Separation properties of two convex polyhedral sets with RHS-parameters

Milan Hladík

Charles University, Faculty of Mathematics and Physics, Malostranské nám. 25, 118 00, Prague, Czech Republic, email: milan.hladik@matfyz.cz.

March 10, 2005

Abstract Separation of convex sets is widely used in many branches of mathematics. Often in practice input data are known only approximately and it is advisable to deal with parameters. We initiate a combining of these two principles – separation and parametrization – together. Important properties (existence, description, stability etc.) of separating hyperplanes of two convex polyhedral sets depending on right-hand-side parameters, is dealt with in this article.

Keywords: separating hyperplane, separating supporting hyperplane, RHSparameters, convex polyhedra, solution set, stability set.

1 Introduction

For the purpose of this paper we introduce the following two kinds of separability (cf. [9]).

Definition 1. Sets X, Y ⊂ R^n are called weakly separable if X, Y are nonempty and there exists a hyperplane R such that X ⊆ R^−, Y ⊆ R^+ holds^*. Sets X, Y ⊂ R^n are called strongly separable if X, Y are weakly

*If R = {x | r^T x = s}, then R^+ = {x | r^T x ≥ s}, R^− = {x | r^T x ≤ s}.

separable and dimX = dimY = n holds.

If sets X, Y ⊂ R^n are nonempty and there exists a hyperplane R with the property X ⊆ R^−, Y ⊆ R^+, then R is called the separating hyperplane of the sets X, Y .

Simply, if sets X, Y are strongly separable, then they are weakly separable with the same system of separating hyperplanes.

In this article we deal with two families of convex polyhedral sets (A ∈ R^{m×n} , C ∈ R^{l×n} ): M_1(λ) ≡ {x ∈ R^n | Ax ≤ λ}, (1) M_2(ν) ≡ {x ∈ R^n | Cx ≤ ν}, (2)

where λ ∈ R^m , ν ∈ R^l are vectors of parameters. Parametrization is inspired by [1, 2, 10]. The proposed combination of separation and parametrization has never been presented before, except some basic results in [7]. In Sections 2–3 we derive basic separation properties of the families (1), (2). We will define so called solution set and in the sequel so called stability sets. For definition of stability sets we use the explicit description of all separating hyperplanes of two fixed convex polyhedral sets from [3, 4, 5]. Section 5 is concerned with some special cases of families (1), (2). In the last section we give some remarks and examples for supporting separation of the families (1), (2).

Let us introduce some notation. Given a matrix M, the expressions M_{i,}·, M·_{,j} denote i-th row and j-th column of the matrix M, respectively. Given vectors a, b ∈ R^k , the expression a < b means a_i < b_i ∀i. For any set X , let us denote by X , intX , dimX and convX the closer, the interior, the dimension, and the convex hull of X , respectively.

2 Solution set

Definition 2. The solution set is the set of all (λ, ν) ∈ R^{m+l} for which convex polyhedral sets M_1(λ), M_2(ν) are strongly separable.

Let us introduce P_1 ≡ {λ ∈ R^m | dimM_1(λ) = n}, (3) P_2 ≡ {ν ∈ R^l | dimM_2(ν) = n}, (4) P ≡ P_1 × P_2 = {(λ, ν) ∈ R^{m+l} | dimM_1(λ) = dimM_2(ν) = n}, (5) U ≡ {(λ, ν) ∈ R^{m+l} | intM_1(λ) ∩ intM_2(ν) ≠ ∅}. (6) Theorem 1. The set P \ U forms the solution set. Proof. It follows from the basic separation theorem, see e.g. [8].

Now we derive the description of the set P_1. Descriptions the of sets P_2, P are quite similar. From now on we suppose that matrices A, C do not contain the zero row.

Theorem 2. The set P_1 has the following description P_1 = {λ ∈ R^m | h^T_i λ > 0 ∀i ∈ I}, (7) where h_i, i ∈ I are non-negative vectors in directions of all edges of the convex polyhedral cone N = {y ∈ R^m | A^T y = 0, y ≥ 0}.

Proof. P_1 is the set of all λ ∈ R^m such that {x | Ax < λ} ≠ ∅, which means {x | Ax ≤ λ − ε} ≠ ∅ for an infinitesimal vector ε > 0. It is true if and only if the problem max {0^T x | Ax ≤ λ − ε} has an optimal solution. It follows from the theory of duality of linear programming that this is equivalent to the condition, that the problem min {(λ − ε)^T y | y ∈ N }, (8) has an optimal solution. The set N represents a convex polyhedral cone with a vertex in the origin and it is included in the first orthant. Vectors h_i ≥ 0, i ∈ I are vectors in directions of all edges of N . It follows from the theory of polar cones (see [11]), that the problem (8) has an optimal solution if and only if

h^T_i (λ − ε) ≥ 0 ∀i ∈ I and an infinitesimal vector ε > 0 holds. Hence the description of P_1 is as follows

P_1 = {λ ∈ R^m | h^T_i λ ≥ h^T_i ε ∀i ∈ I and an infinitesimal ε > 0} = = {λ ∈ R^m | h^T_i λ > 0 ∀i ∈ I}.

Theorem 3. It holds P_1 = {λ ∈ R^m | M_1(λ) ≠ ∅}. Proof. The proof is similar to the proof of Theorem 2. The description of P_1 is P_1 = {λ ∈ R^m | h^T_i λ ≥ 0 ∀i ∈ I}, (9) where vectors h_i, i ∈ I have the same meaning as in the proof of Theorem 2.

Analogical statements hold for sets P_2, P. Theorem 4. The set U has the description U = {(λ, ν) ∈ R^{m+l} | g^T_i (λ, ν) > 0 ∀i ∈ I^′}, (10) where g_i ≥ 0, i ∈ I^′ are vectors in directions of all edges of the convex polyhedral cone

N^′ = {(y, z) ∈ R^{m+l} | A^T y + C^T z = 0, y ≥ 0, z ≥ 0}. (11) Proof. U is a set of all λ, ν such that {x | Ax < λ, Cx < ν} ≠ ∅. If we proceed similarly as in the proof of Theorem 2, we obtain the following result U = {(λ, ν) ∈ R^{m+l} | g^T_i (λ, ν) > 0 ∀i ∈ I^′}.

Assertion 1. Let M_1(λ^0) be nonempty and bounded for certain λ^0 ∈ R^m . Then M_1(λ) is bounded for all λ ∈ R^m .

Proof. See [12], M_1(λ) has the same characteristic cone for all λ ∈ R^m .

It can be also easily proven that U ⊆ P. Moreover, either the set P \ U is empty or dim(P \ U) = n. The following theorem states that the set P \ U form a solution set for weak separation.

Theorem 5. It holds

P \ U = {(λ, ν) ∈ R^{m+l} | M_1(λ), M_2(ν) are weakly separable}.

Proof. Inclusion ⊆: Let us have (λ, ν) ∈ P \ U. Then there exists a sequence (λ_n, ν_n) ∈ P \ U, (λ_n, ν_n) → (λ, ν) and separating hyperplanes R_n = {x | r^T_n x = s_n}, ‖(r_n, s_n)‖ = 1 for which M_1(λ_n) ⊆ R^−n , M_2(ν_n) ⊆ R^+n hold. We can assume without the loss of generality that (r_n, s_n) → (r, s) (otherwise we can choose a convergent subsequence). From the continuity of linear constraints it follows that M_1(λ) ⊆ R^−, M_2(ν) ⊆ R^+ for R = {x | r^T x = s}.

