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Abstract

This habilitation thesis surveys almost a decade of my research in the area of game comonads, which
is a new research area in the intersection of categorical logic and finite model theory. The unifying idea
running through this approach is that by formalising basic concepts of finite model theory in the language of
comonads and elementary path categories (e.g. arboreal categories), we obtain an elegant abstract theory
which (1) specialises to old and new theorems and examples and (2) reveals connections with other branches
of category theory. We discuss applications of this approach to the study of homomorphism counting
theorems, graph parameters, composition methods (e.g. the theorems of Mostowski and Feferman-Vaught)
and model-theoretic types.

The thesis also contains an extensive introduction to the theory of game comonads, built step-by-step from
relevant concepts of finite model theory and comonad theory. This introduction should be accessible to
anyone with minimal knowledge of category theory and logic.
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Preface

Game comonads and arboreal categories are a novel branch of categorical logic, establishing a connection
between category theory and finite model theory, where the latter is a branch of mathematical logic focusing
on the interaction of logic and algorithms.

In general, categorical logic is concerned with the structural analysis of important notions of logic, such
as the semantics of first-order theories (hyperdoctrines), model theory (locally presentable and accessible
categories), foundations (topos theory), and algebraic theories (Lawvere theories and monads). In the same
spirit, game comonads provide a structural analysis of some aspects of finite model theory. Notably, logics
important in finite model theory lack many desirable properties. They typically lack compactness and,
furthermore, the question of completeness is also uninteresting, due to the Trakhtenbrot’s theorem which
says that the set of first-order sentences valid in finite structures is not recursively enumerable. Therefore, in
some sense, game comonads provide a structural approach to logics without compactness and completeness.

The word ‘game’ in ‘game comonads’ refers to model comparison games, such as the Ehrenfeucht-Fraissé
game or the bisimulation games, studied in model theory, modal logic and theory of concurrency. These
games are an essential tool in these respective fields, which allows one to capture (and hence also study)
logical equivalence with respect to some logic fragment. In some sense these model comparison games enable
one to convert a syntactic notion (logical equivalence) into a combinatorial notion (a winning condition in
some game).

Game comonads originate in the observation of Samson Abramsky and Anuj Dawar that some of the most
common games in finite model theory can be described using simple constructions on (first-order) relational
structures. Moreover, they satisfy familiar axioms of comonads from category theory, justifying the rest of
the name ‘game comonads’. The formalism of arboreal categories was initiated by Abramsky and Reggio in
order to capture common synthetic properties of the categories of coalgebras of these comonads.

Therefore, game comonads and arboreal categories help one to abstract away from intricate combinatorial
considerations when studying logical equivalences and, instead, concentrate on common features the different
equivalences enjoy. Furthermore, by ‘categorifying” a statement from finite model theory one obtains an
abstract statement about arbitrary comonads. The original statement and more are recovered by instantiating
it with different comonads. Moreover, the proof of this abstract statement requires the use of different
methods, which often reveals connections with other areas of category theory.

The study of game comonads is still in its inception and many insights and connections are yet to be discovered.
The purpose of this text is to give an overview of the basics of the theory of game comonads, with additional
emphasis on the author’s own research. Requiring only basic familiarity with logic and category theory, the
text can serve as an introduction to the area.
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Introduction

Finite model theory is a well-established branch of theoretical computer
science, originating in the 1980s. Its main focus is on the study of the
semantic restriction of various logic fragments to the class of finite
structures. This is motivated by questions in formal language theory,
automata theory, database theory, descriptive complexity, etc.

Due to this semantic restriction to the finite structures, these logics
lose many desirable properties. Namely, as was observed very early on,
classical tools from model theory such as completeness, compactness,
the Léwenheim-Skolem theorem, Beth definability, Craig interpolation,
and Los-Tarski preservation fail in the finite. Some tools, on the other
hand, still apply, such as model comparison games (e.g. the Ehrenfeucht-
Fraissé game), the van Benthem theorem (see Rosen [109]), and the
Homomorphism Preservation Theorem (see Rossman [110]).

However, finite model theory is not primarily about classifying which
theorems of classical model theory hold in the finite realm and which
fail. As emphasised by Kolaitis [78, Section 3], equally important are also
the questions of:

» connections between logic and computational complexity
(field of study called descriptive complexity theory),

» the expressive power of logics on finite structures, and

» the asymptotic properties of logical formulas
(0-1laws, structural limits).

Note that the first concerns algorithmic meta-theorems, such as the
famous Courcelle’s theorem [39], and characterising complexity classes
using logic fragments. The second, on the other hand, develops tools
suitable for separating logics. Therefore, the first and second together
aim to tackle the famous P vs NP problem.

Over the years, finite model theory has developed its own set of tech-
niques, methods, and key results, which are designed to tackle the
aforementioned research questions. The tools and notions that play the
largest role in achieving these goals are probably the following:

(i) model comparison games
(if) composition methods
(Feferman—Vaught-Mostowski-type theorems)
(iii) types
(iv) interpretations and transductions
(v) locality theorems
(vi) homomorphism counting theorems
(vii) 0-1laws
(viii) arithmetic circuits
(ix) automata theory

This points to the stark contrast with classical model theory, where these
tools either do not play such a large role (the first half of the list above,
except for ((iii))) or are not usable in the infinite (the second half of the
list).




Origins of game comonads. Especially important for us are model
comparison games such as the Ehrenfeucht-Fraissé game, bisimulation
game, or the pebble game. In particular, the latter establishes equivalence
in the fragment of first-order logic of formulas of bounded variable count.
Dawar et al. [43] observed that the existence of a winning strategy in
the forth-only k-pebble game from a structure A to B corresponds to the
existence of a homomorphism from Py A, the unravelling of A according
to the rules of the pebble game, to B. Schematically:

forth-only k-pebble game from A to B

~
=~

PiA — B

Later, Abramsky, Dawar, and Wang [3] showed that Py A is a comonad on
the category of relational structures of the same signature, establishing
a link between finite model theory and category theory. Moreover, Py
by its coalgebras characterises tree-width, an important structural graph
parameter [98].

Soon after, many more new game comonads were discovered; for example,
the Ehrenfeucht-Fraissé comonad, the modal comonad [14], the guarded
comonad [6], the Hella comonad [38], and many others. They all follow
the same pattern. On the one hand, they are built by a semantic encoding
of the rules of a model comparison game, hence establishing a link with
the logic fragment that corresponds to the game. On the other hand,
their coalgebras have a tree-like structure by which they characterise some
combinatorial parameter.

Categorical theorems. Orthogonal to identifying new game comonads
came the efforts of understanding traditional finite model theory (FMT)
results through the lens of category theory, piggybacking on the link
with logic that game comonads provide. The usual structure of these
results is as follows:

Theorem in FMT = Categorical skeleton + Combinatorial core

The task is to identify the correct level of abstraction for the categorical
FMT theorem, i.e. the ‘categorical skeleton’ in the equation above, so that
its proof follows by standard categorical techniques and the theorem
itself specialises to new examples in finite model theory (see below).

Theorem in FMT Categorical techniques
homomorphism counting | comonadicity + finite rank
theorem

Composition method (op)monoidal (co)monads +

relative adjunctions
equi-rank Homomorphism | model saturation
Preservation Theorems (small object argument)
Hodges’ word-construction | finitary functors

1 Introduction
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Once the categorical FMT theorem is established, the remaining work lies
in checking which comonads satisfy its assumptions, thereby obtaining
new (concrete) FMT results. For example, in Chapter 5 we categorify the
homomorphism counting results of Dvofdk and Grohe as a single theo-
rem about arbitrary comonads. The original theorems are recovered by
instantiating the categorical theorem with the Ehrenfeucht-Fraissé and
pebble comonads. Moreover, we also obtain new theorems, for example,
by instantiating the categorical homomorphism counting theorem with
the modal and pebble-relation comonads, which yield homomorphism
counting results for modal logic and restricted conjunction fragments,
respectively. Usually, this part of digesting concrete results by instanti-
ating the categorical theorems requires verification of some structural
properties of our comonads, which is the ‘combinatorial core’ of the
argument in the equation above.

Arboreal categories. The fact that coalgebras of game comonads typi-
cally have a tree-like structure led to the discovery of arboreal categories
by Abramsky and Reggio [10, 11]. The setting of arboreal categories
captures the essential features of the different categories of coalgebras of
game comonads, thereby providing a common formalism for defining
forth-only, bijective, back-and-forth,! existential, positive, etc. games. In
fact, in any arboreal category, the notion of back-and-forth equivalence
coincides with bisimilarity as described using spans of open morphisms,
hence providing a link between finite model theory and the semantics of
concurrency.

Importantly, this common language of arboreal categories abstracts away
the intricate details of the different model comparison games. Each type of
game (e.g. the back-and-forth Ehrenfeucht-Fraissé, pebble, bisimulation,
etc. game) is expressed as a single (simple) categorical notion for arboreal
categories which, when instantiated with different examples of arboreal
categories (e.g. arising from different game comonads), recovers the
different examples of the same type of game from the literature.

Already the fact that many types of games can be captured using a simple
common categorical formalism is an interesting feat on its own. Moreover,
the fact that arboreal categories provide a common language for the
different model comparison games arising in finite model theory can be
used to prove logic meta-theorems, see e.g. [13, 66, 105]. Finally, arboreal
categories lead to a rich theory in their own right; see, e.g., Chapter 4 for
a representation theorem or [68] for the connections with the theory of
fibrations.

In summary, arboreal categories provide a synthetic approach to model compar-
ison games in finite model theory by defining all games of the same type at
once, in terms of their common features. This is in contrast with the more
usual analytic approach to games where each game is defined separately
in concrete terms, and then its common properties are understood only
intuitively or appear as theorems about these games.?

Categorical finite model theory, an outlook. Being able to talk about
model comparison games abstractly, in terms of comonads and arboreal
categories, gives one the ability to talk about logical equivalences and,
consequently, formulas, types, composition methods, and so on. In this

1 Introduction 3

1: See also Otto [99] for a unifying ap-
proach to back-and-forth model com-
parison games, using a clever encoding
into the standard bisimulation game for
Kripke structures.

2: The distinction between ‘synthetic’
and ‘analytic’ comes from geometry. Eu-
clid’s approach to geometry is the princi-
pal example of the ‘synthetic’ approach,
where he takes the notions of line, cir-
cle, and plane as basic whereas points
are the derived notion. The ‘analytic’ ap-
proach, on the other hand, assumes that
Euclid’s basic geometric notions are de-
finable from the concrete description of
the space using its points and their coor-
dinates.
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way, we are able to express many of the essential notions of finite model
theory (listed as items ((i))—((ix)) above®) and, moreover, do so completely ~ 3: Note that ‘locality’ is also within reach,
syntax-free whilst bringing a new set of tools to the area—the tools ~ now that the theory of types has been de-

. veloped. This is the topic of the author’s
developed in category theory over many decades. forthcoming work.

In his 2007 survey, Kolaitis [78] calls for an abstract finite model theory:

“Lindstrém showed that first-order logic is a maximal logic possess-

ing both the Compactness Theorem and the Lowenheim-Skolem
Theorem. In other words, there is no logic that is strictly more
expressive than first-order logic and possesses both the Com-
pactness Theorem and the Léwenheim-Skolem Theorem. This
result, obtained in 1969, became the catalyst for the development
of abstract model theory.

Is there an abstract finite model theory? ... Is there a
Lindstrom-type characterization of first-order logic on finite
structures? Similarly, is there a Lindstrom-type characterization
of least fixed-point logic on finite structures?”

On the one hand, if we interpret Kolaitis’s call to the letter, the current
research directions of game comonads and arboreal categories do not
seem to tackle this problem. On the other hand, game comonads provide
tools to compare logic fragments important in finite model theory, e.g.
using comonad morphisms (Chapter 8). One can argue that this approach
is still within the intentions Kolaitis had in mind since, by doing so,
we study the category of logics and their morphisms. This way, the
relationships of different logic fragments are understood by how they
interact with one another.

The emerging field of categorical finite model theory, encapsulating game
comonads, arboreal categories, and the categorical [57] and cohomologi-
cal [1, 37] approaches to CSP, etc., brings categorical tools to the study of
finite model theory. See the recent survey by Dawar [41], which outlines
how game comonads fit into greater finite model theory research and
what problems are natural to tackle using this formalism. In particular,
the following questions and tasks come naturally from this endeavour:

» Establish categorical algorithmic meta-theorems. In his invited CSL 2007
talk, Dawar [40] describes that decidability meta-theorems (e.g.
Courcelle’s theorem) rely on an iterated use of the composition
method, locality, and automata theory. Our categorical methods
account for the first two, with the last in the list and their intricate
combination left as future work. See also the author’s preliminary
work on Courcelle’s algorithm [64].

» Combine the comonadic and cohomological approaches. The Invertible
Map Game, an important notion in finite model theory character-
ising linear-algebraic logic, cannot be captured by comonads [81].
This failure led Abramsky and Conghaile to discover the coho-
mological approach to forth-only games [1, 37]. However, this
approach now sits independently of game comonads, and it is not
clear how to model the interaction of the two.

» Capture fixed-point logics and other logics in the framework. There are
still some logics important in finite model theory which do not
have their comonadic counterpart, e.g. the fixed-point logics. Also,
fragments such as the guarded and loosely-guarded fragments have



comonads whose coalgebras do not form an arboreal category.*
Does that mean that there are better comonads for these fragments,
or does the notion of arboreal categories need a generalisation to
account for these fragments?

What is the connection with concurrency theory? Back-and-forth equiv-
alence in arboreal categories exactly corresponds to the Joyal-
Nielsen—-Winskel equivalence, designed for establishing the bisimi-
larity of two concurrent systems [10]. It is likely that more useful
connections will show up once the two theories are put side by
side.

Furthermore, categorical finite model theory develops its own tools which,
in turn, motivate research questions specific to this field of research:

>

1.1

What is the correspondence with other fields of categorical model theory?
Arboreal categories take a lot of inspiration from the theory of
presentable and accessible categories [20]. The recent representation
theorem (Chapter 4) and the upper bound on the expressibility of
an arboreal-finitely presentable adjunction [105] bring these two
theories even closer. Still, these are only preliminary results and
some more formal understanding is still missing.

Develop the theory of presentations of comonads. Similarly to how mon-
ads are presented using algebraic theories, comonads too would
benefit from some common formalism for presenting them. This
would allow one to specify new game comonads by tweaking pre-
sentations of other game comonads and, thereby, obtain comonads
with intended logical properties.

The relationship of coinduction and model-theoretic types. In Subsec-
tion“Simplifications” on page 90, we observe that the space of
model-theoretic types arises as the quotient of the cofree coalgebra
by its largest bisimilarity relation. This points to the coinductive
nature of types, which is partially exploited in Chapter 9. However,
we only scratch the surface of the interaction of these two notions
in this manuscript.

On the content of this manuscript

This manuscript is an overview of the author’s own work related to game
comonads. In particular, the following papers (ordered chronologically)
serve as inspiration.

[42]

[4]

[64]

Anuj Dawar, Tomas Jakl, and Luca Reggio. ‘Lovasz-Type Theorems
and Game Comonads’. In: Proceedings of the 36th Annual ACM/IEEE
Symposium on Logic in Computer Science (LICS). New York, NY, USA:
Association for Computing Machinery, 2021

Samson Abramsky, Tomés Jakl, and Thomas Paine. ‘Discrete Den-
sity Comonads and Graph Parameters’. In: Coalgebraic Methods in
Computer Science. CMCS 2022. Ed. by Helle Hvid Hansen and Fabio
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Below is an overview of the different chapters of this manuscript, with
an attribution of the origins of their content.

» Chapter 2 gives a gentle introduction to the theory of game comon-
ads, which complements the other existing expositions [2, 12] by
also reviewing the principal notions of finite model theory and
category theory.

This chapter is original, except for Lemmas 2.9.6 and 2.9.8 which are
borrowed from the joint work with Reggio [68].

» Chapter 3 introduces elementary path categories as a minimal
synthetic language for talking about model comparison games.
The aim of elementary path categories is to describe the synthetic
language directly, without worrying too much about the inherent
structure the arboreal categories have. We use this language to
compare different notions of bisimilarity, namely the back-and-forth
equivalence, bisimilarity, and behavioural equivalence.

This chapter is original. The notion of elementary path categories is
introduced here for the first time.

» Chapter 4 is where we introduce arboreal categories and prove
their representation theorem. We also show that the four different
notions of bisimilarity from Chapter 3 are equivalent in arboreal
categories.

This chapter is based on unpublished ongoing work with Luca Reggio.

» Chapter 5 is about Lovasz-type homomorphism counting theorems
which, undoubtedly, are the most influential application of game

comonads.
This chapter is based on [42], however, only the content of Section 5.2
and the proof of Proposition 5.4.3 are taken from therein.

» Chapter 6 introduces density constructions of comonads as a means
of generating new comonads from a functor. As an application, we
devise a simple construction (of discrete density comonads) which
allows us to represent the most important classes of interest in
graph theory by means of coalgebras of a comonad. Later, we
also use density constructions to recover the Ehrenfeucht-Fraissé
comonad from a simple proof system.

All except for the last two sections originate in the joint work with
Abramsky and Paine [4].

» Chapter 7 focuses on the question of when a functor between
base categories, e.g. the functor of taking the disjoint union of two
structures, lifts to the categories of coalgebras of some comonads.
This chapter lays the groundwork for the follow-up chapters.

This chapter is based on joint work with Marsden and Shah [65-67]. The
text is new except for Lemma 7.2.2 and proofs in Sections 7.3, and 7.5.


https://arxiv.org/abs/2205.05382
https://arxiv.org/abs/2603.21841

» Chapter 8 uses results from Chapter 7 and the language of ele-
mentary path categories to re-prove the famous Feferman-Vaught-
Mostowski theorems, i.e. we port the composition method to game
comonads. Furthermore, comonad morphisms are studied as a
means to compare different logics characterised by comonads.
Lastly, strong functors are introduced, which give even stronger
preservation properties than comonad morphisms.

This chapter is based on joint work with Marsden and Shah [66]; however,
its text is new except for some parts of Sections 8.4 and 8.8.

» Chapter 9 finishes this manuscript with a discussion on how to
talk about model comparison types in the setting of elementary
path and arboreal categories. Preservation theorems (Section 9.5)
are proved using strong functors from Chapter 8.

This is new unpublished work of the author.

Below is the graph of dependencies between the chapters. Note that
occasional references going across chapters might occur, but still, as
the graph indicates, many of the topics can be read independently of
the others. For example, one does not need to know anything about
homomorphism counting theorems (Chapter 5) when reading about
preservation theorems (Chapter 8).

Chapter 2

Chapter 5  Chapter 3  Chapter7  Chapter 9 \ {Sec. 9.5}

| I

Chapter 6 Chapter4  Chapter 8

T~

Section 9.5

Omitted material. Recall from above that the research in game comon-
ads and arboreal categories can be split into the following main areas:

1. ‘Comonad Engineering’, i.e. devising new comonads for various logic
fragments.

2. Categorising results in finite model theory, e.g. homomorphism count-
ing theorems, van Benthem—Rosen theorems, etc.

3. Studying synthetic model comparison games, e.g. developing the theory
of arboreal and elementary path categories.

Since the author of this text focuses mostly on the latter two aspects
in his research, this manuscript completely omits the important direc-
tion of ‘comonad engineering’, which makes all of the follow-up work
grounded.

Also, since this manuscript serves as a habilitation thesis, whose purpose
is to showcase the author’s own work, many important results from the
latter two categories listed above had to be omitted too. In particular, we
make no exposition of Homomorphism Preservation Theorems [13], linear
arboreal categories [9], the van Benthem—Rosen theorem [7], Hodges’
word-constructions and upper bounds on the expressibility of arboreal
adjunctions [105], or no-go theorems [72].

1 Introduction

7



Finally, the author’s comonadic locality theorems (unpublished) and the
author’s work on Courcelle’s theorem [64] are also omitted, since they
have not matured for a textbook exposition yet.

Prerequisites. Although most of the material is written in categorical
language, the required category-theoretic background is quite minimal.
Apart from a few exceptions, we assume only a basic familiarity with
functors, natural transformations, adjunctions, limits, colimits, monomor-
phisms, and epimorphisms. Everything else is introduced as needed.
Similarly, no prior knowledge of finite model theory is assumed.
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Preliminaries

The purpose of this chapter is to give a gentle high-level introduction to
the theory of game comonads. To understand the original motivations
we also review the relevant parts of finite model theory. In particular we
focus on the correspondence of model comparison games, logics and
comonads. We also overview basic category-theoretic facts concerning
comonads. Although the categorical toolkit that we rely on is quite
minimal, it would be besides the point to review all of it. In particular,
we still assume familiarity with basic notions from category theory, such
as functors, natural transformations, adjunctions, limits, colimits, etc. as
covered e.g. in [15, 25, 108].

The principal references for finite model theory are Libkin [80] and
Ebbinghaus-Flum [47]; and for game comonads, we refer the reader to
the original papers, that is, Abramsky—Shah [14] and Abramsky-Dawar-
Wang [3], as well as the recent survey Abramsky-Reggio [12].

2.1 Model comparison games

Model comparison games are an important tool in model theory. They
are especially useful in finite model theory, where they are often used
to prove inexpressibility results and to separate logic fragments. These
games are played on structures of the same type, i.e. in the same signature.
In our case, we only consider (finite and finitary) relational signatures.
A o-structure in signature 0 = {Ry, ..., R, } is a tuple (4, RA, ..., R4)
where A is a set and for each R € ¢ we have a relation

RAC A"

where 7 is the arity of R. For example, for o = {E(-, ), P()}, a o-structure
(A, R4, P4) is a directed graph (where edges are given by the binary
relation E) with a selected subset (given by the unary predicate P).

In this text, whenever we say ‘structures’, we implicitly mean o-structures
in the same relational signature o.

The back-and-forth Ehrenfeucht-Fraissé game

Given two structures A, B, the (back-and-forth) Ehrenfeucht-Fraissé
game is a game between two players, Spoiler and Duplicator. The task of
Spoiler is to provide evidence that A and B are different, while Duplicator
tries to prevent that.

In each round of the game, given some position of the game, Spoiler
makes a move and Duplicator responds with their own move, which
yields a new position for the next round. The positions are given as
pairs (a, b) of sequences of the same length consisting of elements from
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the structures A and B, that is, pairs (a, E) where @ = [ay,...,4,] and
b=1[b1,...,by] and, forevery i, a; € A and b; € B.

One round of the game is played as follows. Starting from position
([011, ceey an_l], [bl, ceey bn_l]), either

» Spoiler chooses an element a,, € A and then
Duplicator chooses b,, € B; or

» Spoiler chooses an element b,, € B and then
Duplicator chooses a,, € A.

The position for the next round is (@ = [a1, ..., 44], b= [b1,...,b4]).

We say that Duplicator wins the round if the arising mapping a; + b;
(fori =1,...,n) obtained from the resulting position (a, b) induces a
partial isomorphism. Formally, we require that the mapping a; + b; is
an isomorphism

Ata = Blb

where A | 7 is the induced substructure of A on vertices {a1,...,a,}.

We say that Duplicator wins or that Duplicator has a winning strategy
in the k-round Ehrenfeucht-Fraissé game if, starting from the position of
empty sequences ([], [1), it is possible for Duplicator to win the next k
rounds of the game, no matter how Spoiler plays.! We say that Spoiler
has a winning strategy if Duplicator does not have a winning strategy.

The following folklore theorem expresses that the Ehrenfeucht-Fraissé
game between o-structures captures logical equivalence =gy-, with re-
spect to the first-order logic FO™ , consisting of sentences in the language
of 0.

Theorem 2.1.1 (Ehrenfeucht-Fraissé [48, 51]) Given structures A, B,

A =po- B ifand only if, for every k, Duplicator has a winning strat-
egy in the k-round Ehrenfeucht—Fraissé game
between A and B.

Remark 2.1.2 In the setting of game comonads it is more natural to
talk about logics without equality. The logics with equality can be easily
recovered, for example, by extending the signature, see Section 2.8 below.
This is the reason why we explicitly decorate FO™ with the equality
sign and we reserve the denotation FO for the fragment of FO~ without
equality. Similarly, later we introduce the infinitary versions of FO with
and without equality, which we denote by Z5, and Z«,, , respectively.

Basic variants of the back-and-forth game

In the setting of finite model theory and game comonads, there are a
number of important variants of the Ehrenfeucht-Fraissé game, capturing
different fragments of first-order logic.

2 Preliminaries 10
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Bounded quantifier rank. First, we consider the variant where the
number of rounds k is fixed beforehand. This corresponds to the re-
striction FO; of FO7, consisting only of formulas of quantifier rank <k.
The quantifier rank grank(¢) of a formula ¢ is defined inductively as
follows.

grank(x =y) =0
grank(R(x1,...,x,)) =0
grank(¢ A ) = max{qrank(¢), qrank(y)}
grank(¢ V i) = max{qrank(¢), qrank(y)}
grank(3x.¢) = grank(¢) + 1
qrank(Vx.¢) = qrank(¢) + 1

Proposition 2.1.3 Given structures A, B, A =go= B ifand only if Duplicator
has a winning strategy in the k-round Ehrenfeucht—Fraissé game.

Proof (inspired by [80, Theorem 3.9] or [47, Theorem 2.2.8]). We inductively
prove a more general fact, about logics with constants. In particular, we
prove that for every pair of n tuplesa = [a1, ..., a,] and b= [b1,...,b4]
in A and B, respectively,

A7 =p- B,b &< A,a>B,b (2.1)

where A, a =go; B, b expresses that, for every formula ¢(X) of quantifier
rank k with n free variables, A |= ¢(a) iff B |= (p(E), and A,7 ~¢ B,b
means that Duplicator has a winning strategy in the k-round Ehren-
feucht-Fraissé game between A and B starting from @ and b.

The key insight is that, one can encode all information about the position @
and what can be reached from this position in round k of the game, with
a formula qog(f) which, importantly, has quantifier rank k. The formulas
are defined inductively, by

(pg(f) = /\ R(xiy, ..., xi,) A /\ =R(xiy, .., Xi,)

RA(lli] ,,,,, a,'n) jR/‘(ﬁil ~~~~~ ain)

@ = Ayt @ y) Ao\ ok (7 y)

acA acA

where R4(a;,, ..., a;,) in the conjunction defining qog(f) ranges over all
atomic formulas, including equality formulas.

Observe that, by definition, A, d =~ B,E iff B |= (pg(g) Furthermore,
since gog(f) has quantifier rank k, we obtain the left-to-right implication
of (2.1).

Conversely, for the right-to-left implication of (2.1), let ¢(x) be a formula
such that A |= @(a). The only interesting case is when ¢(x) = 3y (%, y)
as the case when ¢ is a negation or conjunction of formulas is handled by
induction on the complexity of . From A |= ¢(a) we obtain that there is
some a € A such that A |= ¢(a, a). Also, from A, a = B, b there is some
b € Bsuchthat A, aa ~¢_4 B,Eb. By induction A, aa =roz B,Eb and so

B|= 1{1(5, b) and, therefore, also B |= Jy I,D(E, y)ie Bl= (p(E). O



Observe that, by applying Proposition 2.1.3 to all k, we recover Theo-
rem 2.1.1.

No equality. As hinted at in Remark 2.1.2, we also consider the frag-
ment FO, consisting of first-order sentences (in a given fixed language o)
without equality. This corresponds to the relaxed Ehrenfeucht-Fraissé
game where we weaken the winning condition for Duplicator. Instead of
requiring that the position (7, b) induces a partial isomorphism a; > b;
we require that it induces a partial correspondence, that is, for any m-ary
Reoandiy,...,iy€{1,...,n},

(ail,...,aim)eRA = (b,’l,...,bim)GRB. (2.2)

The proof of Proposition 2.1.3 can be easily adapted to yield the follow-
ing.

Proposition 2.1.4 Given structures A, B,

» A =g, B if and only if Duplicator has a winning strategy in the
k-round Ehrenfeucht—Fraissé game; and

» A =po B ifand only if, for every k, Duplicator has a winning strategy
in the k-round Ehrenfeucht—Fraissé game.

To see that Proposition 2.1.4 strictly subsumes Theorem 2.1.1 and Propo-
sition 2.1.3, define A! as an extension of A in the expanded signature

ol =oU{l}

where I is a new binary relational symbol. We interpret I in A as equality,
ie I (x, y) iff x = y. Then, observe that A =g, B! (in signature o) iff
A =po= B (in signature o) and similarly for FOx and FO; . Indeed, notice
that (2.2) applied to the new binary relation I says that a; = a; iff b; = b;,
which simply says that {(a;,b;) | i € {1,...,n}} is a graph of a bijective
function and, therefore, the partial correspondence actually is a partial
isomorphism.

Infinitary conjunctions and disjunctions. Finally, we might consider a
variant of the Ehrenfeucht-Fraissé game where there is no k after which
the game stops, that is, the game is unbounded and Duplicator has to
win every round forever. On the logic side, this corresponds to allowing
arbitrary conjunctions and disjunctions.? This logic is denoted by

Loow

since in the model theory literature, the logic &) usually denotes
first-order logic with conjunctions and disjunctions of size <x and
quantification blocks which can bound <A variables at once.

Assumption 2.1.5 In this text, whenever we speak about first-order
logic and write £, We mean infinitary first-order logic without equality.
The variant of £, with equality is denoted by £,

Also, when we speak about a game variant, unless said otherwise, we
automatically mean the relaxed variant.

2 Preliminaries 12
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As before, we obtain the following, by adapting the proof of Theorem 2.1.1,
see e.g. [47, Theorem 3.2.7].

Proposition 2.1.6 Given structures A, B,

» A =g, B ifand only if Duplicator has a winning strategy in the
(relaxed) unbounded Ehrenfeucht—Fraissé game; and

» A =g=_ Bifand only if, for every k, Duplicator has a winning strategy
in the non-relaxed unbounded Ehrenfeucht—Fraissé game.

Note that the restrictions of L, and £, to formulas of bounded
quantifier rank yield the logics FOx and FO, . This is because, for a fixed k,
every formula in £, and £, of quantifier rank <k is equivalent
to a formula in FO; and FO, respectively. Therefore, adding infinitary
conjunctions and disjunctions does not increase the expressive power in

this case.

Forth-only and counting variants

The variations of the Ehrenfeucht-Fraissé game in the previous subsection
concerned fairly minor modifications, involving only changes to the
number of rounds or the winning condition. Next, we look at two
variations that alter the Ehrenfeucht-Fraissé game more fundamentally.

The forth-only Ehrenfeucht-Fraissé game from A to B is anon-symmetric
version of the back-and-forth game, in which Spoiler is required to always
play on A and, therefore, Duplicator always responds in B. Furthermore,
the winning condition for Duplicator does not require that the mapping
a; — b; induced by (g, E) is a partial isomorphism, instead, it requires
that it is a partial homomorphism. In the relaxed variant, we require that
(a, E) induces a forth-only partial correspondence, i.e. the left-to-right
implication of (2.2) only.

Having a winning strategy for Duplicator in such a game corresponds to
the preservation of positive existential formulas, that is, formulas that
use neither universal quantification nor negation. Given a logic £, we
define

I

to be the fragment of & which only consists of positive existential
formulas.

The fact that the forth-only game is non-symmetric means that we must
alsoreplace logical equivalence =g with its non-symmetric variant. To this
end, for structures A, B and logic £, we define the logical refinement =<
relation by:

AS9B & VpeZ Al=¢ implies B|=¢

Observe that A =4 Biff A =< B and B =4 A. Furthermore, if & is
closed under negation (i.e. ¢ € £ implies =¢ € £), then A =¢ B is
equivalent to A =g B. Therefore, the relation = is only interesting for
logics that are not closed under negation, such as the positive existential
fragments.

2 Preliminaries
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We can now state the forth-only variant of the Ehrenfeucht-Fraissé
theorem.

Proposition 2.1.7 Given structures A, B, then

» A =3+p0 B iff, for every k, Duplicator wins the k-round (relaxed)
forth-only Ehrenfeucht—Fraissé game from A to B;

» A =3ip0, B iff Duplicator wins the k-round (relaxed) forth-only
Ehrenfeucht—Fraissé game from A to B; and

» A =3+, B iff Duplicator wins the unbounded (relaxed) forth-only
Ehrenfeucht—Fraissé game from A to B.

It is not difficult to check that the positive existential fragments of FOx
and FO; are equally expressive. Therefore, also both types of the relaxed
and non-relaxed variants of the forth-only Ehrenfeucht-Fraissé game are
equally difficult for Duplicator.

The last variant of the Ehrenfeucht-Fraissé game that we consider is the
bijective Ehrenfeucht-Fraissé game between structures A and B, which
is defined as follows. In round n, starting from position (4, b),

» first, Duplicator picks a bijectioni: A — B, and
» then Spoiler picks an element a,,41 € A.

The position in the next round will be ([a1, ..., ans1], [b1, ..., bns1])
where b1 = i(ay4+1). The winning condition for Duplicator stays the
same as in the back-and-forth game.

This game corresponds to the counting extension of £, denoted
simply by
C

which is an infinitary first-order logic where instead of classical quantifiers
we include quantifiers 32", with the semantics

A|=F*"x.¢p(x) iff there exist at least n differenta € A
such that A |= ¢(a).

Observe that the classical existential quantifier is modelled by 3*! and
universal quantification Vx.¢ is obtained by the usual negation translation
—~(F*1x.—¢). Therefore, C is an extension of Loog,-

On the other hand, every counting quantification 3" x. ¢» can be replaced
by 3x1, ..., xn. Aizj(xi # xj) A \i ¢(x;). Hence, the expressive power of
Cand £« is the same. The syntactic distinction becomes important once
we consider fragments of these two logics. Denote by C the restriction of
C to only include formulas of quantifier rank <k. This fragment is now
strictly more expressive than FO.

Proposition 2.1.8 (Hella [59]) Given finite structures A, B,

A =¢, B ifand only if Duplicator has a winning strategy in the
counting k-round Ehrenfeucht-Fraissé game
between A and B.

Note that whether C; contains equality or not does not change the power
of the logic, see [42] or Section 5.4 for details. Consequently, the relaxed

2 Preliminaries
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and non-relaxed variants of the counting games have the same expressive
power too. However, this is a non-trivial fact and, therefore, we still
sometimes make the distinction between the two syntactic variants C
and C and the non-relaxed and relaxed variants of the counting games,
respectively.

Pebble games and restricted variable fragments

Pebble games are variants of the Ehrenfeucht-Fraissé games with a key
role in finite model theory. In the k-pebble variant, each structure is
assigned a collection of k pebbles. Then, in each turn, Duplicator and
Spoiler ‘move the pebbles” onto some elements of the structure.

Formally, a position at every round is a pair of partial functions
(a: [k] = A,B: [k] = B),

where [k] = {1, ..., n}. The initial position of the game is the pair (0, 0)
consisting of partial functions with empty domains.

The rounds have the following structure.

» First, Spoiler chooses a pebble index p € [k]. Then, either
» Spoiler chooses an element a € A and then

Duplicator chooses b € B; or
» Spoiler chooses an element b € B and then

Duplicator chooses a € A.

The position in the next round will be (a’, ') where o’ = a[p + a] i.e.
a’(p) =aand a’(x) = a(x) for x # p,and g’ = B[p — b].

In the case of the bijective k-pebble game, the round structure changes
as follows.

» First, Spoiler chooses a pebble index p € [k],
» then Duplicator chooses a bijection i: A — B and
» then Spoiler picks an element a € A.

The position in the next round will be (a[p +— a], B[p — i(a)]). Note
that Duplicator loses on their turn if the cardinalities of A and B differ.

The winning condition for Duplicator after every round is the same as the
winning condition for Duplicator in the Ehrenfeucht-Fraissé game on the
position (a, b) where a; = a(n(i)) and b; = B(m(i)) for some enumeration
nt: [n] = dom(«) of the domain of a. For example, if a(1) = a, a(3) = a’
and it is undefined elsewhere, then @ = [a, a’].

Pebble games correspond to the restrictions of our logics to fragments
that use a limited number of variables. In particular, given a logic &£,
define the k-variable fragment

gk

to be the fragment of £ where each formula does not use more than k

variables. In particular, X and C* are the k-variable fragments of Lo,

and C, respectively.

2 Preliminaries
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Example 2.1.9 The logic £3, can express that a graph is connected, for
example, with the sentence

Vx,y. \/ path,(x,y)

neN

where path,(x, y), for n > 0, is the formula of quantifier rank n — 1
Jz.E(x,z) A (3x.E(z,x) A (3z.E(x,z) A (... E(x,1))))

expressing that there is a path of length n.

On the other hand, connectivity is not expressible in FO~ with any
number of variables. Using combinatorial or locality-type arguments
it can be shown that Duplicator has a winning strategy in the k-round
game between structures A and B where A is a long cycle (with length
exponential in k) and B = A + A [80]. Since A is connected and B is not,
Proposition 2.1.3 gives that connectivity is not expressible in FO~.

