 2).

Let G^′ be obtained by deleting C^1 and C^2. Then by induction, f : V (G^′) → G^p_q exists. Note that if G^p_q = V_{8k}, then f(v_1) and f(v_2) can be found on some C_{4k+1} ⊆ V_{8k} (See Figure 3, left). We may assume f(v_1) = 0 and f(v_2) = l_3, l_3 + l^′_3 = 4k + |r|, l_3 < l^′_3 and that L_1 ≥ L_2 > l_2. Then l_2 ≥ l_1. We may also assume that L_1 < 4k + (r + |r|)/2, for otherwise G\P_{L1} → C_{4k+|r|} can be extended to G → C_{4k+|r|}, and we are done. Then, we have l_1 > 2k, if r ≠ −1 and l_1 ≥ 2k, if r = −1. In addition, we can assume l_3 ≥ 2, for if 0 ≤ l_3 ≤ 1, we clearly have G → C_{4k+|r|}. It follows, l_1 + l_2 > l^′_3.

Let {α, β} = {L_2, l_2} such that L_1 ∼= β + l_3 modulo 2. Then β > L_1 − l_3, for otherwise we have L_1 ≥ β + l_3 and α ≥ l_1 + l_3. Hence, in the middle graph in Figure 2, we may identify P_{L1} with P_β ∪ P_{l3} and P_α with P_{l1} ∪ P_{l3} . Since l_1 + β ≥ l_1+, . . . ,_2 > l^′_3, we get G → C_{4k+|r|}. We now extend f by f^∗ as follows: If r = −1, L_1 = L_2 = 3k, and l_3 = 2k, map G to V_{8k} by letting f^∗(v) = 5k. (See Figure 3, right). Otherwise let f^∗(v) = L_1,

PSfrag replacements

Figure 3: Left: A C_{4k+1} subgraph in V_{8k} is highlighted. Right: Case r = −1, L_1 = L_2 = 3k. By symmetry, f^∗(v) = 5k is a unique solution for G → V_{8k}.

(Figure 2, right) and we verify f^∗ is a map to C_{4k+|r|} by showing each path: P_{L1} , P_{l1} , P_β and P_α depicted in Figure 2, can be identified with their corresponding subpaths of C_{4k+|r|}. For P_{L1} , we have L_1 < 4k + |r|, because L_1 < 4k + (r + |r|)/2 ≤ 4k + |r|. Note also that L_1 > l_3 since l_3 < l^′_3 and l_3 + l^′_3 ≤ L_1 + l_1. For P_{l1} , we have l_1 ≥ 4k + |r| − L_1, because L_1 + l_1 = 6k + r. For P_β , we have β > L_1 − l_3, as shown above. For P_α we show, α ≥ l_3 + (4k + |r| − L_1). Substituting α + β = 6k + r and rearranging we shall verify:

L_1 − β ≥ (l_3 − 2k) + (|r| − r) (∗)

Note that L_1 − β ≥ 0. If r ≠ −1, then |r| − r = 0, and so if 2k ≥ l_3, we are done. Otherwise, l_3 = 2k + 1, then L_1 ≁= β modulo 2, (i.e. L_1 > β), which implies (*) holds. Next, let r = −1, (i.e. |r| − r = 2 and l_3 ≤ 2k). By assumption if l_3 = 2k, then L_1 ≠ β and so L_1 − β = 2t, t ≥ 1 and if l_3 < 2k, we see once more (*) holds.

Note that the case l_3 ≥ 2k + 1 is symmetric, since l^′_3 = 4k + 1 − l_3 ≤ 2k. This concludes the proof that no counterexample exists to Theorem 1.

Acknowledgement I am indebted to J. Nešetřil for several insightful discussions and ongoing joint work in graph homomorphisms, from which I benefited tremendously. I also owe many thanks to X. Zhu for answering questions (private comm.) and for making his most valuable works easy to access.

References

[1] P. Hell, J. Nešetřil, Graphs and Homomorphisms, Oxford Univ. Press, 2004.

[2] Z. Pan, X. Zhu, The circular chromatic number of series-parallel graph of large odd girth, Discrete Mathematics, 254(2002), 235-246.

[3] Z. Pan, X. Zhu, Tight relation between the circular chromatic number and the girth of series-parallel graph, Discrete Mathematics, 254(2002), 393-404.

[4] X. Zhu, Circular chromatic number of planar graphs of large odd girth, Electronic Journal of Combinatorics, 8(2001), #R25, 1-11.