Inclusion ⊇: Let us have (λ, ν) ∈ R^{m+l} and a hyperplane R = {x | r^T x = s} such that ∅ ≠ M_1(λ) ⊆ R^−, ∅ ≠ M_2(ν) ⊆ R^+. Consider a convex polyhedral set M_1(λ + ε) = {Ax ≤ λ + ε}, where ε > 0 is infinitesimal. Then dimM_1(λ + ε) = n. A problem max {(r^T x − s) | x ∈ M_1(λ + ε)} has an optimal solution (characteristic cones for M_1(λ) and M_1(λ + ε) are identical according to [12]). Denote by h(ε) the optimal value of this problem. It is obvious that the function h(ε) is continuous. Therefore the set {x ∈ R^n | A(x +^{h(}ε^)_{rT r} .r) ≤ λ + ε} = {x ∈ R^n | Ax ≤ λ + ε −^{h(}ε^)_{rT r} .Ar} has dimension n, is the subset of the halfspace R^− and for ε → 0 converges to M_1(λ).

Analogously for M_2(ν).

Let us introduce Q(λ, ν) ≡

{ (u, u_{m+1}, v, v_{l+1}) ∈ R^{m+l+2}_+ |

A^T 0 C^T 0 λ^T 1 ν^T 1 1^T 1 1^T 1 u u_{m+1} v v_{l+1} = 0 0 1 } . (12)

With help of the convex polytope Q(λ, ν) we give the explicit description of all separating hyperplanes of the convex polyhedral sets M_1(λ), M_2(ν) for all (λ, ν) ∈ P \ U.

Theorem 6. Let us have (b, d) ∈ P \ U.

(i) For an arbitrary (u, u_{m+1}, v, v_{l+1}) ∈ Q(b, d), for which u^T A ≠ 0^T , the set

R = {x ∈ R^n | u^T (Ax − b) = u_{m+1}}

represents a separating hyperplane of M_1(b), M_2(d).

(ii) An arbitrary separating hyperplane R of two convex polyhedral sets M_1(b), M_2(d) has the description

R = {x ∈ R^n | u^T (Ax − b) = u_{m+1}},

where (u, u_{m+1}, v, v_{l+1}) ∈ Q(b, d), u^T A ≠ 0^T .

Proof. It follows from Theorem 2 of [4].

Assertion 2. It holds P \ U = {(λ, ν) ∈ P | Q(λ, ν) ≠ ∅}. Proof. It follows from Theorem 5 of [4].

From now on we assume without the loss of generality that rank(A) = rank(C) = n. Otherwise if for instance rank(A) < n, then there exists i_0-th column, i_0 ∈ {1, . . . , n} of matrix A, which is linearly dependent on other columns of matrix A. Each separating hyperplane of convex polyhedral sets M_1(λ), M_2(ν), (λ, ν) ∈ R^{m+l} , has its normal vector u^T A for certain u ∈ R^m (see Teorem 6). Hence i_0-th component of this normal vector is uniquely determined by other components. Therefore for the purpose of separability of convex polyhedral sets M_1(λ), M_2(ν), (λ, ν) ∈ R^{m+l} we can extract i_0-th column from matrix A and from matrix C as well (since u^T A = v^T C for certain v ∈ R^l ). In principle it is a linear transformation of families M_1(λ), M_2(ν) to the subspace of R^n .

It follows directly from the previous assumption that m ≥ n, and l ≥ n.

3 Stability sets

In this section we deal with so called stability sets. Stablity sets are defined in the similar way in [10]. It is natural to define stability sets as sets of all (λ, ν) ∈ P \ U such that all the sets Q(λ, ν) have the same system of feasible bases (see Definition 3). But for the sake of simplicity we will use the set Q^∗(λ, ν) from (14) instead of Q(λ, ν). Next we will without the loss of generality assume that rank ( A^T C^T 1^T 1^T ) = n + 1. (13)

Otherwise it would occur any of the following possibilities: (i) If rank (_{AT CT} 1^T 1^T ) = rank ( A^T C^T ), then the set N^′ from (11) has a description N^′ = {0} and therefore U = R^{m+l} and the solution set P \ U = ∅. (ii) If rank (_{AT CT} 1^T 1^T ) > rank ( A^T C^T ), then rank ( A^T C^T ) < n and in the description of Q(λ, ν) there are linear dependent equations, which we can remove.

Let us introduce Q^∗(λ, ν) ≡ { (u, v, v_{l+1}) ∈ R^{m+l+1}_+ | Z(λ, ν) u v v_{l+1} = z } , (14)

where Z(λ, ν) ≡ A^T C^T 0 λ^T ν^T 1 1^T 1^T 0 , z ≡ 0 0 1 .

In Definition 3 we introduce the term “basis” of the convex polyhedral set M_1(λ) (and analogously for M_2(ν)) and Q^∗(λ, ν). For the sake of simplicity we use the following notion: the expression A_B means the restriction of the matrix A to the basic rows, the expression Z_B (λ, ν) means the restriction of the matrix Z(λ, ν) to the basic columns.

Definition 3. The basis of convex polyhedral set M_1(λ), λ ∈ R^m , from (1) is any vector B ∈ {1, . . . , m}^n, for which rank(A_B ) = n holds. A basis B of M_1(λ) is called feasible, if A^{−1}_B λ_B ∈ M_1(λ).

The basis of convex polyhedral set Q^∗(λ, ν), (λ, ν) ∈ R^{m+l} , from (14) is an arbitrary vector B ∈ {1, . . . , m + n + 1}^{n+2}, for which rank(Z_B (λ, ν)) = n + 2 holds. A basis B of Q^∗(λ, ν) is feasible, if (Z_B (λ, ν))^{−1}z ≥ 0.

Definition 4. Let an arbitrary (b, d) ∈ P \ U be given. The stability set corresponding to the point (b, d) is the closure of the set of all (λ, ν) ∈ R^{m+l} under which all feasible bases of the convex polytope Q^∗(b, d) remain feasible for Q^∗(λ, ν).

In Definition 4 we use closure of the mentioned set for simplicity of description of stability sets. Note also that any stability set is uniquelly determined by a system of bases which it preserves. The point (b, d) ∈ P \ U in Definition 4 is used only for computational purposes.

Clearly, there is a finite number of stability sets for fixed matrices A, C. The following assertion states that for the description of all separating hyperplanes of two convex polyhedral sets M_1(λ), M_2(ν) we can use the set Q^∗(λ, ν) instead of Q(λ, ν).

Assertion 3. Let (b, d) ∈ P \ U, (u^∗, v^∗, v^∗_{l+1}) ∈ Q^∗(b, d), u^{∗T} A ≠ 0^T and η ∈ ⟨0, v^∗_{l+1}⟩ be arbitrarily given. Then the set

R = {x ∈ R^n | u^{∗T} (Ax − b) = η} (15)

represents a separating hyperplane of convex polyhedral sets M_1(b), M_2(d). Conversely, an arbitrary separating hyperplane R of convex polyhedral sets M_1(b), M_2(d) can be written in the form (15) for certain point (u^∗, v^∗, v^∗_{l+1}) ∈ Q^∗(b, d), u^{∗T} A ≠ 0^T and certain η ∈ ⟨0, v^∗_{l+1}⟩.