The following fact establishes the correspondence of the k-variable
fragments with k-pebble games.

Proposition 2.1.10 Given structures A, B, we have

> A 5.4k Biff Duplicator has a winning strategy in the forth-only
k-pebble ggme from A to B; and

» A =g Biff Duplicator has a winning strategy in the back-and-forth
k-pebblwe game between A and B.

Furthermore, if A, B are finite then

» A = B iff Duplicator has a winning strategy in the bijective k-pebble
game between A and B.

As before, these facts extend to non-relaxed versions of these games with
respect to the variants of these logics with equality, which we exploit in
Section 2.8 below.

Remark 2.1.11 Note that =c-equivalence has many equivalent character-
isations in terms of combinatorics, logic, algebra, and linear optimisation.
For example, =c«+1-equivalence is the same as equivalence with respect
to the k-dimensional Weisfeiler-Leman (k-WL) equivalence. The k-WL
equivalence relations are a widely studied family of approximations of
the graph isomorphism relation [33] (see [74] for a recent exposition).

Bisimulation game and modal logic

Finally, we review the correspondence between games and modal
logic. Note that this correspondence works in the setting of pointed
Kripke frames, which are o-structures in a modal signature o, that
is, a signature where each relation is of arity 1 or 2. To this end, we
fixo =(P1,...,Pn, Rq,...,Ry) where each P; is unary and each R; is
binary. Furthermore, the requirement that the Kripke frames are pointed
structures means that, as part of the structure, there is a designated
point gy € A.



Bisimulation game. We start by describing the back-and-forth version
of the bisimulation game between pointed Kripke structures (A, a¢) and
(B, bg). As in the back-and-forth Ehrenfeucht-Fraissé game, the positions
are pairs of sequences (a, b) reached during the game according to the
following rules.

Positions in the games are pairs (4, b) of elements of A and B, respectively.
The initial position is (a9, bp) and if, in round n, the position is (a,, b,)
then

» first, Spoiler chooses a binary R € o and then either

» Spoiler chooses an element a,,+1 € A such that R4 (a,,, a,+1) and
then Duplicator chooses b,,+1 € B such that RB(b,,, bps1); or

» Spoiler chooses an element by,11 € B such that RB(b,, bps1) and
then Duplicator chooses 4,41 € A such that RAay, ans1).

Either way, the new position is (@,+1, by+1).

The winning condition for Duplicator at position (4;, b;) (including the
starting position) is that, for every unary P € o,

PA(a,') — PB(bi) (2.3)

The forth-only variant of the bisimulation game, called simulation game,
modifies the winning condition so that the equivalence in (2.3) changes to
just left-to-right implication. Also, as with the other forth-only games we
described so far, Spoiler always plays on A and, consequently, Duplicator
always responds on B.

Finally, the bijective bisimulation game is defined similarly to the
bijective pebble game, that is, in round n at position (a,, b,):

» First, Spoiler chooses a binary relation R € o,

» then Duplicator chooses a bijection i between the sets of R-
successors of the current positions, that is, a bijection between
the sets {a’ | R*(a,,a’)} and {b’ | RB(b,,, 1’)}.

» then, Spoiler picks an R-successor a,,+1 of a.

The position in the next round will be (a,41, i(4,+1)). Similarly to the
bijective pebble game, Duplicator loses on their turn if the cardinalities
of the R-successors of a,, and b,, differ.

Modal logic, denoted ML, is an extension of propositional logic with
modalities. The syntax of modal logic is given by the following recursive
description:

p:=Pl-pleAe Ve | Ore | Orp
where P ranges over propositional variables, i.e. unary predicates in o,

and R ranges over binary predicates in o.

For a pointed Kripke structure (A, a), the semantics of modal formulas
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is given inductively as follows.

(A,a0) = P = PXao)

(A, a0) =~ & not(Aa)l=¢

Aa)lFpng’ &= (Aa)l=e and (A, a) ¢’
Aa)=eVve < (Aa)l=¢ or (Aa)l=¢

(A, a0) |= Ore &  Vay if R%ay,a;) then (A,a1) |= ¢
(A, a0) |= O & 3a; st. R%ap,a1) and (A,a1) |= @

Instead of the quantifier rank restriction, we consider the modal depth
restriction MLy of ML, where modal depth is defined analogously to
grank, except that we count the nesting of modalities Or and ¢r instead
of quantifiers. Since the box modality Or plays the role of universal
quantifiers, the existential positive fragment 3*ML of ML consists of
formulas which do not use Or or negation.

Finally, counting modal logic #ML is the infinitary variant of ML which re-
places modalities O and Or with graded modalities ¢, foreveryn € N,
whose semantics is given as follows.

(A,a0) = O"¢@ iff there exist at least n differenta; € A
such that R%(ap, a1) and (A, a1) |= @

The logic fragments defined above correspond to the bisimulation and
simulation games as follows.

Proposition 2.1.12 Given pointed Kripke structures (A, ap) and (B, by), we
have:

» (A, a0) >3+m, (B, bo) iff Duplicator has a winning strategy in the
k-round simulation game from (A, ap) to (B, by); and

» (A, a0) =w, (B,bo) iff Duplicator has a winning strategy in the
k-round bisimulation game between (A, ag) and (B, bo).

Furthermore, if A, B are finite then

» (A, a0) =um, (B, bo) iff Duplicator has a winning strategy in the
bijective k-round bisimulation game between (A, ap) and (B, by).

The third is proved (without restricting to modal depth k) in [16], the
second is a standard fact, known as the Hennessy—Milner theorem, see
e.g. [91, Proposition 10.6] or [54, Lemma 31]. Note that if we do not restrict
the number of rounds in the bisimulation game then the corresponding
logic is the infinitary modal logic, i.e. a version of modal logic with
infinitary conjunctions and disjunctions [54, Theorem 41].

2.2 Comonad theory overview

The theory of game comonads brings a new structural approach to the
study of logics in finite model theory. It stems from the observation that
each of the main game types (Ehrenfeucht-Fraissé, pebble, bisimulation)
introduced in Section 2.1 induces a semantic construction satisfying the
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axioms of comonads from category theory. Then, due to the correspon-
dence of logics and games, the theory of (co)monads can be used as a
new abstract tool for a systematic and syntax-study of logic fragments.

We introduce the different comonads, dubbed game comonads, correspond-
ing to each type of the game in Section 2.3 below. In this section, we
review the basics of the (abstract) theory of comonads which are relevant
for our study of game comonads.

A comonad in the coextension form® on a category € is a triple
(C, &,(-)*) where

» C is a mapping on objects obj(®) — obj(8),
» the counit ¢ is an indexed family of morphisms, i.e. for each
A € 0bj(B), there is a fixed

EA: C(A) — A,

» the coextension operation (—)* maps a morphism f : C(A) — B
to a morphism f*: C(A) — C(B).

Furthermore, counits and coextensions are required to satisfy the follow-
ing equations, for any f: C(A) — Band g: C(B) — C:

(ea)' =idcy, es-f'=f, @& f)y=g¢"f" (24

Or, equivalently, we express (2.4) as commutativity of the following
diagrams.

. ca) L.cm@  cwa L cm

C(A) —= C(A) lEB \ lg*
€A g fr

e | K

Comonads can be equivalently presented in their comonoid form,* that
is, as triples (C, ¢, 6) where

» C is an endofunctor on 6,
» a counit ¢ is a natural transformation C = Id
(where Id: € — 6 is the identity functor), and
» a comultiplication 0 is a natural transformation C = C?

such that the following diagrams commute.

Cc = 2 C = 2 Cc =%

_ 2.5
N N
C2%>C3 C C

It is then standard that these two presentations are equivalent [89]. In
fact, given a comonad in the coextension form (C, ¢, (—)*), the mapping
on objects C extends to a functor by setting

C(f:A—>B)=(f-¢€a)
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and the comultiplication is defined componentwise by

54 = (C(A) S ca)y.

Conversely, given data (C, ¢, 0), the coextension operation is given by
; c
)L By = ca) 2 c2a) 2 e,

In this text, when referring to ‘comonads’, we use both definitions,
depending on which suits the situation better. Typically, when we need
to construct a new comonad it is easier to use the coextension form,
whereas when higher-order operations on comonads are required, the
comonoid form is easier to work with.

Comonad and adjunctions
Adjunctions

To fix a notation, recall that by an adjunction L 4 R : dd & 9B between
categories 9 and 9, as shown below

we mean a pair of functors L: § — % and R: %8 — o and a pair of
mappings, called conjugations,

» (-)’ maps a morphism g: A — R(B) to g”: L(A) — B, and

» (-)* maps a morphism f: L(A) — B to f*: A — R(B)
which are inverse to each other and which satisfy the following rules.®

s L(h b
s A AL RE)Y =La) 2 1a) S B
fooh f* R(k) ,

» (L(A) > B— B)*=A — R(B) — R(B’)
Equivalently, instead of (-)” and (-)* we can specify the same adjunction
using a pair of natural transformations

n:ld=RL and ¢e:LR=1d

called the unit and counit of the adjunction, respectively. These are
required to satisfy the following equalities.

Ln nR
L = LRL R = RLR
N e N
L R

Note that the pair (17, €) obtained from (-)* and (-)* is defined compo-
nentwise as

14 = (L(A) S L(A)* and  ep = (R(B) => R(B))".

2 Preliminaries 20

5: Note that these rules simply ex-
press that the bijection hom(A, R(B)) =
hom(L(A), B) given by (-)" and (-)* is
natural in A and B.



Conversely, given the unit and counit pair (1, €), the corresponding pair
of mappings (-)” and (-)* is obtained by:

A5 R®B) = 1(4) 2 LR(B) 2 B
L) S By =4 rua) 2 rep)

Any adjunction L 4 R induces a comonad C = LR and, conversely, every

comonad induces adjunctions from which it can be obtained back again.

However, there is a whole category of adjunctions inducing the same
comonad, with an initial object (the Kleisli adjunction) and a terminal
object (the Eilenberg-Moore adjunction), which we describe below.

Kleisli category

Given a comonad C on a category 6, the Kleisli category [75] for C on €
is the category KI(C) where

» Ob(KI(C)) = Ob(®B), i.e. the objects are the same as in €, and
» homyc)(A, B) = homg(C(A), B).

To avoid ambiguity in this subsection, we shall write f : A ~ B
if we intend f: C(A) — B to be understood as a Kleisli morphism
from A to B rather than a morphism in 6. Furthermore, we use the
distinct notation g e f for the Kleisli composite of morphisms f: A w» B
and g: B ~» C in KI(C), defined below.

Using this notation, the rest of the category structure is given as follows:

» The identity morphism A ~» A in KI(C) is the counit component
es:C(A) > Ain 6.

» The composite of morphisms f: A~ Band g: B v CinKI(C) is
given by

gef=ca)Lemdc

The axioms for a comonad in the coextension form ensure that this is a
well-defined category.

Finally, the adjunction between 6 and KI(C) has the following form

KI(C)

e (4]

6

where

> Fe(A)=Aand Fc(AD By =ca) S a L B,

> Uc(A) = C(A) and Uc(A o B) = C(4) 1> €(B),

> (Uc(A) D Byt = A Fe(B), and

(A b Fe(B)) = Uc(A) D B.
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Observe that the last item defining (-)* and (-)” is only about interpreting
the same morphism in a different category. For example, a morphism
Uc(A) — B is simply a morphism C(A) — B in 6 which, in turn, is also
morphism A ~» Fc(B).

Remark 2.2.1 Later in the text we prefer to work with KI(C) as the
category we map into with functor F¢ and, therefore, no confusion
should arise about morphisms belonging to 6 or KI(C) anymore. For this
reason we often simply write Fc(A) — F¢(B) instead of Fc(A) ~» Fc(B).

Eilenberg-Moore category

On the other end of the spectrum is the Eilenberg-Moore (EM) cate-
gory EM(C) for a comonad (C, €, 0) on 6, defined as follows.

Its objects are C-coalgebras or simply just coalgebras, that is, pairs (A4, @)
where A € Ob(6) and a: A — C(A) in € making the following two
diagrams commute.

A A a C(A)
. l N “l léA (2.6)
C(A) <43 A c(a) 22 c(c(a))

Morphisms of coalgebras f: (A, @) — (B, ) are morphisms f: A — B
in ‘6 such that the following square commutes.

A— B
al l;a 2.7)

ca) —2 c(s)

We write EM(C) for the Eilenberg—Moore category of coalgebras of C
and their morphisms.

The induced adjunction
EM(C)

ue(4)

@
is given by the following data:
» USA,a) > Aand UC((A, a) N (B,B)=A 4 B,
» FC(A) = (C(A), C(A) 2 C2(A)) and

FSa L B) = ©a), 1) 25 (©(B), 63),

. (USA, a) D BY = (4, 0) 2% (€(B), 65), and

(4,0) 5 FEB) =45 c(B) 2 B.
The coalgebra FE(A) = (C(A), 64) is called the cofree coalgebra on A.
The fact that 04 is a correct coalgebra structure follows from (2.5). Cofree

coalgebras are very important for the theory of game comonads, as we
demonstrate in the following sections.
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Comparison functors

The Kleisli and EM adjunctions are the initial and terminal adjunctions
inducing the same comonads. This means that for any adjunction L 4 R
inducing C° there are unique comparison functors K¢ and K¢ making
the diagram below commute.

Ke K€

D

KI(C) EM(C)

In case K® is an equivalence of categories, the adjunction L 4 R or simply
just the functor L is called comonadic.

In this text, we only need an explicit description of the comparison
functor K¢ between the Kleisli and EM categories:

KI(C) EM(C)

A -

The functor K¢ is given as Kc(A) = (C(A), 64) and K¢ (A A{» B) = f~.

Furthermore, note that K¢ is fully faithful.

2.3 Game comonads

Having reviewed the basics of the theory of comonads, we are now
ready to define some examples of game comonads, based on the games
discussed in Section 2.1. Then, in later section, we show how their
Kleisli and Eilenberg-Moore categories show up when talking about the
corresponding logic fragments.

To this end, given a relational signature o, define
Str(o)

to be the category of o-structures and their homomorphisms where, for
o-structures A, B, a function f: A — B between their underlying sets is
a homomorphism if

RAay,...,a,) implies RE(f(a1),..., f(an)) (2.9)

for any n-ary R € 0 and ay, ..., a, € A.

Similarly, we also define the category

Str.(o)
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which is a category of pointed o-structures and their homomorphisms
which, for pointed o-structures (4, ag) and (B, b), are homomorphisms
of g-structures f: A — B such that f(ag) = bo.

Remark 2.3.1 When ¢ is a modal signature, Str.(o) is the category of
Kripke frames. Note that the morphisms of Str.(0), as defined above,
are not p-morphisms i.e. bounded morphisms, which are usually the chosen
morphisms of Kripke frames.

Next we overview three main comonads, as defined in [14].

Ehrenfeucht-Fraissé comonad [Ej

For any relational signature o and for any integer k, there is a comonad’
Ex on Str(o) defined as follows. The universe of Ex(A) consists of non-
empty words/sequences

ai,...,a,]

with aq,...,a, from A and n < k. The counit
eq: Ex(A) - A

maps [a1,...,4,] to a,.

For an m-ary relational symbol R € ¢ and s1,...,5ux € Ex(A), set
REA)(sy, ..., s,) iff:

1. the s; are pairwise comparable in the prefix order C on words, i.e. for
every i, j either s; is a prefix® of s; or vice versa, and
2' RA(EA(Sl)/ cecy gA(Sm))-

The coextension of h : Ex(A) — Bis

W (lar, ..., an]) = [W([a1]), h([a1,a2]), ..., h([ay, ..., an])].

In other words, h*([a1, ..., a,]) is the word [h(s1), ..., h(s,)] of the
same length as the input where s; = [ay, ..., a;].

Remark 2.3.2 Intuitively, Ex(A) encodes all positions on A during a
k-round Ehrenfeucht-Fraissé game. To be more precise, the elements of
Ex(A) encode all histories of moves in the game; however, the difference
between positions and histories does not matter in the case of the Ehren-
feucht-Fraissé game. The distinction shows up later, e.g. when we describe
the pebble comonads below.

In more detail, in a game between A and B, after n moves, the position is a
pair (a, E), and hence the sequence @ = [ay, .. ., a,] corresponds precisely
to one element of ExA. The counit €4: ExA — A extracts the last move
out of a position and, finally, the winning condition for Duplicator is
reflected in the relational structure of ExA. Namely, what matters at
the position a for the Duplicator’s winning condition at the end of the
round, i.e. for the partial equivalence from (2.2), are the relations between
elements ay, ..., 4, in A. Since every element encodes a position together
with its last played move, we encode these relations between elements
ai,...,a, in the positions leading up to the position 7, that is, in

[a1], [a1,a2], ..., [a1,...,ax]
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a; = ulf.



so that this sequence is in partial correspondence with the substructure
of A on the last played moves, that is, with

e([a]) = a1, e([ar, a2]) = az, ..., e([a1,...,an]) = ay.

In other words, the relations in Ex(A) encode precisely the relations that
matter for the winning condition in the same game. That is, only the
positions comparable in the prefix order can appear in some tuple of
some relation. The fact that 7, @’ € Ex(A) whereneithera Z 2’ nora’ Z @
cannot be in a relation together corresponds to the fact that 7 and 7" are

positions of unrelated game plays.

Pebbling comonad Px

As with the Ehrenfeucht-Fraissé comonads, the pebbling comonads
are defined over the category Str(c). The universe of Px(A) consists of
non-empty words

[(plr Ell), ey (pﬂr ai’l)]

of unrestricted (finite) length such thatay, ..., a, € Aand py, ..., py are
pebble indexes, thatis, p1,...,pn €{0,..., k—1}.

As before, we define the counit €4: PrA — A as the map which extracts
the last played position, thatis as [(p1,41), - - ., (Pn, 4n)] — an.

For m-ary R € o, set RPEA)(sy, ..., 5,,) iff:

1. The s; are pairwise comparable in the prefix order C on words.

2. For s;,sj with s; T sj, the last played pebble of s; did not move
in the rest of sj, that is, assuming the length of s; is n and s; =
[(p1,41), ..., (Pm,am)], we require that p, € {pn+1,--.,Pm}-

3. R4ea(s1), ..., ealsm)).

For h: Px(A) — B, the coextension h* acts on words as:

h*([(pll ﬂl), cecs (Pnz al’l)]) = [(pl/ h(sl))/ R (le/ h(sn))]
where s; = [(p1,41),...,(pi,ai))] foralli e {1,...,n}.

Remark 2.3.3 As in Remark 2.3.2, we understand elements of PA
as histories of plays on A in the k-pebble game. In particular, a se-
quence [(p1,a1), ..., (Pn, an)] encodes a history of pebble moves where
in round 1 pebble p; is placed on a1, in round 2 pebble p; is placed on
ay, and so on. Then, the relational structure of Py A reflects the winning
condition of Duplicator in round 1, given the last position of each pebble
in the game played according to history [(p1, a1), ..., (Pn, an)]-

Modal comonad M

The last of our principal examples of game comonads are modal comon-
ads M , which are defined over the category of pointed Kripke struc-
tures Str.(c), given a modal signature . The universe of Mi(A, a¢)
consists of paths in A starting from a4y, i.e. sequences

Ry Ry Rs3 Ry
ap—a1 —>dy) — ... — dy
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such that n < k and, for every i, R; € ¢ and Rf‘(ai_l, a;). In case we need
a more compact description of these paths from ay, we just write them as
sequences [ag, R1,a1,..., Ry, an].

The designated point of Mk (A, a¢) is [a¢]. The counit and coextension
act as in the previous examples, that is, €4([a0, R1,41, ..., Ry, an]) = an
and, for f: My(A, ag) — (B, bo),

f*([ﬂ(), e rRVl/ an]) = [f(SO)r Rl/f(sl)/ (R ar/f(Sn)]

where s; = [bo,..., R, b;i]. Namely, f(so) = h([ao]) = bo since f is a
pointed homomorphism.
For a binary R € ¢, the relation RM<4.m) consists of the pairs (s’, s)

R
where s is the extension of s’ by 4,1 — a, in M(A, ag). For a unary
P € g, PMcAm0) consists of paths ending in a position where P4 holds,
i.e. PM(A00)(s) iff PA(a,,).

Remark 2.3.4 Observe that this time, the histories of moves correspond-
ing to elements of My A also encode which relation R € ¢ is taken in
which move, similarly to how PyA encodes which pebble is moved in
which move.

2.4 Comonads and logic, positive existential and
counting fragments

We now use our comonads to express the existence of a winning strategy
of the model comparison games (cf. Remarks 2.3.2, 2.3.3 and 2.3.4). This
should come as no surprise since the rules of the games were used to
motivate the definitions of our comonads.

Namely, we obtain the following properties automatically, just from the
definitions.

Lemma 2.4.1 ([3, 14]) Given structures A, B, we have the following:

1. ExA — B exists iff Duplicator has a winning strategy in the k-round
forth-only Ehrenfeucht—Fraissé game from A to B.

2. PxA — B exists iff Duplicator has a winning strategy in the k-pebble
forth-only game from A to B.

Given pointed Kripke frames (A, ao) and (B, by), we have the following:

3. Mk(A, ap) — (B, bo) exists iff Duplicator has a winning strategy in
the k-round forth-only simulation game from (A, ap) to (B, by).

Consequently, using the correspondence of games and logical refinements,
we obtain the following reformulation.

Theorem 2.4.2 ([3, 14]) Given structures A, B, we have the following:

1. ExA — B exists iff A =3+5o, B.
2. PxA — Bexists iff A 3.4k B.

Given pointed Kripke frames (A, ap) and (B, by), we have the following:
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3. Mk(A, a9) — (B, bo) exists iff (A, ao) =3+, (B, bo)-

Proof. (1) follows from Proposition 2.1.7, (2) follows from Proposition 2.1.10,
and (3) follows from Proposition 2.1.12. O

Recall that, for any comonad C, a morphism C(A) — B is the same as a
morphism Fc(A) — Fc(B). Therefore, we see that the properties on the
left-hand side of equivalences in Theorem 2.4.2 can be expressed relative
to functor Fc.

Is natural to ask what happens when we replace the existence of a
morphism Fc(A) — Fc(B) in the above statement with a stronger
relation, namely the isomorphism of the objects in the Kleisli category.
This corresponds to the existence of a winning strategy for Duplicator in
the bijective versions of these games, thereby yielding the corresponding
logical equivalences.

Theorem 2.4.3 ([3, 14]) Given finite structures A, B, we have the following:

1 F[Ek(A) = P[Ek(B) lffA =, B.
2. Fp,(A) = Fp,(B) iff A =cx B.

Given finite pointed Kripke frames (A, ag) and (B, by), we have the following:

3. Fwm, (A, a0) = Fum, (B, bo) iff (A, a0) =, (B, bo).

The next natural step is to capture logical equivalences with respect to
standard fragments FO, gfow, and MLy. Although this can be done in the
same setting (see [3] for the P case), the Kleisli category KI(C) for our
game comonads C is not the most suitable framework for this. To this end,
it is better to move to the more general setting of the Eilenberg-Moore
category of coalgebras.

In fact, by moving from the Kleisli category to the EM category, we can
still express the same properties, as in Theorems 2.4.2 and 2.4.3 since
the left-hand sides of the said theorems can also be expressed entirely
in terms of cofree objects, i.e. images of F* in the Eilenberg-Moore
category EM(C).

Lemma 2.4.4 Given objects A, B in a category € with a comonad C, the
following statements are equivalent.

» C(A) — Bexists in 6
» Fc(A) — Fe(B) exists in KI(C)
» FE€(A) — FC(B) exists in EM(C)

Similarly, we also have the equivalence of the following statements:

» Fc(A) = Fe(B) in KI(C)
» FC(A) = F&(B) in EM(C)

Proof. This folklore observation uses the fact that the comparison functor
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K¢ is fully faithful and commutes with cofree functors, cf. (2.8). Indeed,

hom(C(A), B) = homc)(Fc(A), Fc(B))
= homgy(c)(Kc(Fe(A)), Ke(Fe(B)))
= homew(c)(F“(A), F*(B)).

Furthermore, Fc(A) = Fc(B) and F¢(A) = F®(B) are equivalent since
they are both expressed in terms of morphisms in the image of Kc.
Indeed, for morphisms f: Fc(A) ~»» Fe(B) and g: Fc(B) w» Fc(A) we
have that g @ f =id iff Kc(g) - Ke(f) = id. O

We show how to relate standard logic fragments with the EM categories
in Section 2.6 below. However, before we can do so, we have to understand
the EM categories of our three principal game comonads.

2.5 Coalgebras and combinatorial properties

Following [14], we give a concrete description of the categories of coalge-
bras for our principal examples of game comonads. To this end, we say
that a poset (F, <) is a forest if, for every x € F, the set

lx={yeFly<x}

is a finite chain. The height of an element x of a forest F, denoted by
ht(x), is the cardinality of the set | x \ {x}. The elements of height 0 are
called roots. A tree is a forest with precisely one root. The height of the
forest F is the supremum of the set {ht(x) | x € F} in N U {co}. Finally,
given elements x, y of a poset, we write

x <y,

to mean that y covers x, i.e. x < y and whenever x < z < y then either
xX=zory=z.

A function f: F — F’ between forests is a forest morphism if it is
monotone and preserves heights, i.e. the chains |x and | f(x) have the
same length for each x € F.® We often refer to forest morphisms between
trees as tree morphisms.

Special case. To give an intuition for the description of coalgebras of
our game comonads below, we look at a special case of Ex on Str(o)
where the signature ¢ is empty. Then Str(o) = Set and, in this case, we
denote Ex by Wy, to emphasise that Wy is defined on the category of sets.
In particular, the comonad Wy sends a set A to the set of words/sequences
[a1,...,a,] whereaq,...,a, € Aand1 < n < k.

Lemma 2.5.1 The Eilenberg—Moote category EM(Wy) of coalgebras of Wy is
isomorphic to the category of forests of height < k and forest morphisms.
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Proof. Given a coalgebra (A, a: A — Wi(A)), observe that the triangle
law in (2.6) implies that

[a1,...,a,] —— ay,

i.e. that, fora € A, a(a) = [ay, ..., a,] satisfies that a,, = a.
On the other hand, the square law in (2.6) gives us that

a = [a1,...,a,]

T

[[a1],[a1,a2], ..., [a1, ..., au]]
1

[a1, . ,ﬂn] IW [a(al), ey a(an)]

i.e. that, foreveryi=1,...,n, a(a;) = [a1,...,ai].

Next, define a partial order C,C A X A by setting a &, b iff a(a) E a(b),
i.e. the sequence a(a) is a prefix of a(b).

We see that the coalgebra laws (2.6) imply that |a = {a’ € A | a’ &, a}
is a finite chain since |a = {a1,...,a,} where a(a) = [a1,...,a,]. By
definition, this means that (A, C,) is a forest of height < k.

Conversely, given a forest poset (A, <) of height < k, define a<: A —
Wk (A) by sending a to the list [a1, ..., a,] where |a is the chain a; <
a; < -+-- < a, = a. It is immediate that the coalgebra axioms (2.6) are
satisfied. Furthermore, we also see that (C,.) = (<) and a¢, = a.

Next, we look at morphisms. Take a function f: A — B and coalgebra
structures (A, @) and (B, §) on the sets A and B, respectively. Asking f
to be a coalgebra morphism (2.7) amounts to requiring that, for every
ac€A,

f

a f(a)
I
¢ (b1, ..., bw]
i
[al/"'/an] W [f(al)/--'/f(an)]

Therefore, we must have that n = m, i.e. that ht(a) = ht(f(a)). Also,
if a’ C, a ie. if a’ is equal to some a; in a(a) = [a1,...,a,], then

Wi(f)a(a")) = [f(a1), ..., f(ai)] = [by,...,bi] = f(a'), ie. f(a’) &

f(a). In other words, f is a forest morphism.

Conversely, assume that f is a forest morphism with respect to the
forest orders C, and Cg. Since f preserves heights, we have that a(a) =
[a1,...,a,]) and B(f(a)) = [b1, ..., bm] have the same lengths, i.e. that
n = m. Next, let a’ be equal to some a;, i.e. a’ E, a. Since f is monotone,
we have that f(a’) g f(a) i.e. that f(a’) is equal to some b;. In fact, i = j
because f preserves heights. Therefore, [f(a1), ..., f(an)] =[b1,...,bul,
as required. O
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Coalgebras of game comonads. By example of the previous lemma, we
can derive concrete descriptions of categories of coalgebras EM(C) of our
game comonads C as categories of certain forest-ordered structures. To
this end, for a comonad C among Ey, Py, My and a coalgebraa: A — CA,
set

aCyb &=  thesequence a(a) isaprefix of a(b). (2.10)

Then, as in Lemma 2.5.1, the poset (A,C,) is a forest and coalgebra
morphisms are forest morphisms. Next, following [14], we describe the
remaining parts of the characterisation of the categories EM(C):

» The objects of EM(E) are forest-ordered o-structures (A, <) of
height < k such that if RA(x1,...,x,), thenxy, ..., x, are pairwise
comparable in the order <.

Coalgebra morphisms correspond precisely to homomorphisms of
the underlying relational structures that are also forest morphisms.

» The objects in EM(Px) can be described as forest-ordered o-
structures (A, <, p) with a pebble function p: A — {1,...,k}
such that RA(x1, ..., x,) implies that (i) x1,..., x, are pairwise
comparable and (ii) if x; < x; then p(x;) ¢ {p(y) | xi <y < x;}.
Morphisms in EM([Px) are the homomorphisms of relational struc-
tures that preserve the pebble functions and are also forest mor-
phisms.

» Since M is an idempotent comonad,! the category EM(M) is
isomorphic to the full subcategory of Str.(c) consisting of syn-
chronisation trees [70] of height < k, i.e. tree-ordered o-structures
(A, <) such that a < b iff R4(a, b) for some relation R in ¢.

In particular, Kripke morphisms between synchronisation trees are
automatically forest morphisms.

Remark 2.5.2 Given the concrete description (A, <) of an object of EM(Ex),
as in Lemma 2.5.1 we define the corresponding coalgebra a: A — EfA,
by setting a(a) = [a1,...,a,] where |a is the chaina; < --- < a, = a.
The requirement that RA(x1,..., %) implies that x1, . .., x,, are pairwise
comparable is to ensure that the coalgebra map « is a homomorphism of
o-structures.

Similarly, for (A, <, p) corresponding to an object of EM([Px), the induced
coalgebra a: A — PrA maps a to [(p(a1),a1),...,(p(ax), a,)] where,
again, | a is the chaina; < -+ < a, = a.

Remark 2.5.3 Note that, given any structure A, the induced forest
order Cg, for the cofree coalgebra FF¥(A) = (Ex(A), 54) coincides with
the prefix order on sequences, that is, for a, beE k(A),a Cs, b iff 7 is the
prefix of b.

A similar fact follows from the other comonads Py and M. Moreover, the
pebble function p: PxA — [k] for the free coalgebra F'¥(A) is the map
that extracts the last used pebble, i.e. p([(p1, 1), ..., (Pn, an)]) = pu.

In fact, given any Px-coalgebra (A, a), the corresponding pebble function
A — [k] is obtained as the composition of @: A — P(A) with the
pebble function for the cofree coalgebra F"*(A), defined above.
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Coalgebras and graph parameters. It turns out that coalgebras provide
an equivalent description of decompositions of relational structures,
similar to familiar notions from graph theory. To this end, given an
object A in a category 6 with a comonad C, we say that A admits a
C-coalgebra if there exists an Eilenberg—Moore coalgebra A — C(A), i.e.
if A = U%(X) for some X € EM(C).

Proposition 2.5.4 ([14]) Given a structure A and a pointed Kripke frame
(B, by), we have the following:

» A admits a Ex-coalgebra iff it has tree-depth <k, in sense of [ 98],

» A admits a Py-coalgebra iff it has tree-width <k, in sense of [98], and

» (B, boy) admits a Mg-coalgebra iff it is a synchronisation tree of
height <k.

In fact, many more combinatorial notions can be captured by comonads,
see Table 2.1 and Section 6.2 below.

2.6 Comonads and standard logic fragments

Using the concrete description of the category EM(C), with C being one
of the game comonads My, Ei, or Pk, we can express logical equivalence
with respect to the corresponding standard fragments. We do so by
defining an abstract back-and-forth game for objects in EM(C).

The game is defined in terms of the forest order C, associated to any
coalgebra (A, a), cf. (2.10). Namely, given coalgebras (A, &) and (B, ) in
EM(C), where C is one of our game comonads, we define a back-and-forth
Spoiler-Duplicator game as follows.

The positions are pairs (a,b) € A X B of elements of the same height,
with respect to the associate orders C, and Cg, i.e. such that ht(a) = ht(b).
The initial position is the pair of roots. If the position in the game is (a, b),
then either

» Spoiler chooses some a’ such thata £, a4’ and
Duplicator chooses some b’ such that b Cg b’; or

» Spoiler chooses some b’ such that b Cg b’ and
Duplicator chooses some a’ such thata £, a’.

At every position during the game, Duplicator must maintain that the
induced substructures |a € A and |b C B are isomorphic (including
the forest order and pebble function). If Duplicator wins the round, the
position at the next round is (a’, b’).

We say that coalgebras (A, ) and (B, ) are back-and-forth equivalent,
and write
(A, a) = (B,p),

if Duplicator has a winning strategy in this game.

Using this generic game, we obtain that the standard logic fragments can
be described using the same game played between cofree coalgebras.
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Theorem 2.6.1 ([14]) Given structures A, B, we have the following:

1. FE(A) = FE(B) iff A =g, B.
2. FPx(A) = FP(B) iff A=g: B.

Given pointed Kripke frames (A, ag) and (B, by), we have the following:
3. FMk(A/ ﬂ()) = FMk(B/ bO) lﬁc (A/ ﬂ()) EHLk (B/ bO)

Proof. We implicitly use Propositions 2.1.4, 2.1.10 and 2.1.12 that link
games and the corresponding logic fragments. Therefore, all that needs
to be checked is that the available moves and winning conditions are
exactly the same as in the corresponding game.

(1) Observe that a position in FE+(A) x FE(B) = Ex(A) X Ex(B) is a pair of
words (a, b). Further, following Remark 2.5.3, observe that the downset
la in the 5, order, is the chain

[a1],[a1,a2]),...,[a1,...,a,]

of prefixes of a. Therefore, requiring that ht(a) = ht(b) is the same as
requiring that the sequences @ and b have the same length and requiring
that the induced substructure |7 C A is isomorphic to |b C B is the
same as requiring that we have a partial correspondence, as in (2.2).

Finally, in terms of the available moves, we see that choosing a position
@' such that @ Cs, @ corresponds to finding an extension of a. This
corresponds to Spoiler announcing multiple next steps at once. Such
modification of the back-and-forth Ehrenfeucht—Fraissé game does not
change its strength since Spoiler is still allowed to just do steps one-by-one.

(2) is proved following the same steps as in (1). The only difference is that
now positions (a, E) € FPx(A) x FPx(B) also encode the pebbles played.
Therefore, for a = [(p1,a1), ..., (Pn, an)], the induced substructure |a
of (Px(A),Es,, p), where p: Pr(A) — [k] is the pebble function from
Remark 2.5.3, contains the information which pebbles were played and
when.

Consequently, for some position (7, b), the requirement that the induced
substructures |2 and | b are isomorphic corresponds to the requirement
that Duplicator moved the same pebble as Spoiler.

(3) is proved similarly to (1) and (2). O

2.7 Comonads for other logic fragments

In Section 2.3 we described three original game comonads and in later
sections we discussed their connection to logic fragments and combinato-
rial properties. However, the list of comonads does not stop there; many
more comonads have been described since.

In fact, game comonads form an ever-evolving list, see Table 2.1 and also
[9, 27, 50,100, 112]. It is important to note, though, that not all correspon-
dences have been fully proved for all comonads. For example, for the Hella
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Table 2.1: Other examples of game comonads

2 Preliminaries

Comonad | Ref. | Combinatorial Logic fragment
property

Ex [14] | tree-depth quantifier rank

Py [3] | tree-width variable count

M [14] | sync. tree depth modal depth

PRy [92] | path-width restricted conjunction
& variable count

Hey [38] | k-ary generalised t.-w. | generalised quantifier
k-variable extension

Gy [6] | guarded tree decomp. | quantifier-guarded

LGk [116] | hypertree-width k-conjunct guarded

Hyx [8] | generated tree-depth | hybrid modal depth

By [71 | generated tree-depth | bounded quantifiers

comonad Hey, we do not yet have a logical description of the relation
induced by the back-and-forth equivalence F*'®(A) = F"ex(B).

It is also important to note that our comonads often restrict to smaller
subcategories, thanks to the following result.