[5] X. Zhu, Circular chromatic number, A survey, Discrete Mathematics Vol. 229 (1-3) (2001), 371-410.

List of participants

Shiri Azenkot

shiri.azenkot@pomona.edu

Pomona College, Claremont, CA USA Martin Bálek

balek@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Imre Bárány

barany@renyi.hu

Alfréd Rényi Mathematical Institute, Budapest Hungary

Robert Babilon

babilon@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Jørgen Bang-Jensen

jbj@imada.sdu.dk

University of Southern Denmark, Odense Denmark

Kamila Bumbová

kamila@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Rostislav Caha

caha@kti.mff.cuni.cz

Charles University, Prague Czech Republic

Maria Chudnovsky

mchudnov@math.princeton.edu

Princeton University USA Cristina Dalfó

cdalfo@mat.upc.es

Universitat Politècnica de Catalunya Spain

Matt DeVos

matdevos@math.princeton.edu

Princeton University USA Zdeněk Dvořák

rakdver@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Logan Everett

leveret1@binghamton.edu

Binghamton University USA Jiří Fiala

fiala@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Jan Foniok

foniok@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Ehud Friedgut

ehudf@math.huji.ac.il

The Hebrew University of Jerusalem Israel

Sarah Genoway

genoway@math.rutgers.edu

Rutgers University USA John Gimbel

ffjgg@uaf.edu

University of Alaska USA Tracy Grauman

tracyg@eden.rutgers.edu

Rutgers University USA Petr Hanuš

petr.hanus@fsv.cvut.cz

Czech Technical University, Prague Czech Republic

David Hartman

tazman@kiv.zcu.cz

University of West Bohemia, Pilsen Czech Republic

Petr Hliněný

petr.hlineny@vsb.cz

Technical University of Ostrava Czech Republic

Andreas Holmsen

andreash@mi.uib.no

City University of New York USA Peter Horak

horak@u.washington.edu

University of Washington - Tacoma USA

Vít Jelínek

jelinek@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Martin Klazar

klazar@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Daniel Král’

kral@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Jan Kratochvíl

honza@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Abhiendra Kumar

abhi dps@hotmail.com

India

Martin Loebl

loebl@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Martin Mareš

mares@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Jiří Matoušek

matousek@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Diana Michalek

dianam@cal.berkeley.edu

University of California, Berkeley USA Jaroslav Nešetřil

nesetril@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Jessica Nelson

jessica@kam.mff.cuni.cz

USA Yared Nigussie

yared@kam.mff.cuni.cz

The Ohio State University USA Helena Nyklová

nyklova@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Kerry Ojakian

kerryojakian@yahoo.com

Carnegie Mellon University, Pittsbourgh USA Eva Ondráčková

efa@ucw.cz

Charles University, Prague Czech Republic

Patrice Ossona de Mendez

pom@ehess.fr

EHESS, Paris France

Attila Pór

apor@renyi.hu

Alfréd Rényi Mathematical Institute, Budapest Hungary

Ondřej Pangrác

pangrac@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Maria Prodromou

maria@math.ucl.ac.uk

University College London UK André Raspaud

raspaud@labri.fr

LaBRI France

Moshe Rosenfeld

moishe@u.washington.edu

University of Washington - Tacoma USA Mathias Schacht

schacht@informatik.hu-berlin.de

Humboldt University of Berlin Germany

Paul Seymour

pds@math.princeton.edu

Princeton University USA William Steiger

steiger@cs.rutgers.edu

Rutgers University USA

Ricardo Strausz

strausz@kam.mff.cuni.cz

U.N.A.M. Mexico

Endre Szemeredi

szemered@cs.rutgers.edu

Rutgers University USA Robert Šámal

samal@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Petr Škovron

xofon@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Riste Škrekovski

skrekovski@yahoo.com

University of Ljubljana Slovenia

Ida Švejdarová

hicsuntidae@yahoo.com

Charles University, Prague Czech Republic

Claüďe Tårdíf

claude.tardif@rmc.ca

Royal Military College of Canada Canada

Miroslav Treml

mptreml@yahoo.com

Serbia

Tomáš Valla

valla@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Pavel Valtr

valtr@kam.mff.cuni.cz

Charles University, Prague Czech Republic

Bianca Viray

bianca@umd.edu

University of Maryland USA David Wood

davidw@scs.carleton.ca

Carleton University, Ottawa Canada