Proof.

(i) Let (u^∗, v^∗, v^∗_{l+1}) ∈ Q^∗(b, d), u^{∗T} A ≠ 0^T , η ∈ ⟨0, v^∗_{l+1}⟩ be arbitrarily given. Then define for α = ∑_m i=1 u^∗_i + ∑_l j=1 v^∗_j + v^∗_{l+1} > 0 u ≡ u^∗ α , v ≡ v^∗ α , u_{m+1} = η α , v_{l+1} ≡ v^∗_{l+1} α − u_{m+1}. Hence (u, u_{m+1}, v, v_{l+1}) ∈ Q(b, d) and R = {x | u^{∗T} (Ax − b) = η} = {x | u^T (Ax − b) = u_{m+1}} represents a separating hyperplane of M_1(b), M_2(d) from Theorem 6.

(ii) It follows from Theorem 6 that an arbitrary separating hyperplane of M_1(b), M_2(d) can be written as R^′ = {x | u^T (Ax − b) = u_{m+1}}, where (u, u_{m+1}, v, v_{l+1}) ∈ Q(b, d), u^T A ≠ 0^T . Since u_{m+1} + v_{l+1} < 1, we can define for α = 1 − u_{m+1} − v_{l+1} > 0

u^∗ ≡ u α , v^∗ ≡ v α , v^∗_{l+1} ≡ u_{m+1} + v_{l+1} α .

Hence (u^∗, v^∗, v^∗_{l+1}) ∈ Q^∗(b, d). Since^{um+1}_α ∈ ⟨0, v^∗_{l+1}⟩, the description of the separating hyperplane R^′ = {x | u^{∗T} (Ax − b) =^{um+1}_α } has the form of (15).

Now we derive the description of a stability set. Let (b, d) ∈ P \ U be given arbitrarily. Denote by B an arbitrary feasible basis of the convex polytope Q^∗(b, d) and define D ≡ Z_B (b, d). The basis B will be preserved for all (λ, ν) ∈ R^{m+l} such, that

(Z_B (λ, ν))^{−1}z ≥ 0. (16)

Let us introduce vectors p ∈ R^{n+2} , ~q, q ∈ R^{m+l+1} in this way:

p ≡ e_{n+1} = 0 1 0 , ~q ≡ λ − b ν − d 0 , q ≡ λ ν 0 .

Assume 1 + ~q^T_B D^{−1}p > 0, (17)

where ~q_B is the restriction of the vector ~q to the basic elements. For the choice λ = b, ν = d the condition (17) holds (see also Remark 1). Then it follows from the well known Sherman–Morrison formula:

(Z_B (λ, ν))^{−1} = (Z_B (b, d) + p~q^T_B )^{−1} = D^{−1} −

D^{−1}p~q^T_B D^{−1} 1 + ~q^T_B D^{−1}p . Now rearrange expression (16) under our assumption (17): ( D^{−1} −

D^{−1}e_{n+1}~q^T_B D^{−1} 1 + ~q^T_B D^{−1}e_{n+1} ) e_{n+2} ≥ 0,

D^{−1}·_{,n+2} + D^{−1}·_{,n+2}(~q^T_B D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(~q^T_B D^{−1}·_{,n+2}) ≥ 0. (18)

It holds for the vector ~q^T_B :

~q^T_B = { q^T_B − D_{n+1,}·, if (m + l + 1) ∉ B, q^T_B − D_{n+1,}· + e^T_k , if (m + l + 1) = B_k for certain k ∈ {1, . . . , n + 2}.

(i) If (m + l + 1) ∉ B, then the expression (18) is equivalent to D^{−1}·_{,n+2} + D^{−1}·_{,n+2} ( (q^T_B − D_{n+1,}·)D^{−1}·_{,n+1} ) − D^{−1}·_{,n+1} ( (q^T_B − D_{n+1,}·)D^{−1}·_{,n+2} ) ≥ 0, D^{−1}·_{,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(q^T_B D^{−1}·_{,n+2}) ≥ 0. (19) (ii) Suppose (m + l + 1) = B_k for certain k ∈ {1, . . . , n + 2}. Then D·_{,k} = e_{n+1}, and therefore D^{−1}·_{,n+1} = e_k. The absolute term of the expression (18) is equal to D^{−1}·_{,n+2}(e^T_k D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(e^T_k D^{−1}·_{,n+2}) =

D^{−1}·_{,n+2} − e_kD^{−1}_{k,n+2} = { 0 for row k, > 0 for row ≠ k.

Nonabsolute terms of the expression (18) have the following description (recall that q_{Bk} = 0):

D^{−1}·_{,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(q^T_B D^{−1}·_{,n+2}) =

−e_k(q^T_B D^{−1}·_{,n+2}) = { −q^T_B D^{−1}·_{,n+2} for row k, 0 for row ≠ k.

Remark 1. Let us investigate the expression (17).

(i) If (m + l + 1) ∉ B, then the expression (17) can be simplified to 1 + (q^T_B − D_{n+1,}·)D^{−1}·_{,n+1} > 0, q^T_B D^{−1}·_{,n+1} > 0.

The sum of inequalities from (19) results to (recall that 1^T = D_{n+2,}·) (1^T D^{−1}·_{,n+2})(q^T_B D^{−1}·_{,n+1}) − (1^T D^{−1}·_{,n+1})(q^T_B D^{−1}·_{,n+2}) ≥ 0, q^T_B D^{−1}·_{,n+1} ≥ 0.

Since the stability set is always closed (by its definition), the condition (17) is redundant.

(ii) If (m + l + 1) = B_k for certain k ∈ {1, . . . , n + 2}, then the expression (17) can be simplified to (recall that D^{−1}·_{,n+1} = e_k, q_{Bk} = 0)

1 + (q^T_B − D_{n+1,}· + e^T_k )D^{−1}·_{,n+1} > 0, 1 > 0 and this inequality holds trivially. Therefore the condition (17) is redundant.

The following remark summarizes the description of stability sets. Remark 2. Each feasible basis B of the convex polytope Q^∗(b, d) remains feasible on the set described by (16), which forms a linear system of inequalities with respect to the parameters λ, ν. The description of a given stability set is represented by a union of all these systems of inequalities for all feasible bases of Q^∗(b, d).

(i) If (m + l + 1) ∉ B then the system of inequalities corresponding to the basis B has the description D^{−1}·_{,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(q^T_B D^{−1}·_{,n+2}) ≥ 0.

(ii) If (m + l + 1) ∈ B then we obtain only one inequality corresponding to the basis B with the description −q^T_B D^{−1}·_{,n+2} ≥ 0.

Each basis of convex polyhedral set Q^∗(λ, ν) determines certain vertex of Q^∗(λ, ν) (but a vertex can be determined by more than one basis). All vertices of Q^∗(λ, ν) on a given stability set follow:

(i) If (m + l + 1) ∉ B, then the vertex of Q^∗(λ, ν) corresponding to the basis B has the following description:

(u, v, v_{l+1})_B =

D^{−1}·_{,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}·_{,n+1}(q^T_B D^{−1}·_{,n+2}) q^T_B D^{−1}·_{,n+1} ,

(u, v, v_{l+1})_N = 0.