Proposition 2.7.1 ([13]) Let C be a comonad on Str(c) and let T be a
first-order theory of negative formulas, i.e. formulas obtained by using
negated atomic formulas, A,V,3, and V.

If the counit € : C — 1d of C is componentwise surjective then C restricts to
the full subcategory Mod(T') of Str(o) consisting of structures A such that
Al=ET.

As an example of the use of Proposition 2.7.1, since Ex and Py have
componentwise surjective counits, we immediately obtain that Ex and Py
restrict to Mod(T), where T = {¢} is a single first-order formula

¢ = Vx.=R(x, x)

in the language of 0 = (R) where R is binary. In other words, Mod(T) is
the category of directed graphs without loops. In fact, one can directly
see that E; and Pk also restrict to the subcategory of simple graphs, i.e.
structures with a binary relation which is symmetric and irreflexive.

Changing @ to Vxyz.-R(x,y) V =R(y, z) V =R(z, x) shows that Ej and
Py restrict to the subcategory of directed graphs without an oriented
triangle. A similar technique can be used to show that these two comon-
ads also restrict to any subcategory of graphs that does not admit a
homomorphism from a given set of graphs.

2.8 Logic extensions using translations

As mentioned in the discussion following Proposition 2.1.4, the way to
capture logic with equality is to extend the signature o with an additional
binary relation I interpreting equality.
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Since our game comonads are defined for any signature, they are also
defined for Str(c'), where ¢! is this extended signature. We have the
following picture, where (-)! is the functor mapping A to its extension
Al'in signature ¢! where I is interpreted as equality.

EM(C)

uc ( n )FC
Str(o) — 2 Str(o7)

O

C

Then, as in Proposition 2.1.4, for structures A, B, we obtain the following
equivalences.

> FE(AT) = FE(AT) iff A =po- B
> FPr(Al) = FPr(AT)iff A =¢- B

In general, we use the same pattern, replacing (-)! by an arbitrary functor
t: ol — 6, to arrive at the following situation.

EM(C)
e ( ] ) " (2.11)

@
O
C

This allows us to express a number of logics by reusing the same comon-
ads (or modifying them slightly). In particular, we have the following
examples.

Example 2.8.1([64,115]) Consider o = Str(c) and € = Str(c™) where o*
is a signature of two-sorted structures. In particular, all relations in
0 =(Ry,...,Ry)arekeptin g* for the first sort and we add an additional
binary relation e(:, -) between the two sorts. Then, we define Ex on two-
sorted structures as Ej on single-sorted structures where any sequence
[a1,...,a,] € Ex(A), for a two-sorted structure A, is allowed to mix
elements from both sorts, however, the sort of the sequence [a1, ..., 4]
is the same as the sort of the last element a,,.

Then, we define t(A) = (4, B(A); R4, ..., R‘,;‘, e”) where (A) denotes
the powerset of the universe of A and we set e/ (x, S) iff x € S.

It follows that, for structures A, B,
FEL(tA) = FE¥(tB) iff A =yso- B

where MSOy is the fragment of monadic second-order logic (without equal-
ity) consisting of formulas of quantifier rank <k. In case we want MSOx
with equality we define 0" as an extension of o'.

Example 2.8.2 ([66]) Let t: Str(oc) — Str(c™) be a translation of o-
structures into the extension o* of ¢! with an extra binary relation
Con(-,-). The interpretation of Con in t(A) consists of all pairs (a,b)
appearing in the same component of the Gaifman graph of A, that is,
pairs (a, b) such that there is a path a «» x1 ¢» -+ «» X, v b where
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x «v» y holds whenever x and y are in a common tuple in an R? of
some R € 0.

It is easy to see that FF¥(tA) = FE#(tB) expresses logical equivalence in
the bounded quantifier depth fragment extended with the connectivity
predicate, akin to [28, 113]. While still being polynomial-time computable,
the connectivity relation is not definable in bounded quantifier depth
fragments of first-order logic, and so this is a proper extension.

Example 2.8.3 ([66]) Consider t: Str.(c) — Str.(c*) where o™ is the
extension of the modal signature ¢ with the global relation G(a, b), true in
t(A, ag) for any pair of elements. Then, it is immediate that the relation
FMr(t(A, ag)) = FMr(1(B, by)) expresses logical equivalence with respect
to modal logic with global modalities.

Note that this list of logic extensions obtained this way is not in any
way exhaustive; for example, this way we can also capture Description
Logic [27], weak bisimulation [66], guarded fragments [6], etc.

2.9 Transfer theorems for the EM category

Since much of the theory of game comonads depends on the properties
of the EM categories, it is essential to understand their structure in more
detail. In this section, we focus on theorems that allow us to transfer
categorical properties from the base category of the comonad to the
corresponding EM category. To this end, let us fix a comonad C on a
category 6.

It is standard that the comonadic functor U®: EM(C) — € not only
preserves but also creates colimits [18, Proposition 20.12], i.e. for every
diagram D in EM(C) such that U%(D) admits a colimit C in 6, there
exists a colimit X of D in EM(C) such that U®(X) = C. Therefore, we
have the following fact, which applies to all of our comonads since the
categories of (pointed) relational structures are cocomplete.

Proposition 2.9.1 If B is cocomplete then so is EM(C).

Factorisation systems

Crucial for the theory of game comonads is the fact that our comonads
transfer the factorisation system from the underlying category to the EM
category of coalgebras. In this section, we first review some basic facts
concerning factorisation systems!! and then state a transfer theorem.

A pair of classes of morphisms (@, /() on a category 6 is an orthogonal
factorisation system if

(a) every morphism f in C factorises as f = m - q for some q € Q and
m € J,;
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(b) every q € Q is orthogonal to every m € Jl, written as gLm ,i.e.

for every commutative square as on the left-hand side below,

DN

there exists a unique diagonal filler, i.e. an arrow 4 such that the
right-hand diagram above commutes; and

(c) @ and /U are closed under composition with isomorphisms.'?

Let (@, /L) be an orthogonal factorisation system in a category. We refer to
@-morphisms as quotients and denote them by —» , and to /(-morphisms
as embeddings and denote them by > . We say that (Q, .() is a proper
factorisation system if every quotient is an epimorphism and every
embedding is a monomorphism.

Example 2.9.2 The prototypical example of a proper factorisation system
is the pair (surjective, injective) of surjective functions (as quotients)
and injective functions (as embeddings) on the category Set of sets and
functions.

Further, for the categories Str(0) and 8tr.(0), unless said otherwise, in
this text we automatically take the proper factorisation system

(surjective, strong injective)

of surjective homomorphisms and strong injective homomorphisms
where a homomorphism of o-structures f: A — B is strong if the
implication in (2.9) is an equivalence. Therefore, the factorisation of a
homomorphism of o-structures f: A — B can be given as

A —Ls im(f) —— B

where the image im(f) C B is taken as the induced substructure of B,
e is the inclusion of the image im(f) into B and g is just the restriction of
the range of f to im(f).

We use the following standard facts about proper factorisation systems
(@, AL), often without further reference (see e.g. [52, 106]):

Lemma 2.9.3 Let (Q, L) be an orthogonal factorisation system. The following
statements hold:

1. @ and M are closed under composition.

2. @ N M = {isomorphisms}

3. The pullback of an JMl-morphism along any morphism, if it exists, is
again in JL.

4. M contains equalisers, i.e. whenever o L e =3 e is an equaliser
then f € J.

Moreover, if (Q, L) is proper, the following hold:

5. g f €Qimplies g € Q.
6. g f € M implies f € JM.
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Proof. These properties are all proved in [18, Chapter 14]. Namely, (1)
and (2) are in Proposition 14.6, (3) is in Proposition 14.15, (4) follows
from Proposition 14.10 and (5) and (6) follow from Proposition 14.11
therein. O

Finally, an important property for a factorisation system (Q, . ) is when
it is stable, which means that, given a quotient 4 and embedding m, as
shown in the diagram below,

ml
e ———> 0

|
q’1 l’i
v m
e —> 0

their pullback exists and, moreover, 4’ is a quotient too.

Note that m’ in the diagram above is automatically an embedding, by
Lemma 2.9.3.

Example 2.9.4 Stability holds in Set, $tr(0) and Str.(c) for the examples
of factorisation systems mentioned in Example 2.9.2. For example, in Set
stability simply means that if we have a surjective map q: A - Band a
subset X C B, inducing an injective map m: X > B, then the restriction

of g to the preimage g7 '[X] C A is still surjective as a map ¢ 1[X] — X.

Note that we use the definition of orthogonal systems from [18, Chapter
14], where it is called the ‘factorization structure.” We prefer this definition
since it is easy to verify and work with. On the other hand, it is very
common in the literature to replace (b) and (c) with a single axiom
stating that @ = *Jl and Jl = Q* (see e.g. [106]) where, for a class of
morphisms &,

L% = {f|Vke XK, fLk} and H*={f|VkeX, kLf}.

It is folklore that these two definitions are equivalent, as we remark
below. We provide a full proof of this equivalence, using references in
published literature, since this equivalence is not so easy to find spelled
out in full.}?

Lemma 2.9.5 Given a pair of classes of morphisms (Q, L) on a category, it
is an orthogonal factorisation system if and only if

(a’) every morphism f can be factorised as f = m - q, where q € Q and
m € JM; and
(b)) Q=+ and M = Q+.

Proof. For the left-to-right implication it is enough to entail (b"). However,
Lemma 2.9.3 implies that @ N/l contains identities and so Proposition 2.9
in [34] is exactly the intended implication. Conversely, (b") implies (b)
and [52, Proposition 2.1.1] gives that both classes contain isomorphisms
and are closed under composition, which implies (c). O

See also [52, Section 2.2] and [18, Proposition 14.7] for other equivalent
reformulations.
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Transfer theorems. We fix a comonad C on a category 6 with an
orthogonal factorisation system (@, .l). We say that C is regular'* if it
maps embeddings to embeddings.

Lemma 2.9.6 Let C be a comonad on a category ‘€ with an orthogonal
factorisation system (@, AL).

» If C is reqular, then EM(C) admits a proper factorisation system
(@, )
where a morphism of coalgebras h: (A, &) — (B, B) is in Q (resp. )
if the underlying morphism h: A — B is in Q (resp. ).
» If, in addition, (@, JL) is proper then so is (@, AL).

> If, in addition, (Q, ML) is stable and C sends pullbacks of quotients
along embeddings to weak pullbacks,'> then (@, L) is also stable.

Proof. The fact that (@, J() is a (proper) factorisation system whenever C
preserves embeddings is proved similarly to [82, Lemma 2].

For the last part, lete: (A, @) = (B, B)and m: (S, o) = (B, p) be, respec-
tively, a quotient and an embedding in EM(C). We denote the pullback
of the underlying morphisms in 6 as follows.

T %5
m’ Im
A—B

|

|

As C sends the latter pullback to a weak pullback, there exists a mor-
phism 7 making the following diagram commute.

CT - = CS
N ///Eﬁ
T s
Cm’ m/I Im Cm
A—»B \\f\
Ki///

We claim that (T, 7) is an Eilenberg-Moore coalgebra. By naturality of €
we see that

m-er-t=¢ea-Cm’ - t1=¢€4-a-m" =m’,

where the last equality holds because (A, a) is a coalgebra. Hence, since
m’ is a monomorphism, we get that e7 - T = id. Next, to check the equality
Ot -7 = Ct -1, we observe that

2
Cm 61 1=064-Cm’" - 1=64-a-m"=Ca-a-m’,

where the first equality holds by naturality of 6, the second by the
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commutativity of the left face in the above diagram, and the third
because (A, ) is a coalgebra. Then, using the commutativity of the left
face twice, we have that

Ca-a-m"=Ca-Cm’-7=C?m"-Cr-1.

Therefore, we get C?m’ - 67 -7 = C?m’ - Ct - T, which gives us the desired
equality since C?m’ is a monomorphism (just recall that C preserves
embeddings).

It remains to show that (T, 7) is a pullback of m and e. Suppose that
h:(Z,0) - (A,a)and I: (Z,C) — (S, 0) satisfy f-h = g-I. Since the
underlying morphisms commute in G, there is a d: Z — T such that
h=m"-dand | = e¢’-d. To see that d is a morphism (Z, () — (T, 1),
observe that

Cm'-td=a-m"-d=Cm’-Cd-C

and, since Cm’ is a monomorphism, we get the required equality 7-d =
Cd - C. Uniqueness of d follows from the fact that m” is a monomorphism.
O

It is easy to see that our comonads are regular.
Lemma 2.9.7 Ei, Py, My are reqular comonads.
The following lemma, together with Lemma 2.9.6, justifies that the

transferred factorisation system (surjective, strong injective) to EM(C),
for our game comonads C, is stable.

Lemma 2.9.8 Ex, Py, My send pullbacks to weak pullbacks.

Proof. Let f: A — Band g: C — B be homomorphisms in §tr.(c). We
do not explicitly write their designated points, which are ay, by, and cy,
respectively. Let the pullback of f and g be as shown below.

p-L.c
g/l lg
A—L.B

We assume without loss of generality that D is the substructure of A X C
consisting of the pairs (4, ¢) such that f(a) = g(c), where (ay, ¢o) is the
designated point.

Suppose there is a pointed Kripke structure Z, and homomorphisms
I: Z — MkC and h: Z — MyA, such that the outer diagram below

commutes.
1

M ’
MDD~ M

h ng,l leg

MkA W) MkB
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We define a map d: Z — M;D. For any z € Z, we have that

h(z) =[ao,T1,81,...,Tn,a,] and [(z) = [co, P1,C1, ..., Pm,Cm].

Since the outer diagram above commutes, we get My f (h(z)) = Mk g(1(z)).
So, m = n and, for every i € {1,...,n}, 1; = ¢; and f(a;) = g(c;).

Therefore, we can define d(z) = [(ag, co), 11, (a1,¢1), ..., Tn, (an, cn)]. It

is immediate from the definition of d that the above diagram commutes.

Finally, since both 1 and I are homomorphisms, so is d.

The same argument immediately adapts for Ex and Py. O

Completeness. Note that the fact that our comonads are regular also
automatically gives us that their EM categories are complete, by (the
dual of) Linton’s theorem [82].

The assumptions of the theorem are fairly minimal;'® the only new
requirement is that the category is .l(-well-powered, that is, that every
object A of 6 has, up to isomorphism, only a set of embeddings X »» A.

Proposition 2.9.9 (Linton [82]) Given a comonad C on a category 6
equipped with a proper factorisation system (Q, AL) if

1. Cis regular,
2. 6 admits coproducts and
3. 6 is M-well-powered.

then EM(C) is complete.

The fact that our EM categories are complete, in particular that they have
equalisers, is important for liftings of functors, cf. Section 7.3.

Locally finitely presentable categories

Important for the categorical approach to model theory are the locally
finitely presentable categories [20, 87], which have a rich categorical
structure with many desirable properties. It turns out that if a comonad
has finite rank, then the property of being locally finitely presentable
transfers from the base category to the category of coalgebras.

Remark 2.9.10 Below we introduce the terminology necessary in order
to define these terms. Note that understanding the theory of game
comonads does not require understanding of the theory of locally finitely
presentable categories. However, this theory serves as a useful intuition
for our ‘synthetic approach’ to model-theoretic games, cf. Chapter 4.

Colimits of diagrams of the form D — 6, where D is a directed poset,
are called directed colimits. Then, an object C of a category 6 is finitely
presentable! if the functor hom(C, -) preserves directed colimits.'®

Example 2.9.11 The finitely presentable objects in Set are precisely the
finite sets, while those in St7(c) or Str.(o) are the finite structures.

We say that the comonad C has finite rank if

1. Cis finitary, i.e. its underlying functor preserves directed colimits,
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16: See [66] for a simplified proof, which
uses exactly the assumptions as stated
here.

17: This notion generalises the corre-
sponding notions from algebra, such
as finitely presentable groups, monoids,
etc.

18: Equivalently, we might ask
hom(C, -) to preserve filtered colimits,
which is a more general notion [20].



2. if every morphism of the form f: C — UC(X), from a finitely
presentable C, admits a factorisation

uc(y)
F=cucxg) LY ucex)
for some y: Xg — X such that U%(X)) is finitely presentable, and
3. this factorisation is essentially unique, i.e. if

u‘C
=5 uce) = ucx)

for some other g: C — U%(Xp) then for some factorisation of y

into A: Xop — X} and y’: X, — X such that US(X]) is finitely

presentable, US(A)- fo = U%(A)- g.

Finally, we say that a category € is locally finitely presentable (Ifp) if

» it is cocomplete and
» it has a set!? of finitely presentable objects such that every object
of 6 is a directed colimit of objects in this set.

Since our game comonads have finite rank [104] and since our base cate-
gories of (pointed) relational structures are locally finitely presentable [20],
we obtain the following fact which automatically applies to our situa-
tion.

Proposition 2.9.12 ([44, Proposition 1.12.1]) If C is of finite rank and if ‘6
is locally finitely presentable then so is EM(C).

Note that the original proof contains a gap; see [104, Appendix B] for a
correction.

As a consequence, when C has finite rank, we see that the functor
FC: € — EM(C) is a morphism of Ifp categories, i.e. it is a finitary limit
preserving functor between lfp categories. Note that a functor is a
morphism of lfp categories if and only if it has a left adjoint which
preserves finitely presentable objects [20, Sec. 2.B]. In this case, this
means that U has this additional property.

Logical reading. Every lfp category is equivalent to a category of
models Mod(T) for some cartesian theory or, equivalently, limit theory [20],
which is a theory with axioms of the form

Vx(p(x) — Ay.(x, 7))

where ¢ and ¢ are conjunctions of atoms. In our case, since 8 = Mod(T)
and C has finite rank, we have that EM(C) = Mod(T®) for some limit
theory TC. Furthermore, morphisms of Ifp categories correspond to
‘interpretations’ of theories, in the opposite direction. Therefore, F©
induces an interpretation of T® in T.

2.10 Back-and-forth games abstractly

The explanation in Section 2.6 regarding how game comonads capture
standard logic fragments relies too heavily on the concrete description
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a proper class. Note that Ifp categories
typically have a proper class of finitely
presentable objects. This requirement
merely says that, up-to isomorphism,
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of our categories of coalgebras. To fully realize the comonadic approach
to logic, definitions must abstract away from this concrete description.
Consequently, back-and-forth equivalence = should not be defined
via the induced forest order C, arising from a coalgebra structure
a: A — C(A), as this order depends explicitly on the concrete description
of C(A). Instead, the = relation should be characterized purely in terms

of the categorical structure of EM(C).

Now that we know that our EM categories come equipped with a proper
factorisation system (Lemmas 2.9.6 and 2.9.7), we are able to address
this issue. The core idea is to define positions, winning condition, etc.
in an abstract back-and-forth game using embeddings from the factori-
sation system. This approach is inspired by that of arboreal categories,
introduced in [10], which we also discuss in Chapter 4.

Positions and winning conditions. We fix a class & of objects of EM(C)
called paths. For our example comonads C, the class & consists of the
coalgebras (P, ) such that (P,Cr) is a finite chain. Then, a winning
position in the back-and-forth game between objects X and Y of EM(C) is
a span of embeddings

for some path P € %.

Example 2.10.1 Following Section 2.5, we view objects of EM(Ey) as
forest ordered structures. We fix a path (P, nt), i.e. a finite chain P =
(po <n *+* <g pn)- Observe that, since morphisms in EM(Ey) are tree
morphisms, a morphism f: (P, 1) — FF¢(A) in EM(E) sends the root
po of P to some root of FE+(A), i.e. a sequence [ao], the element p; of
height 1 of P is sent to some immediate successor of [ag] in Ex(A), i.e.
to some length 2 sequence [, 1] and so on. Therefore, f picks out a
sequence [ag, ..., a,],1.e. a positionin a game.20

Then, requiring that f is an embedding corresponds to the requirement
that, for any choice iy, ..., iy,

RP(piy, ..., pi,) iff REA(f(xp,), ..., fxp,)) iff RYay,, ..., a;,).
(2.12)

This shows that the relational structure of P is derived from that of A if
f is an embedding. In other words, the embedding (P, 1) > FEx(A) is
fully determined by the choice of the sequence [a3, ..., a,].

Next, consider that we have a span of embeddings
FEx(A) = (P, 1) = F%(B)

This means that e; picks out some [a3, ..., a,] in Ex(A) and e, picks out
some [by, ..., b,] in Ex(B). Then, for an m-ary relational symbol R in the
signature and i, ..., i, € {1,...,n}, since e and ¢’ are embeddings i.e.
strong injective homomorphisms, by (2.12)

R%aj,...,a;,) <= RP(pi,...,pi,) = REi,...,bi,)

as required in the definition of partial correspondence (2.2), for the
winning condition at round 7.
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Moves. When specifying an abstract (categorical) model comparison
game we must define available moves of Duplicator or Spoiler at any
given state of the game. This is achieved by considering extensions of
embeddings.

The round, starting from position X <2< P ~25 Y, has the follow-
ing structure.

» First, Spoiler chooses an embedding i: P > P’ where P’ is a path
and then either

» Spoiler chooses e]: P’ > X such that e; = e] - i and then
Duplicator chooses e]: P’ > Y; or

» Spoiler chooses e;: P’ > Y such that e; = e; -7 and then
Duplicator chooses e : P’ » X.

Duplicator wins the round if the following commutes.

In other words, the goal of Duplicator is to extend the previous winning
position to a new winning position.

Example 2.10.2 Following Section 2.5, we view objects of EM(P) as
forest ordered structures. We fix a path (R, p), i.e. a finite chain R = (ry <,
-+ <, ). Observe that a position FP*(A) «<—— (R, p) =— FP*(B)
determines sequences [(p1, a1), ..., (Pn, ax)] and [(p1,b1), ..., (Pn, bn)],
i.e. the pebble choices p1, ..., p, given by e; and e, are the same. Fur-
thermore, any extension i: R »> R’ where R" = (1o <, -+ < )
determines a choice of additional pebbles p;1, ..., pn. Then, any time
Spoiler picks e.g. e] such that e; = e] i, the choice of pebbles must
be preserved. That is, Spoiler’s choice of i and e] determines a choice
of pebbles py+1, ..., pm followed by a choice of a,,41, ..., a,, giving a
sequence [(p1,a1), ..., (Pu, am)].

Since Duplicator must find eé extending e, along i, they do not affect
the choice of pebbles and only choose by+1, . .., by so that they obtain a

sequence [(p1,b1), ..., (Pu, bm)].

Initial position. What remains is to define the initial position. This
can be done in a number of ways, which depend on minor technical
choices that we make in the definition of the abstract framework. We
return to this question when the details of the abstract framework are
discussed, in Subsection“Initial position” on page 51. For example, one
might observe that, for every coalgebra X € EM(C), there is a minimal
subpath Ox € & of X, that is, a ‘least’ embedding

0y — X.

Then, a game between X and Y starts by considering the pair (Lx, Ly)
as an initial position. That is, Duplicator wins the initial round whenever

Ox = Oy. Then we can assume, without loss of generality, that Ox = Oy
1 1
i.e. that the initial position is X & Ox =0y =Y.
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Elementary path categories

An essential feature of the comonadic approach to model comparison
games is the ability to abstract away the rules of individual games as
simple categorical notions. This way, we describe and reason about
similar types of games uniformly, using a simple common formalism.
One can observe that the way we define abstract back-and-forth games
in Section 2.10 works more abstractly. The same game can be specified
in any category with a factorisation system, i.e. it does not have to be
an EM category of some regular comonads. The abstract back-and-forth
game we formulated in Section 2.10 can be defined in any category with
a factorisation system.

Therefore, in this chapter we devise a simple categorical setting for
formulating back-and-forth games. We show that requiring additional
assumptions about this setting guarantees useful and desirable properties
of back-and-forth games.

Although the approach taken in this chapter is inspired by that of
Section 2.10 which, in turn, is inspired by that of arboreal categories [11],
we work in a much more general setting. We assume only the minimal
axioms necessary to state our definitions and support our proofs. This
way we cover some examples which are beyond the scope of arboreal
categories, such as the EM categories for comonads for the guarded and
loosely-guarded fragments. Furthermore, by keeping our axiomatisation
minimal we can simplify the reasoning in later chapters (e.g. Chapter 9),
as we do not have to check all axioms of arboreal categories in our
constructions; instead we just check the assumptions of our minimal
setting. The disadvantage is that we sometimes have to be overly explicit
about our assumptions. However, this explicitness has its advantages too,
as it highlights the concepts which are behind our arguments.

3.1 Elementary path categories and logic

Inspired by the fact that in order to define back-and-forth games in the
categories EM(C) of our game comonads C, only the embedding part of
the lifted factorisation system is needed, we define an elementary path
category! as a triple X = (X, ., P) where

» JL is a collection of morphisms in X, called embeddings and
denoted by >, which satisfy that

1. Jl contains isomorphisms and every morphism in J is a
monomorphism,

2. if f, ¢ € M then fg € J (if the composition is defined),

3. if fg € Ml then g € M, and

» P is a class of objects in &, called paths.

Observe that the requirements (1)-(3) follow from properties of embed-
dings of a proper factorisation system, cf. Lemma 2.9.3.

3.1 Elementary path categories
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1: In fact, Reggio and Abramsky origi-
nally defined a path category as a category
satisfying all conditions of arboreal cate-
gories except for the path-generatedness
condition. We coined the term “elemen-
tary path category”, to avoid confusion
with the earlier introduced terminology.

Elementary path categories too are a
weakening of arboreal categories [11].
The adjective ‘elementary’ is supposed to
mimic the notion of ‘elementary toposes,”
as the weakening of toposes which is still
suitable to do most of topos logic. Note
that some different weakenings of arbo-
real categories have been considered too,
such as wooded categories [105].



3 Elementary path categories

Usually, we have a functor

a -t (3.1)

where o is an arbitrary category, representing our objects of study, X is an
elementary path category, encoding some logic, and F translates objects
of o to their logical representation in X.

Moreover, often F has a left adjoint U, in which case we call this scenario
a path adjunction, that is, we have

o X (3.2)
F

where U -4 F and X is an elementary path category.

Example 3.1.1 Our principal examples of path adjunctions are of the
form where o = Str(o) or 4 = Str.(c) and X = EM(C) for some
game comonad C on . Then, the adjunction U 4 F is the comonadic
adjunction U® 4 F©. The rest of the elementary path category structure is
implicitly derived from this setting. In particular, since our comonads are
regular, the embeddings /il in X are derived from those of o-structures,
i.e. embeddings in X are the coalgebra morphisms whose underlying
morphisms is a strong injective homomorphisms (cf. Lemma 2.9.6).
Finally, the paths in & are the coalgebras which are finite chains in their
induced forest order (cf. Section 2.5).

Logical equivalences

Inspired by the way we express logical equivalence in the standard
fragment, positive existential fragment and the counting fragment of the
logic captured by a game comonad, cf. Sections 2.4 and 2.10, we define
the following abstract equivalences with respect to a functor F, as in (3.1).
For objects A, B of d, define

» A=y B iff FA=FB
> A53+%B iff FA(__)FB
» A=uy B iff FA=FB

where, for X, Y in an elementary path category X, the b&f equivalence
X =Y is defined formally in Section 3.3 below, X & Y expresses that
there exist morphisms X — Y and Y — X and, as usual, = expresses
isomorphism in a given category.

One-way logical refinement

The following one-sided relations are used to express correspondences
with respect to other types of logic of the fragment captured by the
adjunction:

» A =>3+q B iff thereisamorphism FA — FB
» A =3y B iff thereis a pathwise-embedding FA — FB
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» A =.g B iff there exist morphisms

X 1 .y
v Js
FA FB

where f, g are open pathwise-embeddings and g is a tree bijection.

Observe that the relation A =3+y B expresses preservation of positive
existential formulas in our examples, cf. Section 2.4. Similarly, A =3y B
and A =g B capture the same property with respect to the existential
formulas and positive formulas, respectively [11].

We define ‘pathwise-embeddings’ and ‘open pathwise-embeddings’ in
Section 3.4 below and we define ‘tree bijections’, later in Section 4.2.

On notation. Note that the notation and terminology we use here
comes from first-order logic and Ehrenfeucht-Fraissé games. However,
the applicability of this approach, of encoding logics using a functor F
into an elementary path category, as in (3.1), goes beyond these. See,
for example, [9, Theorem 6.5] for the usage of the same techniques for
expressing trace equivalence using linear arboreal categories.

Also, the notation assumes that the functor F is understood from the
context. If we want to make it explicit, we flag the name of the functor in
the superscript, for example, by writing e.g. 5; or just =r. Furthermore,
if the functor F is induced by a comonad C, i.e.if F = F C we may write

=c, =3¢, =#c, =3c, =3c, and >.¢

instead of the more verbose =gy (c), =3+em(c), etc.

3.2 Additional assumptions

In this text we consider various convenient assumptions about our
elementary path categories (X, 4, &), which we know are sound with
respect to the EM categories of our game comonads, from Chapter 2.

The axioms are stated in the way we use them. In fact, we do not aim for
the minimal list of axioms as some combinations of axioms imply the
others. However, the point of this text is not to study strengths of these
axioms. Instead, we simply want to be explicit about our assumptions.

Basic axioms

First we list the most basic assumptions, expressible in the terms of just
paths and embeddings.

(Pp) X has an initial object 0 which is a path.
(P-) @ isclosed under subobjects, i.e.if P € % and S > P then S € &.

(Mpp) The pullback of an embedding along any morphism exists and is
an embedding too?.
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(PEmn) Morphisms from paths factor through a minimal path embedding:
Every morphism f: P — X where P is a path, factors through some
path embedding e: P> X, ie.an embedding where P is a path, that
is, there is some fj such that f = e fo:

P

f X
fo\ﬁ/

Furthermore, e is minimal, that is, for any other factorisation f = e’f;
wheree’: P’ »» X is a path embedding, there exists a necessarily unique
h: P — P’ such that e = e’h. Consequently, the following diagram
commutes.

N

fU e
P/ h\X
f\AP/

Axioms about quotients

In our examples the embeddings in our elementary path categories are
usually a part of a lifted factorisation system, Lemma 2.9.6. We often
assume the following axioms which explain the relationship of paths
and the quotient part of the factorisation system.

(QM) Thereisa class® of morphisms @, called quotients, such that (@, ) 3: In fact, the choice of the class of quo-
forms a proper factorisation system. tients is unique, by Lemma 2.9.5.

(P-,) (QM) holds and paths are closed under quotients, that is, if P is
a path and P -» X is a quotient then X is (isomorphic to) a path.

Remark 3.2.1 The axiom (P_,) is inspired by a property of quotients in
arboreal categories, cf. Lemma 4.1.2. Observe that (P_,) implies (PEnn)
since the (Q, .l )-factorisation f = eq of a path embedding is minimal by
orthogonality of quotients and embeddings.

Axioms about colimits of path embeddings

Finally, we specify axioms which say when we can glue collections of path
embeddings together, using colimits. We make use of these axioms when
expressing with model-theoretic types in the language of elementary
path categories, in Chapter 9. To this end, we first recall an important
construction in category theory.

Comma categories. For an object C in a category €, the comma cate-

gory
©|C

is the category whose objects are the pairs* (A, f) where f: A — Cis  4: Often when the object part of (A, f)
can be derived from the context, we sim-
ply refer to this object by f.



a morphism in € and morphisms h: (A, f) = (A’, f')in 6 | C are the
morphisms /: A — A’ in 6 such that the arising triangle commutes.

C

A
h]\f
,/ff

A

Later on we also need the comma category defined dually, that is, the
category C | €6 consisting of objects (A, f) where f: C — A and
morphisms defined similarly to the above.

In the following we need to consider the restriction of comma categories
to objects defined by embeddings. That is, for an object C in a category 6
which is endowed with an orthogonal factorisation system, define

|JC
as the full subcategory of € | C on objects (A, f) where f: A > Cisan
embedding.
Finally, given a subcategory 9 of € and an object C of 6, define

2]C, ClD and D]C

as the subcategory of @ | C, C | @ and @ ] C, respectively, restricted
to objects (A, f) such that A € @ and morphisms h: (A, f) — (4’, f')
such that h € 2.

The category of path embeddings. As a special case of the above,
consider an elementary path category & and fix X € X. Then, the
category

PIX

is the category of path embeddings P > X. Next, consider a morphism’
h:(P,e) = (P,e’) in P [ X, depicted below.

K
h ]
P —
In such situation we say that e’ extends e along h.

Furthermore, since embeddings are monomorphisms, there is at most
one such & along which the extension goes, i.e. the ‘extends’ relation is a
pre-order. Formally, for path embeddings e, e’ in P | X, define e < e’ if
there is a morphism e — e’ in P | X, that is:

S

e
e<e e 3In st h]\x (3.3)
v

Sl
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bedding due to axioms for embeddings
in elementary path categories.



Remark 3.2.2 Observe that the objects of P | X correspond to positions
in the abstract back-and-forth game and extensions of morphisms (i.e.
morphisms in % J X) correspond to taking moves in the game, cf.
Section 2.10. We discuss this game in details in Section 3.3 below.

Cocones and the axioms. Every object X of an elementary path category
induces the canonical (path) diagram®, i.e. the forgetful functor

PDiagx: 2 [ X —» X

which drops the morphism part of the comma category, i.e. it sends
(P,e: P> X)toPand h: (P,e) — (P’,¢e’) to h.

Remark 3.2.3 The canonical diagram PDiagy encodes the structure of the
moves played on X in the back-and-forth game, without reference to X
itself. We can recover the full information about the positions encoded in
PDiagy by considering the induced cocone PDiagy — X in & where, for
each (P, e) € 2 I X, we have the cocone component PDiagx (P, ¢) — X
given by e. Therefore, if the colimit of PDiagy exists then it induces
a morphism (usually an embedding)

colim PDiagy — X (3.4)
which, intuitively, selects out the part of X reachable during the game.

Finally, it is often useful to restrict PDiagy to some subdiagram. However,
we only permit forming certain subdiagrams, to ensure that the result
still corresponds to a diagram of positions in a back-and-forth game.
Formally, for a full inclusion functor I: D < & ] X we say that the

composite

PDiagy
_—

P=D—1 - PX x

is a path diagram if D is closed under subpaths, i.e.if e < e’ and ¢’ € D
implies e € D.

(PE\) X has colimits of subpaths: For a path diagram & = PDiagy o,

» the colimit colim 9 exists, and
» the induced morphism’ colim(PDiagy o I) — X is an embedding.

(PEcp) Path embeddings in X are compact: For a path diagram &,
every path embedding P »= colim @ factors through an inclusion
morphism d — colim @ for some d € D

3.3 Back-and-forth systems

Following Section 2.10, we define the abstract back-and-forth equivalence
for elementary path categories. However, this time we do not require that
the game has an initial position because that would require additional
assumptions on our elementary path categories, such as having an initial
object and factorisations.
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6: More precisely it should be probably
called the canonical path diagram, but that
would be too long.

7: This morphism is obtained as the com-
position of the induced morphism

colim PDiagy — X,

obtained from the cocone PDiagy — X,
with the morphism

colim ® — colim PDiagy,

induced by the inclusion I.
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For objects X, Y in an elementary path category &, we say that X and Y
are back-and-forth equivalent (b&f equivalent), and write

XY,

if there is a back-and-forth system (b&f system) between X and Y, i.e. a

collection § of spans® of path embeddings X <~ P =" Y satisfying
the following axioms.

Initial positions:

» (init-forth) For every path embedding P —— X there is some path
embedding P —— Y such that X «<*< P ~"> Y'isin S.

» (init-back) For every path embedding P = Y there is some path
embedding P =~ X such that X «<*< P ~"> Y'isin S.

Extensions:

» (forth) Whenever X «<*—~ P = Y is in § and m’ extends m along
some ¢: P >> P’ then there is some n’ extending # along e such

that X << P’ > Yisin S.

» (back) Whenever X <~ P > Y isin § and n’: P’ »> X ex-
tends n along some e then there is m’ extending m along e such

that X << P’ >""> Yisin S.

The first two conditions replace the requirement of having a fixed initial
position e.g. the pair of empty sequences in the original Ehrenfeucht-
Fraissé game. Then, as before, the forth and back conditions express that
Duplicator always has a response to any Spoiler move. In case of e.g. the
(forth) condition, this can be pictured as follows.

X ps>"T,y

K
m’ L n

P/

Remark 3.3.1 Often we denote the elements of a b&f system § as pairs
(m, n) or triples (P, m, n), to flag the common path object. Also, if the
situation is completely symmetrical when checking the conditions, we
sometimes only discuss the forth resp. back conditions whilst quietly
omitting the other.

Initial position

In order to show that this modification of the game is equivalent to
the game we defined in Section 2.10, we must show the equivalence of
(init-forth) and (init-back) with having an initial position.

We show this equivalence in the presence of additional assumptions
which hold true in X = EM(C) for our game comonads C.

8: Thatis, the winning strategy of the Du-
plicator in the (abstract) back-and-forth
game is given by a subclass of objects of
(PIX)X(PTY).



3 Elementary path categories

In particular, we need (Py), (PEmn) to be able to define the initial position.
For X € X, denote by

0 —— 0y —25 X

the factorisation of the unique morphism from 0 to X.
Instead of (init-forth) and (init-back) we consider the following;:

» (init-1) The pair (Lx i, Ly -i’) is in §, for some isomorphisms
i:P —0xandi’: P — Oy.

Next we show that, under mild additional assumptions, (init-1) is
equivalent to (init-forth) and (init-back).

Lemma 3.3.2 Assume X is an elementary path category satisfying (Py),
(PEu) and

» paths of the form Ox are rigid, i.e. homy (Ox,0x) = {id}.

Let S satisfy (back) and (forth), then S satisfies (init-L) if and only if it
satisfies (init-back) and (init-forth).

Proof. From left-to-right, assume we are given a path embedding m: P »—
X. By minimality of 1x: 0x > X, there is some e: 0x > P such
that m extends Lx along e. By (init-1), (Lx i, Ly -i’) € §, for some
isomorphisms i: Q — 0x and i’: Q — Oy. Then, by (forth), there is
some 1 extending Ly -i’: Q »> Y along e such that (m,n) € S. (init-
back) is proved dually.

Conversely, to show (init-1), given L x: Ox > X, by (init-forth) there is

somen: 0x » Y suchthat X X 0x —— Yis inS. By (PEmn), 1 extends
the minimal path embedding Ly: Oy >> Y along some f: Oy > Ox, i.e.
1y =n- f. The converse embedding 0x > Oy is obtained symmetrically
from Lx - f and minimality of Ly. Therefore, since paths Ox and Oy
are rigid, f is an isomorphism and so (Lx,n) = (Lx, Ly-f ') € S, as
required. O

Remark 3.3.3 Since 0x and Oy are defined up to isomorphism, we can
equivalently require that (Lx, Ly) € S (which implies that 0x = Oy)
instead of (init-L1).

Operations on b&f system

Reasoning about games in terms of bé&f system is quite flexible as it
allows us to work with it using standard operations on relations. We
summarise this fact in the following observation.

Lemma 3.3.4 The following properties hold on any elementary path category.

1. The diagonal relation Ax = {(e,e) | e: P »> X} is a b&f system.
2. If 8 is a b&f system between X and Y then its inverse

St ={(n,m)| (m,n)eS8}
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3 Elementary path categories

is a b&f system between Y and X.
3. If 8 is a b&f system between X and Y and S; is a b&f system between
Y and Z, then their relational composite

81;82 = {(mre) | (m,n) € 81/ (7’1,6) € 82}

is a b&f system between X and Z.
4. If {8;}i is a collection of b&f systems between X and Y, then their
union

US,- ={(m,n)| (m,n)e8; forsome i}

is a b&f system between X and Y.

Corollary 3.3.5 The relation = on X is symmetric, reflexive and transitive.

3.4 Bisimilarity and behavioural equivalence

It is the case in modal logic that back-and-forth equivalence is equivalent
to the existence of a span of bounded morphisms, which are also called
p-morphisms. It turns out that the same is true in the EM categories of
coalgebras of our game comonads.

To make this claim precise we define the variant of bounded morphisms
for elementary path categories, dubbed open pathwise-embeddings, which
originates in the setting of arboreal categories [11, 14] and which, in turn,
is inspired by the open maps formulation of bisimulation of concurrent
systems [71].

It turns out that our simpler setting of elementary path categories suffices
for implications in one direction (Proposition 3.4.4). For the converse,
one needs the full power of arboreal categories (Proposition 4.8.2), which
we introduce in Chapter 4. Furthermore, we show a correspondence
with the related notion of behavioural equivalence, studied extensively in
the Universal Coalgebra literature [19, 63, 111]. In fact, in the setting of
arboreal categories all four notions coincide (Theorem 4.8.8).

Open pathwise embeddings

We say that a morphism f: X — Y in X is a pathwise-embedding if for
every path embedding e: P »» X the composite

e f

P— X —Y

is an embedding too. And we say that f is embedding-open if for any
commutative diagram of path embeddings as displayed below

AN

oo
>—>§ =<

:
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3 Elementary path categories

there exists a diagonal filler, that is, an embedding d: Q »» X which
makes the two arising triangles commute (i.e. ¢ = dn and m = fd).

We denote by —e- the morphisms which are open pathwise-embeddings,
thatis, which are both embedding-open and pathwise-embedding, which
we often abbreviate by OPE.

Composing with b&f systems

Without proof we observe that (open) pathwise-embeddings behave well
with respect to composition.

Lemma 3.4.1 Pathwise-embeddings and open pathwise-embeddings are closed
under composition.

Next, we observe that each OPE induces a b&f system, as follows.

Lemma 3.4.2 Assuming (Py) and (PE,,), if f: X —e> Y is an open
pathwise-embedding, then

8¢ ={(e, fe) | e: P >> X is a path-embedding}

is a b&f system between X and Y, ie. X =Y.

Proof. (init-forth) Let e: P > X be a path embedding. Since f is a
pathwise-embedding, fe is an embedding and so (e, fe) € Sy.

(init-back) Let e: P > Y be a path embedding. Take the factorisation
0 — 0y =5 Y of the unique morphism 0 > Y.Dueto initiality of 0, the

! .
composite 0 — P> Yisalso equal to 0 — Y. Hence, by minimality
of the factorisation, there is some n: Oy > Q such that Ly = en.

Similarly, we have a factorisation 0 LI Ox =X X of the initial mor-
|
phism 0 — X. However, since f is a pathwise-embedding, fLlx is
|

an embedding and so we obtain another factorisation of 0 — Y as

0 LN Oy >fL—X> X Therefore, by minimality of Ly there is some m: Oy >

Ox such that Ly = f_1 xm. Therefore, we have the following commutative
square.

X —- Y

1x-m IE
Oy 1 Q
Therefore, by openness of f thereisadiagonalfillerd: Q > X. Therefore,
we have that e = fd and so (e, d) = (e, fe) € Sy.

(forth) Assume (e, fe) € Sy and e < ¢’,i.e. ¢ = e’m for some m. Then,
fe < fe'since fe = fe'mand (¢, fe’) € Sf.
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(back) Assume (e, fe) € Sy and fe < n,i.e. fe = nm for some m. This
means that we have the following commutative diagram.

f
—

>

’U)L

O— =

m
>

3 Elementary path categories

Since f is open, there is a diagonal filler d: Q »» X such thatn = fd.

Therefore, (d,n) = (d, fd) € Sy. O

Lemma 3.4.2 together with Lemma 3.3.4 yields the following useful fact
about compositions of open pathwise-embeddings and bé&f systems.

Lemma 3.4.3 Assume (Pgy) and (PE,,,) and that f: X —e> Y is an open
pathwise-embedding. Then,

> if Switnesses Y = Z then {(e,e’) | (fe,e’) € 8} witnesses X = Z,
and
> if S witnesses Z = X then {(e, fe’) | (e, e’) € 8} witnesses Z =Y.

Bisimilarity and behavioural equivalence

This observation motivates two more definitions of bisimilarity akin to

how bisimilarity is usually defined in the universal coalgebra literature.

For X, Y in an elementary path category &,

» X ~ Y denotes that X,Y are bisimilar, i.e. there exists a SOPE
between X and Y, that is, a span of OPEC of the form X «e— Z —e>
YI

» X 2 Y denotes that X, Y are behaviourally equivalent, i.e. there
exists a coSOPE between X and Y, that is, a cospan of OPEs of the
form X —e> Z <o Y.

Next we show that bisimilarity and behavioural equivalence are both
stronger than b&f equivalence, defined earlier.

Proposition 3.4.4 In an elementary path category satisfying (Po) and (PE,;;p),

» X ~Yimplies X =Y, and
» X = YimpliesX =Y.

Proof. For the first item, consider a SOPE

f g

X «—o— 7 —o> Y
witnessing X ~ Y. By Lemma 3.3.4 and Lemma 3.4.2, the relation
{(fe, ge)| e:P>>Z, P e P}.

obtained as 8}?1 ; S¢ is a b&f system witnessing X = Y.
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3 Elementary path categories | 56

The second item is proved dually, i.e. a coSOPE X £ Z Y yields

the b&f system
{(m:P>X,n:P»-Y)| fm=gn}

obtained as & ; Sg‘l, witnessing X = Y. O

As we discuss in Section 4.8, in arboreal categories we have equivalences
in both items of Proposition 3.4.4. However, the full power of arboreal
categories is not needed in order to show that behavioural equivalence
implies bisimilarity. Below we show that we only need pullbacks for
that.

Open morphisms a la Joyal-Nielsen—-Winskel

In [71] the notion of open morphisms is defined for an arbitrary category &
with a collection of objects & called paths’, i.e. the setting in op. cit. does
not refer to embeddings in the definition. Following [71] we say that a
morphism f: X — Y is open if for any diagram

P— X
| f
0 ——Y

where P and Q are paths, there exists a diagonal filler Q — X.

Lemma 4.1 in [11] shows that in the setting of arboreal categories this
notion agrees with the previously defined notion of open pathwise-
embeddings. We show that this is the case even in the much weaker
setting of elementary path categories, i.e. unlike in op. cit. we do not need
implicitly given paths, in the sense of Section 4.1.

We prove the equivalence in steps, going via an intermediate notion of
semi-open morphisms, which are the morphisms f: X — Y such that
any diagram

P—X

| 7

Q— Y

where the horizontal morphisms are path embeddings, there exists a
diagonal filler Q — X. Clearly, we have the following in any elementary
path category.

open = semi-open = embedding-open.

First, we show that the first implication reverses under mild assump-
tions.

Lemma 3.4.5 In an elementary path category satisfying (P_,), every semi-
open morphism is open.

9: Tobe more precise, the setting of [71] is
parameterised by a subcategory % which
need not be full. Then, in the square di-
agram below, the morphism P — Q is
required to be from %. In our setting we
always assume that & is a full subcate-

gory.



Proof. Assume f: X — Y is semi-open and we are given a commutative
square
P—X
| i
Q—Y

where P and Q are paths. We factorise the horizontal arrows as follows

where the diagonal filler 4 exists from the orthogonality of quotients and
embeddings in factorisation systems. Observe that P’ and Q’ are paths
by the assumption that paths are closed under quotients. Then, since f
is semi-open, we have a diagonal filler Q" — X giving us the required
diagonal filler of the original square as the composite Q -» Q" — X. O

Therefore, to show the desired equivalence, we need to establish the
converse of the second implication above. We do this in two steps.

Lemma 3.4.6 In an elementary path category satisfying (P_,), every semi-
open morphism is a pathwise-embedding.

Proof. Let f: X — Y be a semi-open morphism and lete: P > X be a
path embedding. Let

P—t5X

b

P sy

be such that the arrows going down-right are the factorisation of fe.

Since f is semi-open we have a diagonal filler d: P — X and since
e = dq is an embedding we further get that g is an embedding too. We
know that embeddings compose and so mg is an embedding too, as
required. O

Finally, we check the fact that OPEs are semi-open.

Lemma 3.4.7 In an elementary path category with (Myy), every open pathwise-
embedding is semi-open.

Proof. Let f: X — Y be an OPE and suppose we have the following
commutative square of solid arrows

P—X
lhAfe f

Q2> y

where P and Q are paths. Since f is a pathwise-embedding, fe is an
embedding too. Let P Xy Q be the pullback of m and fe, as displayed

3 Elementary path categories

57



below.
m’ e
PxyQr—=>P—X

R

Q——Y

Recall that the pullback projections m’ and i are embeddings since m
and fe are so too, by (Mpp). Then, by the fact that f is embedding-open,
thereisa d: Q — X such that em’ = di and m = fd. Next, since the
original square commutes, by the universal property of pullbacks, there
issome r: P — P Xy Q such thatid = m’r and h = ir. Then, we obtain
that d diagonalises the original square since

dh =dir =em’r = e.

The other triangle commutes automatically by the defining property
of d. a

Putting all these lemmas together gives us the promised fact. Note that
we can further simplify the assumptions by requiring (QM). Then, just
requiring pullbacks of embeddings to exist implies (Myp) (cf. Remark
3.2.1).

Theorem 3.4.8 In an elementary path category with (M) and (P-,), a mor-
phism is open if and only if it is an open pathwise-embedding.

This theorem allows us to obtain some results specific to OPEs in a much
more uniform way, see e.g. Proposition 3.4.10 and Proposition 8.3.1.

Pullbacks of open morphisms

Next we recall that open morphisms are closed under pullbacks along
any morphism, which holds true in any category with specified path
objects.

Lemma 3.4.9 (Proposition 3 of [71]) Let

X — X

el s

Y —Y

be a pullback square. If f is open then so is f”.

This allows us to entail that bisimilarity is a transitive relation and that
behavioural equivalence implies bisimilarity.

Proposition 3.4.10 Let & be an elementary path category with pullbacks
and satisfying (P-,) and (M,y). Then,

1. X < Y implies X ~ Y, and
2. X~YandY ~ Z implies X ~ Z.

3 Elementary path categories
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3 Elementary path categories

Proof. By Theorem 3.4.8 and Lemma 3.4.9 we know that OPEs are
closed under pullbacks. Therefore, (1) follows from the fact that any
cospan of OPEs X —e— S <e— Y can be turned into a span of OPEs
X <e— R —e— Y by taking the pullback.

Next, for (2), consider a pair of spans of OPEs witnessing X ~ Y and
Y~ Z:

L ‘A

AN

The pullback of both OPEs with codomain Y is an OPE too. Further-
more, OPEs compose (Lemma 3.4.1), which gives us a span of OPEs
X <o— R —e— 7 as required. O

Furthermore, the converse implication to those in Proposition 3.4.10
holds in the setting of arboreal categories, see Proposition 4.8.3.
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Arboreal categories

Abramsky and Reggio [10] introduced arboreal categories in order to
capture the features of EM categories of coalgebras which ensure good
properties of the back-and-forth equivalence and bisimilarity. Conse-
quently, arboreal categories provide a powerful framework for a general
study of logical equivalences and a new synthetic approach to logical-
meta theorems. From our point of view arboreal categories provide an
important class of examples of elementary path categories. Furthermore,
their rich structure ensures that they admit a representation theorem
(Theorem 4.5.26).

The point of this chapter is not to provide a deep dive into the theory
of arboreal categories, for that it is better to follow standard references,
such as [12]. Instead, we use the theory of arboreal categories to justify
the technical properties of elementary path categories, introduced in
Section 3.2, which is important e.g. in Chapter 9.

4.1 Implicitly given paths

Arboreal categories stem from the realisation that the open maps for-
mulation of bisimulation from concurrent systems [71] applies directly
to study of games in finite model theory, as we described extensively
in Chapter 3. However, the second crucial insight is that, unlike with
general elementary path categories where the class of paths has to be
given explicitly, paths in arboreal categories are specified implicitly, based
on the choice of the factorisation system.

Paths from embeddings. We say that an elementary path category &
has paths given implicitly if the class of paths &% consists of precisely
the objects X € X such that their embedding comma category X | X is
equivalent to a finite chain poset (viewed as a category).

The reason to require ‘equivalent to” rather than the simpler requirement
that & J X ‘is’ a finite chain is because we might have two subobject
embeddings e: S »» X and e’: S’ > X such thate < ¢’ and e’ < ¢,
giving S = 5" butnot S = §'.

For this reason it is often more convenient to work with Sub(X) , which is
the quotient of & | X by the equivalence relation = induced by < relation.
Formally, define

Sub(X) = {[e] | e: S > X}

as the class of equivalence classes [e] = {e’ | e = e’} with respect to the
relation ~ where

e~e¢ iff e<e’ and e <Le.

Then, the preorder < lifts to the ~-equivalence classes by setting [e] < [e]
iffe < e’.
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Observe that an object X of X is an implicitly given path if and only if
Sub(X) is a finite chain.

To avoid set-theoretic issues in the following we require that X is
JM-well-powered, i.e. that, for every X, Sub(X) is a set and not a proper
class of equivalence classes.

Example 4.1.1 Following Example 3.1.1, we take the categories EM(Ex),
EM(Px) and EM(My) as examples of elementary path categories where
paths are the objects which are linear chains in the implicit coalgebra
order £, and embeddings J are lifted using Lemma 2.9.6. Importantly,
these categories have paths given implicitly. This is due to the fact
that embeddings S » (4, @) in EM(C), for our game comonads C are
uniquely given by their image, i.e. as a subset S C A. Furthermore, since
morphisms in EM(C) are tree morphisms, such subset S € A must be a
downset with respect to the implicit order C,,.

The following is an immediate observation following just from the fact
that paths are given implicitly.

Lemma 4.1.2 If X has implicitly given paths then the following hold.

1. (P,) holds, i.e. paths are closed under subobjects.

2. Paths are linearly ordered, i.e. for e and e’ in P | X if X is a path
then either e < e’ or e’ < e.

3. If X has an initial object 0 then it is a path.

4. if (QM) holds and the required factorisation system is stable, then (P_,)
holds, i.e. paths are closed under quotients.

Proof. (1) and (2) are immediate. (3) To see that 0 is a path, consider

its subobject S >~ 0. By initiality of 0, we obtain that 0 2§55 0is
the identity and so, by Lemma 2.9.3, S > 0 is both a quotient and an
embedding, i.e. an isomorphism. Therefore, Sub(0) is a singleton poset.

For (4) follow the proof of [11, Lemma 3.5], which only relies on the
assumptions listed here. O

For a category X with a proper factorisation system (@, /L), observe that,
by Lemma 2.9.3, the triple (X, P, ), with paths P given implicitly, is
an elementary path category.

Assumption 4.1.3 In the following, when given a category with a
proper factorisation system, unless said otherwise, we automatically
assume that it as an elementary path with paths given implicitly.

4.2 Path functor

The path functor P is a central construction in the theory of arboreal
categories. However, we define it in the weaker setting of elementary
path categories because it also serves us as a motivation for the axioms
of arboreal categories.

4 Arboreal categories
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Given an object X of an elementary path category &, observe that the
domain P | X of the functor PDiagy: % [ X — X corresponds to a
subclass of Sub(X). In particular, define

PX = (P ] X)/~

as the poset of =-equivalence classes of path embeddings P | X.

Lemma 4.2.1 For any X in a Jl-well-powered X with a proper factorisation
system (Q, JL), the poset PX ordered by < is a forest, in sense of Section 2.5.
Furthermore, if X has an initial object 0, then PX is a tree.

Proof sketch (following [11, Lemma 3.12]). To see that PX is a forest, we
need to check that, for each path embedding e: P > X, the downset
l[e] in PX is a finite chain. To this end, consider [e1], [e2] < [e] in PX.
By definition, this means that e; < e and e, < e. Then, since P is a path
given implicitly, by Lemma 4.1.2, either e; < e; or ¢, < ¢, in which case
we get [e1] < [e2] or [e2] < [e1], respectively.

If & has 0 then, by Lemma 4.1.2, 0 is a path. Hence, the factorisation
0 —» Ox »> X of the initial morphism !: 0 — X is the least element
of PX. O

It turns out that under two additional assumptions the mapping X — PX
extends to a functor into the category of trees J , that is, the category
whose objects are trees and whose morphisms are forest morphisms, in
sense of Section 2.5.

Given a morphism f: X — Y in X with an proper factorisation system,
we define Pf: PX — PY by

[e] = [Fpe]

where [e] denotes the ~-equivalence class of e: P >> X and Jye is the
embedding part of the factorisation of fe as P - - »> Y.

The mapping Pf is clearly monotone. To make sure that it is a tree
morphism, we need additional assumptions. In particular, we need the
following, which can be viewed as a standalone axiom of elementary
path categories X satisfying (QM).

(Q2.3) Quotients satisfy the 2-out-of-3 condition: For any paths P, Q, R
in X, if a composite P — Q — R is a quotient thensois P — Q.

Following [105], we gather our current assumptions under one definition.

Definition 4.2.2 A category X is a wooded path category if

» it is equipped with a stable proper factorisation system (Q, L),
» it is Jl-well-powered,

» has an initial object 0,

» its paths' satisfy the 2-out-of-3 property (Qa3).

We obtain the following.
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Theorem 4.2.3 If X is a category with a stable proper factorisation system
and satisfying the 2-out-of-3 condition, then P is a functor

P:.X > %F

where F is the category of forests and their morphisms. If, furthermore, X
has an initial object, i.e. it is wooded, then P further restricts to

P:X—>9

where T is the category of trees and tree morphisms.

Proof. The proof follows the same step as the proof of Theorem 3.11
in [11], while noting that no more than the assumptions of this theorem
are invoked in the proof. O

2 2: Item 1 has been proved before, us-

ing stronger assumptions, see e.g. [5,
. Lemma 6.11]. The proof of item 3 is stan-
Proposition 4.2.4 Let X be a wooded path category. Then: dard, see [11, Lemma 3.15], however, the

statement is slightly misstated therein.

The path functor is useful for detecting properties of morphisms.

1. A morphism f between paths is a quotient iff P f is surjective.
2. If a morphism f is an embedding then P f is injective.
3. Between any two paths exists at most one embedding, up to isomorphism.

Proof. (1) Let f: P — Q be a morphism between paths. The left-to-right
implication follows from stability of the factorisation system as, for any
subpath e: Q' > Q, the pullback

p—L.0

e’[ Ie

P/ f Q/
exists and, moreover, 4" and e’ are quotient and embedding, respectively,
by stability and Lemma 2.9.3. Since factorisations are unique, up to
isomorphism, P(f)(e’) = e.

Conversely, if P(f) is surjective then there is some e: P’ > P such that
P(f)(e) = idg. By definition of °(f), we have the following commutative
square.

p—L.0

|

P —>Q

Then, f is a quotient, by Lemma 2.9.3, since both P" —» Q and idg are
too.

(2) Follows from the fact that Pf for f an embedding is computed by
e = f-e.Then, if Pf([e]) = [f-e] = [f-e’] = Pf([e’]), we see that
f-e = f-e’-ifor some isomorphism. Therefore, since embeddings are
monos e = ¢’ -1, i.e. [e] =[]

(3) Whenever m,n: P »» Q are two embeddings between paths we
have that P(m) = P(n) since there is at most one tree morphisms



between any two finite chains in J'. Consider the trivial path embedding
idp: P »» P. Since path embeddings are also pathwise-embeddings,
P(m)([idp]) = [m -idp] = [m] and similarly P(n)([idp]) = [n]. Therefore,
assuming P(m) = P(n) implies that [m] = [n] i.e. that m ~ n. O

Example 4.2.5 By Lemma 2.9.8 we see that our principal examples of
EM categories X = EM(C) for a game comonad C (cf. Example 4.1.1
and Example 3.1.1), satisfy that the lifted factorisation system is stable
and proper. Moreover, it is immediate from the concrete description
of our EM categories (Section 2.5) that the paths in EM(C) satisfy the
2-out-of-3 condition.

Tree bijection. Fix a morphism f: X — Y in a wooded path category.
We say that f is a tree bijection if Pf: PX — PY is an isomorphism of
trees. This now completes the definition of the A =, B relation from
Section 3.1.

4.3 Arboreal categories

We saw in the previous sections, that, under mild additional assumptions
on our elementary path categories, their objects of such categories
resemble trees. This matches our intuition from the concrete description
of the EM categories of our game comonads, cf. Section 2.5.

Next, we encode the fact that the paths® are the basic building blocks
of arboreal categories. This means that all other objects are uniquely
encoded using just paths and, moreover, we are always able to decompose
every object back to its encoding using paths.

To this end, we fix an elementary path category &. The first property is
formally represented as follows.

» The objects of X are path generated if, for every X € X, the induced
morphism colim PDiagy — X from (3.4) is an isomorphism.

For the latter property, we need the notion of tree colimits. Recall from
Section 4.2 that the canonical path diagram functor PDiagy, for a fixed
X, is equivalent to a tree diagram, that is, a functor

D:T—>X

where T is a tree in the sense of Section 2.5, and for every x < yin T,
D(x < y) is an embedding between paths P »» P’. In particular, for
every x € T, D(x) € P. We call colimits of tree diagrams tree colimits.

Consequently, to express that objects can be ‘decomposed’ back into their
encoding using paths, we require that paths ‘decompose tree colimits’,
which is expressed as follows.

» A path P is tree-connected if, given a tree diagram D: T — X and
an embedding e¢: P »» colim D, there exists the least t € T such
that e factors via the inclusion map D(¢) — colim D.
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We define arboreal categories as the wooded path categories which are
path generated, admit tree colimits and have tree-connected paths. In
full, this amounts to the following.

Definition 4.3.1 A category X is arboreal if

it is equipped with a stable proper factorisation system (Q, JL),
it is M-well-powered,

it admits tree colimits and has an initial object 0,

its paths* are tree-connected and

satisfy the 2-out-of-3 property (Qy-3), and

its objects are path generated.

vVvyvYyVvyYyVvyy

Next we show that most of our axioms for elementary path categories
are automatically validated in the arboreal setting.

Theorem 4.3.2 Let X be an arboreal category, then as an elementary path
category it satisfies

(Po), (P»s), (PEyy), (QM), and (P_,).
If X has pullbacks of embeddings then (M) holds.

Proof. We check the axioms one by one:

v

(QM) appears explicitly in the axiomatisation of arboreal categories.
(Po), (Ps>), and (P-,) follow from Lemma 4.1.2.

(Myyp) is a standard property of orthogonal factorisation systems,
cf. Lemma 2.9.3.

(PEqn) follows from (P-,) and (QM), cf. Remark 3.2.1. O

vy

v

We prove the missing (PEy) and (PE,) in Theorem 4.7.8, using the
representation theorem. Most likely these properties already follow from
weaker assumptions, however, the representation makes verifying (PE\/)
and (PEcp) straightforward.

Example 4.3.3 We show that the Eilenberg-Moore category of coalgebras
EM(C) is arboreal for comonads C = Eg, Py, M. Using Lemmas 2.9.6,
2.9.7 and 2.9.8 we see that EM(C) has a stable proper factorisation system,
obtained by lifting the (surjective, strong injective) factorisation system
on the underlying category Str(o) or Str(c™).

The fact that EM(C) is J(-well-powered follows from the fact that the
underlying category is. Next, we see that EM(C) has tree colimits and
the initial object from the fact that it is cocomplete, by Proposition 2.9.1.
Example 4.2.5 gives us that EM(C) satisfies the 2-out-of-3 property for
paths given implicitly. What is left to show is that paths are tree-connected
and dense.

For the latter, observe that the concrete description of our categories of
coalgebras from Section 2.5 gives us that each EM(C) can be identified
with a category of structures with a tree order C where EM(Ex) and
EM(P¢) instead of being forest-ordered we artificially make into tree-
ordered by adding the empty sequence [] as a new root.

Then, for example in case when C = Ey, it is easy to see that every object
(A,Rq,...,R;,C) of EM(Ey) is a tree-colimit of D: (A,C) — EM(C)
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where, for a € A, D(a) is the subpath of A on the universe |a. The
morphisms D(a < b): D(a) — D(b) are the inclusions of subpaths in A,
i.e. embeddings. Hence paths are dense in EM(Ex).

Finally, to see why paths in EM(Ey) are tree-connected, consider a tree
diagram D: T — EM(Ej) and a path embedding f: P > colim D. Since
colim D is computed as the quotient of the disjoint union L;er D(t) by
the least equivalence relation containing all pairs (x, y) of the form
x = D(t < t')(y). Since T is a tree, there is a minimal ¢ € T such that f(T)
is in the equivalence class of elements of D(f) C colim D, where T is the
top element of P. Then, we see that f factors via the colimit inclusion
D(t) = colim D.

Checking that paths are dense and tree-connected in EM(Px) and EM(My)
goes along the same lines. On the other hand, Elias Percy has recently
shown?® that EM(C), where C is the guarded or loosely-guarded comonad,
is not arboreal since it does not satisfy the 2-out-of-3 property.

Remark 4.3.4 Note that our definition of arboreal categories originates
in Jakl and Reggio [68], which is an adaptation of the axiomatisation
from the original paper on arboreal categories due to Abramsky and
Reggio [10, 11]. The change is motivated by the limitations uncovered
in [68]. However, as shown in Section 6 of [68], the fundamental properties
of arboreal categories in the ‘old sense’ still apply in this ‘new sense’.
Therefore, we can often directly invoke properties of arboreal categories
from [10, 11]. Note that some proofs therein accidentally rely on the
assumption that there is at most one embedding between any two paths.
In many instances this assumption can be avoided, however, we typically
work with ‘concrete” arboreal categories, introduced below, which is a
stronger assumption, cf. Remark 4.4.3.

Finally, we rephrase the last condition of arboreal categories in standard
categorical terms.

Lemma 4.3.5 ([11, Lemma 5.1]) Let & be a category with a stable proper
factorisation system. Then, its objects are path generated if and only if the
inclusion of paths P — X is dense, i.e. for every object X € X,

X = colim P.
PeP, P-X

4.4 Concrete arboreal categories

For the representation theorem we need the following additional assump-
tion for arboreal categories, which is validated in our example models,
see Example 4.2.5.

Definition 4.4.1 Let X be an elementary path category. We say that it is
concrete if between any two paths P, Q there is at most one morphism P — Q.

The name is justified by the following fact, which shows that concrete
arboreal categories are those arboreal categories which are ‘concrete over
trees’.

4 Arboreal categories

5: Private communication,
mer 2026.

66

in sum-



Lemma 4.4.2 (Lemma 6.12 in [5]) An arboreal category® X is concrete if
and only if if the path functor P: X — T is faithful.

Remark 4.4.3 There are additional weaker notions to consider. Namely,
for paths P, Q, we can require that

1. there is at most one morphism P — Q,
2. there is at most one quotient P - Q, or
3. there is at most one embedding P — Q.

It follows that (1) is equivalent to (2) and they both imply (3).

The implications (1) — (2) and (1) — (3) are immediate. Hence, what is
left to show is that (2) implies (1). Following [5, Lemma 6.12], consider two
morphisms fi, fo: P — Q and their factorisations f; = e; - g;. Since ey, e;
are embeddings into Q, we have that e; = e, - i for some isomorphism
i since, either e; < ey or e; < e; and in both cases the comparison
morphism e.g. i: P; — P, such that ¢; = e -i must be a quotient and
hence iso by Proposition 4.2.4. Then, by (2), we have that g, = i-q;.
Hence,fz =eéx- (2= 62‘1"[]1 =eée1-MN :fl-

Note that (3) is equivalent to fact that the automorphism group Aut(P)
is trivial. The left-to-right direction of this claim follows from the fact
that automorphisms are embeddings. Conversely, consider embeddings
m,n: P > Q. By Proposition 4.2.4, we know that m = n-i for some
isomorphism i: P — P.Hence, i is the identity if we know that Aut(P) is
trivial.

This equivalent rephrasing of (3) gives us another proof of the implication
(2) = (3). Indeed, we have that Aut(P) is a submonoid of End(P). Moreover,
(2) implies that the endomorphism monoid End(P) is trivial, i.e. paths are
‘rigid’ (as in Lemma 3.3.2) since, by Proposition 4.2.4, endomorphisms of
paths P — P in J are always quotients.

4.5 The representation theorem

In this section we prove a representation theorem for concrete arboreal
categories with only a set of paths, that is, which up to isomorphism only
have a set of paths. This additional ‘smallness’ condition is not strictly
necessary but allows us to avoid certain set-theoretic questions.

Note that the requirement to having only a set of paths exactly mirrors
the smallness condition of locally finitely presentable categories, which
are required to only have a set of compact objects, cf. Subsection”Locally
finitely presentable categories” on page 40.

The representation theorem allows us to verify many desirable prop-
erties of arboreal categories quickly and construct new examples, see
Sections 4.6, 4.7 and 4.8.
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Preliminaries

Representable arboreal categories. Our representability theorem works
for a class of arboreal categories which we call ‘representable.” We define
this notion for more general elementary path categories, since some of
the constructions we describe on the way are interesting on their own.

To this end, given a wooded path category’” X we say that it is repre-
sentable if it is concrete® and has a set of paths.

Paths and their height.
distinguish between different classes of paths &% of different elementary
path categories. Therefore, to emphasise the origin of a given class, we
denote by

In the following it is convenient to notationally

P

the class of all paths of X. Furthermore, in case X has a set of paths, we
denote by _

Py
a set of chosen representatives’ of isomorphism classes of paths in <.

In particular, we can represent each equivalence class [e: P »» X]in PX

by its unique representative ¢: P > X where P is from Px.

Given a path P in an elementary path category with paths given implicitly
(e.g. in an arboreal category), the height ht(P) of P is the height ht(P°P)
of the path PP € J, in sense of Section 2.5.

Lemma 4.5.1 Let X be a wooded path category. If there is a quotient P — Q
between paths P, Q then ht(P) = ht(Q).

Proof. By Proposition 4.2.4(1), having P - Q implies that the induced
PP — PQ is a surjective tree map between finite chains, i.e. PP = PQ.
Therefore, ht(P) = ht(PP) = ht(PQ) = ht(Q). O

Canonical tree diagram. Let X be a representable wooded path category
and let & be a chosen set of representatives of isomorphism classes of
paths in . Then, for X in &, the canonical path diagram

PDiagy: [ X = X
is equivalent to the canonical tree diagram
TDiagy: PX — &

which sends the equivalence class [e: P »> X] to the unique P € % such
that P = P. Next, given [e] < [e’] there is a unique m: P »> P’ such
thate = e’ - m. We set P([e] < [e’]) to be an embedding P » P’, which
uniquely given by the fact that I is concrete.'
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Trees as functors. In what follows it is convenient to view trees and
forests as functors N7 — Set where N is the poset of natural numbers,
with standard ordering, viewed as a category. The functor F: N°’ — Set
associated to a forest (F, <) sends a natural number n to the set of
elements of height n. On morphisms, F(n < m): F(m) — F(n) sends
an element x of height m to its unique predecessor of height n. Then,
natural transformations between forests, when viewed as functors, are
precisely forest morphisms, when viewed as posets. Consequently, the
category F of forests and forest morphisms is equivalent to the functor
category [N, Set] of functors N7 — Set and natural transformations
between them, i.e. it is the category of presheaves N over N. Similarly,
J is equivalent to the subcategory of [N, Set], consisting of functors
F: N7 — Set where F(0) is a singleton set.

The motivation

Let X be a representable arboreal category with a chosen set of paths P
Recall that, since X is path generated, every object X is uniquely de-
termined by the canonical diagram PDiagy: % | X — X. In fact, X is
already determined by its canonical tree diagram TDiagy : PX — X.

We see that, since TDiagy is a tree diagram, only embeddings between
paths matter for a representation of X, i.e. TDiagy factors via the small
subcategory 5356 of X on paths in Py and embeddings between them.
However, since X is concrete, 573§ is equivalent to a thin category i.e. a
poset which, furthermore, is a forest (cf. Section 2.5).

In other words, the functor TDiagy determining X gives a labelling to
every node of the tree PX by a path in % . It is easy to see that this

labelling is actually a forest morphism PX — 5556

The representation theorem (Theorem 4.5.26) says that objects in arboreal
categories are nothing more than trees and their labelling by paths and
morphisms in arboreal categories are the tree morphisms which respect
their labelling.

The functor of paths

To make the development of the theory of representation more systematic,
we prefer to view the tree PX and the forest %3, as a functors N7 — Set.
In particular, the latter is represented by the functor

Dy : N7 — Set

which sends a natural number 7 to the set of paths of height n. Further-
more, for n < m, the function Oy (n < m): Py (m) — Dy (n) sends a
path of height m to its unique prefix of height n. In fact, for P € g (m)
and Q = Py (n < m)(P), by being a unique prefix, there is a unique
Q > P which, moreover, is in 5’& Note that the uniqueness follows
from the fact that & is concrete.

Observe that @y contains all information about objects of X. Indeed,
every object X of X is a colimit of some tree diagram D: T — X (in fact,
of TDiagy : PX — X) and, by definition, codomain of tree diagrams can
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be restricted to just the category 5{; of the chosen paths and embeddings
between them.

For representing morphisms in & we make use of the rest of the structure
of 577335 ,1.e. the morphsims not included in 5{; In fact, the only information
that is missing when going from Py to 5556 is the information about
quotients between paths. Indeed, every morphism between paths P — Q
factors as P -» R > Q where, by Lemma 4.1.2, R is again a path.
Furthermore, since P - R is a quotient between paths, P and R are of
the same height (Proposition 4.2.4). Therefore, the missing information
about quotients can be encoded within the sets @y (1) of paths of the
same height.