(ii) If (m + l + 1) = B_k for certain k ∈ {1, . . . , n + 2}, then the vertex of Q^∗(λ, ν) corresponding to the basis B has the following description:

(u, v, v_{l+1})_B = D^{−1}·_{,n+2} − e_kD^{−1}_{k,n+2} − e_k(q^T_B D^{−1}·_{,n+2}), (u, v, v_{l+1})_N = 0.

Another usefull properties on stability sets can be derived. For instance if S is a stability set corresponding to certain (b, d) ∈ P \ U, then always int(S) ⊆ P. It also holds, that the intersection of two different stability sets is a set of the dimension less than n (for more details see [7]).

4 Examples

Example 1. Given matrices

A = 1 0 0 1 −1 −1 , C = ( −1 0 0 −1 )

and we will compute solution set and all stability sets. First, we compute sets P, U. They have the following description:

P_1 = {λ ∈ R^3 | λ_1 + λ_2 + λ_3 > 0}, P_2 = R^2 , P = P_1 × P_2 = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 > 0}, U = {(λ, ν) ∈ R^5 | λ_1 + ν_1 > 0, λ_2 + ν_2 > 0, λ_1 + λ_2 + λ_3 > 0}.

1. Choose (b^1, d^1) ∈ P \ U, e.g. b^1 = (0, 0, 2)^T , d^1 = (1, −1)^T . All feasible bases of Q^∗(b^1, d^1) with the corresponding systems of inequalities are the following:

Basis (1, 2, 4, 5) : −λ_2 − ν_2 ≥ 0, λ_1 + ν_1 ≥ 0. Basis (1, 2, 5, 6) : −λ_2 − ν_2 ≥ 0. Basis (2, 3, 5, 6) : −λ_2 − ν_2 ≥ 0. Basis (2, 4, 5, 6) : −λ_2 − ν_2 ≥ 0.

Basis (1, 2, 3, 5) : −λ_2 − ν_2 ≥ 0, λ_1 + λ_2 + λ_3 ≥ 0.

The first stability set (denote it as S_1) is described as follows: λ_1 + ν_1 ≥ 0, −λ_2 − ν_2 ≥ 0, λ_1 + λ_2 + λ_3 ≥ 0.

2. Choose (b^2, d^2) ∈ P \ U \ S_1, e.g. b^2 = (0, 0, 2)^T , d^2 = (−1, −1)^T . The second stability set (denote it as S_2) has the following description: −λ_1 − ν_1 ≥ 0, −λ_2 − ν_2 ≥ 0, λ_1 + λ_2 + λ_3 ≥ 0.

3. Analogously the last stability set. Choose (b^3, d^3) ∈ P \ U \ S_1 \ S_2 e.g. b^3 = (0, 0, 2)^T , d^3 = (−1, 1)^T . The third stability set has the following description: −λ_1 − ν_1 ≥ 0, λ_2 + ν_2 ≥ 0, λ_1 + λ_2 + λ_3 ≥ 0.

M2(ν)

M1(λ)

Figure 1: The 1^{th} stability set.

M2(ν)

M1(λ)

Figure 2: The 2^{nd} stability set.

M2(ν)

M1(λ) Figure 3: The 3^{rd} stability set.

We have obtained three stability sets (except degenerated stability sets, which have a dimension less than n) the solution set P \ U consists of. The geometric interpretation of the three stability sets is illustrated by Figure 1 – 3; each stability set determines a special position of the sets M_1(λ), M_2(ν).

The Tables 1 and 2 contain further results obtained on PC (x86), Pentium

4, 2.6 GHz, 512 MB RAM, Gentoo Linux. Our source code is written in

MATLAB (R12.1). In each of the mentioned tables, there are for given matrices A, C written down the number of stability sets and the aproximate computing time (in minutes and seconds). For the Table 2, the input data of matrices A, C were generated pseudorandomly. With the increase of m, l, n the number of stability sets and the computing time increases very rapidly.

Table 1: Examples in R^2 .

matrix A matrix C number of stability sets computing time 1 0 0 1 −1 −1 −1 0

0 −1 1 1 6 1 s 1 0 0 1 1 1 −1 0

0 −1 1 1 7 1 s 1 0 0 1 1 1 −1 0

0 −1 −1 −1 29 6 s 1 0 −3 5 −1 −2 −4 −1 3 −4 2 3 20 2 s

−3 −1 6 −7 −9 7

−4 5

3 −4 −9 −1 6 8 123 2 min 38 s

1 −5 −5 7 −1 9 3 8

5 5 9 2 −8 7 −3 −4 260 3 min 5 s

5 Special cases

All special kinds of postoptimality analyses (parametric analysis, sensitivity analysis or tolerance analysis – see e.g. [2]) can be applied to the stability sets, defined in the Section 3. But this is not the subject of this paper. In this section we will discuss some special cases of families of convex polyhedral sets (1), (2).

Table 2: Examples in R^3 , R^4 – pseudorandom data.

matrix A matrix C stability sets computing time

−2 5 3 −1 −3 −3 4 −2 3 1 −2 0

−2 3 1 0 3 5 0 2 −3

103 1 min 25 s

−2 −5 9

9 −2 −7 −7 −2 5

1 −3 −4

9 −6 2 −8 6 6 −4 −4 −3 −5 9 −5

1147 63 min 47 s

5 3 1 −1 −3 0 3 4 −5 4 −2 0 −4 0 3 2 3 3 3 −4

5 1 −2 5 −1 −2 5 −2 4 2 −3 −4 0 −4 3 3 −2 4 −3 −3

1666 91 min 42 s

5.1 One parametr

We deal with two families of convex polyhedral sets

M_1(λ) = {x ∈ R^n | Ax ≤ ( λ b ) }, M_2 = {x ∈ R^n | Cx ≤ d},

where A ∈ R^{m×n} , C ∈ R^{l×n} , b ∈ R^{m−1} , d ∈ R^l and λ is a real parametr. Using (7) and (10) we obtain the description of the solution set P \ U as an interval in R. Therefore the solution set for this case is always convex.

From Remark 2 we can directly obtain the description of stability sets. Note that generally, there exists more than one stability set.

5.2 Parameter with fixed direction

We deal with two families of convex polyhedral sets

M_1(λ) = {x ∈ R^n | Ax ≤ b + λb^′}, M_2(λ) = {x ∈ R^n | Cx ≤ d + λd^′}, where A ∈ R^{m×n} , C ∈ R^{l×n} , b, b^′ ∈ R^m , d, d^′ ∈ R^l and λ is a real parametr. Using (7) and (10) we obtain the description of the solution set P \ U as a difference of two intervals in R. Therefore the solution set for this case is not generally convex.

The description of stability sets we obtain directly from Remark 2 (in general, there exists more than one stability set).

5.3 A fixed separating hyperplane

Let us have a fixed hyperplane

R = {x ∈ R^n | r^T x = s}.

We will find out for which values of paramters λ, ν the convex polyhedral sets M_1(λ), M_2(ν) from (1), (2) are strongly separable by this hyperplane R, i.e.

M_1(λ) ⊆ R^+, M_2(ν) ⊆ R^−, dimM_1(λ) = dimM_2(ν) = n, (20)

hold. The description of the set of all parameters (λ, ν) ∈ R^{m+l} satisfying (20) is as follows A_1 × A_2, where A_1 is the solution set for sets M_1(λ), R^− with the description

A_1 = P_1 \ U_1,

where P_1 has the form of (3) with its description from (7) (because R^− is always full dimensional). The description of U_1 follows easily from Theorem 4, applied to convex polyhedral sets M_1(λ), R^−. Analogously A_2 forms the solution set for M_2(ν), R^+ with the following description

A_2 = P_2 \ U_2.