Therefore, instead of mapping @y to the category of sets, we map it to
the category Pos of posets and monotone functions. In summary, for a
representable arboreal category I, we set

@y : N7 — Pos

to be the mapping which sends a natural number # to the (full) subcat-
egory ®g (1) of X consisting of paths in Py of height 7 and quotients
between them. Note that @ (n) is a poset by concreteness of X, i.e.
P < Q iff there exists a morphism!! P — Q. For any n < m, the mapping
Dy (n < m) is the prefix map, as above.

Next we verify the correctness of this construction.

Lemma 4.5.2 The mapping @ is a well-defined functor.

Proof. 1t is immediate to see that the action of ®g preserves identity
morphism and that @y (n < m)- Dy (m < 1) = Oy (n < 1). What is left
to show is that, for any n < m, the mapping @y (n < m) is monotone
Dy (m) — Oy (n).

To this end, let P - Q be a quotient between paths of length m and
let P’ > P be the inclusion of the height n as a subpath of P, i.e.
Dy (n < m)(P) = P’. Then, the factorisation of the composite of these
two morphisms gives us the square

P—.0

|1

L

where Q’ is a path since X has paths given implicitly and Q” is a subobject
of Q. Without loss of generality assume that Q’ is in Py . Moreover, by
Lemma 4.5.1, Q” has the same height as P’. Since path prefixes are unique
up to isomorphism, we can assume that @y (n < m)(Q) = Q’. We have
shown that P < Q (in the quotient order) implies that P’ < Q’, as
required. O

Observe that Lemma 4.5.2 holds, more generally, for any category satis-
fying the conditions of Lemma 4.2.1. Also, existence of an initial object
in X is reflected in the structure of ®q (0).
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Proposition 4.5.3 Let X be a representable wooded path category. Then,
the mapping Oy : N°P — Pos is functorial. Moreover, @y (0) has the least
element.

Proof. Recall that X has an initial object 0 which is a path of height 0
(Lemma 4.1.2). Therefore, for any path P of height 0, there is a unique
morphism 0 — P, the factorisation of the initial map into P yields
0 - - > P. However, the embedding is an isomorphism, otherwise P
would not be of height 0, i.e. 0 is the least element of @« (0). O

From functors to categories

Given a functor @: N7 — Pos where ®(0) has a least element, we define
the corresponding arboreal category Ar(®) following the intuition we
built above.

Recall that an object X of an arboreal category X is fully described by
a tree diagram TDiagy : PX — X. These, in turn, can be fully encoded
as a tree labelling, i.e. a natural transformation PX — || mapping
e: P > X to P where |®g|: N°” — Set is the description of @y without
the information about quotients.'?

Dually, we encode the same information as a natural transformation
d(PX) — ®y where d(PX): N — Pos has a trivial order structure.
Formally, d(-) is a functor

d: T — [N°,Pos]|

which takes a tree T, viewed as a poset, turnsitintoa functor T: N°” — Set
(as on Page 69) and then adds the discrete order to the fibres, i.e. for any
neNand x,y € d(T)(n) we have that x < y iff x = y.

The arboreal category arising from @ is defined as the category of labelled
trees d(T) — ®. Formally, define Ar(®) to be the lax comma category

Ar(®) = d [j5 ©.

In more detail, objects of Ar(P) are pairs (T, t) where T is a tree and ¢
is a labelling of T in @, i.e. a natural transformation t: d(T) — .
Morphisms of Ar(®) are lax morphisms (T, t) — (R, r) given by a tree
morphisms f: T — R such that t < r-d pointwise, that is, for every
n € Nand x € T of height n,

tn (x) < 7 (d(f)n(x)) (41)
which, in the language of diagrams, we depict as follows.

d(f)
NG
O

The identity morphisms (T, t) — (T, t) in Ar(®) are given by the tree
identity T — T. Furthermore, the composition of tree morphisms f and

d(T) d(R)
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g yields a composition in Ar(®), since the order relation < is transitive,
as depicted below.

d(f) d(g)

d(T)

4(S) d(R)

Remark 4.5.4 Due to the fact that d(T) is a collection of discrete posets,
in order to define a labelling t: d(T) — @, it is enough to ensure
naturality of ¢. In other words, the requirement that each component
map f,: d(T)(n) — @(n) of the labelling ¢ is a morphism in Pos (i.e. a
monotone function) is true automatically.

Remark 4.5.5 In the following we leave the application of the functor d
implicit, thatis, we only write T instead of d(T) if we need to view the tree
T as a functor N°” — Pos and similarly for tree morphisms. Furthermore,
we often omit writing the height index for natural transformations that
correspond to labelling functions or tree morphisms. For example, the
inequality (4.1) above is simplified to #(x) < r(f(x)).

Factorisation system of Ar(D)

An essential part of the structure of an arboreal category is its stable
proper factorisation system. We consider the pair of

(surjective, strict injective)

classes of morphisms of Ar(®) to take its role, where f: (T,t) — (R, r) is
surjective (resp. injective) if the underlying tree morphism f: T — S is.
Moreover, f is strictif t = r - f, instead of just mere inequality t < 7 - f.

The following characterisation of isomorphisms justifies the intuition that
embeddings (i.e. strict injective morphisms) capture the idea of inclusions
which reflect the structure. In fact, as we show in Lemma 4.7.1 below,
strict morphisms correspond precisely to pathwise-embeddings.

Lemma 4.5.6 Isomorphisms are precisely the strict morphisms f: (T, t) —
(S, s) such that f is an isomorphism of trees.

Proof. Assume f: (T,t) — (S,s) and g: (S,s) — (T, t) are such that
f-g=idand g- f =id. To see that f is strict observe that, forany x € T,
s(f(x)) < t(g(f(x))) = t(x) where the first inequality is the fact that g is
a morphism (S, s) — (T, t). The converse direction is immediate. O

Proposition 4.5.7 The pair (surjective, strict injective) is a proper factorisa-
tion system on Ar(®).
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Proof. We observe that every morphism f: (T, t) — (R, r) factorises as

q

T fIT) ——— R

where i - g is the (surjective, injective) factorisation of f in the category I
of trees and 1’ is the restriction of r to f[T], thatis, i: (f[T],7") = (R, r)
is strict since v’ = r - 1.

Next we check that strict injective morphisms are orthogonal to surjective
morphisms. Consider a commutative diagram in Ar(®)

(T, 1) —— (R,7)
[ s 42)
(S,5) —— (V,0)

where q is surjective and m is iso-injective. Since (surjective, injective) is
a factorisation system in trees, we have a diagonal filler d: R — S for the
square g-qg=m-f.

To check that d is a morphism (R, r) — (S, s) we observe that

r<v-g=v-m-d=s-d

where the last inequality follows from the fact that m is strict.

Lastly, both surjective maps and strict injective morphisms are closed
under composition. Therefore, (surjective, strict injective) is an orthogonal
factorisation system. Furthermore, the factorisation system is proper
since surjective and injective morphisms of trees are epis and monos
in 7, respectively. O

Proposition 4.5.8 The factorisation system (surjective, strict injective) is
stable.

Proof. Given a surjective morphism ¢: (S, s) - (U, u) and a strict injec-
tive morphism m: (T, t) »> (U, u), we construct a pullback

W, w) -=> (T, 1)

|
m’ 1 Im
v

(S,5) —— (U, u)

such that g’ is surjective. Let W be the pullback of m and g in &
with m’: W — S and q': W — T being its projections. Since m is
injective so is m’ and since g is surjective and (surjective, injective) is a
stable factorisation in 7, g’ is surjective too. Next, define the labelling
w: W — O as the composite s - m’, yielding that m’ is a strict injective
morphism (W, w) — (S, s).



Next we observe that g’ is a morphism (W, w) — (T, t), however, this
follows by a simple diagram chasing:

w=s-m'<u-qgm'=u-m-q' =t-q’

What is left to show is that this is a pullback diagram. Let f: (V,v) —
(T,t)and g: (V,v) — (S, s)beanother coneover gand m.Letd: V — W
be the comparison morphismin J . In particular, this means that g = m’ - d
and f =¢q’-d.

Furthermore, observe that d is a morphism (V,v) — (W, w) since
v<s-g=s-m'-d=w-d

where the last equality holds because m’ is strict. Finally, unicity of 4
follows from the fact that m’ is a monomorphism. O

Subobjects and paths in Ar(D)

With the factorisation system for Ar(®) in place we can identify what the
implicitly given paths look like, in sense of Section 4.1.

For an object (T, t) of Ar(®), observe that any embedding e: (S,s) =
(T, t) is uniquely determined by the tree embedding parte: S > T since
we must have that s = ¢ - . In other words, we have an order isomorphism
Sub(T, t) = Sub(T).1* Consequently, we have a simple characterisation
of path objects.

Lemma 4.5.9 Path objects in Ar(®) are of the form (P, p) where P is a finite
path.

Another direct consequence of the fact that Sub(T, t) = Sub(T), for every
(T, t) € Ar(®D), is that Ar(P) is well-powered since the category of trees I
is too.

Proposition 4.5.10 The category Ar(®) is Jl-well-powered, for the class
M = {strict injective}.

Our concrete representation also allows to directly verify another require-
ment of arboreal categories.

Proposition 4.5.11 Paths in Ar(®D) satisfy the 2-out-of-3 condition.

Proof. Consider morphisms f: (P,p) — (Q,q) and g: (Q,q) — (R, 1)
between paths. If the composite is a quotient then that means that g f is
surjective. Then, by the 2-out-of-3 condition for the category I, we have
that f is surjective, i.e. f: (P, p) — (Q, q) is a quotient in Ar(D). O

Next we observe that paths (P, p) in Ar(®) are determined by the image
of their top element Tp.
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Lemma 4.5.12 Let P be a path of height n in J. Then, paths (P, p) in Ar(D)
are in a bijective correspondence with the elements of ®(n).

In particular, for every a € ®(n), the corresponding path (P, p,) of height n
has the labelling defined by p,(x) = ®(m < n)(a) where x € P is of height
m < n.

Proof. Let Tp be the top element of P. Since labelling function p: P — @
needs to be natural, any choice of p(Tp) = a determines p(x) for any
other x < Tp. Indeed, if x is of height m, then we must have that

p(x) = p(P(m < n)(Tp)) = ®(m < n)(p(Tp)). O

Consequently, we see that, up to isomorphism, there is at most a set of
paths. Let

’9'5 Ar(D)

be the set of paths of the form (P, px) where Py, is a fixed path (xo < x1 <
... <xy)in T of height n and py: P, — @ is determined by px(x,) = x
for some x € O(n).

It is immediate that every path (P, p) € Ar(®) is isomorphic to the path
(Py, px) in Pa@) where n is the height of P and p(Tp) = x.

Proposition 4.5.13 For any functor ®: NP — Pos, the category Ar(P) has
a set of paths and is concrete.

Proof. Above we have justified that Ar(®) has a set of paths. Furthermore,
it is also concrete because morphisms between paths (P,p) — (Q, q)
are uniquely determined by morphisms between the underlying paths
P — Q and there is at most one such morphism. O

Tree colimits in Ar(®)

As the next necessary ingredient we describe tree colimits in Ar(®P).
Consider a tree-indexed diagram T — Ar(®) of paths and embeddings
between them, where T is non-empty. Denote by (P, p;) the image of
t € T under this functor and, whenever t < t’, denote by e; 4 (P, pr) ™
(Py, pr) the corresponding embedding.

Since J is cocomplete, the diagram {e;  }1<p has a colimit in 7, which
we denote by L and the inclusion maps by ¢;: P; — L. We equip L with
alabelling I: L — ® as follows. For an x € L of height 1, set [(x) € ®(n)
to be p;(y) for any ¢ such that there is y € P; such that ¢;(y) = x. Note
that the choice of t does not matter since all morphisms in the diagram
are strict.

Lemma 4.5.14 [: L — @ is a labelling, i.e. it is a natural transformation.
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Proof. For any n < m we have to check that the following square com-
mutes.

L(m) SLUEN D(m)
L(ngm)l lCD(nSm)
L(n) —— ®(n)

Let x € L(m) and let t be any t € T such there is a y € P;(m) with
e:(y) = x. Since e;: Py — L is a natural transformation, we see that

O(n < m)(I(x)) = D(n < m)(I(er(y)))
= O(n < m)(pi(y)))
= pe(Pe(n < m)(y))

which is equal to I(L(n < m)(x)) since the latter is defined as py(y’) for
any t’ and y’ € Py such that ep(y’) = L(n < m)(x). a

Lemma 4.5.15 The family {e;: (Pt, pt) — (L, 1)} is a colimit cocone for
{et bzt

Proof. We first observe that each e;: P; — L is not only a morphism
(Pt,pr) — (L,1) but it is in fact a strict injective morphism, i.e. an
embedding. Consequently, the cocone is well-defined.

To show that this cocone is initial, consider a cocone {f;: (P;, pr) —
(S, s)}ter in Ar(D). Since the reduct { fi : P — S}ier is a cocone in trees,
there is a unique comparison morphism f: L — S such that f; = f - ¢;
foreveryt € T.

We verify that f is a morphism (L,[) — (S, s) in Ar(®), i.e. that for
every x € L, I(x) < s(f(x)). Let y € P; be such that e;(y) = x. Then,
pe(y) < s(fi(y)). However, by definition, [(x) = p;(y) and also s(f;(y)) =
s(f(e:(y))) = s(f(x)).

The unicity of this comparison morphism follows from the fact that the
comparison map L — S in the category of trees is unique. O

In order to have an initial object in Ar(®) we need an appropriate labelling
0: 0 — O for the initial tree 0. Since 0 is a path of height 0, the labelling
is fully determined by its choice of an element of ®(0) where the root of
0 is sent. It is immediate that, if the chosen element is the least element
in ©(0) then, for any other (T, t) € Ar(P), there is a unique morphism
(0,0) = (T,¢).

To conclude, we have shown the following.

Proposition 4.5.16 Ar(®) has non-empty tree colimits. If, furthermore, ®(0)
has a least element, then Ar(®) has initial object.

Finally, we verify the remaining two properties of arboreal categories.

Proposition 4.5.17 Paths in Ar(®) are tree-connected and every object of
Ar(®) is path-generated.
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Proof. First we check that paths in Ar(®) are tree-connected. Let (Q, )
be a path and m: (Q, q) > colimer (P, p;) an embedding into a tree
colimit, with the diagram morphisms denoted by ¢;: Py > Py and
colimit inclusion maps denoted by e;: (P¢, p;) — colimer(P;, p;). Since
Q is a path, the embedding m is determined by its image m(T ) of the
top element T of Q. Let P; be the least path (in the embedding order)
such that m(Tg) is in the image of e; in colim; P;.

Let m: Q — P; be the map that sends T to the (unique) element of the
same height in P;. Then, we have that m: Q — colim; P; decomposes as
m followed by e;: Py — colim;er P;. Furthermore, since both m and e;
are strict, we have that

g=l-m=1l-e¢-m=p;-m

where [ is the labelling of colimer (P, p;). Consequently, m is a (strict)
morphism (Q, g) — (P, pt). Unicity follows from the fact that ¢; is an
embedding, cf. the proof of Lemma 4.5.15.

To check that Ar(®) is path-generated, let (T, t) be any object of Ar(P).
We define a diagram {(P;, p;)}+ of shape T in Ar(®). For t € T, the
path P; is the downset | t of T. Let e;: Py < T be the inclusion map
corresponding to the inclusion | + € T and let p; be the labelling
function given by ¢t - e;. We see that the collection {(P;, p¢)}+ together
with the morphisms ¢; 1 : Py < Py induced by the inclusions Py C Py,
fort < t’,is a tree-shaped diagram of paths and embeddings. Therefore,
by Lemma 4.5.15, since T is the colimit of {e;: Py — Py} in T sois
(T, t) the colimit of {e;: (Pt, pr) = (Pyr, prr)}e e in Ar(D). O

The results above, i.e. Propositions 4.5.8, 4.5.10, 4.5.11, 4.5.13, 4.5.16 and
4.5.17, give us the desired result.

Theorem 4.5.18 For any functor ®: N°P — Pos where ®(0) has a least
element, the category Ar(®) is a representable arboreal category.

Remark 4.5.19 By carefully inspecting the proofs, one can see that the
construction works for any functor @: N°’ — Pos, that is, without
requiring that the least element of ®(0) exists. The obtained category
Ar(®) would satisfy all axioms of arboreal categories except that it would
not have the initial object. However, recall from Theorem 4.2.3 that
without the initial object the path functor only maps to forests P: XL — F.
On the other hand, one can check that the path functor of Ar(®) produces
a tree for every @. Therefore, for the representation theorem of these more
general categories we would have to slightly strengthen the requirement
that paths are dense to requiring that every object is a colimit of some
tree diagram. As we know, the latter is equivalent to paths being dense if
the category has an initial object.

The correspondence

Given a functor ®: N°” — Pos where ®(0) has a least element, by
Theorem 4.5.18, the category Ar(®) is a representable arboreal cate-
gory. This means that, by Proposition 4.5.3, we also have a functor
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Dar@): N7 — Pos. We show the two functors in question are naturally
isomorphic.

Proposition 4.5.20 For any functor ®: N°? — Pos,® we have @ = Dp ().

Proof. Recall from Subsection“Subobjects and paths in Ar(®)” on page 74
that, for a fixed 1, we have a bijection

D(n) — Dpya)(n) (4.3)

sending a € ®(n) to (P, p,) where Py, is a fixed chain (xg < ... < xy)
and the label p;: P, — ® is determined by p,(x,) = a.

Furthermore, the mapping (4.3) is an isomorphism of posets. In other
words, we have that a < b in @(n) if and only if

Py

id Pn
\ < /
Pa Py

(O}

is a morphism in ®g. This follows from the fact that p,(x,) = a and
pp(x,) = b and the fact that, for m < n, ®(m < n) is a monotone

function ®(n) — d(m). Indeed, a < b if and only if, for every m < n,
Pa(xm) = ®(m < n)(a) < O(m < n)(b) = pp(xm).

What is left to check is that the collection of the equivalences (4.3) is
natural in 71, that is that, for m < n, the following diagram commutes.

D(n) —— Dpga)(n)
(D(mgn)l l(DAr(CD)(mSn)

D(m) —— Dpa)(m)

To see why, observe that, foran a € ®(n), the right-to-bottom composition
sends a to (P, p) where p(x;) = ®(i < n)(a). On the other hand,
the bottom-to-right composition yields (P, p’) where p’(x;) = (i <
m)(P(m < n)(a)) which is equal to p(x;) by functoriality of . O

In some sense Proposition 4.5.20 shows that, for a functor @, the category
Ar(®) encodes all information about @ in its subcategory of paths. In the
following we show also the converse, that is, that whenever we have a
representable arboreal category X then its subcategory of paths, and
consequently also @g, encodes all information about X.

Ar(®g) versus tree diagrams. Based on the minimal assumptions of
Proposition 4.5.3, in the following we fix a representable wooded path
category X and a chosen set of paths P . Therefore, we have a functor
@y which, in turn, by Theorem 4.5.18, induces an arboreal category
Ar(Dg). In case that X is arboreal we show that we have an isomorphism
X = Ar(Dy ) in Theorem 4.5.26 below. However, first we show a useful
technical fact about the structure of Ar(®g) when X is not required to be
arboreal yet.
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Let (T, t) be an object of Ar(®y ). Recall that, for every n, @y (1) is a subset
of Py and a full subcategory of X. Therefore, the labelling (i.e. the natural
transformation)

t: T — O

determines a functor
Di: T—X.

where T is a tree, viewed as a poset. On objects, for x € T, we set
Di(x) = t(x), which is a path in Py of height ht(x). To define D; on
morphisms, observe that, by naturality of ¢, the inequality x < yin T of
heights n < m gives us that

t(x) = t(T(n < m)(y)) = P (n < m)(t(y))-

In other words, D;(x) = t(x) is a prefix of D¢(y) = t(y), i.e. there is
a (unique) embedding D;(x) > D;(y). We set Di(x < y) to be this
embedding.

Conversely, let D: T — X be a tree diagram which preserves heights, i.e.
for every x, ht(x) = ht(D(x)). Observe that D induces the corresponding
labelling function tp: T — ®g, by sending x to the path D(x). Note
that tp is well-defined since D preserves heights and since prefixes of
paths are unique in P . The latter follows from the fact that X is concrete,
i.e. between any two paths there is at most one morphism. Furthermore,
it is immediate that the two constructions are converse to each other.

Lemma 4.5.21 Given a tree T the assignments t +— D; and D + tp
establish a bijection between labellings T — g and height-preserving tree
diagrams T — X.

Next we show how to extend the bijection from Lemma 4.5.21 to a
correspondence between morphisms of labelled trees and morphisms of
tree diagrams.

Proposition 4.5.22 For trees objects (T, t) and (T’, ) of Ar(Py), there is a
one-to-one correspondernce between

1. morphisms (T, t) — (T', ') in Ar(®@g), and
2. tree morphisms f: T — T’ admitting a natural transformation
Dt — Dtl . f

Furthermore, if Dy = TDiagy i.e. Dy is the canonical tree diagram of some
Y € X, then the above are also in a bijection with

3. cocones w: Dy — Y.

Proof. The equivalence of items 1 and 2 is immediate since morphisms
(T, t) = (T’, t’) in Ar(Dg) are given by a tree morphism f: T — T’ such
that, pointwise, t < t’- f and, at the same time, since each ®g(n) is only
a poset ordered by the quotient order —», naturality of D; — Dy - f is
the same as pointwise inequality D; < Dy - f.

Next, for the bijection between items 2 and 3, recall that the requirement
Dy = TDiagy makes sense since TDiagy : PY — X is a height preserving
tree diagram. Let w be a cocone D; — Y. For each x € T, factorise wy as
a quotient g, : D¢(x) = P, followed by an embedding m,: P, > Y. We
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assume P, € Py, which makes the choice of g, and m, unique since X
is concrete.

In the following we verify that the mapping h: x +— m,, defined by
T — PY, is a tree morphisms. First, we see that & preserves height by the
fact that ht(x) = ht(D;(x)), since D; preserves height, and furthermore
P, is a quotient of D;(x) and so, by Lemma 4.5.1, they have the same
height too.

Next, to show that I is monotone, let x’ < x in T. Since D; is a tree

diagram, we have an embedding i = D;(x’ < x): D¢(x’) > D;(x). Then,
we have commutative square of solid arrows

Wyt

Di(x") »—— Dy(x) ~5— Y

Qx’i ) i]xi lid

where the top triangle commutes because w is a compatible cocone. The
(unique) embedding i": P,» — Py is obtained from orthogonality of g,
with m,. Therefore, m,» < m, in PY and so & is monotone.

We have verified that h: T — PY is a tree morphism. The required
natural transformation D; — TDiagy - h is formed, pointwise, by the
quotients 4.

Conversely, starting from a natural transformation a: Dy — TDiagy - f
for some tree morphism f: T — PY, we form a compatible cocone
w: Dy — Y whose components are the following compositions.

wx = Di(x) =~ TDiagy(f(x) 225 v

To see that w = {wy}y is compatible, let x’ < x in T and let i = D;(x” <
x): D¢(x") > Dy(x). Since f is monotone, f(x’) < f(x) in PY and,
therefore, there is an embedding i”: TDiagy(f(x’)) > TDiagy(f (x)) such
that f(x”) = f(x) - i’. Furthermore, since X is representable, i’ is equal
to the embedding TDiagy (f(x’) < f(x)). Next, we verify the required
equality w,» = w, - i by a direct computation:

wp = fx) - ap = f0)- 7y = f(x)- @y i =y -

where the third equality follows from naturality «.

Finally, from the fact that factorisations are unique up to isomorphism, we
see that the processes of going from cocones to natural transformations
and converse are inverse to each other. O

The converse correspondence. Next, we construct a functor
H: X — Ar(Dy)

for our fixed representable wooded path category X. For an object X € X,
set H(X) to be the pair (PX, Ix) where Ix: PX — ®g sends a path
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embedding e: P > X of height n to P € ®g(n). By the correspondence
from Lemma 4.5.21, H(X) is equivalently given as the canonical tree
diagram TDiagy : PX — X.

Next, for a morphism h: X — Y in &, define H(f) as P(f): (PX, Ix) —
(PY, Iy). To see that this is correct, let e: P > X be a path embedding
with P € Py of height 7. Recall that P(f)(e) is computed as the following
factorisation

x -

3y

%
Ie'=P(f)<e>

P —— P’

qfe
where, without loss of generality, we assume that P’ € 577395 Since P(f)
is a tree morphism P’ is of the same height as P, i.e. P,P’ € ®g(n).
Furthermore, g, witnesses that P < P’ in Oy (n). In other words, we
have that Ix(e) = P < P’ = Iy(P(f)(e)).

Alternatively, by the correspondence from Proposition 4.5.22, H(f) is
a natural transformation a s : TDiagy = TDiagy - P(f) where, for a path
embedding e: P »> X, where a . is precisely q . above.

The following is immediate from functoriality of P (Theorem 4.2.3).

Proposition 4.5.23 For a representable wooded path category X, the mapping
H: X — Ar(Dy) is a functor.

What remains to be checked is that H is an equivalence of categories
in case when X is arboreal. We do so in two steps, in the following
lemmas.

Lemma 4.5.24 If X has tree colimits and if its paths are tree-connected then H
is essentially surjective.

Proof. Let Dy: T — X be the diagram corresponding to an object (T, t)
of Ar(dy), following Lemma 4.5.21. Since X has tree colimits, the colimit
of D; exists. Denote by {ty: D;(x) — L}yer the colimiting cocone.

We show that the canonical tree diagram TDiag; of L is isomorphic to D;.
First, observe that for e in PL, i.e. for some path embedding e: P »> L,
since paths in & are tree-connected, e factors as

P S L

via the least x € T. Since e is embedding, so is f, by Lemma 2.9.3.
Furthermore, since x is the least such and since D; preserves heights, we
have that P and D;(x) are of the same height and so f is an epimorphism
by Proposition 4.2.4. Therefore, f is an isomorphism by Lemma 2.9.3.
Conversely, given x € T, the inclusion t, is a path embedding (see
Section 14), and so ¢, € PL. Therefore, PL and T are isomorphic, as trees.
Furthermore, TDiag; = D; since the isomorphism established above
maps a path to a path isomorphic to it. O

Lemma 4.5.25 If X is path-generated then the functor H is fully faithful.
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Proof. Since I is path-generated, morphisms X — Y in & are in a
bijective correspondence with compatible cocones TDiagy — Y, for the
canonical tree diagram TDiagy of X. These are, in turn, in a bijection with
the morphisms from H(X) = (PX, Ix) to H(Y) = (PY, ly) in Ar(Dg), by
Proposition 4.5.22. O

To conclude, we have shown that arboreal categories and functors N7 —
Pos are in a one-to-one correspondence via the constructions @ — ®g
and X — Og.

Theorem 4.5.26 For any (pre-)arboreal category X, we have X = Ar(Pg)
and, for any functor ®: N°P — Pos, we have © = Dpy(q).

4.6 Examples

Game Comonads

Given the concrete description of EM(Ej) from Section 2.5, it is immediate
to see that EM(Ex) = Ar(®f, ) where O, (0) is the singleton poset and for
1 < n < k, the poset @, (1) consists of all structures A on the linearly
ordered universe [n] = {1, ..., n} in the signature. Then, we set A < A’
iff the identity function [n] — [n] is a homomorphism A to A’.

Similarly, EM(Px) = Ar(®p,) has Op,(0) = {*} and, for 1 < n, the
poset D, (1) consists of structures A on the linearly ordered universe [1]
equipped with a pebble function p: [1n] — [k]such thatthe R*(x1, ..., x,)
implies that, if x; < xj, then p(x;) ¢ {p(y) | x; < y < x;}, as in the
characterisation of P-coalgebras in Section 2.5.

Finally, EM(My) = Ar(®y, ) has Dy, (1) equal to all possible structures

Ry Ry R . . . . .
* —> X1 — ... — x,, with arbitrary interpretation of unary predicates

onx,xi{,...,Xpn.

Models of concurrency

Let M be a (Mazurkiewicz) trace language, that is, a triple M = (M, L, I)
where L is a set of letters, I an independence relation i.e. I C L X L which is
symmetric and irreflexive, and M is a non-empty subset of sequences of
strings, with letters from L, such that:

» (prefix closed) [a,b] € M implies [a] € M,
» (I-closed) [a,i,j,b] € Mand (i,j) € I then[a,],i,b] € M, and
» (coherent) [a,i] € M and (i, j) € I then [a,i,]] € M.

We furthermore assume that
» Vi e L 37 suchthat[a,i] € M.
Define @y by setting ®p1(0) = {*} and
Dp(n) ={[a] € M | length of 7 is n}.

Also, ®p1(n’” < n) sends [a] to its prefix of length n’.
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Then, Ar(®y;) contains all unravellings of asynchronous transition systems
with the same independence relation [120, Theorem 10.1.6], i.e. we can
define a functor

F: Atf — Ar(Dp)

where Atf is a category of asynchronous transition systems and F
computes the trace language (see [120, Theorem 51] for details). Then,
FA = FBrepresents bisimilarity of A and B with respect to their inherent
trace languages.

It is likely that similar constructions can be used to represent unravellings
of other types of models of concurrency [91, 120].

Arboreal categories of types

Let # : FinSet — DL be a coherent hyperdoctrine [53, 76], where FinSet
is the category of finite sets and functions and DL is the category of
bounded distributive lattices. Consider the following composition

—~ ge0p
% : N°? — FinSet’” — DL — Prie — Pos’”

where the first functor is the inclusion of natural numbers into FinSet via
n +— [n], the middle right functor is the contravariant Priestley duality
functor (establishing a duality between distributive lattices and Priestley
spaces) and the last functor sends a Priestley spaces to its underlying
posets.

By definition, % (n) consists of n-types of a given coherent logic, specified
by # [53, 104], and Ar(%) represents consistent theories in such logic.

4.7 Consequences of the representation theorem

Internal properties of morphisms. The following statements classify
important classes of morphisms of arboreal categories, using the internal
representation of Ar(®), for some fixed functor @: N°? — Pos where @(0)
has a least element.

Lemma 4.7.1 A morphism f: (T, t) — (S, s) in Ar(®) is a pathwise-embed-
ding if and only if it is strict.

Proof. The right-to-left direction is immediate since, given a path embed-
ding e: (P,p) » (T, t) in Ar(®), the composition of strict morphisms
is strict and, furthermore, morphisms from paths are always injective.
Therefore, f - ¢ is a strict injective morphism i.e. an embedding.

Conversely, let x € T we wish to show that the inequality t(x) < s(f(x))
is an equality. Define a path embedding e: (P, p) > (T, t) such that
ht(P) = ht(x) and e(T) = x where T is the top element of P. In order
for e to be an embedding we must define p as t - e. Then, using that f
is a pathwise-embedding, we have that f - ¢ is an embedding too, i.e.
p =s- f -e. Consequently, we have that

t(x) = t(e(T)) = p(T) = s(f(e(T))) = s(f(x)).
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Since x was chosen arbitrarily, we see that f is strict. O

Lemma 4.7.2 A morphism f: (T,t) — (U, u) in Ar(®) is surjective if and
only if it is an epimorphism.

Proof. The left-to-right implication is immediate. For converse consider
an epimorphism f in Ar(®) as depicted below.

T u

NEA

)

If domf is not surjective, there is x € U that is not the image of f. Write
Vi ={y € U| y < x} and let U’ be defined by the following pushout
ing.

Vy — U

[ |

ViUTx — U’

Thatis, U’ is obtained by gluing to U a new copy of Tx with same parent as
x. We use an asterisk to refer to elements in this new copy of Tx. Consider
the morphisms of trees g, h: U =3 U’ that are the identity on U \ Tx and
satisfy, for all y € Tx, g¢(y) = y and h(y) = y*. Define u”: U’ — ® as
u: U — Pon U and u’'(x*) = u(x). Then, we can regard g, h as (strict)
morphisms in Ar(®P), that is:

8
u u’
h
k‘ %
0]

However, g+ f = h- f and g # h, which is a contradiction with the fact
that f is an epimorphism. O

Lemma 4.7.3 A pathwise-embedding f: (T, t) — (U, u) in Ar(D) is injec-
tive (i.e. an embedding) if and only if it is a monomorphism.

Proof. The left-to-right implication is immediate. For the converse, let
x,y € T be such that f(x) = f(y). Consider the sub-path inclusions
ex:Jx > Tandey: ly = Tof T in J. Since f is a tree morphism and
f(x) = f(y) we have that | x and |y are of the same height, i.e. [x = |y.

Next, we define the labelling [, |x — @ as t - e, and similarly [, = ¢ -¢,,.
Using the fact that f is a pathwise embedding, it is strict (Lemma 4.7.1)
and so for x” € |x and y” € |y of the same height, i.e. f maps them
to the same element, we have that I,(x") = t(ex(x")) = u(f(ex(x)) =
u(f(ey(y") = tley(y’)) = ly(y’). In other words, (| x, ;) and (ly, I,) are
isomorphic, as objects in Ar(®).

As a result, we have a pair of morphisms g, i: (| x, 1) =3 (T, t) in Ar(D)
where ¢ = e, and & is e, composed with the isomorphism ({x, [,) =
(ly, ). Since f is mono and since f - ¢ = f - h, we must have that ¢ = I,
ie. thatx = y. 0
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Lifting internal properties along equivalence. Observe that, for an
object (T, ) € Ar(®) for some @: N7 — Pos, we have that P(T, t) = T.!
Therefore, the domain projection functor

dom: Ar(®) - J

defined by (T, t) = T is equivalent to the path functor [ for Ar(D).

However, when ® = @y for some representable arboreal category &, we
have the following situation induced by the forgetful functors

q H

Ar(Dy)

ﬂh /dom (44)
Vi

where H is the isomorphism from Lemmas 4.5.24 and 4.5.25. The diagram
commutes by definition of H.

We use fact to show that there is actually no freedom when selecting the
factorisation system for a representable arboreal category since it must
always be (epi, strong mono).

Lemma 4.7.4 The functor H preserves and reflects quotients and embeddings.
Moreover, the factorisation system giving the structure of arboreal category
on X must be (epi, strong mono).

Proof. First we observe that H preserves and reflects quotients. Since H
is an equivalence of categories, it preserves and reflects epimorphisms.
However, then, we see that epimorphisms in & are precisely quotients,
using Lemma 4.7.2 and [5, Lemma 6.11] which says that f is a quotient in
X iff Pf is surjective.

Next we show that H above preserves and reflects embeddings. We
use the fact that quotients determine embeddings in any orthogo-
nal factorisation system, since Ml = Q@+ = {f | Vg € Q. qLf} by
Lemma 2.9.5. Furthermore, since @ = {epis} it follows, by definition,
that 4l = {strong monos}. O

We can now prove a strengthening of Proposition 4.2.4, which shows
that the path functor can detect properties of morphisms even between
objects which are not required to be paths.

Proposition 4.7.5 Let f: X — Y be a morphism in a representable arboreal
category X . Then

1. f is a quotient iff Pf is surjective iff f is an epimorphism.
If, furthermore, f is a pathwise-embedding then we also have the following:

2. f is an embedding iff Pf is injective iff f is a monomorphism.
3. fisopeniff Pf isa p-morphism, that is, P(Tm) = TP f (m) for all
m € PX

Proof. By Lemma 4.7.4, we see that H defined above preserves and
reflects the factorisation system. Consequently, as H is an equivalence
of categories (Theorem 4.5.26), since paths are given implicitly in both
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categories, H also preserves and reflects paths and, consequently, also
pathwise-embeddings.

Consequently, (1) follows Lemma 4.7.2 since f is a quotient iff H(f) is a
quotient iff P(f) = P(H(f)) is surjective. Similarly, for (2), assuming that
f is a pathwise-embedding, we see that f is an embedding iff H(f) is an
embedding iff Pf = P(H(f)) is injective iff f is mono (by Lemma 4.7.3).
Finally (3) is [11, Proposition 4.2].7 g

Remark 4.7.6 Note that first equivalences in item 1 and item 3 in Propo-
sition 4.7.5 holds more generally, without assuming representability, see
[5, Lemma 6.11] and [11, Proposition 4.2].

Proposition 4.7.7 In every representable arboreal category we have the
following.

1. Colimits of all tree-shaped diagrams of embeddings exist.

2. The inclusion maps Ay — colim; A; into tree-shaped diagrams of
embeddings are embeddings too.

3. Let { At} et be a tree-shaped diagram of embeddings and let {A; —
B}: be a cocone of embeddings. Then, the comparison morphism
colimy Ay — B is an embedding too.

Proof. (1) Observe that in the proof that tree colimits exist (Lemma 4.5.15)
we did not use the fact that the objects are paths. The same proof would
work for any collection of objects in ®g.

(2) and (3) are evident by analysing the proof Proposition 4.5.16. The
generalisation from tree colimits to tree-shaped colimits of embeddings
is similar to (1). O

Finally, we can finish asserting the validity of the remaining axioms
of elementary path categories, on top of those we already verified in
Theorem 4.3.2.

Theorem 4.7.8 Let X be a representable arboreal category, then as an elemen-
tary path category it satisfies (PE\/) and (PE).

Proof. For (PEy/), observe that by Theorem 4.2.3, any path diagram
PDiagy o I is equivalent to a tree diagram, hence by axioms of arbo-
real categories, it has a colimit. The fact that the induced morphism
colim(PDiagy o I) — X is an embedding follows from Proposition 4.7.7.

For (PEp), as above, we know that path diagrams are special types
of tree diagrams and hence, compactness of paths follows from tree-
connectedness. O

Special pushouts. In the following we describe that the tree part of
pushouts in Ar(®), when they exist, is computed in F. This is useful in
the following section, where we discuss consequences for logic.
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Lemma 4.7.9 Let there be a commutative square in Ar(®), as shown below.

R, 1) —2 (S2,52)

I

(S1,51) —— (T, 1)

If this is a pushout square then T is a pushout of fi, f» in J.
Furthermore, if fi and f, are strict then so are fi and f5.

Proof. Let Q be the pushout of fi, f, in J, as shown below.

RLSZ

|

Sli’Q

Recall that we can identify the elements of Q with the equivalence classes
[x]. where ~ is the least equivalence relation on S; + S, containing

fi(r) ~ fo(r) forall r € R.
In the following, we check the following claim:

(x) For [x]. € Q and for any y,y’ € [x]. we have that t(sz(y)) =
t(fi(y")) where i € {1, 2} is such that y is from S; and j is defined
similarly with respect to y’.

To this end, assume that thereis a sequence y = y1, 21, Y2, ..., Zn, Yn = Y’

witnessing y ~ y’, e.g. in case when y € Sy and y’ € S;, we have:

Z1 Z3 Zn
NN N

y=mn Y2 Yn-1 Yn=y

Then, we see that tAW)) = tAfi(z1) = t(A(H(z1) = () =
-+ = t(f2(y")), hence (%) holds.

Therefore, we can define a function
q:Q— 9,

by setting g([x]~) to be t(ﬁ(x)) where, as above, i is such that x € S;. By
(x) we see that g is well-defined, i.e. if [x]. = [y]~ then t(fi(x)) = t(f;(y)).

Next, we check that (Q, g) is a valid object of Ar(P), i.e. thatg: Q — @
is a valid labelling. Let [x’] < [x] in Q. Without loss of generality, we
can assume'® that both x and x” are from S; and that x” < x. Then, for
n = ht(x’) and n = ht(x), ®(n’ < n)(g([x])) = P(n’ < n)(t(fi(x))) =
t(fi(x)) = q([x']).

Next, observe that each g; is a morphism (S;,s;) — (Q, q) in Ar(®).
For x € S;, we have that s(x) < t(ﬁ(x)) = g([x]) = q(gi(x)). Therefore,
since (T, t) is a pushout in Ar(®), there is a unique (T,t) — (Q,q)
morphism in Ar(®), making the required diagrams commute. Conversely,
since fi- f» = fo- fi in 7, we also have a unique Q — T morphism in
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J, making the required diagrams commute. In other words, we have
that T = Q.

Finally, for the ‘furthermore’ part, assuming f; and f, are strict, we can
define a different labelling 7: Q — @, by setting §([x]) = si(x) where i
is chosen so that x € S;. To see that the choice of a representative from
[x]~ does not matter, let y, y’ € [x]., i.e. let y ~ y’. This is witnessed
by a sequence ¥ = V1,21,Y2,.-.,2Zn,Yn = Y, as above. Then, since f;
and f, are strict, we have that s1(y) = s1(f(z1)) = r(z1) = s2(f2(z1)) =
sa(y2) = - -+ = s2(y’). Next, we check that 7 is a labelling. For [x'] < [x]
where x’ < x are from S;, n’ = ht(x’) and n = ht(x), we have that

O(n’ < n)(q([x])) = D(n’ < n)(si(x)) = si(x") = g([x"]).

Next, observe that g1, g» are strict morphisms (S;, s;) — (Q, 7). Hence,
since (T, t) is a pushout, we have a morphism g: (T, t) — (Q, 7). As-
suming, without loss of generality, that T = Q, gives us that f < 7. On
the other hand, the fact that s; < t - f; gives us that 7([x]) = 7(gi(x)) =
si(x) < t(fi(x)) = t([x]), i.e. t = T and f; is strict. O

From the above description of pushouts, together with Lemma 4.7.1,
Proposition 4.7.5 and the commutativity of (4.4), we obtain the following
important facts about preservation of properties of morphisms under
pushouts.

Theorem 4.7.10 Assume that we have the following pushout square in Ar(P),

(R, ) —2 (S3,5)

AT

(S1,51) —— (T, 1)

We have the following

1. If fu, f» are monomorphisms then so are f1, fo.

2. If f1, f» are pathwise-embedding then so are f1, fo

3. I fi, f> are embeddings then so are f1, fo.

4. If f1, f» are open pathwise-embedding then so are fi, fo.

In particular, the same properties hold in any representable arboreal category.

Proof. (1) follows from the fact that pushouts of pairs of injective maps
in J are injective. (2) follows from Lemmas 4.7.9 and 4.7.1 and (3) follows
from (1), (2) and Lemma 4.7.3.

Finally, to check (4), we observe that due to (2), we know that 71 and 172 are
pathwise embeddings and so, by item 3 of Proposition 4.7.5, it is enough
to check that they are also p-morphisms between the corresponding
trees.

The latter follows from the following sequence of standard facts:

i. Every tree T can be represented as a coalgebra of the powerset
functor,”” i.e. T: T — PB(T), where 7(x) is the set of immediate
successors {y € T | x < y}.
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ii. A tree morphism f: T — S is a p-morphism iff it is a coalgebra
morphism (T, 1) — (S, 0)ie. o- f = PB(f)- 7 [119, Example 149].

iii. The category of coalgebras has all colimits, and they are created by
the forgetful functor to sets [111, Theorem 4.2].

iv. Every pushout of trees in J is also computed concretely, i.e. the
pushouts of trees and the pushout of their corresponding powerset
coalgebras agree. O

4.8 Four ways of expressing bisimulations

In what follows we consider bé&f systems which are strong, that is, the
b&f systems S such that if X «*~ P ~"> Y isin S and e: P’ > P then

also X L4 P >2% Y isin 8.

Lemma 4.8.1 (Lemma 6.3 in [11]) Given a b&f system S between X and Y
in an arboreal category, then the class

(X L<P>s Y |Ve: PP, X L&%P S Yisin 8}
is a strong b&f system between X and Y.

Recall that the one of the principal facts about arboreal categories is
that their axioms imply that back-and-forth equivalence and bisimilarity
are equivalent notions, i.e. that we also have the converse of Proposi-
tion 3.4.4.

Proposition 4.8.2 (Theorem 6.4 in [11]) For objects X,Y in a concrete
arboreal category X such that the product X X Y exists®®,

X=2Y < X-~Y.

Proof sketch. For the remaining left-to-right implication, let § be a b&f
system between X and Y. Since X is representable, in particular, since it
has a set of paths, we can assume § is giverl by a set {X X P; 4, Y}i
where each P; is in the set of chosen paths %y. By Lemma 4.8.1 we can
further assume that 8§ is strong.

Each pair m;, n; induces a morphism (m;, n;) : P; > X X Y which
is an embedding since, for the product projection x: X XY — X,
m; = mx - (m;, n;) is an embedding.

We take the supremum e: Z > X XY of the set {(m;, n;)}; in Sub(X xY).
Using the fact that § is strong, it follows by a careful analysis that the
composition with the projections

X Tix "€ Z Ty - € Y
gives a SOPE. O

Furthermore, in Proposition 3.4.10 we showed that X < Y implies X ~ Y
under suitable conditions, e.g. in any arboreal category with pullbacks.
The converse holds in any arboreal category with pushouts, due to
Theorem 4.7.10.
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Proposition 4.8.3 Let X be a representable arboreal category with pushouts,
then X ~ Y implies X Y.

Proof. By Theorem 4.7.10 we know that OPEs are closed under pushouts.
Therefore, a span of OPEs X <e— R —e— Y can be turned into a cospan
of OPEs X —e— S «<e— Y by taking the pushout. O

These propositions tell us that under quite mild assumptions on arboreal
categories, the equivalences =, ~ and £ are the same. Next we explore
another notion arising from the fact that OPEs are stable under taking
pushouts.

Simplifications

It is easy to observe that if §; is a collection of strong back-and-forth
systems between X and Y then so is their union U; §;, cf. Lemma 3.3.4.
Therefore, if there exists a b&f system witnessing X = Y then there is
some largest such strong bé&f system.

In particular, since the identity relation is a strong bé&f system witnessing
X = X, there exists some maximal b&f system Sx on X. Then, if we
work in a representable arboreal category, the left-to-right direction of
Proposition 4.8.2 gives us a span

x &7y Box
obtained from Sx where p; and p; are open pathwise-embeddings. If,
moreover, the pushout of this span exists, then Theorem 4.7.10 implies

that the resulting square (depicted below) consists of open pathwise
embeddings.

Zx
P1 p2
X / \ X
N
X/~

(4.5)

We call X/.. the simplification?' of X. In fact, in Lemma 4.8.5 below we
show that g; = g2 and we denote this morphism by g% or simply as g
if X is implicit from the context.

In the following, since we work in a representable arboreal category &,
equivalence classes of path embeddings PX have uniquely chosen repre-
sentatives P »» X where P € @2% Therefore, the largest b&f system Sx
on X can be viewed as an equivalence relation?”> on PX. Indeed, each

span of path embeddings X P> X where P € Py gives a pair
(m1,my) € PX X PX. By abuse of notation, we denote by

~CPXxPX

the equivalence relation on PX arising this way from the largest b&f
system Sx on X.
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Next, we show some basic facts about the diagrams that appear in the
construction of X/..

Lemma 4.8.4 Let X /.. be defined as above. Then:

1. Zx is the colimit of the tree diagram Sx — X, sending (e1, e2) to the
common codomain of eq and e;.

2. PZX = Sx.

P(p1) and P(py) are the projections (e1, ep) — e;.

4. The pushout PX +s, PX of P(p1) and P(py) is isomorphic to the
quotient (PX)/~. of PX by ~.

5 (PX)/. =P(X/.)

@

Proof. (1) follows from the proof of Proposition 4.8.2. Since Sx is strong,
it is immediate that it a tree when ordered by: (e1, e2) < (m1, my) iff there
is a (unique) n such that e; = m; - n.

(2) Lete: P »> Zx be a path embedding (where P is from the chosen set of
paths 577395). Since Zx = colim D where D is the tree diagram from (1) and
since P is tree-connected, there is a least pair (e, €2) such that e factors
P — D(e1, e2) = Zx where the latter component of the composition is
the colimit inclusion. In fact, since Sx is strong, D(ej, 2) has the same
height as P and, moreover, the former component P — D(eq, ep) is an
embedding since e is. Therefore, P = D(ey, e) since both are from g{cr

Conversely, any colimit inclusion D(eq, e2) — Zx is a path embedding
P > Zx by Proposition 4.7.7.

(3) is the consequence of the fact that paths are tree connected and that
the projections p;: Zx — X are obtained from the cocone

{m;i: D(my, mp) — X: (my,my) € Sx}.

(4) follows from (2) and the definition of pushouts in the category of
trees.

(5) Observe that P preserves pushouts (cf. Lemma 4.7.9 and (4.4)). Hence,
(5) follows from (4) and the fact that X /. is calculated by a pushout. O

Lemma 4.8.5 q1 = g3 in the diagram (4.5) above.

Proof. By Lemma 4.8.4 and Lemma 4.7.9 the following is the P-image of
the pushout diagram (4.5) that defines X/ ..

Sx
PX PX

P(X/.) = (PX)/-

Since P is faithful (cf. Lemma 4.4.223), it is enough to show that P(g;) =
P(g2). Now, let e: P »» X be a path embedding. Since trivially (e, ¢),
it belongs to the diagonal A C Sy, there is some w € Sx such that
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e = P(pi)(w) for i = 1,2. Therefore, P(q1)(e) = P(q1)(P(p1)(w)) =
P(q2)(P(p2)(w)) = P(q2)(e). O

Concrete description of simplifications. Recall that in representable
arboreal categories, every object is uniquely described by its canonical
tree diagram TDiagy: PX — X. Since X is representable, for each
equivalence class of path embeddings in PX, we have a canonical choice
of a path embedding P »» X where P € Py Therefore, the diagram
TDiagy can be equivalently given as the mapping of the chosen P > X
to P.

Then, since P(X/.) = (PX)/.= PX+s,PX, we obtain that the morphism
g% = g1 = gy, that s,
7% X — X/

is mapped by P(-) to the quotient map
P(g%): PX — (PX)/-~

sending e: P > X to [e] = {e’: P »> X | (e,¢’) € 8x}. Furthermore,
since g% is a pathwise-embedding, we have that the canonical tree
diagram TDiagy, of X/. is equivalently given as the mapping (PX)/.—
X mapping [P > X] to P.

Using this concrete description of the ‘quotient by bisimilarity’, we
directly obtain further useful properties

Lemma 4.8.6 If there is an open morphism f: X — Y then X/. =Y/ ..

Proof. Observe thatif (e1, e2) € Sx then also (f - e1, f - 2) € Sy. Indeed,
this follows from the fact that strong bé&f systems are closed under
composition and taking inverse (Lemma 3.3.4 and Lemma 3.4.2) and also
from the fact that Sy is a maximal such, giving us that

(f-ei,f-e) € 8 ;8x;8 C Sy.

Next, consider the following composition of morphisms of tree diagrams.

Y
px —L, py 27, (py),.

lTDiagy
TDiagx TDiagy,..
X

Note that the diagram commutes strictly because both f and g are
pathwise-embeddings.

By the above observation, if (e1, e2) € Sx then (f - ey, f - e2) € Sy and
so Pg¥(Pf(e1)) = Pq¥(Pf(e2)). Therefore, the mapping PqY - P lifts
uniquely to J_‘: (PX)/.— (PY)/. because (PX)/. is defined as the
quotient of PX by Sx. In other words, we have the commutativity of the
following square

PX —7 , py

sl e

PX)/. —L— ®Y)/.
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where 7([6]) = [f - e]. Moreover, ]_( is a strict morphism of tree diagrams

PX)/. —— @)/

TDiagX/N\‘ %Diagy/N
X

since g% is surjective and since g%, f and q" are pathwise-embeddings.

What is left to show is that ]_C is a tree bijection since then we obtain that
TDiagy, and TDiagy,_are equivalent diagrams, i.e. that X /.= Y /..

For injectivity, let 7([6]) = 7([6’]) ie. (f-e, f-e’) € Sy. Then, by
Lemma 3.3.4 and Lemma 3.4.2, (¢,e’) € S7; Sy ; 8}?1 and, therefore,

(e, e’) € 8x since Sx is the maximal strong b&f system on X, giving us
that [e] = [¢/] in (PX)/-.

Finally, for surjectivity, let [n] € (PY)/.. By Lemma 3.4.2, Sy is a b&f
system between X and Y. Therefore, by (unit-back), there is some m such
that (m,n) € Sy and so n = fm by definition of ¢ or, in other words,

F(Im)) = [n]. O

Remark 4.8.7 For X = EM(E;), the cofree coalgebra FF<(A) of some
structure A consists of sequences 7 of length <k. However, FF<(A)/..
equates those sequences which have the same behaviour from the point
of view of = relation. This means that we can view FF+(A)/.. as the space
of types with respect to logic FO;. We make use of this intuition later, in
Chapter 9.

Implications for logic

The following theorem summarises the results from this section that all
the notions of equivalence in terms of b&f system and equivalences ex-
pressed using open pathwise-embeddings align in arboreal categories.

Theorem 4.8.8 Given objects X, Y in a representable arboreal category with
pushouts, pullbacks and products, the following are equivalent.

X = Yie XandY are back-and-forth equivalent.
X 2 Yie XandY are behaviourally equivalent.
X ~Yie XandY are bisimilar.

X/.=Y/.

vvyyvyy

Proof. The equivalence of back-and-forth equivalence = and bisimilar-
ity ~ is shown in Proposition 4.8.2 and the equivalence of bisimilarity
~ and behavioural equivalence < follows from Proposition 3.4.10 and
Proposition 4.8.3.

What is left to show is the equivalence of the last two items. The right-to-
left implication is a consequence of the fact that we have a cospan

7% q
X—>X/.=2Y/.«—Y
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where g% and g are open pathwise-embeddings by Theorem 4.7.10, since
they are defined as pushouts of open pathwise-embeddings. Conversely,
if we have any cospan

xLwdy
where p and g are open pathwise-embeddings then, by Lemma 4.8.6, we
obtain a sequence of isomorphisms X/. = W/. =Y/._. O

Consequently, due to item 2 of Proposition 3.4.10, < is also transitive.
Note that this can be also showed using pushout stability of open
pathwise-embeddings (Theorem 4.7.10), by dualising the proof of item 2
of Proposition 3.4.10.

As a direct consequence of Theorem 4.8.8 we obtain the equivalence of
different characterisations of the equivalence relation =g .

Corollary 4.8.9 Given a functor F: dl — X where X is a representable
arboreal category, for A, B from 9, the following are equivalent:

A =g B, that is, FA = FB
FA<FB

FA ~FB

FA/. =FB/.

vvyyvyy

Remark 4.8.10 Reggio—Riba [105] show that, for accessible arboreal
adjunctions d & X where o, X are locally finitely presentable and
certain finiteness conditions are met, it follows that if A, B are &,-
equivalent in ¢ then FA = FB. In other words, their result gives an
upper bound on the expressibility of logics captured by locally finitely
presentable arboreal categories.
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COMONADIC META-THEOREMS



Homomorphism counting
theorems

In this chapter we take a look at the first, probably most influential,
application of game comonads to finite model theory. It is motivated by
an observation Anuj Dawar, that recent theorems of Dvorak [46] and
Grohe [55] when rephrased using game comonads, have the same cate-
gorical structure. We rephrase their results in the language of comonads,
which leads to an elegant statement with a simple proof. Moreover, our
result has shown to be very flexible to adjustments, with many follow-up
results within and outside of the game comonad research programme.

5.1 Motivation

Close to sixty years ago, Lovasz [84] proved that two finite graphs (or, more
generally, any two finite relational structures) A and B are isomorphic, if
and only if, they admit the same number of homomorphisms from any
other finite graph/structure, i.e.

A=B <<= VfiniteC |hom(C,A)| =|hom(C,B)|.

This seminal result has led to extensions and investigations in many
different directions. One that concerns us is that, by restricting the
collection of all finite graphs/structures to a natural sub-collection A, we
can often obtain characterisations of natural coarsenings of the relation
of isomorphism. For any subclass A of finite graphs/structures, we
say that a pair of graphs/structures A and B are A-homomorphism
indistinguishable if they cannot be distinguished by homomorphism
counts from graphs/structures in A, that is,

A=\B & VCeA |hom(C,A)| =|hom(C, B).

For instance, Dvotédk [46] shows that for any k, if we consider the
collection J of all graphs of tree-width at most k, then finite graphs
are Jx-homomorphism indistinguishable if, and only if, they are =cx+1-
equivalent. Another recent addition to this collection of results is that of
Grohe [55]. He shows that, if @, is the collection of graphs of tree-depth
at most 1, then two graphs are &,-homomorphism indistinguishable if,
and only if, they are =¢,-equivalent.

This variety of results relating homomorphism counts over restricted
classes to approximations of isomorphism, often proved using very differ-
ent methods, calls for the development of a more general theory. In this
chapter we develop a general categorical result (using game comonads)
which yields, as example applications, the results of Lovasz, Dvofdk and
Grohe mentioned above. Moreover, we also obtain a new Lovész-style
result for pointed Kripke structures, relating homomorphism counts
from synchronisation trees of bounded height to equivalence in a modal
logic with counting.

5.1 Motivation ......... 96
5.2 A Categorical Lovasz
Theorem. .......... 97
5.3 A Categorical Dvoridk &
Grohe theorem . ... .. 101
The case of finite rank
comonads . . ........ 103
Related work . . ... ... 104
5.4 Equality elimination . . . 104
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5.2 A Categorical Lovasz Theorem

The categorical core of our abstract theorem is a general Lovasz-type
result which applies to any locally finite category with pushouts and a
proper factorisation system. A category is locally finite if there are only
finitely many morphisms between any two of its objects. A locally finite
category o is said to be combinatorial if, forall a,b € d,

azb & Vked |homg(k,a)l=|homgy(k,b)

Thus, Lovész’ theorem [84] states that, for any finite relational signature o,
the category Str¢(o) of finite o-structures with homomorphisms is com-
binatorial. The aim of this section is to prove the following generalisation
of Lovéasz’ result.

Theorem 5.2.1 Let 9 be a locally finite category. If A has a proper factorisation
system and pushouts of spans of quotients,' then it is combinatorial.

Example 5.2.2 Observe that the categories of finite structures Str¢(c)and
finite pointed structures Str. ¢(0) satisfy the assumptions of the theorem.
In particular Strf(o) and Str, f(o) have all finite colimits, including all
pushouts. Therefore, we recover the original theorem of Lovész [84].
Moreover, the theorem also applies to the categories of finite sets, finite
groups, finite monoids, etc.

We prove this theorem in the remainder of this section. To this end, we
fix a category o/ admitting a proper factorisation system (Q, /().

To simplify the terminology, by a @-pushout square in 9 we refer to a
commuting square which is a pushout consisting entirely of quotients,
that is, a @-pushout square is a pushout of quotients.? We are interested
in functors d°? — Sets, where Sets is the category of finite sets
and functions between them, that turn Q-pushout squares in o into
pullbacks in Sets. Recall that pullbacks in Set; admit the following
explicit description: a commutative square in Set; is a pullback if, and
only if,

f
A——=B  yeB VceC,ifib) = h(c) then
gl li la € A. (f(a) =band g(a) = c).
c—-=>Dp

If i and i are injective then, by identifying B and C with subsets of D,
the pullback A can be identified with BN C.

The following lemma shows that the hom-functors involved in the
homomorphism counting theorem send pushout squares to pullbacks.’
Recall that, for any object n of a locally finite category 9, the functor
homg(—,n): B — Set; sends a morphism f:a — b in B to the
function — o f: homg(b, n) — homg(a, n).

Lemma 5.2.3 For any locally finite category B and n € 9B, the functor

homg(—,1n): B¥ — Sety

1: Le. it has pushouts of diagrams of the
form e «— e —> o .

2: Indeed, by the dual of Lemma 2.9.3,
pushout of a quotient along any mor-
phism is again a quotient.

3: This is a consequence of the more
general fact that representable functors
preserve all limits that exist in their do-
main, cf. [86, pp. 116-117], but we provide
here also a direct elementary proof.
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sends all pushout squares that exist in R to pullbacks in Sety.

Proof. Just observe that, given a pushout square in % and the correspond-
ing diagram in Sety, as displayed below,

homg(d, 1) —2> homg(b, 1)

b B

homg(c, n) 8, homg(a, n)

f
a —>
gl
h
C —

if @ € homg (b, n) and B € homg(c, n) are such that ao f = fo g then, by
the universal property of the pushout, there is a unique y € homg(d, n)
satisfying yoi =aand y o h = §. a

Lemma 5.2.4 If a functor F: 4°P — Set sends Q-pushout squares in gl to
pullbacks, then it sends Q-morphisms to injections.

Proof. Lete: n —» m be an Q-morphism in the category . Because e is
an epimorphism, it follows directly that the square on the left-hand side
below is a pushout square in 9.

n— m F(m) —9 F(m)

ei lid id lF(e)
id F(e)

m ——m F(m) —= F(n)

Since identities are @-morphisms, the square on the right-hand side
above is a pullback in Sety. In turn, this is equivalent to F(e) being an
injection. O

Generic and degenerate elements. The key step in the proof of the
classical Lovész’ theorem consists in showing that, if | homg;, f(o)(C LA)| =
| homgt,f(g)(c, B)| for all C in Str¢(c), then also | iantrf(J)(C, A)| =
|inj8ﬁf(o)(C,B)| for all C in Stry(o), where iantrf(a)(C,A) is the set
of all injective homomorphisms C < A, and similarly for inj str( O)(C , B).
We aim to show the analogous fact in our setting, where injective homo-
morphisms are replaced by J/(-morphisms.

The intuition behind the following definition is that a 0-homomorphism
f: C — Aisnon-injective precisely when there exist an onto non-injective
o-homomorphism e: C = C” and a o-homomorphism g: C’ — A such
that f = g oe. In terms of the hom-functor E := homgt,f((,)(—,A),
f € E(C) is non-injective if, and only if, f = E(e)(g) for some onto
non-injective o-homomorphisme: C - C’ and g € E(C’).

Definition 5.2.5 A strict quotient in 9 is an Q-morphism which is not an
isomorphism. (Equivalently, a strict quotient is an arrow in @ \ A.*)

Further, consider a functor E: d°? — Sety. For every k € d, we say that
s € E(k) is degenerate if there exist a strict quotient f: k - land t € E(I)
such that E(f)(t) = s. Otherwise, s is called generic. The subset of E(k)
consisting of the generic elements is denoted by E[k].

4: Cf. Lemma 2.9.3.
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The next lemma shows that this definition matches our intuition for
hom-functors on .

Lemma 5.2.6 Let E = homg(—, n) for some n € 9. For any k € o, E[k]
is the set of all M-morphisms k — n.

Proof. Let f be an arbitrary element of E(k) = homy(k, n). Assume f is
generic, and take its (@, /() factorisation:

f
k ————— n
R

Then E(g)(h) = f, and so ¢ must be an J(-morphism. By Lemma 2.9.3,
f = h o gisalso an J#(-morphism.

Conversely, suppose f is an J-morphism and pick an @-morphism
g:k » land h € E(I) such that E(g)(h) = f,ie. hog = f. By

Lemma 2.9.3, g is an J(-morphism, so it is not a strict quotient. That is, f
is generic. O

The following is the main technical lemma of this section, and it ultimately
relies on an application of the inclusion-exclusion principle.

Lemma 5.2.7 Assume 9l has pushouts, and let E and F be functors d°F —
Sets sending Q-pushout squares in s to pullbacks. If E(k) = F(k) for all
k € o, then E[k] = F[k] forall k € dA.

Proof. Let E, F be as in the statement, and suppose that E(k) = F(k) for
all k € 9. We must show that, for every k € o, E[k] = F[k]. Equivalently,
we show that the set E(k) of degenerate elements of E(k) is in bijection
with the set F(k) of degenerate elements of F(k).

Observe that E{k) coincides with
U {Im(E(f)) | f: k - lisastrict quotient in s} C E(k),

and similarly for F(k). Since E(k) and F(k) are finite, there are finite sets
81, 8 of strict quotients of k such that

E(ky = (J{Im(E(f)) | f € 81},
F(ky = [ J{Im(F(f)) | f € S}

Let § = 81 U &,. By the inclusion-exclusion principle,

ECRy L= 2 (DT [ Im(E(f)]

JC8,]#0 feJ

and similarly for |F(k) |. Therefore, to prove E(k) = F(k) it suffices to
show that |ﬂf€] Im(E(f))’ = |ﬂf€] Im(F(f))\ for any non-empty | C S.
To this end, fix such a | and consider the wide pushout in o of the strict
quotients in J, i.e. the diagram obtained by taking consecutive pushouts
of the elements of |, as shown in the diagram on the left-hand side below.
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E(K) —— E(l,)

Nt \ E(s)

I \B‘ E(l») \)\

h ———p E(l) «— E(p)

By Lemma 2.9.3, all arrows in this diagram are @-morphisms. Hence, by
Lemma 5.2.4, the diagram obtained by applying the functor E, depicted on
the right-hand side above, consists of injections. Since E sends @-pushouts
to pullbacks, the diagram on the right is a wide pullback of injections in
Sets, and so E(p) = Ny Im(E(f)). Similarly, F(p) = M rey Im(F(f)). As
E(p) = F(p) by assumption, we get |\ ej Im(E(f))| = [N ey Im(F(f))],
thus concluding the proof. O

We are now in a position to prove the main result of this section.

Proof of Theorem 5.2.1. Fix arbitrary objects m,n € d. For the non-
trivial direction, assume | homg (k, m)| = | homy(k, n)| for all k € o. Let
E and F denote, respectively, the functors homy(—, m): 47 — Setf and
homg(—,n): d°7 — Sety. These functors send Q-pushout squares in o
to pullbacks by Lemma 5.2.3. Thus, by Lemma 5.2.7, E[k]] = F[k] for all
k € d. According to Lemma 5.2.6, there is a bijection

{Jl-morphisms k > m} = {Jl-morphisms k > n}.

Setting k = m, the existence of an J{-morphism m > m (namely the
identity) entails the existence of an J{-morphism i: m >> n. Similarly,
there exists an J(-morphism j: n > m. A standard argument then
shows that m = n (see e.g. [101]). We briefly sketch a proof. The set L
of all /l-morphisms m > m is a monoid with respect to composition
and contains j o i. Since all #l-morphisms are monos, L satisfies the left
cancellation law ab = ac = b = c. But every finite monoid satisfying the
left cancellation law is a group, hence j o i has an inverse. It follows from
Lemma 2.9.3, that j is an isomorphism. O

Related work. Other categorical generalisations of Lovasz’ theorem
have been obtained by Pultr [101] and Isbell [61]. Cf. also Lovész’ paper [83].
In modern terms, Pultr requires a finitely well-powered, locally finite
category with (extremal epi, mono) factorisations and Isbell requires
the category to be locally finite with a special type of factorisation
system (which he calls “bicategory”). Unlike the results in op. cit., our
Theorem 5.2.1 does not hinge on a combinatorial counting argument,
but rather on an application of the inclusion-exclusion principle, and
appears to be better suited for applications to game comonads. More
recently Reggio [104] proved a new Lovész-type theorem requiring only
a locally finite category with a proper factorisation system which is @-
well-founded, i.e. that each object has a well-founded poset of quotients.
Reggio’s statement is also proved in categorical terms and, instead of the
inclusion-exclusion principle that we applied in our proof, Reggio uses
the Mobius inversion formula.
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5.3 A Categorical Dvofdk & Grohe theorem

Recall that, for a comonad C on a category s, we defined the relation
A =4c B as FE(A) = FE(B), cf. Section 3.1. Furthermore, in case when
C = Ei, =4c is the same as =¢, and if C = P, then =y¢ is precisely =c«.
Similarly, recall that C-coalgebras of these comonads characterise struc-
tures of tree-depth and tree-width bounded from above by k.

Therefore, the following theorem is precisely in the shape of the theorems
of Dvotédk and Grohe.

Lemma 5.3.1 For a comonad C on a category o, if EM(C) is combinatorial
then, for A,B € 4,

A=sc B & VCeAc |homy(C,A)| =|homy(C, B)|

where Ac consists of all C in d which admit a C-coalgebra.

Proof. The result follows by unwrapping definitions and using the fact
that UC is the left adjoint of F¢:

FE(A) = FS(B) &= homew(c)(X, F*(A)) = homew(c)(X, F*(B))
VX € EM(C)
& homy(U%(X),A) = homy(U(X), B)
VX € EM(C)
&= homy(C,A) = homy(C,B) VC e Ac O

It is, therefore, crucial to establish conditions under which the category
of coalgebras is combinatorial. Below we give sufficient conditions.

Proposition 5.3.2 Let A be a category with a proper factorisation system
and a comonad C such that:

1. Cis a reqular comonad, i.e. it preserves embeddings;
2. 9 has pushouts of spans of quotients; and
3. o is locally finite.

Then, EM(C) is combinatorial.

Proof. We show that the category EM(C) satisfies the hypotheses of The-
orem 5.2.1. The forgetful functor U®: EM(C) — o is faithful and, thus, for
all(A, @), (B, B) € EM(C), there is aninjection homegywc)((A, @), (B, B)) —
homg (A, B). Because the latter set is finite, so is the former. Therefore,
EM(C) is locally finite.

Since C is regular, by Lemma 2.9.6, it lifts the proper factorisation
system from o to EM(C). Furthermore, since UC creates colimits [18,
Proposition 20.12], EM(C) has pushouts of spans of quotients. O

Observe that the categories of finite structures Str (o) and finite pointed
structures Str. r(0) automatically satisfy the conditions of the proposition,
i.e. the factorisation system from Str(o) restricts to finite structures, Str(o)
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has all pushouts and is locally finite, and similarly for Str. (o). Therefore,
we obtain the following.

Corollary 5.3.3 For any regular comonad C on Str¢(o) or Str. ¢(0), the
category of coalgebras EM(C) is combinatorial.

Remark 5.3.4 In[42, Corollary 14] we show that the subcategory of EM(C)
consisting of finite C-coalgebras is combinatorial, for any comonad C
on either Str(o) or Str.(c). However, the proof uses the fact that the
base categories are cocomplete and well-powered in order to create a
factorisation system on EM(C) from this data. Our proof here is more
direct and still applies to our examples, since our comonads are regular.

Putting Theorem 5.2.1, Lemma 5.3.1 and Proposition 5.3.2 together yields
a categorical version of Dvofak and Grohe theorems.

Theorem 5.3.5 Let o be a locally finite category with a proper factorisation
system, pushouts of spans of quotients and a regular comonad C, then,
forA,Bed,

A=sc B < VC e Ac |homy(C,A)| =|homg(C,B)|
where Ac consists of all C in sl which admit a C-coalgebra.

Example 5.3.6 Using the fact that [Ey is regular and restricts to Strf(o)
which, in turn, satisfies the assumptions of Theorem 5.3.5, we immediately
recover Grohe’s theorem [55].

Following exactly the same lines for My, we obtain the following new
theorem. For finite pointed Kripke structures A and B,’

A =g, B &= Vsynchronisation tree C of depth < k
| homStn,f(a)(CrA” = homé’tn/f(a)(cr B)I.

For the next example, recall from Section 2.5 that every EM(Px) coalgebra
can be equivalently described as a forest-ordered structure (A, <, p) with
apebble functionp: A — {1, ..., k}. We say that A has a k-pebble forest-
decomposition if there exist < and p such that (A, <,p) € EM(P¢) or,
equivalently, if there exists some X such that A = UPk(X). Furthermore,
we say that A has k-pebble forest-decomposition of depth <  if there
exist < and p such that (4, <, p) € EM(Px) and (A, <) has depth < n.

Example 5.3.7 To recover Dvofak’s theorem, we have to do a little more
work because Py does not restrict to a comonad Str¢(c) — Strg(o).

To this end, define Py, as the restriction of P to sequences of length <n.
It is immediate that all the usual theorems for Py adapt directly to Py
as well. In particular, the equivalence =4p, , characterises the logic ck =
C, Nk and Py ,-coalgebras characterise k-pebble forest-decomposition
of depth < n.

Also, it is immediate that Py , restrict to Stry(c) — Str(o), therefore,

5: Instead of (A, ag) and (B, by) we write
just A, B, for simplicity.



5 Homomorphism counting theorems | 103

we obtain that, for finite structures A, B,

A= B & VC with a k-pebble forest-decomposition of depth < n
| homsyy,(6)(C, A)l = | homgy,(5)(C, B)|.

Then, since ¥ = |, Ck and since, for every finite structure C of tree-
width < k there is some # such that C admits a k-pebble forest-decompo-
sition of depth < 1, we recover Dvotédk’s theorem [46] by Theorem 5.3.5
as follows:

A=« B

& Vn(A=u B)

&= Vn VC with a k-pebble forest-decomposition of depth < n
| homyiy,(6)(C, A)| = | homsty,(5)(C, B)|

&= VC of tree-width <k
| homgy . (4)(C, A)| = | homsy (4)(C, B)|.

Example 5.3.8 Lovasz’ original theorem [84] is also recovered using
Theorem 5.3.5, by setting C = Id to be the identity comonad on Str¢(0).

Remark 5.3.9 The flexibility of this theorem is demonstrated by the
fact that other examples of comonads automatically satisfy the required
properties and, hence, homomorphism counting theorems are derived
using this for free. See, for example, [4, 93, 117].

The case of finite rank comonads

To provide a more systematic approach to recovering Dvotédk’s theorem by
directly working with P, instead of Py ,,, as in Example 5.3.7, Reggio [104]
devised a version of Theorem 5.3.5 applicable to comonads of finite rank,®
that is, in particular to Py as well as Py ,,, Ex, My, etc.

Theorem 5.3.10 (Corollary 5.15 in [104]) Let C be a finite rank comonad on
a locally finitely presentable category s, then for A, B € dl of finite fp-type,”

A=sc B < VC e Ac |homy(C,A)| =|homg(C,B)|

where Ac consists of all finitely generated® C € of admitting a C-coalgebra.

This statement uses extra terminology specific to the theory of locally
finitely presentable categories. However, in the case of (pointed) struc-
tures, since finitely generated and finitely presentable objects are simply
the finite structures, Reggio’s theorem simplifies as follows.