The set A_1 does not need to be convex. For example A_1 is not convex for the hyperplane R = {x ∈ R | x = 1} and

M_1(λ^1) = M_1(1, 3) = {x ∈ R | x ≤ 1, x ≤ 3}, M_1(λ^2) = M_1(3, 1) = {x ∈ R | x ≤ 3, x ≤ 1}.

For the convex combination λ^{12} =^1_2 λ^1 +^1_2 λ^2 =^1_2 (1, 3) +^1_2 (3, 1) = (2, 2) the convex polyhedral set M_1(λ^{12}) intersects the hyperplane R.

5.4 A permanent separating hyperplane

Given M_1(λ), M_2(ν) from (1), (2) with the property that λ ∈ Z_1, ν ∈ Z_2, where Z_1 ⊂ R^m , Z_2 ⊂ R^l are convex polytopes. Without the loss of generality assume that Z_1 ⊂ P_1 and Z_2 ⊂ P_2 (otherwise we restrict the sets to Z_1 ∩ P_1, Z_2 ∩ P_2 respectively). The problem we study in this section consists in answering the question whether there exists a separating hyperplane R such that:

M_1(λ) ⊆ R^− ∀λ ∈ Z_1, M_2(ν) ⊆ R^+ ∀ν ∈ Z_2. (21)

The hyperplane R satysfying (21) is called permanent. Note that a permanent separating hyperplane may not exists even though for ∀λ ∈ Z_1 and ∀ν ∈ Z_2 the convex sets M_1(λ), M_2(ν) are strongly or weakly separable. We check the existence of a permanent separating hyperplane by the following process: Compute the convex hull of sets ∪_{λ∈Z1} M_1(λ) and ∪_{ν∈Z2} M_2(ν) and check separability of these convex hulls. By this method we also enumerate all permanent separating hyperplanes. Let us now concentrate on calculation of conv (∪_{λ∈Z1} M_1(λ)).

Lemma 1. Let a basis B of the convex polyhedral set M_1(λ) be given. Denote N ≡ {1, . . . , m} \ B. Then S^1_B , the set of all λ ∈ R^m for which the basis B is feasible for M_1(λ), has the following description

S^1_B = {λ ∈ R^m | h^T_i (λ_B , λ_N ) ≥ 0 ∀i ∈ I_B }, (22)

where h_i, i ∈ I_B are vectors in directions of all edges of the convex polyhedral cone N_B ≡ {(y, z) ∈ R^m | A^T_B y + A^T_N z = 0, z ≥ 0}.

Proof. The basis B remain feasible for all λ ∈ R^m , for which the set

M_B (λ) ≡ {x ∈ R^n | A_N x ≤ λ_N , A_B x = λ_B }

is nonempty, i.e. the problem

max {0^T x | x ∈ M_B (λ)}

has an optimal solution. It follows from the duality of linear programming, that this problem is equivalent to the situation, that the problem

min {λ^T_B y + λ^T_N z | (y, z) ∈ N_B }, has an optimal solution. We know that h_i, i ∈ I_B are vectors in all edges directions of the convex polyhedral cone N_B (if N_B contains a nontrivial subspace, then we take its base vectors with both positive and negative sign). It follows from the theory of polar cones (see [11])

S^1_B = {λ ∈ R^m | h^T_i (λ_B , λ_N ) ≥ 0 ∀i ∈ I_B }.

Let b ∈ Z_1 hold and let B be a feasible basis of the convex polyhedral set M_1(b). The basis B remains feasible for all λ ∈ S^1_B from (22). Hence the set

Z_1(S) ≡ Z_1 ∩ ( ∩_{B∈S} S^1_B ) , where S is the set of all feasible bases of M_1(b), forms the set of all λ ∈ Z_1 for which all feasible bases of M_1(b) remain fesible for M_1(λ). In this way we can represent the set Z_1 as the union of disjoint stability-like sets Z_1(S_i), i ∈ I, where I is an index set of a finite cardinality.

Lemma 2. We have conv ( ⋃ λ∈Z_1(S)

M_1(λ) ) = conv ( ⋃ λ∈{vertices of Z_1(S)}

M_1(λ) ) . Proof. Let b^1, b^2 ∈ Z_1(S) be given. We prove that for each convex combination c_1b^1 + c_2b^2, c_1, c_2 ≥ 0, c_1 + c_2 = 1, it M_1(c_1b^1 + c_2b^2) ⊆ conv(M_1(b^1) ∪ M_1(b^2)) holds. If x ∈ M_1(c_1b^1 + c_2b^2) is arbitrarily given, then x can be written as a convex combination of all vertices and vectors in directions of unbounded edges of the convex polyhedral set M_1(c_1b^1 +c_2b^2). Directions of unbounded edges of convex polyhedral sets M_1(c_1b^1 + c_2b^2) and conv(M_1(b^1) ∪ M_1(b^2)) coincide. All vertices of M_1(c_1b^1 + c_2b^2) have the description A^{−1}_B (c_1b^1 + c_2b^2)_B = c_1A^{−1}_B b^1_B + c_2A^{−1}_B b^2_B , B ∈ S, which is a convex combination of vertices of M_1(b^1) and M_1(b^2). Therefore each point x ∈ M_1(c_1b^1 + c_2b^2) is equal to a convex combination of vertices of M_1(b^1) and M_1(b^2) and vectors in directions of unbounded edges of conv(M_1(b^1) ∪ M_1(b^2)). So it is proven that M_1(c_1b^1 + c_2b^2) ⊆ conv(M_1(b^1) ∪ M_1(b^2)). Consequently, conv ( ⋃ λ∈Z_1(S)

M_1(λ) ) = conv ( ⋃ λ∈{vertices of Z_1(S)}

M_1(λ) ) .

It follows from Lemma 2 that we can reduce a calculation of the convex hull of infinite number of convex polyhedral sets to calculation of the convex hull of finite number (how to compute a convex hull see e.g. [4]). Analogously we compute convex hulls of ∪_{λ∈Z1(Si )}M_1(λ), i ∈ I. Eventually, we obtain conv ( ⋃ λ∈Z_1 M_1(λ) ) = conv ( ⋃ i∈I ⋃ λ∈{vertices of Z_1 (S_i)}

M_1(λ) ) . (23)

Example 2. Given a matrix

A = 1 0 0 1 −1 0 0 −1 1 1 and a family of convex sets

M_1(λ) = {x ∈ R^2 | Ax ≤ λ},

where λ ∈ Z_1 = {b ∈ R^5 | b = (0, 10, 2, −8, 14)^T + t.(8, −8, −8, 8, −5)^T , with t ∈ ⟨0, 1⟩}. Convex polyhedral set M_2 is fixed and given as follows

M_2 = {x ∈ R^2 | x_1 − x_2 ≥ 4.9, x_2 ≥ 2.3},

Choose b^1 ∈ Z_1 for instance in the following way: b^1 = (0, 10, 2, −8, 14)^T . The set of all feasible bases of convex polyhedral set M_1(b^1) is S_1 = {(1, 2), (1, 4), (2, 3), (3, 4)}. Particular bases of S_1 are preserved on sets (see (22)):

S^1_{(1,2)} = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_2 + λ_4 ≥ 0, −λ_1 − λ_2 + λ_5 ≥ 0},

S^1_{(1,4)} = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_2 + λ_4 ≥ 0, −λ_1 + λ_4 + λ_5 ≥ 0},

S^1_{(2,3)} = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_2 + λ_4 ≥ 0, −λ_2 + λ_3 + λ_5 ≥ 0},

S^1_{(3,4)} = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_2 + λ_4 ≥ 0, λ_3 + λ_4 + λ_5 ≥ 0}.

The intercsection of these sets is ∩_{B∈S1} S^1_B = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_2 + λ_4 ≥ 0, −λ_1 − λ_2 + λ_5 ≥ 0}. Hence the set Z_1(S_1) has the description Z_1(S_1) = {λ ∈ Z_1 for t ∈ ⟨0,^4_5 ⟩} and consists of two vertices b^1 and

0 2 4 6 8 10 −2

2

4

6

8

x1 x2

10 M1(b^1)

M1(b^2) M1(b^3)

M2 conv ( ∪_{λ∈Z1} M1(λ) )

Figure 4: Illustration to Example 2.

b^2 = (6.4, 3.6, −4.4, −1.6, 10)^T . For vector b^2 is the set of all feasible bases of M_1(b^2) equal to S_2 = {(1, 4), (2, 3), (3, 4), (1, 5), (2, 5)}. Compute:

S^1_{(1,5)} = {λ ∈ R^3 | λ_1 + λ_3 ≥ 0, λ_1 + λ_2 − λ_5 ≥ 0, −λ_1 + λ_4 + λ_5 ≥ 0},

S^1_{(2,5)} = {λ ∈ R^3 | λ_2 + λ_4 ≥ 0, −λ_2 + λ_3 + λ_5 ≥ 0, λ_1 + λ_2 − λ_5 ≥ 0}.

The intersection ∩_{B∈S2} S^1_B = {λ ∈ R^3 | −λ_1 + λ_4 + λ_5 ≥ 0, −λ_2 + λ_3 + λ_5 ≥ 0, λ_1 + λ_2 − λ_5 ≥ 0}. Hence the set Z_1(S_2) can be described as follows Z_1(S_2) = {λ ∈ Z_1 for t ∈ ⟨^4_5 , 1⟩} and consists of two vertices b^2 and b^3 = (8, 2, −6, 0, 9)^T . Eventually, we obtain (see Figure 4) conv ( ⋃ λ∈Z_1 M_1(λ) ) = conv ( ⋃ λ∈{b^1,b^2,b^3}

M_1(λ) ) =

{ x ∈ R^2 | 1 0 0 1 −1 0

0 −1 1 1 −1 −1 2.6 1.6 x ≤ 8 10 2 0 10 −1 22.4

} .

There exists only one permanent separating hyperplane

R = {x ∈ R^2 | 2.6 x_1 + 1.6 x_2 = 22.4}.

6 Separating supporting hyperplanes

In this section we deal with separating hyperplanes of convex polyhedral sets M_1(λ), M_2(ν), (λ, ν) ∈ P \ U from (1), (2), which are their supporting as well. First, we define so called subbasis of convex polyhedral set M_1(λ) (and analogously of M_2(ν)) and sub-stability sets (this notion is used, because sub-stability sets are subsets of stability sets defined in Section 3).

Definition 5. The sub-basis of the convex polyhedral set M_1(b), b ∈ R^m , is any vector B^S ∈ {1, . . . , m}^k, 1 ≤ k ≤ m, for which B^S_i ≠ B^S_j for i ≠ j holds. The sub-basis B^S is called feasible, if {x ∈ R^n | A_BS x = b_BS , A_N S x ≤ b_N S } ≠ ∅ for N^S = {1, . . . , m} \ B^S . Let B be a basis of the convex polytope Q^∗(b, d), (b, d) ∈ R^{m+l} . Let us introduce the set B^1 ≡ {i ∈ B | 1 ≤ i ≤ m} as the sub-basis of set M_1(b) created from B. Analogously B^2 ≡ {i ∈ {1, . . . , l} | (i + m) ∈ B} is called the sub-basis of the set M_2(d) created from B.

All feasible bases of convex polyhedral sets M_1(λ), M_2(ν), (λ, ν) ∈ P \ U are not generally preserved on stability sets. This reflects the following example:

A = 1 0 0 1 1 1 , C = −1 0 0 −1 1 1 , b^1 = −9 5 −1 , d^1 = 8 −1 −2 .

The corresponding stability set S has the description S = {−λ_1 − ν_1 ≥ 0, λ_2 + ν_2 ≥ 0, ν_1 + ν_2 + ν_3 ≥ 0, λ_3 + ν_1 + ν_2 ≥ 0}. The basis (1, 2) is feasible for M_1(b^1). But if b^2 = (−9, 5, −6)^T , d^2 = d^1, (b^2, d^2) ∈ S, then the basis (1, 2) is not feasible for M_1(b^2).

In Definition 6 we will introduce sub-stability set as the set of all (λ, ν) ∈ S under which some of the feasible sub-bases of M_1(b), M_2(d) are preserved for M_1(λ), M_2(ν) as well. It is not necessary to require preservation of all feasible sub-bases of M_1(b), M_2(d), because some of them does not participate in separating or supporting separating of the convex polyhedral sets M_1(b), M_2(d).

Definition 6. Let us have (b, d) ∈ P \ U and S the corresponding stability set. Assume that B is an arbitrary feasible basis of the convex polytope Q^∗(b, d) for which the corresponding separating hyperplane R^B is also supporting for M_1(b), M_2(d). Let B^1 be the sub-basis of M_1(b) and B^2 the sub-basis of M_2(d) created from B. Let (u, v, v_{l+1}) be the vertex of Q^∗(b, d) corresponding to the basis B. Let us introduce B^1_r = {i ∈ B^1 | (u, v, v_{l+1})_i ≠ 0}, B^2_r = {i ∈ B^2 | (u, v, v_{l+1})_i ≠ 0}. Then we define substability set S^0 as the set of all (λ, ν) ∈ S for which the sub-basis B^1_r is feasible for M_1(λ), the sub-basis B^2_r is feasible for M_2(ν) and this holds for each feasible basis B from our assumption.

Note that the intersection of two different sub-stability sets may be of full dimension.

Lemma 3. Let us have (b, d) ∈ P \ U and S^0 the corresponding substability set. Suppose that (b, d) ∈ int(S^0). Let B be such basis of the convex polytope Q^∗(b, d), for which the corresponding vertex defines the separating supporting hyperplane of convex polyhedral sets M_1(b), M_2(d). Then for all (λ, ν) ∈ S^0 the vertex of Q^∗(λ, ν), corresponding to the basis B, defines the separating supporting hyperplane of M_1(λ), M_2(ν).

Proof. Let (u, v, v_{l+1}) be the vertex of Q^∗(b, d) corresponding to the basis B. First we prove that (m + l + 1) ∉ B. For contradiction suppose (m + l + 1) = B_k for some k ∈ {1, . . . , n + 2}. Since the corresponding separating hyperplane R = {x | u^T (Ax − b) = v_{l+1}} from (15) is supporting as well, it follows that v_{l+1} = 0. It follows from Remark 2

0 = v_{l+1} = (u, v, v_{l+1})_{Bk} = ( D^{−1}·_{,n+2} − e_kD^{−1}_{k,n+2} − e_k(q^T_B D^{−1}·_{,n+2}) ) k = q^T_B D^{−1}·_{,n+2}.