Corollary 5.3.11 Let C be a comonad of finite rank on Str(c) or Str.(o).
Then, for (pointed) finite structures A, B,

A=y B & VC € Ac |homy(C,A)| =|homy(C, B)|

where Ac consists of all finite C which admit a C-coalgebra.

6: Cf. Subsection“Locally finitely pre-
sentable categories” on page 40.

7: An object A is of ‘finite fp-type’ if, for
every finitely presentable C, hom(C, A)
is finite.

8: Being ‘finitely generated” is a no-
tion similar to ‘finitely presentable.” It
asks, for an object C, that the functor
hom(C, -) preserves directed colimits of
monomorphisms.
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Remark 5.3.12 As shown in [24], =g, is not a homomorphism indistin-
guishability relation. Consequently, by the above, there cannot be a finite
rank comonad C such that =4c characterises =go, .

In a similar vein, [81] derives a similar result for the invertible-map
equivalence G E% H which expresses the fact that G and H cannot
be distinguished by the set of k-tuples in both graphs with respect to
any linear-algebraic operator acting on vector spaces of characteristic g,
for any g € Q. Op. cit. shows that, again, =", is not a homomorphism
indistinguishability relation and, therefore, by Corollary 5.3.11, there is

no finite rank comonad C such that =4¢ characterises E}<MQ

Related work

Many equivalence classes =g given by some comonad C can be expressed
using the language of matrices [56], e.g.

» G =yp,, H iff there exists a pseudo-stochastic matrix X such that
XAg = ApX for every matrix map A € o}/

where g}’ is a certain class of matrices and A is the associated adjacency
matrix. In [103, Appendix C] the authors show how this equivalence
can be derived by counting homomorphisms from finite bilabelled P ;-
coalgebras.

5.4 Equality elimination

When comparing our proofs with the original theorems of Dvofédk [46]
and Grohe [55], our results are way more general and way less technical
to prove. However, in order to achieve this, we used a crucial property of
counting logic fragments, that is, that they have elimination of equality.

Recall from Chapter 2 that for the Ehrenfeucht-Fraissé comonad [Ey, for
finite structures A, B,

A =g, Bie. FF*(A) = F&(B)

—

A =po, Bie. A, B satisfy the same first-order sen-
tences of quantifier depth at most k, without equality.

When we wish to express the logical equivalence with respect to the
fragment, where equality is allowed (e.g. FO,), we take the expansions
A, B! of structures A, B, where (as in Section 2.8)

» (-)': Str(o) — Str(o') sends a structure to its expansion with
an interpretation of an additional binary relation I, expressing
equality, and

» C! denotes (for emphasis) the version of C on Str(c!).
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Then, A =po- Biff F E Ah=F E, (B). On the other hand, when it comes
to the counting fragments, we have that, for example,

A=y, Bie F*(A) 2 F**(B) & A=:B < A=¢B (5

where C;” and C; denote the fragments of infinitary counting logics
consisting of sentences of quantifier depth at most k, with and without
equality, respectively.

The same discrepancy also holds for Py and the k-variable fragments of
first-order and infinitary counting logics.

Consequently, for these comonads C, the equivalence relation expressed
using the relaxed bijective back-and-forth games (i.e. FE(A) = FE(B)) is
the same as the equivalence expressed using the non-relaxed bijective
back-and-forth games (i.e. r¢ (Ah=F CI(BI ).

Elimination of equality of these fragments (i.e. equivalences similar to the
second equivalence in (5.1)) can be proved using syntactic methods [42]
or, as we show below, using categorical methods and using the homo-
morphism counting theorem Theorem 5.3.5. The first crucial observation
is that the functor (-)! has a left adjoint.

Lemma 5.4.1 Define a functor
(-)/1: Str(a!) — Str(o)

which sends (A, I) to the quotient A/ of the a-reduct A of (A, I) by the least
equivalence relation containing 1. Then, (-)/1 4 (-)’.

We observe that this adjunction restricts to the subcategories of structures
identified by the P\, comonad from Example 5.3.7, since structures
which admit a Py ,-coalgebra are precisely the structures which admit a
k-pebble forest-decomposition of depth < n.

Note that, for n = k, a o-structure A (or a o-structure A) admits an
Ex-coalgebra if and only if it admits a Py ,-coalgebra since admitting a
k-pebble forest-decomposition of depth < k is the same as admitting a
forest-decomposition of depth < k (without pebble function). Therefore,
the following also applies to the case of structures admitting a Ej-
coalgebra.

Lemma 5.4.2 (Combinatorial Lemma) The adjunction

Q)
O~

Str(o) Str(o!)
~— 7
@

restricts to the full subcategories

» Ff C Str(o) of o-structures and
» ol-structures (T)X C Str(o’)

comprising of o-structures or o'-structures, respectively, which admit a
k-pebble forest-decomposition of depth < n.
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Proof idea. The fact that (-)! restricts to ¥ — (F1)k is trivial since,

for A € Str(o), any tree decomposition < of A is also a tree decomposition
for Al

The converse direction is shown in [42, Proposition 23]. The idea of the
proof is to view a o!-structure A with a k-pebble forest-decomposition
of depth <n as a k-variable primitive positive formula of quantifier
rank 71, via the Chandra-Merlin correspondence [35], and observe that
elimination of quantifiers on primitive positive formulas can be done
without changing the number of variables or quantifier rank. See also [21]
for a direct proof of this fact. O

We show that the Combinatorial Lemma is sufficient for transporting
logical equivalence given by a comonad on ¢’-structures whilst still
counting homomorphisms with respect to a comonad on o-structures.

To this end, given a comonad D, we denote by im(U ™) the full subcategory
consisting of all objects which admit a D-coalgebra, i.e. im(UP) is the
class {B € 3 | 3X € EM(D), B = UP(X)}.

Proposition 5.4.3 Let t: d — B be a fully faithful functor with a left
adjoint q, and let T be a full subcategory of A and D a comonad on %.

g 7 imUP)
D
i [fﬁx
q
4T % —— Eu)
t

Then, if EM(D) is combinatorial and if q 4 t restricts to an adjunction
between I and im(U) then, for A, B from i,

t(A) =sp t(B) &< VC €9 |hom(C,A) =|hom(C,B)|.

Proof. By Lemma 5.3.1 and using the fact that EM(D) is combinatorial we
have that

t(A) =4p t(B) &= VC € im(UP) hom(C, t(A)) = hom(C, t(B))
& VT €9 hom(T, A) = hom(T, B)

where the last equivalence holds by the following justification.

For the right-to-left direction, for any C € im(UP), we have

homg(C’,t(A)) = homg(q(C), A) (a41)
=~ homg(q(C), B) (a(C)eT)
=~ homg(C, t(B)). (941)

Conversely, foraT € T,

homg(C, A) = homg(t(C), t(A)) (t fully faithful)
= homg(t(C), t(B)) #(C) € im(UP))
= homg(C, B). (t fully faithful)

O
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We can now state a general categorical theorem, establishing elimination
of equalities for counting fragments which admit a homomorphism
counting result, in the style of Dvofdk and Grohe.

Theorem 5.4.4 Let o and B be categories, with comonads C and D, respec-
tively. Let q A t be an adjunction between i and B which restricts to im(U©)
and im(UP). If EM(C) and EM(D) are combinatorial then, for A, B in o,

A =i B & t(A) =4#D t(B)

Proof. The result follows by invoking Lemma 5.3.1 for comonad C and
Proposition 5.4.3 for 7 = im(U®), since

A=4gc B & VT eim(U®) hom(T, A) = hom(T, B)
— t(A) =up t(B). O

Therefore, assuming that =4¢, for Ex on Str(o) characterises k-variable
counting logic without equality and =4l for [Ei on Str(o!) characterises
the same fragment but with equality, Theorem 5.4.4 entails elimination of
equality for Cx. The same argument but for P applies to show elimination
of equality for C*, although, as in Example 5.3.7, this has to be done
iteratively, using Py , and the fact that c* = U, ck.
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Density comonads

In this chapter we focus on the density comonad construction, which
allows us to describe a comonad using a different (usually simpler) func-
tor. We show that a special case of this construction, when the domain
of the description functor is discrete, allows us to classify many classes
of interest, as those classes whose objects admit a coalgebra for a given
comonad, similarly to Section 2.5. Moreover, we show that the comonad
obtained this way satisfies the assumptions of the abstract homomor-
phism counting theorem for =4, similar to that of the categorical Dvotak
& Grohe theorem, from Section 5.3. Finally, we also use the density
construction to give a proof-theoretic description of Ex.

6.1 The density construction

We start by reviewing the basics of the theory of density comonads,
introduced independently by Appelgate and Tierney [22] and Kock [77]
(who studied the dual notion of codensity monads). The density comonad
of a functor M: ol — 9B is a functor Dy: B — 9B with a natural
transformation : M = Dy M.

M B
A
B

Moreover, 1 is required to be the initial natural transformation with
this property. In other words, for any functor K: 9% — 9% and a natural
transformation ¢: M = KM there is a unique ¢*: Dy = K such that

@ = @*M -1, i.e. diagramatically
i B
Dm
A
¢
% K

Density comonads are special types of left Kan extensions. They do not
exist for all functors. However, when o is a small category and 9 is
cocomplete then Dy exists for every functor M: o — 9. In such case,
Dam(B) is computed as the colimit of the diagram:

o

o/}

a—M g
A S

B

MIBLaX g

where V is the forgetful functor from the comma category M | B,
which consists of pairs (A, f) where f: M(A) — B is a morphism in %,
and morphisms (4, f) — (A’, f’) between such pairs are morphisms
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g: A — A’ in dl making the following triangle commute.

M(g) M(A)

s

We may express the same fact by the formula:

M(A)

Dym(B) =  colim  M(A). (6.1
Aedl, M(A)—B

Note that 9 does not have to be small nor % cocomplete in general. It is
enough that the colimit above exists. In such case we speak of pointwise
density comonads. Denote by

Lr: M(A) — Dy(B)

the inclusion morphism of the copy of M(A) corresponding to the
morphism f: M(A) — B into the colimit. Then, the component

Na: M(A) — Dp(M(A))

of the natural transformation n7: M = Dy M is given as (¢ for f equal to
the identity morphism id: M(A) — M(A).

The comonad structure

The initiality of n: M = Dy M ensures that we can equip Dy with a
comonad structure. In particular, the identity natural transformation
M = Id o M uniquely factors as the composition of 1 with the counit
&: Dy = Id and, similarly, Dy(n)-1n: M = Dy o Dy o M factors
through the comultiplication 6: Dy = D%/I' In other words, the counit
and the comultiplication are uniquely determined by the equations

eM-n=id and OM-n=Dm(n)-7. (6.2)

Moreover, these two equations guarantee that the functor
M': o — EM(Dy) (6.3)

which sends A € o to the coalgebra n4: M(A) — Dy(M(A)) is well-
defined.

Lastly, we recall three equations of density comonads, following from (6.2),
which we use extensively throughout the chapter. For morphisms
f: M(A) = Band h: B — C, the following equations hold.

(DC1) Dpm(h)-tf =tp.¢

(DC2) ep-1p=f

(DC3) op-1f = Ly
Equivalently, we represent the same with the following three commutative
triangles.
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M(A) M(A)

t hef t f
TN 1N
Dum(B) 5 Dum(C) Dm(B) —— B

(DCY) (DC2)

6.2 Discrete density comonads

Recall that a category is discrete whenever it only has identity morphisms.
By discrete density comonads we mean density comonads for functors
whose domain is discrete. An important feature of discrete density
comonads is that the formula in (6.1) simplifies dramatically. Indeed,
assume that

M:d—>R

is a fixed functor from a small and discrete category . Then, since
d is discrete, there are no morphisms between objects M(A), given
by morphisms M(A) — B, in the colimit formula (6.1). Therefore, the
density comonad Dy: B — R is computed as a coproduct, that is, the
colimit of a discrete diagram. Concretely, for an object B in %,

Du@B) = [ [] MA). (6.4)

Aedl f: M(A)—B

Note that Dy exists whenever the above coproduct exists in 9B, for every
object B € 9. In particular, Dy exists whenever 9 has all coproducts.

As with general density comonads, we have inclusion morphisms
tr: M(A) — Dum(B)

for every f: M(A) — B, which satisfy axioms (DC1)-(DC3) from Sub-
section“The comonad structure” on the preceding page.

6.3 The abstract classification theorem

In this section we investigate the question of what classes of objects
A C R of a category B admit a comonad C which classifies A. This
means that, for every object B € 3,

B €A = B admits a C-coalgebra.

We know that A needs to be closed under isomorphism for this to make
any sense. Furthermore, if 9% has coproducts, then C has to be closed
under coproducts as well since comonad coalgebras are closed under
coproducts. It turns out that an additional requirement that the class is
“closed under connected substructures” (to be defined precisely later)
suffices for some C to exist. Furthermore, the construction makes use of
the discrete density comonad construction outlined above.

The abstract categorical result, Theorem 6.4.1 below, gives us that the
classes of relational structures classifiable by comonads include many

6 Density comonads
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well-known and well-studied examples of classes, such as classes of
bounded degree, clique-width, twin-width, etc.

Instead of fixing a class A of objects of %, we work in a slightly more
general setting and we fix a functor

M:d— B

from a discrete category o into 9. We further assume that the pointwise
density comonad Dy exists on 9B (i.e. it is given by the formula (6.4)).

We start with a useful observation. Recall that an object C is connected iff,
for every morphism f: C — []; A; into a coproduct, the morphism f fac-
tors uniquely through one of the inclusion morphisms ¢;: A; — [1; A;.!
Whenever a connected C is such that A = C + X for some A, X, we say
that C is a component of A.

Lemma 6.3.1 Let £: X — Dp(X) be a Dpg-coalgebra and let 1c: C — X
be a component inclusion. Furthermore, let f: M(A) — X be the morphism
for which & - 1c decomposes through L, as shown below.

LT e (6.5)
M(4) —— Du(X)

Then, also the two triangles in the diagram above commute, that is, ic = f - z

and i = &- f.

Proof. The first equality is obtained immediately from the triangle law of
coalgebras (cf. (2.6) from Chapter 2) together with (DC2) from Subsec-
tion“The comonad structure” on page 109 as

tic=¢c-&ic=¢éc-ty-z=f-z.

To show that also tf = &+ f we apply the square law of coalgebras
(cf. (2.6)). Observe that

» Ox-&-tc=0x-tf z =1, zby(DC3), and
» Dm(&)-&-tc =Dm(&) 1y -z = 1.5 -z by (DCI).

Because C is connected, the factorisation C — M(A) — Dy (Dp(C))
into the coproduct must be unique, hence 1y = ¢ - f. O

In the following we need to assume that 9 is a componental category,
i.e. that

» every object in 9B is (isomorphic to) a coproduct of connected
objects, and

» inclusion morphisms into coproducts ¢;: a; — []; 4; are monomor-
phisms.

We say that an object of 9 is essentially in o if it is isomorphic to M(A),
for some A in 4.

Lemma 6.3.1 directly implies a version of Theorem 6.4.1 for connected
objects.
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Lemma 6.3.2 If 9B is a componental category, then a connected object of R is
essentially in 9 iff it admits a Dpr-coalgebra.

Proof. Let C € % be connected. The left-to-right implication follows
immediately from the fact that, M'(A) is a coalgebra on M(A), for every
A € d (cf. (6.3)). For the right-to-left implication, let §: C — Dp(C) be a
coalgebra. Since C is connected,

p:c—-[] [] ™M@

Aesl f: M(A)—C

uniquely factors as § = (s - o, for some fo: C — M(A) and f: M(A) —
C. By Lemma 6.3.1, the following diagram commutes.

c—4 ,¢

o) / e

M(A) —— Du(C)

One triangle immediately gives f - o = id and the other triangle together
with B = (f-fo and the fact that inclusions are monomorphisms (in
componental categories) entails o - f = id. O

This proof serves us as a stepping stone and inspiration for the proof of
Lemma 6.3.4 below. We start with a technical observation.

Lemma 6.3.3 In a componental category, a component inclusion C — Y
which factors through a monomorphism X — Y is a component of X as well.

Proof. Assume Y is equal to the coproduct [[; C; and X is equal to
L1; D; for some collections of connected objects {C;}; and {D;};. By
assumption, the component inclusion t: C — Y factors as m - h for some
monomorphism m: X — Y and a morphism /: C — X.

Since C is connected, & factors through a component inclusion ¢;: D; —
X as shown in the left diagram below:

JRSIEN D, — ¢
h

! /l[ mx llk

X —->Y Y

Since Dj is connected, m - ¢j factors through some inclusion tx: Cx — Y,
as shown in the right diagram above. But then i = k and u - hy = id
since t; = m-h = m-tj-hg = tx-u-hg and component inclusions
are unique. Furthermore, since both m and (; are monomorphisms by
our assumptions, so must be u because t;-u = m- ;. Consequently,
u is an isomorphism because it is both a monomorphism and a split
epimorphism. O

To make progress, we need to assume that o is component-based.
This means that, whenever B € 3 is essentially in o then so is every
component of B. Note that this condition mirrors the third item in the
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definition of component-based classes. With this we show the main
technical lemma of this section.

Lemma 6.3.4 If o is component-based and R is a componental category,
then any component C of an object X of B which admits a Dpr-coalgebra
&: X — Dp(X) is essentially in o.

Proof. Let ic: C — X be the inclusion morphism of C into X. Further-
more, let f: M(A) — X be the morphism such that & - (¢ decomposes
through t¢: M(A) — Dy (X) and recall that, by Lemma 6.3.1, the follow-
ing diagram commutes.

| / £ 6.6)

M(A) —— Du(X)

Observe that f is a monomorphism since (1 is. Therefore, by Lemma 6.3.3,
C is a component of M(A). Consequently, C is essentially in of because
o is component-based. O

The main classification theorem, which we state in full, is obtained as a
consequence of the previous lemma.

Theorem 6.3.5 Let M: sl — B be a functor from a discrete component-
based category d into a componental category 9B such that the pointwise
density comonad Dy exists.

Then an object b € 9B is isomorphic to a coproduct of objects essentially in o
if and only if b admits a Dps-coalgebra.

Proof. The left-to-right implication follows the fact that M*(A) is a co-
algebra on M(A), for every A € d (cf. (6.3)), and that coalgebras are
closed under coproducts that exist in %82. Conversely, if £: X — Dy(X)
is a coalgebra then, by our assumptions, X is isomorphic to a coproduct
LI; C; of connected objects by Lemma 6.3.4 and all those components are
essentially in of. O

6.4 Concrete examples

The abstract Theorem 6.3.5 has very concrete applications, when 9 is
instantiated as the category of relational structures Str (o) or the category
Graph of graphs and their homomorphisms.

To this end, for a class A of finite relational structures or graphs, we say
that it is component-based if it is closed under

» isomorphisms,
» finite coproducts, and
» summands (i.e. if A + B is in A then so are A and B).

We can directly use the above machinery to prove the following concrete
results.
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Theorem 6.4.1 Any component-based class A is classified by a comonad.

Proof. Observe that the category of relational structures Str(o) is a com-
ponental category.® Next, given a component-based class A of relational
structures or graphs, let Ac be the subclass of A consisting of connected
structures only. We then set o to be a discrete subcategory of Str(g) or
Graph consisting of one representative from every isomorphism class
in Ac. Since we picked only one representative from every equivalence
class, the category o is small. Therefore, the density comonad Dy, for
the inclusion functor M: si — Str(o), exists because both Str(c) and
Graph have all (small) coproducts. Observe that the comonad Dy clas-
sifies A. Indeed, by Theorem 6.3.5, a finite relational structure B has
a Dpr-coalgebra if and only if there exist Cy,...,C;, in Ac such that
B = Cy +--- + Cy. In turn, this is equivalent to B being in A, which
follows from being component-based as then C; + - - - + C, is in A iff all
the individual structures Cq, ..., C, are. O

Remark 6.4.2 In the proof of Theorem 6.4.1 we made sure that all objects
in the image of M are connected. This is stronger than assuming that o is
component-based. By carefully inspecting the proof of Theorem 6.3.5 and
the preceding lemmas one can check that this extra assumption allows us
to drop the requirement that 9% is componental. See Lemma 6.7.2 below
for details.

A concrete description of discrete density comonads. Let Dp be
obtained for a component-based class A of g-structures as in the proof
of Theorem 6.4.1 above. For a g-structure B, D;(B) can be concretely
described as follows. Its universe consists of tuples

(A, f,x)

where f: M(A) — B is a homomorphism of relational structures and x
is an element of M(A). Further, an n-ary relation R in ¢ is interpreted as
the set of all tuples

(A, f,x1), .., (A f, xn)

such that R(x1, ..., x,)in M(A).

The axiom (DC1) determines the action of Dy on morphisms. Given a ho-
momorphism ¢: B — B’, we have a homomorphism Dp(g): Dy (B) —
Dam(B’) defined by

(M(A), h, x) = (M(A), - h, x).
Moreover, by (DC2), the counit ¢g: Dp(B) — B is the following map
(M(A), h, x) = h(x)
and the comultiplication 65: Dp(B) — [D%A(B) is given by
(M(A), b, x) — (M(A), 1, x),

as dictated by (DC3).
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Example 6.4.3 Let A be the class consisting of only the triangle graph.
Then, given an arbitrary graph G, the graph computed as DA(G) is the
disjoint union of k X I triangles, where k is the number of triangles in G
and [ is the number of automorphisms of the triangle graph, i.e. [ = 6.

Note that the extra copies arising from the automorphisms can be
eliminated by adding all automorphisms of the triangle graph into o of
the generating functor M : o — Graph. However, then o is a groupoid
and not just a discrete category. In this case our proofs would still
probably go through, albeit with some additional bookkeeping for the
extra automorphisms.

Remark 6.4.4 Theorem 6.4.1 says that, for a class A of structures closed
under isomorphisms and finite coproducts, if A is also closed under
summands then it can be classified by a comonad. However, the converse
does not hold. Let C and D be two graphs with no homomorphism
C — D nor any homomorphisms D — C. This happens, for example,
if C is the triangle and D is the cycle on five vertices. Take o to be
the discrete subcategory of Graph consisting of C + D only and let
M: 9 — Graph be the subcategory inclusion. Then, despite C + D
admitting a Dp-coalgebra, no connected graph admits a Dy-coalgebra
(by Lemma 6.3.2). It is easy to see that the class of finite structures
classified by Dy is the class consisting of graphs isomorphic to

C+---+C+D+---+D

where both C and D appear in at least one copy in the coproduct.
Consequently, the class of structures classified by Dy is not closed under
summands.

Examples

The category Str(o) of o-structures is a componental category. Therefore,
in our applications we only need to check that a class A of o-structures
is closed under finite coproducts and summands. These are fairly weak
conditions, satisfied by many well-known examples of classes from the
literature. In particular, this includes classes of finite structures closed
under finite coproducts which are

1. monotone, i.e. class closed under taking substructures,
2. hereditary, i.e. class closed under taking induced substructures, or
3. closed under taking graph minors.

Further examples include

4. Fraissé classes closed under free amalgamations, or
5. classes of coproducts of connected cores.

Recall that a core is a structure with the property that all of its endomor-
phisms are automorphisms. An example of a class from (5) is the class
of coproducts of cycles. Note that the discrete density comonad for this
class captures co-spectrality, see Section 6.7.

As an example of a non-example, take the class of graphs that can be
drawn on a surface of genus 1, for n > 1. This class is characterised by
a finite set of forbidden minors. However, it is not closed under taking
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coproducts and hence is not a component-based class. On the other hand,
any minor-closed class can be completed under finite coproducts. The
resulting class is then still minor closed [32, Lemma 5] and hence is
classified by a comonad.*

Remark 6.4.5 The proof of Theorem 6.4.1 is carried out abstractly, in
the language of category theory, and thus can be dualised. In the dual
statement we have monads instead of comonads and instead of compo-
nent-based classes we have classes closed under isomorphisms, products,
and factors, i.e. with the property that if A X B is in the class then so are
A and B. For such classes there is a monad which classifies the class, i.e.
a finite structure is in the class iff it admits an algebra for the monad. An
example of a class of graphs which can be classified in this way is the
class of connected non-bipartite graphs, cf. Chapter 8 in [58].

6.5 Comonad morphisms, a brief overview

Monad morphisms (from the dual theory of monads) can be thought of
as transformations of algebraic theories, e.g. we have a monad morphism
from the monad specifying monoids to that of specifying groups, which
corresponds to adding the extra axioms which turn a monoid into a
group.

Similarly, comonads have their morphisms too, obtained simply by dual-
ising those of monads. However, since there is no inherent specification

logic of comonads, similarly to how algebraic theories specify monads,
we cannot explain comonad morphisms by a similar analogy.

We take a closer look at comonads morphisms and their effect on the
theory of game comonads in Chapter 7. For now, we just review some
facts and definitions, following Appelgate and Tierney [22], which are
required in the rest of this chapter.

Given two comonads (C, €%, %) and (D, P, 5P) on o, a natural transfor-
mation A: C = D is a comonad morphism if the following two diagrams
of natural transformations commute.

N\ A | l»©2
¢ ¢ , _CA AD. o

Note that comonad morphisms can be equivalently presented as func-
tors L: EM(C) — EM(D) such that the following diagram of functors
commutes.

EM(C) EM(D)

d

The functor L is constructed from the comonad morphism given as

A
a natural transformation A by sending A 5 CA)to A 5 c) =5
D(A). We study this situation in detail in Chapter 7. In particular, see
Theorem 7.1.1.
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Comonad morphisms from composites of functors
Let M be the composite of functors
oy > o1 5 8
such that the density comonads Ds and Dy, exist. Let
n:M=DyM 1n': M; = Dy, M

be the corresponding initial natural transformations. By initiality of 1,
there is a unique natural transformation

A: Dy = DM1
such that:
M
A B
dy 2, o M B
U 1 = n DM
I\A 1 ANH M 3
B % Du,

Moreover, the following holds too.

Lemma 6.5.1 A: Dy = Dy, is a comonad morphism.

In fact, D) is a functor from the category of functors X — 9B which
admit density comonads with morphisms the commutative triangles of
the form

o/} o’

NS
RB
into the category of comonads and comonad morphisms (cf. page 73
in [45], see also [79]).

6.6 Graph Parameters

A graph parameter is a mapping y: Graphy, — R, from the class of finite
graphs Graph, to the class of extended real numbers R = [—c0, +c0],
which gives the same value to any two isomorphic graphs. Moreover, we
say that it is standard® if (G + G,) = max{u(G1), u(Ga)}.

Standard graph parameters cover many well-known examples of graph
parameters from the literature, such as

» clique number, chromatic number, max-degree,
» tree-depth, tree-width, path-width, clique-width, etc.

In this section we show that every standard graph parameter p gives rise
to a graded comonad (Cy ), that s, a sequence of comonads (Cy ), indexed
by extended real numbers and comonad morphisms gi,;: Cx = C, for
every k < [in R, such that gj | = 8j1-8kjforanyk < j <1 inR.% Givena
graded comonad (Cy ) we define the coalgebra number «©(G), of a graph
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G, to be the infimum of k € R such that G admits a Ck-coalgebra [3, 14].
We show that the coalgebra number for the constructed graded comonad
agrees with the standard graph parameter u we started with. In other
words, we have that (G) < k iff G admits a Ci-coalgebra.

Note that every graded comonad (Ck)i trivially determines a graph
parameter, by setting ©(G) := x*(G). We have already mentioned
graded comonads characterising graph parameters this way. For ex-
ample, the (graded) Ehrenfeucht-Fraissé comonad (Ei)x characterises
tree-depth [14], the pebbling comonad (Px)x characterises tree-width [3]
and the pebble-relation comonad (PR ) classifies path-width [92].

To start with, observe that there is a one-to-one correspondence between
graph properties, i.e. graph parameters valued in {0, 1}, and classes of
finite graphs which are closed under isomorphisms. Furthermore, it is
easy to see that the correspondence restricts to that of standard graph
properties and component-based classes of graphs:

Lemma 6.6.1 Given a standard graph property pi: Graphg, — {0, 1}, the
class of graphs G such that u(G) = 0 is closed under isomorphisms, finite
coproducts, and summands. In fact, every such class is obtained from a
standard graph property this way. O

Therefore, by Theorem 6.4.1, there is a comonad C# which classifies the
class A of finite graphs G such that u(G) = 0, for every standard graph
property u. We construct CH explicitly, as the pointwise density comonad
for the inclusion functor

d — Graph, (6.8)

where ol is a discrete subcategory of finite connected graphs consisting
precisely of one graph from every isomorphism class in A. Then, by
Theorem 6.3.5, CH classifies A.

Grading graph parameters

We use this to construct a sequence of comonads for a given standard
graph parameter . For every extended real number k, we turn p into a

graph property
t<k: Graph — {0,1}

by setting u<x(G) = 0 iff u(G) < k. Then, the density comonad C,
defined as C* for p := p<y, classifies finite graphs G such that u(G) < k.

Moreover, we can make sure that there is a linearly ordered chain of
embeddings of discrete categories

where each ¢l is a category as in (6.8), for the class of graphs G such that
w(G) < k. Then, by Lemma 6.5.1, the composite

di — d; — Graph,

for k < [, gives rise to a comonad morphism g ; : C’kl = Cf. In fact, we
have g = gj1- gk, for every k < j < I, by functoriality of D(_). As a
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result, (C})x is a graded comonad with the property that k*(G) = u(G)
for every finite graph G. We obtain a sequence of comonad morphisms

u u # u
C,=>C=0C=C=...
and, consequently, also a sequence of functors

EM(C}) — EM(C) — EM(Ch) — EM(CE) — ...

Remark 6.6.2 The procedure to produce sequences of comonads for
standard graph parameters can be defined dually for graph parameters
u with the property that —u is standard, i.e. graph parameters such
that u(G1 + G2) = min{u(G1), u(Gz2)}. This is done by constructing a
sequence of standard graph properties

Usk: Graph — {0,1}

and inducing comonads classifying the classes of graphs such that
p(G) > k in a similar spirit as before. This then covers examples of graph
parameters such as min-degree and girth.

Comparison with game comonads

For some graph parameters and classes of structures we already knew
how to construct comonads that classify them. In particular, this holds

for the classes of structures classified by the comonads Py, Ex, and PR.

In this section, we explain the relationship between those comonads and
discrete density comonads constructed directly for given classes.

In fact, we show that discrete density comonads are weakly initial in the
category of comonads that classify the same class. To this end, denote
by Da the discrete density comonad constructed as in Section 6.4, for a
component-based class A.

Theorem 6.6.3 Let A be a component-based class of relational structures or
graphs and let C be a comonad that classifies a class I'. Then, A C T if, and
only if, there exists a comonad morphism Dy = C.

Observe that the right-to-left direction is immediate as a comonad
morphism Dy = C lifts to a functor L: EM(Dp) — EM(C) making the
following diagram commute (cf. Section 6.5).

EM(Dj,) EM(C)

Lm L/uf
B

(Here % is either the category of relational structures or graphs.) For
a structure B in A, let f: B — Da(B) be a Da-coalgebra, which exists
because D4 classifies A. Then, by the commutativity of the above triangle
L(B) is a C-coalgebra B — C(B) making B € I because C classifies I'.

We carry out the left-to-right direction of the proof abstractly, for arbitrary
categories rather than just relational structures or graphs. Let D := Dy be

the density comonad of a functor M : ol — B from a discrete category 4.
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Further, assume that C is a comonad on 9% such that for every A € d,
there exists a coalgebra

Pa: M(A) = C(M(A)).

Observe that, since o is a discrete category, the collection of morphisms
{@a | A € d} trivially forms a natural transformation ¢: M = CM.
Since D is a density comonad of M, there is a natural transformation
¢@*: D = C such that

p=¢@"M-n (6.9)

where n: M = DM is the initial natural transformation determining D
(cf. Section 6.1). Then, Theorem 6.6.3 follows from the following lemma,
which is a direct consequence of Theorem I1.1.1 in [45]. We include its
proof for completeness.

Lemma 6.6.4 ¢*: D = C is a morphism of comonads.

Proof. First, let us check commutativity of the triangle diagram in (6.7).
By (6.2), €?M - = id. Similarly, by (6.9), * - ¢* -1 = ¢© - @ = id where
the last equality follows from commutativity of the triangle law in (2.6)
for every individual coalgebra ¢a: M(A) — C(M(A)). We see that
ePM-n = (e* - ¢*)M - ) from which it follows that ¢P = ¢© - ¢* by the
universal property of 7.

Next, we check the oblong law in (6.7). The composition 5¢M - ¢*M - 7
is equal to M - ¢, by (6.9), which is equal to C¢ - ¢ by the square law
of coalgebras (2.6). Similarly,

@"CM -Dp*M-6PM - = ¢*CM -Dp*M -Dn -1
=¢'CM-D¢-n
=Cp-9M1
=Cop-p
The first equality follows from (6.2), the second and fourth from (6.9) and
the third is naturality of ¢*. We have shown that (¢*C - De*- 5%)M - 7

is equal to (6% - ¢*)M - n which, by the universal property of 1, implies
that p*C - De* - 6P = 6% - ¢*. O

Example 6.6.5 Theorem 6.6.3 gives us that that for our running examples
of comonads Ei, Py, PRy, there exist comonad morphisms

Dg%k = [Ek, Dgcpyk = Pk, and Dgwpyk = PRk,
where TPy, TW, and P are the classes of finite structures of
tree-depth, tree-width, and path-width <k, respectively.

Note that unlike the game comonads Eg, P, and PRy, the discrete density
comonads Dgg,, Dgyy,, and Dgey, do not classify infinite structures
with the corresponding properties.
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Nowhere dense comonads

A direct consequence of Theorem 6.6.3 is that we can characterise comon-
ads that classify monotone nowhere dense classes of graphs in terms
of non-existence of certain comonad morphisms. Recall that a class A
is somewhere dense if there exists a natural number p such that, for
every 1, the p-th subdivision K of all edges in the clique graph K, on
n vertices is a subgraph of some graph in A.” Then, a class is nowhere
dense [97] if it is not somewhere dense.

It is immediate that a monotone class of graphs A (i.e. a class closed
under substructures) is somewhere dense if and only if Cli, C A, for
some p, where

Cli, = {K} | n € N}

is the class of p-th subdivisions of all cliques. We can now state the
characterisation.

Proposition 6.6.6 Assume C classifies a monotone class of graphs A. Then,
A is nowhere dense if, and only if, there is no comonad morphism Dy, = C
forany p € N.

Proof. Define Fip to be the closure of Cli, under finite coproducts.
Observe that Flp is component-based and, since the connected objects
in Flp are precisely the objects in Cliy, the comonad IDcnp classifies Flp
Moreover, since any class classified by a comonad needs to be closed
under finite coproducts, Cli, C A iff Cli, C A. The result follows by
monotonicity of A and by Theorem 6.6.3. O

6.7 Homomorphism-Counting Theorems

In Chapter 5 we establish a number of homomorphism counting results
for counting fragments of the logics captured as =4c by our game
comonads C. This fits a general scheme of results where, for a selected
equivalence relation < on finite structures we ask if it is a homomorphism
indistinguishability relation, that is, if there is a class of finite structures A
such that, for finite structures A, B,

AxB < VCeA |hom(C,A)| =|hom(C,B)|.

A number of well-known equivalence relations on finite structures have
been characterised in this way, see Table 6.1 for an overview.

The equivalences A < B characterised using comonadic methods, in
Chapter 5, are of the form F€(A) = F&(B), for some comonad C. More-
over, by being formalised using game comonads, they express logical

* The bipartite double cover of a graph G is the product graph G X K, where Kj is the clique
on two vertices.

The fact that isomorphic bipartite double covers correspond to counting homomorphisms
from bipartite graphs was worked out by Boker in his master’s thesis [29]. He later
observed (in private communication) that the same result already follows from Section
5.4.2 in [85].
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Table 6.1: Examples of Lovész-type theorems
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A = reference

cycles co-spectrality (folklore)

trees fractional isomorphism [102]

bipartite graphs isomorphic bipartite double covers [29, 85] *

planar graphs quantum isomorphism [88]

tree-depth < k Duplicator wins the bijective [55]
k-round Ehrenfeucht-Fraissé game

tree-width < k Duplicator wins the bijective [46]
k-pebble game

path-width < k Duplicator wins the bijective [92]
k-pebble relation game

admitting a k-pebble Duplicator wins the bijective [42]

tree cover of height <n | n-round k-pebble E.F. game

synchronization equivalence in graded modal logic [42]

trees of height < k of modal depth < k

an inner-product existence of a certain unitary map [56]

compatible class between homomorphism tensor spaces

equivalence in a counting fragment. However, not all homomorphism
indistinguishability relations need to be of this form.