The right-hand side of this equation is a linear function, which is nonnegative on a neighbourhood of (b, d) and zero at the point (b, d). Hence the linear function is zero on a neighbourhood of (b, d), from which we obtain D^{−1}·_{,n+2} = 0. It is a contradiction with the regularity of D^{−1}.

Next suppose that for certain k ∈ {1, . . . , n + 2} it holds

0 = (u, v, v_{l+1})_{Bk} =

D^{−1}_{k,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}_{k,n+1}(q^T_B D^{−1}·_{,n+2}) q^T_B D^{−1}·_{,n+1} , i.e.

0 = D^{−1}_{k,n+2}(q^T_B D^{−1}·_{,n+1}) − D^{−1}_{k,n+1}(q^T_B D^{−1}·_{,n+2}). (24)

The right-hand side of the expression (24) is a linear function, which is nonnegative on a neighbourhood of (b, d) and zero at the point (b, d). Hence the linear function is zero on a neighbourhood of (b, d), from which we obtain D^{−1}_{k,n+1} = D^{−1}_{k,n+2} = 0. Therefore the property 0 = (u, v, v_{l+1})_{Bk} holds on the whole sub-stability set S^0.

Introduce B^1_r as a sub-basis B^1 after extraction indices i ∈ B^1, for which (u, v, v_{l+1})_i = 0. Analogously introduce B^2_r . The sub-basis B^1_r of M_1(b) is feasible according to the assumption of Lemma 3. The separating hyperplane corresponding to the basis B has for all (λ, ν) ∈ S^0 the following description

R = {x ∈ R^n | u^T (Ax − λ) = 0}

= {x ∈ R^n | u^T_B1 (A_B1 x − λ_B1 ) = 0}

= {x ∈ R^n | u^T_B1_r (A_B1_r x − λ_B1_r ) = 0}.

Similarly for B^2_r the sub-basis of M_2(ν). Since S^0 is the sub-stability set, the sub-bases B^1_r , B^2_r remain feasible for all (λ, ν) ∈ S^0 and R represents the separating supporting hyperplane of M_1(λ), M_2(ν).

Remark 3. It follows from Lemma 3 that if there exists a supporting hyperplane separating convex polyhedral sets M_1(λ^0), M_2(ν^0) for certain point (λ^0, ν^0) ∈ int(S^0), then there exists a separating supporting hyperplane of M_1(λ), M_2(ν) for all (λ, ν) in the sub-stability set S^0 (moreover, this hyperplane supports M_1(λ) and M_2(ν) at the same faces for all (λ, ν) ∈ S^0). That is why we introduce so called sub-stability sets of supporting and nonsupporting type.

Remark 4. Now we derive the description of a sub-stability set. Let us have (b, d) ∈ P \ U and S^0 the corresponding sub-stability set. Let B be a basis of the convex polytope Q^∗(b, d) and B^1 the sub-basis of M_1(b), B^2 the sub-basis of M_2(d) created from B. The description of the set S^1_{B1} of all λ ∈ R^m for which the sub-basis B^1 remains feasible for M_1(λ) follows from Lemma 1 (since we can simply extend Lemma 1 to the case when B^1 is a sub-basis of M_1(λ)):

S^1_B1 = {λ ∈ R^m | h^T_i (λ_B1 , λ_N 1 ) ≥ 0 ∀i ∈ I_B1 }. (25)

where N^1 ≡ {1, . . . , m} \ B^1 and h_i, i ∈ I_B1 are vectors in directions of all edges of convex polyhedral cone

N_B1 ≡ {(y, z) ∈ R^m | A^T_B1 y + A^T_N 1 z = 0, z ≥ 0}.

In a similar way denote by S^2_{B2} the set of all ν ∈ R^l for which the sub-basis B^2 remains feasible for M_2(ν). Analogously we obtain

S^2_B2 = {ν ∈ R^l | g^T_j (ν_B2 , ν_N 2 ) ≥ 0 ∀j ∈ J_B2 },

where N^2 ≡ {1, . . . , l} \ B^2 and g_j , j ∈ J_B2 are vectors in directions of all edges of convex polyhedral cone {(y, z) ∈ R^l | C^T_{B2} y + C^T_{N 2} z = 0, z ≥ 0}. Let us introduce

S_B = S^1_B1 ∩ S^2_B2 = {(λ, ν) ∈ R^{m+l} | h^T_i (λ_B1 , λ_N 1 ) ≥ 0 ∀i ∈ I_B1 ,

g^T_j (ν_B2 , ν_N 2 ) ≥ 0 ∀j ∈ J_B2 }.

(26)

Let B^i, i ∈ I, be all bases of the convex polytope Q^∗(b, d), for which the corresponding separating hyperplanes are supporting. Suppose the extraction of all indices j ∈ B^i, for which for the corresponding vertex (u, v, v_{l+1})^i of Q^∗(b, d) the equality (u, v, v_{l+1})^i_j = 0 holds. Then the descritpion of the sub-stability set corresponding to (b, d) is the following S^0 ∩ (∩_{i∈I} S_Bi ) . There is a finite number of sub-stability sets and each of them forms a convex polyhedral cone with one vertex in the origin. Consequently, the set of all (λ, ν) ∈ P \ U for which there exists a separating supporting hyperplane for M_1(λ), M_2(ν) is formed by a union of finite number of convex polyhedral cones with vertices in the origin.

The following Tables 3 – 4 contain several examples in the spaces R^2 and R^3 . In these tables the number of stability sets, the number of substability sets (and the number of sub-stability sets of the supporting type) and the aproximate computing time are included for given matrices A, C. Calculations were carried out in MATLAB (see Section 4).

Table 3: Examples in R^2 – pseudorandom data.

sub-stability sets matrix A matrix C stability sets (supporting types) computing time −9 −2 5 7 −1 0 6 0 −9 4 3 −1

71 94 (58) 3 min 45 s

−4 5 5 1 −6 −8 −4 −1 6 −8 0 1 7 −8

89 119 (119) 11 min 33 s

0 −3 −4 0 1 −4 2 3

4 1 2 −3 4 −3 3 −2

126 259 (232) 19 min 17 s

2 1 −1 3 4 4

4 3 −2 2 0 −1 3 −2 1 −3

187 301 (212) 26 min 34 s

Example 3. Let us have B^1 a sub-basis of M_1(λ) and B^2 a sub-basis of M_2(ν). Denote by S_B1_B2 the set of all (λ, ν) ∈ R^{m+l} , for which there exists a separating hyperplane supporting M_1(λ) in the face determined by the sub-basis B^1 and supporting M_2(ν) in the face determined by the sub-basis B^2. Denote B = B^1 ∪ {B^2 + m}, where B^2 + m = {i + m | i ∈ B^2}. Clearly (m + l + 1) ∉ B. Then the set S_B1_B2 has the following description

S_B1_B2 = S_B ∩ S^Q_B ,

where S_B is from (26) (in order that B^1, B^2 may be feasible) and S^Q_B is the set of all (λ, ν) ∈ R^{m+l} such that B is the feasible sub-basis of the convex polytope Q^∗(λ, ν) (in order that may exist a separating hyperplane). Therefore S^Q_B is the set of all (λ, ν) ∈ R^{m+l} , for which the system of linear equalities and inequalities (see (14))

Z_B (λ, ν)w = z, w ≥ 0

has a solution. From [6] it follows the description S^Q_B = R^{m+l} \ (U_1 ∪ U_2),

Table 4: Examples in R^3 – pseudorandom data.

sub-stability sets matrix A matrix C stability sets (supporting types) computing time

1 −3 −4 −4 −5 1 5 5 −5

2 −4 5 1 4 3 −5 0 2 −3 −4 1

208 253 (234) 25 min 25 s

1 2 −5 −1 −5 −1 3 −3 −4

−3 0 4 −1 2 −4 −5 2 3 −4 −3 −4 −2 2 4

145 246 (228) 24 min 32 s

where

U_1 = {(λ, ν) ∈ R^{m+l} | (λ^T , ν^T )_B w^i > 0 ∀i ∈ V },

U_2 = {(λ, ν) ∈ R^{m+l} | (λ^T , ν^T )_B w^i < 0 ∀i ∈ V },

where w^i, i ∈ V are all vertices of the convex polytope Q_B ≡ {w ∈ R^{|B|} | ( A^T C^T 1^T 1^T ) B w = e_{n+1}, w ≥ 0}. (27)

Consider a particular example. Let the same matrices as in Example 1 are given, i.e. A = 1 0 0 1 −1 −1 , C = ( −1 0 0 −1 ) . (i) Let us have B^1 = (1, 2), B^2 = (1, 2). Therefore B = (1, 2, 4, 5). First we compute the set S_B . The convex polyhedral cone

N_B1 = { (y, z) ∈ R^3 |

(_{1 0} 0 1 ) y + (_{−1} −1 ) z = 0, z ≥ 0 } has only one edge in the direction of h_1 = (1, 1, 1)^T . The convex polyhedral cone

N_B2 = { y ∈ R^2 |

(_{−1 0}

0 −1 ) y = 0 } has no edge. The decription of S_B from (26) is the following

S_B = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 ≥ 0}.

The set Q_B from (27) is described by the system (_{1 0 −1 0}

0 1 0 −1 1 1 1 1 ) w = (_0 0 1 ) , w ≥ 0

and contains two vertices w^1 = (^1_2 , 0,^1_2 , 0)^T , w^2 = (0,^1_2 , 0,^1_2 )^T . Hence S^Q_B has the description

S^Q_B = R^5 \ ({λ_1 + ν_1 > 0, λ_2 + ν_2 > 0} ∪ {λ_1 + ν_1 < 0, λ_2 + ν_2 < 0}) = = {λ_1 + ν_1 ≥ 0, λ_2 + ν_2 ≤ 0} ∪ {λ_1 + ν_1 ≤ 0, λ_2 + ν_2 ≥ 0}).

The set S_B1_B2 is not convex and has the description

S_B1_B2 ={(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 ≥ 0, λ_1 + ν_1 ≥ 0, λ_2 + ν_2 ≤ 0}∪ {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 ≥ 0, λ_1 + ν_1 ≤ 0, λ_2 + ν_2 ≥ 0}.

This set corresponds to the union of the stability sets number 1 and 3 from Example 1.

(ii) Let us have B^1 = (1), B^2 = (1). Therefore B = (1, 4). The convex polyhedral cone

N_B1 = { (y, z) ∈ R^3 |

(_1 0 ) y + (_{0 −1}

1 −1 ) z = 0, z ≥ 0 }

has only one edge in the direction of h_1 = (1, 1, 1)^T . The convex polyhedral cone

N_B2 = { (y, z) ∈ R^2 | (_{−1} 0 ) y + (_0 −1 ) z = 0, z ≥ 0 }

has no edge. Hence

S_B = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 ≥ 0}.

The set Q_B from (27) is described by (_{1 −1} 0 0 1 1 ) w = (_0 0 1 ) , w ≥ 0 and contains one vertex w^1 = (^1_2 ,^1_2 )^T . Hence

S^Q_B = R^5 \ ({λ_1 + ν_1 > 0} ∪ {λ_1 + ν_1 < 0}) = {λ_1 + ν_1 = 0}. The set S_B1_B2 has the description

S_B1_B2 = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 ≥ 0, λ_1 + ν_1 = 0}.

(iii) Let us have B^1 = (1, 2, 3), B^2 = (1, 2). Therefore B = (1, 2, 3, 4, 5).

Similarly we obtain

S_B = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 = 0}, S^Q_B = R^5 \ ( {λ_1 + ν_1 > 0, λ_2 + ν_2 > 0, λ_1 + λ_2 + λ_3 > 0}∪ {λ_1 + ν_1 < 0, λ_2 + ν_2 < 0, λ_1 + λ_2 + λ_3 < 0} ) . Hence the set S_B1_B2 has the description S_B1_B2 ={(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 = 0, λ_1 + ν_1 ≥ 0, λ_2 + ν_2 ≤ 0}∪ {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 = 0, λ_1 + ν_1 ≤ 0, λ_2 + ν_2 ≥ 0}.

This set corresponds to the union of the stability sets number 1 and 3 from Example 1 with the property, that the set M_1(λ) consists of one point only.

S_B = {(λ, ν) ∈ R^5 | λ_1 + λ_2 + λ_3 = 0}, S^Q_B = R^5 \ ( {λ_1 + ν_1 > 0, λ_2 + ν_2 > 0, λ_1 + λ_2 + λ_3 > 0}∪ {λ_1 + ν_1 < 0, λ_2 + ν_2 < 0, λ_1 + λ_2 + λ_3 < 0} ) . References

[1] T. Gal (1979): Postoptimal analyses, parametric programming, and related topics, McGraw-Hill, New York.

[2] T. Gal, H. J. Greenberg (1997): Advances in sensitivity analysis and parametric programming, Kluwer Academic Publishers, Boston.

[3] L. Grygarová (1997): A calculation of all separating hyperplanes of two convex polytopes, Optimization 41, 57–69.

[4] L. Grygarová (1998): On a calculation of an arbitrary separating hyperplane of convex polyhedral sets, Optimization 43, 93–112.

[5] L. Grygarová (1998): Separating support hyperplanes for a pair of convex polyhedral sets, Optimization 43, 113–143.

[6] L. Grygarová (1972): Die Lösbarkeit eines linearen Optimierungsproblems unter Zufügung einer weiteren Restriktionsbedingung, Aplikace matematiky 17, 352–387.

[7] M. Hladík (2004): Explicit description of all separating hyperplanes of two convex polyhedral sets with RHS-parameters, WDS’04: Part I, Mathematics and computer sciences (ed. J. Šafránková), 63–70, Matfyzpress, Praha.

[8] M. C. Kemp, Y. Kimura (1978): Introduction to mathematical economics, Springer, New York.

[9] V. Klee (1969): Separation and support properties of convex sets – a survey, Control theory and the calculus of variations (ed. A. V. Balakrishnan), 235–303, Academic Press, New York.

[10] F. Nožička, J. Guddat, H. Hollatz, B. Bank (1974): Theorie der linearen parametrischen Optimierung, Akademie – Verlag, Berlin.

[11] F. Nožička, L. Grygarová, K. Lommatzsch (1988): Geometrie konvexer Mengen und konvexe Analysis, Akademie – Verlag, Berlin.

[12] A. Schrijver (1998): Theory of linear and integer programming, John Wiley & Sons, Chichester.