Anuj Dawar has asked (in private communication) whether there are
comonads covering the other listed cases as well. In our terminology,
this means finding comonads that classify both the class A as well as the
corresponding < relation, in the same row of the table. We answer this
question in the positive for any component-based class A. In Theorem 6.7.5
below, we show that the discrete density comonad C that classifies such
class also classifies the relation < where A =< B precisely whenever, for
every C € A, hom(C, A) = hom(C, B).

The main ingredient of our proof is the theorem of Reggio (Corol-
lary 5.3.11), establishing that =4¢, for a comonad on (pointed) relational
structures, is homomorphism indistinguishable whenever C has finite
rank.®

In the following we fix a functor
M:d—>R

from a discrete category 9/ and assume that the pointwise density
comonad Dy for M exists. We show that, under sufficient conditions,
D has finite rank.

Proposition 6.7.1 If all objects in the image of M are finitely presentable,
then Dy is finitary.

Proof. It is enough to check the proof for M: 1 — & where 1 = {*}
is the discrete category with one object. Indeed, the density comonad
for any ol — 9B with o discrete is computed as a coproduct of density
comonads for individual restrictions 1 — 9B and coproducts commute

8: Cf. Subsection“Locally finitely pre-
sentable categories” on page 40.
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with colimits. Then, for an M: 1 — %, the density comonad is
Dm(X) = homg(M(*), X) ® M(*)

where S ® b denotes copower, i.e. b + ... + b |S|-times. Consequently,
since M () is finitary in 9, copowers commute with colimits, for a (small)
directed diagram D: I — % with a colimit colim; D(i),

D (colim D(i)) = homg (M (%), colim D(i)) ® M(*)

IR

(colim homg (M (%), D(7))) ® M(*)

1

= colim (homg (M (), D(i)) ® M(*))

IR

colim Dp(D(7)). O

Next, we prove a technical lemma, which is (in some sense) a strengthen-
ing of Lemma 6.3.4, and which is needed in the proof of Proposition 6.7.3
below.

Lemma 6.7.2 Assume that all objects in the image of M are connected. Let C
be a component of X and let £&: X — Dp(X) be a Dag-coalgebra. Then,
C can be equipped with a Dys-coalgebra y: C — Dp(C) such that the
inclusion tc: C — X is a coalgebra homomorphism (C, y) — (X, &).

Proof. Asin the proof of Lemma 6.3.4, we arrive at the diagram (6.6). This
time M(A) is connected. Therefore, since f is a monomorphism (because
so0 is tf), by Lemma 6.3.3, z is an isomorphism. Next we show that
f is a coalgebra morphism from na: M(A) — Dy(M(A)) to &: X —
Dm(X). To this end, recall that n4 = 14 for ¢ = id: M(A) — M(A).
Therefore, we obtain the desired Dy (f) 14 = tf.ia = tf = &+ f by (DCI).
Consequently, (¢ is also a coalgebra morphism, for C equipped with the
coalgebra structure of 14 transported along the isomorphism z. O

Lastly, we show that also conditions (2) and (3) of finite rank comonads
are satisfied for discrete density comonads.

Proposition 6.7.3 Assume that all objects in the image of M are connected
and finitely presentable, and that R is a componental category with finite co-
products. Then, every morphism f: A — U(&) in 9B, for finitely presentable
A in B, admits a unique factorisation (up to isomorphism)

f=a5ue) 2 ue

where U (&) is finitely presentable.

Proof. By Theorem 6.3.5, we may assume that the underlying object X
of £&: X — Dpm(X) is a coproduct [1;e C; of a collection of connected,
finitely presentable objects C; essentially in o.

Recall that [[;er C; is isomorphic to the directed colimit of the following
directed diagram

{]_[ C; | F is a finite subset of I}
ieF
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with the obvious morphisms between these finite coproducts. Since A is
finitely presentable, f: A — X decomposes as

f=aS] a5 x
ieF
for some finite F € I. By Lemma 6.7.2, for each i € F, the inclusion
morphism (;: C; — X is a coalgebra morphism (C;, &;) — (X, &), for
some comonad coalgebra &;: C; — Dp(C;).

Lastly, because the forgetful functor U®: EM(Dy;) — % creates colim-
its [17, Proposition 20.12], [;cr C; can be equipped with the coalgebra
structure of the coproduct of the coalgebras &;: C; — Dy (C ]-). Moreover,
the morphism (r: [[;er C; — X is a coalgebra morphism because each
of its components is. Also, [1;cr C; is finitely presentable because it is a
finite coproduct of finitely presentable objects (see e.g. Proposition 1.3
in [20]). Finally, g is unique (and, therefore, essentially unique) because
R is a componental category and (r is the inclusion morphism of [ [r C;
into the coproduct [ [; C; and hence a monomorphism. O

As a corollary of Proposition 6.7.1 and Proposition 6.7.3 we obtain the
main theorem of this section.

Theorem 6.7.4 Let M: sl — 9B be a functor from a discrete category o
to a componental category B with finite coproducts and assume that the
pointwise density comonad Dy for M exists. If all objects in the image of M
are connected and finitely presentable then Dy has finite rank.

Observe that the constructed functor M: o — 9 in the proof of Theo-
rem 6.4.1 (cf. the paragraph following the theorem) automatically satisfies
the assumptions of Theorem 6.7.4. Indeed, M is an inclusion of a class of
finite connected structures and finite structures are precisely the finitely
presentable objects in the category of relational structures or the category
of graphs. Therefore, Theorem 6.7.4 together with Corollary 5.3.11 yields
the following.

Theorem 6.7.5 For a component-based class A of finite (pointed) structures
or graphs and its corresponding discrete density comonad Dy,

A=wp, B & VCeA |hom(C,A)| =|hom(C,B)|.

Example 6.7.6 Using this theorem we recover the remaining examples
from Table 6.1 which are not covered by game comonads, such as co-
spectrality (from A consisting of cycles), quantum isomorphism (from A
consisting of finite planar graphs) and isomorphism of bipartite double
covers (from A consisting of finite bipartite graphs).

6.8 Game comonads from proof systems

Next we turn to a different application of density comonads. By the
example of Ex we show that some game comonads can be recovered as
density comonads of an interpretation of a category of primitive formulas
and proofs between them (as morphisms) in the category of structures.
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That is, we show that game comonads arise from a certain proof theory by
a syntax-to-semantic interpretation. Unlike before, the density comonads
arising this way are given by a functor whose domain category is not
discrete.

More general facts about density constructions. It is well-known that
the density comonad construction gives the same result when we restrict
the domain of the generating functor to its dense subcategory. More
precisely, we further have to require that the generating functor preserves
(suitable) colimits, as is spelled out formally below.” To this end, recall
that a functor F: € — 9 is dense iff the pointwise density comonad D
exists and D = Id.

Lemma 6.8.1 Let M : ol — 9B be a functor which preserves colimits and let
I: o’ — ol be a dense functor then, if the pointwise density comonad Dy,
exists then so does Do and, moreover, Dps = Dpso;.

Proof. Since I is dense, we have that, for every A € o, we have the
isomorphism
A = colim I(A).
Ared’, [(A))—A

Therefore, we obtain that
Dym(B) = colim  M(A)
Aedl, M(A)—B

=~  colim M( colim I(A"))
Aedl, M(A)—B Ared’, A/—A

1R

colim colim  M(I(A")
Aesl, M(A)—B A’esl’, [(A)—A

colim  M(I(A")
Arest’, M(A")—B

= DMOI(B)~ O

IR

Typical applications of this fact are comonadic functors M, i.e. when M
is the forgetful functor U for some comonad C on 3. In such case, we
can use the following important fact about density constructions.

Lemma 6.8.2 ([79, Proposition 6.1]) Let L 4 R be an adjunction, then Dy,
exists and is isomorphic to the comonad LR.

Recall that in case M = UY, it is the left adjoint'” to the cofree functor F©
and, moreover, we have that UCFC = C. Also, since U is a left adjoint,
it preserves colimits. Therefore, by Lemma 6.8.1 and Lemma 6.8.2, we
have the following.

Proposition 6.8.3 Given a comonad C on a category 9B and a dense functor
I:dl — EM(C) then [DUCOI = C.

Finally, we recall a useful observation that a category which is appro-
priately ‘sandwiched’ between a dense and another category is dense
in the latter. This is useful when establishing that the assumptions of
Proposition 6.8.3 hold.
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Lemma 6.8.4 ([73, Proposition 5.7]) Let a be a natural transformation as
shown in the diagram below

Q< a
N

which is initial among the natural transformations of the type K = JP,!!
then | is dense if and only if K is dense.

A proof-theoretic description of Ex. In the following we show, using
Proposition 6.8.3, that Ex = Dy for a suitable contravariant functor

M: PP} — Str(o).

which interprets primitive positive sentences as structures. In this sec-
tion, we define primitive positive sentences as those first-order sentences
in signature o built only using 3, true, A, and relational symbols R € ¢
as atoms, i.e. without equality. Note that this is a discrepancy as equality
is usually allowed in the finite model theory literature [80].

The category PPy consists of primitive positive sentences of quantifier
rank < k as objects. Since we want to reconstruct Ex which, from the point
of view of logic, does not care about variable names, we further assume
that formulas in PPy quantify variables in the sequence x1, X, . .., based
on their nesting depth.!? For example, the primitive positive sentence
(3x1 E(x1,x1)) A (3x2 S(x72)) is not in PPy while, on the other hand, the
following sentence is an object of PPy.

@ = 3x1 Ixo (E(x1, x2) A (3x3 E(x1, x3)) A (3xz T(x3,x2,x1)))  (6.10)

The morphisms in PP are the proofs generated from the following basic
proof rules, applicable to any subformula of a sentence,

@ Atrue true A @ QAY AW Ap)

¢ P YAe (@ AY)Ap o
Ry, ..., yn) Ax true
true true

where the first four rules are invertible, i.e. they are isomorphisms in PPy.
Furthermore, we also add the following invertible rule.!®

3x Ry, -, Yn) A @)
Ryi,...,yn) AIx @

(ifx ¢ {yi,..., yn}) (6.12)

Defining M on objects. We define the action of the functor M : PPZP -
8tr(o) on objects based on the Chandra—Merlin correspondence [35]
between finite structures and primitive positive sentences. Given a
formula ¢, define M(¢) as the structure on the set V where V is the
enumeration of all existential quantifications of variables appearing

in Q.
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position of atoms. For example, we can
assume that they appear right after their
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For example, M(¢) for the formula ¢ from 6.10 has the universe consisting
of {x1,x3, x;, x%} where x; and x§ correspond to the two different
occurrences of x3 in ¢. Similarly, M(true) = 0.

Next, the relational structure of M(¢) is defined as follows. We add
the tuple (vy,...,v,) into the relation RM(®) whenever R(v1,...,0,)
appears as an atom in ¢, for the copies of variables vy, . . ., v, in scope of
the atom.

For example, the interpretation of relations on M(¢) for ¢ from 6.10 is
as follows: EM(®) = {(x1, x3), (x1, x3)} and TM®) = {(x2, x5, x1)}.

Defining M on morphisms. In order to explain how M acts on mor-
phisms, we define its action on basic proof rules. If 7: ¢ — ¢’ is given
by one of the invertible rules, we set M(7n) to be the identity function,
which is valid since M (@) and M(¢’) are identical structures.

The proof 7t: ¢ — ¢’ introduced by the second to last rule in (6.11) intro-
duces the inclusion homomorphism M(¢’) — M(¢p), which corresponds
to the inclusion of the structure M(¢’) as a substructure of M(¢) which
differs only by the relation dropped by the rule.

Similarly, the proof 7t: ¢ — ¢’ introduced by the last rule in (6.11) corre-
sponds to the inclusion homomorphism M(¢’) — M(¢) where M(¢p)
has an additional vertex in its universe, when compared to M(¢’).

Example 6.8.5 Let m: ¢ — ¢’ be the proof given by the following
derivation.

Fx1 (3xz E(x1, x2)) A (3x2 E(x2, x1))
Axy (3xo E(x1, x2)) A (Fx; true)
Axq (3x, E(x1, x2)) A true

Then, the morphism M(7t): M(¢’) — M(p) is the composition of the
following two inclusions.

({xllx%}/E = {(xllx;)}) — ({xllx%/x%}/E = {(xlrx;)}) — ({xllx%/xg}/E = {(xlr x%)/ (x§/ xl)})

Factorisation via EM(E). Crucially, we observe that M factors via
UEx: EM(Ex) — Str(o), by the functor

I: PPy — EM(Ey)

which maps ¢ to M(¢@) equipped with the forest order: v; < v; iff the
quantification of v, appears in the scope of the quantification of v;.

For example, M (@) for the formula ¢ from 6.10 has the following tree

structure.

1
3 0

N/
(%]
I

U1

2

v 3

Observe that our basic proof rules maintain variable nesting and, there-
fore, the induced morphisms are forest morphisms. Furthermore, from
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the Chandra—Merlin correspondence [35] it follows that every finite
Ex-coalgebra can be obtained this way.

Lemma 6.8.6 The image im(I) of I: PPy — EM(Ey) is equivalent to the
subcategory of EM(Ey) consisting of finite coalgebras and injective morphisms.

Finally, by Lemma 6.8.4 we observe that the finite coalgebras with injective
morphisms between them are dense in EM(Ey). Consider the following
inclusion of categories

P —— im(I) —— EM(Ex)

where & denotes the (implicitly given) paths of EM(Ey). Since paths are
dense in arboreal categories (Lemma 4.3.5) and since, clearly, the inclusion
im(I) < EM(Ey) is the initial extension of the inclusion & — EM([Ey)
along % < im(I), we see that im(I) < EM(Ey) is dense. Consequently,
using Proposition 6.8.3 and the fact that M = U% o I gives us the
following theorem.

Theorem 6.8.7 £y is isomorphic to the density comonad of the functor
M: PPy — Str(o) defined above.

Note that this procedure can be easily modified to obtain the other game
comonads, such as Py and My, in a similar way.

6.9 Dense graph parameters and more

Observe that Theorem 6.4.1 enables us to extend comonadic classification
to most classes of interest (cf. Section 6.4 and Section 6.6). However,
the disadvantage of the discrete density comonad approach is that the
comonad has a trivial structure. For a structure A, having a Da-coalgebra,
for a fixed component-based class A, does not tell us how to describe the
decomposition structure of A, justifying why it belongs to the class A. For
example, for A consisting of finite structures of tree-depth <k, having a
Da-coalgebra does not describe the compatible forest order on A, unlike
with Eg-coalgebras which encode the forest order, cf. Section 2.5.

Consequently, the quest of finding comonads to classify classes of interest
is not over. However, instead of just requiring to find any comonad
classifying a given class, we should require to describe a comonad which
encodes structural decompositions.

In an ongoing joint work with Dusan Knop, the author describes such
a comonad for clique-width and modular-width, important dense graph
parameters. The comonad is obtained as a density comonad Dy for a
suitable M: ol — Str(o) where 9 is a non-discrete category encoding
decompositions and morphisms between them. It is still an open problem
if there is a comonad encoding structural decomposition of twin-width
or flip-width.
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Lifting theorems

Essential for the study of game comonads is the question of when a functor
o — 9B between categories with game comonads C and D, respectively,
lifts to either a functor between the Kleisli categories KI(C) — KI(D)
or the Eilenberg-Moore categories EM(C) — EM(D). This is because
these categories are used for expressing logical equivalence in the logic
fragments captured by our comonads or, similarly, for expressing given
combinatorial properties, cf. Chapter 2.

In this chapter we establish the necessary categorical foundations for
the existence of such liftings. Recall, from Section 2.6, that expressing
logical equivalence with respect to standard fragments is done using
bisimulations in the categories of coalgebras. In Chapter 8 we use the
categorical foundations established here to further study the question of
preservation of bisimulations, and hence also preservation of equivalence
with respect to the standard fragments.

7.1 Eilenberg-Moore laws

The following folklore theorem establishes that Eilenberg-Moore liftings,
i.e. functors between EM categories which commute with the forgetful
functors, correspond to the so-called Eilenberg-Moore laws which are a
generalisation of comonad morphisms, cf. Section 6.5.

Proof sketch. The functor H* is obtained from an EM law by sending a
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7.2 Kleislilaws . . . . ..... 132
7.3 Extended Kleisli liftings 136
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7.5 Heteromorphisms . . . . . 140
7.6 Lifting adjunctions . . . . 145
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gations . . .. ... ... .. 147
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coalgebra a: A — CA to the coalgebra

H™(a): HA 2% HCA S DHA

The EM laws validate that H™(«) is an EM coalgebra for D.

Conversely, A is obtained in two steps. First, we define a natural trans-
formation A™: H™F® = FPH, componentwise as (H¢)* since He can
be written as UPH™FC = HUCFC = HC = H. Then, we define A to be
the composition

DrEM
cuPit

HC = HUCFC = UPH®F 'UPFPH = DH

It is a routine verification that this natural transformation is an EM
law. O

Observe, from the proof, that A is a coalgebra morphism H*™FA — FHA.
The original statement is usually attributed to Appelgate’s PhD thesis [23]
and we sketched the proof from [69].

Next we state a consequence of this theorem, which allows us to compare
combinatorial properties using comonads.

Corollary 7.1.2 If a functor H: d — B admits an EM law HC = DH
then, forany A € d, if A admits a C-coalgebra then HA admits a D-coalgebra.

Proof. Since H admits an EM law, by Theorem 7.1.1, there exists H™ such
that:

EmC) 225 EM(D)

o e

o H . %

Next, for A € d, if it admits C-coalgebra, then there is some X € EM(C)
such that A = U®(X). Then, by chasing the diagram we obtain that
HA = UP(H™(X)), i.e. HA admits a D-coalgebra. O

Example 7.1.3 Observe that the inclusion ExA < [Ei+1A defines a
comonad morphism, i.e. natural transformation IdEy = Ex411d which
satisfies the conditions for the EM law. Then, by Corollary 7.1.2 and
Proposition 2.5.4, we obtain the trivial fact that if a structure has tree-
depth <k then it has tree-depth < k + 1. Similarly, we have EM laws
IdP;, = Pjy11d and IdM = M,11d.

Example 7.1.4 Let E; and Pk be the Ehrenfeucht-Fraissé and pebble
comonads on 8tr(o), for some fixed relational signature ¢. Define a
homomorphism A4 : Ex(A) — Px(A) as the mapping which sends the
word [a1, ..., a,]totheword [(1, 41), (2, 42), ..., (n, a,)]. One canreadily
verify that this mapping is natural in A and, moreover, is a comonad
morphism. In particular, when typed as A: IdEx = Pld, it satisfies the
axioms of an EM law. Then, by Corollary 7.1.2 and Proposition 2.5.4, we
obtain the well-known fact that if a structure has tree-depth < k then it
has tree-width < k.
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In fact, the functor Id® corresponding to this EM law has a simple descrip-
tion using the concrete representation of categories EM(Ex) and EM(P)
from Section 2.5. Using the definition from the proof of Theorem 7.1.1
gives us that Id™(A, a) = (A, A - a) which translates as the mapping
which sends a forest-ordered structure (A, <) to the forest-ordered struc-
ture with a pebble function (4, <, p) where p(x) = ht(x) + 1.

Example 7.1.5 For a modal signature o, let V: Str.(c) — Str(o) be
the functor which sends a Kripke structure (A, a9) to its o-structure
reduct A, i.e. forgetting the designated point. Let My and P, be the
modal and pebble comonads on Str.(c) and Str(o), respectively. Then,

we can define an EM law A: VM = PV, by sending a sequence

Ry Ry Rs R
a4 — a1 — A — ... = a, from V(Mi(A4, ap)) to the sequence

[(0, ap),(1,a1),(0,az2),...,(n mod 2,4a,)]inP2(A). The fact that thisis a
valid EM law for every k gives us, by Corollary 7.1.2 and Proposition 2.5.4,
that every synchronisation tree has tree-width 1, as expected.

Also, the functor V' obtained from A can be described using the concrete
representation of EM categories from Section 2.5 as the mapping sending
a synchronisation tree (A, ag) to the forest-ordered structure with a
pebble function (A, <, p) where x < y if there exists a path from x to y
in A and p(x) = (ht(x) mod 2) +1.

7.2 Kleisli laws

The other important folklore theorem says that Kleisli liftings, i.e.
functors lifted to the Kleisli categories which commute with the cofree
functors, correspond to the so-called Kleisli laws. Kleisli laws are, again,
a generalisation of comonad morphisms, cf. Section 6.5, however, defined
dually to EM laws.
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Proof sketch. Given a Kleisli law «, the Kleisli lifting is obtained as the
mapping which sends an object A € KI(C) to HA € KI(D) and a morphism

f K Hf
CA > BtoDHA —» HCA — HB.

Conversely, from a Kleisli lifting, we need to construct a natural transfor-

mation UpH"F¢ = UpFpH = HUcFc which, by conjugation,! amounts ~ 1: Cf.  Subsection”Adjunctions”  on
to finding H"Fc = UpFpH = FpHUcFc = HFcUcFc. Such a mor-  page 20.

phism can be constructed as H¥(ng.) where ng.: Fc = FclUcFc is the

unit of the monad FcUc on KI(C). O

For what follows it is useful to observe that Kleisli laws can be charac-
terised in more elementary terms, using the coextension operation, as
follows.

Lemma 7.2.2 Let {xa: DHA — HCA} scop(a) be a collection of mor-
phisms which satisfies
H(ea) kA = €h(a) (7.1)

for every object A of sd. Then it further satisfies
H(f") - xa = xp- (H(f)-xa)’ (7.2)

for every f: C(A) — B iff x is a Kleisli law DH = HC.

Proof. First, we show that (7.2) implies that x is natural, that is, we check? 2: Recall the following basic facts about

the following comonads from Section 2.2, which we
use without mentioning:
H(C(8))- x4 = x5 -D(H(g)) c() = (€A) l alpy
forany g: A — B. For (C(A) C(A))

f=cA)5as B, £ =c) 4 e 2 e

we have that
H(C(g)) = H(f")

and similarly

D(H(g)) = (D(H(A) 5 H(A) 22 H(B))

(D(H(A)iH@(A)) He), by 29, H(B))
(D<H<A>—>H<C<A» H(B))

Consequently, (7.2) directly entails naturality of k. Similarly, to check the
oblong law of Kleisli laws, we set

F=c) 3 ca.



Then, we have the following;:

(H()-ka)" = (DEH@A) S HCA))
= D(H(A)) > DX(H(A) — D(H(C(A)))

Consequently, the oblong law follows from (7.2) since

k-D(x)-6=x-(H(f) ) =H(f) x =H(0a) - x.

Conversely, we show that from naturality of ¥ and the oblong law we
obtain that (7.2) holds for any morphism f: C(A) — B, by a direct
computation:

H(f")-x =H(C(f)) - H(6) -«

=H(C(f)) -x-D(x)- 6 (%)
= D(H(f)) - D(x)- 6 Q)
= (H(f) &)’
where the oblong law was used in (x) and naturality of x in (1). O

Remark 7.2.3 Using the representation of Kleisli laws in terms the
equivalent characterisation, from Lemma 7.2.2, it is easier to see why H"
defined using the same formula as in Theorem 7.2.1 is functorial. Given
f: CA — Band g: CB — C, we see that:>

H*(g) e H(f) = (H(g)-xp) ® (H(f)-x4a)
= H(g)-xp- (H(f) - xa)

72

="H(g) -H(f") xa
=H(g-f) xa
=H(gef) xa=H"(gef)

In Section 7.1 we observed that EM laws can be used to compare the
combinatorial properties characterised by comonads. Kleisli laws, on the
other hand, can be used to compare strengths of logics characterised by
comonads.* Below we look at two examples of this phenomenon, related
to the examples we saw earlier, in Section 7.1. The description of the
general method is postponed until Section 8.1 in Chapter 8.

Example 7.2.4 Observe that the comonad morphism from Example 7.1.4
is also a Kleisli law, i.e. the same collection of functions A is a natural
transformation ExId = IdPy satisfying the Kleisli law properties.

Consequently, by Lemma 7.2.2, there is a Kleisli lifting Id“ displayed
below.

KIPy) 4% KI(E))

FPkT TFEk

Str(o) —9 Str(o)

For A € Str(o), by commutativity of the diagram above, Id“(Fp,(A)) =
Fg,(Id(A)) = Fg,(A). Therefore, if A =« B, i.e. if Fp,(A) = Fp,(B) then,
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3: Cf. Subsection“Kleisli category” on
page 21 for the definition of composition
in KI(C).

4: Observe that the comparison of logical
strengths goes in the opposite direction,
when comparing to the comparison of
combinatorial properties given by EM
laws!



by functoriality of Id",
Fg,(A) =1d"(Fp, (A)) = 1d“(Fp,(B)) = Fg,(B),

ie. A =¢ B.

Similarly, using the Kleisli laws Cxld = IdCj derived from the EM
laws IdCy = Cy411d for our game comonads, from Example 7.1.3, we
obtain the trivial facts that A =, , B implies A =¢, B, A =cx+1 B implies
A = B and that (A, ag) =sur,,, (B, bo) implies (A, ag) =, (B, bo).

Example 7.2.5 Unlike in Example 7.2.4 we cannot use the EM law from
Example 7.1.5, to define a Kleisli law since the translation functor V is not
the identity functor oz, in other words, the EM law from Example 7.2.4 is
not a comonad morphism.

However, we can define a version of the pebble comonad Py over Kripke
structures Str.(0) and use this comonad to build a Kleisli law from M.
To this end, we define P¢(A, a¢) for a Kripke structure (A, a) as follows.
When we disregard the designated point 4y, we can apply the usual pebble
comonad Py defined over the non-pointed o-structures Str(c). Then, the
o-structure part of Px(A, ap) is a restriction of Px(A) to the sequences
[(0,a0), (p1,41),- .., (pn, an)], ie. the sequences where the first element is
the pair (0, ag). The designated point of Px(A, a¢) is the sequence [(0, ao)]
and the relations are defined as in Px(A). It is immediate to see that Py
is a comonad on §tr.(¢) and that the characterisation of P,-coalgebras
carries naturally to this setting too.

Then, as before, the Kleisli law (comonad morphism) «: MiId = IdP,

Ry Ry Rs R
sends a sequence ag — a3 — a3 — ... —> a, from M(A, ao)

to the sequence [(0, ag), (1, a1),(0,a2),...,(n mod 2,a,)] in P2(A, ag).
Similarly to Example 7.2.4, this witnesses the fact that (A, a9) = (B, bo)
implies that (A, ao) =sm, (B, bo).

Example 7.2.6 Fix a structure B € Str(0) and define a functor H(A) =
A X B of the type Str(o) — Str(o). Observe that we have a Kleisli law
k: ExH = HEj defined, componentwise k4 : Ex(A X B) — (ExA) X B
as the map [(a1,b1), ..., (an, bx)] — ([a1, ..., an], bn).

To quickly verify that this is a Kleisli law, we use Lemma 7.2.2, so that
we do not have to check naturality by hand. The fact that (7.1) holds is
immediate. To check (7.2), fixaw = [(a1, b1),...,(an, by)]and f: ExA —
B. Recall that f*([a1,...,a4]) = [c1,...,cn] where ¢; = f([a1,...,ai]).
Then, the left-hand side of (7.1) is

H(f)(x(w)) = H(f)a1, ..., anl, bu) = (f([a1, ..., an]), bn).

Conversely, for the right-hand side of (7.1), observe that (H(f) - k4)*(w) =
[d1,...,d,;] where

di = H(f)(xa([(a1, b1), ..., (ai, bi)]))
= H(f)([a1,...,ai], bi)
=(f([a1,...,ail), bi).

Therefore, xkp((H(f) xa)(w)) = (f*([a1,...,a4]),bn), ie. the equal-
ity (7.1) holds. Then, by reasoning similar to Example 7.2.4, we obtain

7 Lifting theorems

135



that A =¢, A’ implies A X B =¢, A’ X B.

7.3 Extended Kleisli liftings

In the examples above we described a general method of obtaining
preservation of the =4 relation, expressing equivalence with respect
to the counting fragments. In order to obtain similar results for the =¢
relation, expressing equivalence with respect to the standard fragments,
we need a lifting theorem similar to Theorem 7.2.1, however, lifting all
the way to the EM category. Furthermore, such lifted functor needs to
preserve the = relation. In this section we focus solely on the existence
of the lifting to the categories of coalgebras and we leave the analysis of
when these functors preserve the = relation to Chapter 8.

In order to extend Corollary 8.1.1 to logical equivalences of the form =¢,
assume that we have a Kleisli law x: DH = HC and we wish to “extend”
the Kleisli lifting H*: KI(C) — KI(D) further on, to the categories of
coalgebras. Recall from Subsection”Comparison functors” on page 23
that KI(C) can be identified with the subcategory of EM(C) consisting
of cofree coalgebras, with the functor Kc. Therefore, by the extended
Kleisli lifting we mean a functor H: EM(C) — EM(D) extending H",
that is, a functor H such that the following diagram of functors commutes
(on the nose).

EM(C) — 1 EM(D)

Ka:T TKD

el ki) 2 ki) e (7.3)

o4 e
A B

To this end, we adapt a standard category-theoretic technique of lifting
functors to the Eilenberg—Moore categories of coalgebras. In fact, our ap-
proach generalises that of lifting the monoidal operation to the categories
of Eilenberg-Moore categories of coalgebras for monoidal monads [62,
114], and lifting of adjoints to the categories of algebras [69].

This technique needs an extra requirement that the category EM(D) has
equalisers of coreflexive pairs.” These are equalisers

A—--B—=CcC

8

in some category X where f, ¢ is a coreflexive pair, that is, there is a
morphism r: C — Bsuch thatrf =rg =id.

In order to define H from (7.3), let (A, @) be an object of EM(C). We form
the following parallel pair of morphisms in EM(D).

FP ()P

H(A, @) »%> FP(HA) FP(HCA) (7.4)

FP(Ha)
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5: Recall from Chapter 2 that the cat-
egory EM(C) for a game comonad C is
usually complete, due to Linton’s the-
orem (Proposition 2.9.9). In particular,
EM(C) typically has all equalisers.

In fact, by examining the proof of Lin-
ton’s theorem, one can observe that all
limits are computed as equalisers of cer-
tain coreflexive pairs in EM(C). Hence,
EM(C) is complete if and only if it has
equalisers of coreflexive pairs.



where 1P is the unit of the monad FPUP on EM(D) whose underlying
morphism in B is simply the comultiplication 64 : D(HA) — D*(HA)
of the comonad.®

Observation 7.3.1 If x is a Kleisli law, then the two solid arrows in (7.4)
form a coreflexive pair.

Proof. Set the common retract r to be PD(Hé‘E)Z FP(HCA) — FP(HA).

Then, r composed with the bottom arrow in (7.4) is the identity, since
(A, @) is an EM coalgebra. The fact that r is also a retract follows by

FP(HeS)-FP(x) 0P = FP(ef,) - n” =id

where the first equality is the triangle diagram of Kleisli laws and the
second equality is a consequence of the definition of 7, i.e. g = f, as
then FP(ep)-ns = D(ey) - 6 = id. O

If equaliser like in (7.4) exists for coalgebras (A4, @), (B, B) in EM(C), then
for a morphism f: (A, @) — (B, ) we define H( f) by the universal
property of equalisers. Observe that in the following diagram the two
squares on the right-hand side commute by naturality of ¥ and 1 and
the fact that f is a coalgebra morphism.

~ . FP(i)-nP
H(A, a) —“ FP(HA) FP(HCA)
: FC(Ha)
A FO (1) HCf (7.5)
v FD(K)' D
—~ g n
H(B,p) —2— FP(HB) FP(HCB)
FO(Hp)

Therefore, FP(Hf) - 1, equalises the bottom pair of morphisms and so
we have a unique morphism H(f) making the left-hand side diagram
commute. We summarise these observations in the following lemma.

Lemma 7.3.2 If EM(D) has equalisers of coreflexive pairs, then the above
construction defines a functor H: EM(C) — EM(D).

Next we look at the action of H on cofree coalgebras. It turns out that in
this case the equaliser (7.4) has a very explicit description.

Lemma 7.3.3 For any object A of d, the following diagram is an equaliser in
the category EM(D)

T]D FD(K) FD(K) ° UD
FP(HA) — FP(DHA) — FP(HCA)

FP(HC?A)

FP(H5C)

where, for any other coalgebra morphism g: (B, ) — FP(HCB) commuting
with the parallel morphisms on the right, the unique map g: (B,p) —
FP(HB) is obtained as FP(He)- g.
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6: In general, for a coalgebra (B,p)
in EM(D), the underlying morphisms
in B of the coalgebra morphism
qgﬂ): (B,B) — FPBisjustp: B — DB.



Proof. First, we see that FP () - 6 equalizes FP() - 7 and FP(H(5)) as the
following computation in 9 shows:

D(x)-6-D(x)-6 = D(x)-D*(k)-6-6
= D(x) - D*(x)-D(5)- 6
=D(H6) -D(x)- 6
Next, assuming a coalgebra morphism ¢: (B, ) — FP(HCB) equal-

izes FPx - nP and FP(H ), then g is equal to the composition of FP(He) - ¢
and FP(x)- o:

Dx-6-D(He) g = Dx- D?(He)- 6 - g (naturality of 0)
=D(x-DHe)-6-g (functoriality of D)
=D(HCe-x)-0-g (naturality of x)
=D(HCe)-D(HS)-g=¢g (g equalizes)

However, for FP(x) - 6 to be an equaliser, we still need to show unicity
of the above factorisation. This follows from the fact that FP(x)- 6 is a
monomorphism. In fact, it is a split monomorphism as:

D(He)-Dk-6 =De-6 =1id O

Observe that Lemma 7.3.3 shows that F D(HA) is the equaliser of the
diagram (7.4) for H (F®A) or, in other words, H commutes with the cofree

coalgebra functors. As a corollary we obtain that the functor H defines
the desired extended Kleisli lifting.

Theorem 7.3.4 If there is a Kleisli law DH = HC and EM(D) has
equalisers of coreflexive pairs, then there is an extended Kleisli lifting
H: EM(C) — EM(D) of H; in particular the following commutes.

EM(C) —1— EM(D)

4

e/} RB

Historical remarks

The usual reference for extended Kleisli liftings (also sometimes referred
to as extensions) is the preprint Wolff [122], see e.g. Meyer [90], however,
Wolff’s paper seems to be lost and with it its proofs. This is why we
include the full proof of Theorem 7.3.4 here.

A similar construction appears in Meyer [90, Lemma 3.3]. In fact, op. cit.
also shows that every extended Kleisli lifting also determines a Kleisli law.
Observe that this follows directly from Theorem 7.2.1 since any functor H
which makes the diagram in Theorem 7.3.4 commute restricts to a Kleisli
lifting, in sense of Theorem 7.2.1 and hence induces a Kleisli law. For
further results along these lines see also [96] or [26, Appendix A].
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7.4 Beyond unary operations

So far, our theorems only apply to unary operations, expressed as functors
H: d — 9B between the base categories. Consider, for example, the
operation of taking the disjoint union of two structures +: o X o — d.
Following the same lines as above, if there is a natural transformation
xa,B: C(A+ B) — CA + CB, satisfying axioms similar to those of Kleisli
laws in Theorem 7.2.1 and if EM(C) has equalisers of coreflexive pairs
then one obtains a lifting:

EM(C) x EM(C) —— EM(C)

FCT TFC

axd A

However, one does not have to reprove the same theorem for opera-
tions of higher arity. Instead the unary Theorem 7.3.4 directly applies,
using the fact that for an indexed collection of categories {9;}; and
comonads {C;}; where, for i, C; is a comonad on $f;, we have that the
product [1; C; is a comonad on the product category []; ;. Crucially,
the cofree functor FIIi ¢/ of the product comonad [1; C; is computed as
the product [1; F Ci of the individual cofree functors.

In other words, an n-ary operation, i.e. a functor H: []; d; — R is,
in fact, a unary operation from the product category. We obtain the
following.

Corollary 7.4.1 Given a functor H: [1; d; — 9B, if there is a Kleisli law
DoH = Ho [1; C; and EM(D) has equalisers of coreflexive pairs, then
there is an H: TT; EM(C;) — EM(D) such that the following commutes.

T, EM(C;) — EM(D)
HiFCiI IPD
IT; od; ]

Example7.4.2 Forthe coproduct (disjoint union) operation +: o X o — o
on Str(o) and structures A, A, we define a mapping

KA A" Pk(Al + Az) — [pkAl + [FDkAQ

which maps a sequence s = [(p1, a1), - - ., (Pn, an)] in Px(A;1 + A2) where
ay € A; to its subsequence consisting of pairs (p;, a;) such that a; € A;.
Formally, x(s) = [(pi,, ai,), - - ., (Pi,,, ai,)] € PrAi where ip < ... < iy is
the enumeration of all positions j such that a; € A;.

One readily verifies that x is a Kleisli law. Similar reasoning as in
Example 7.2.4, and using Lemma 2.4.4, the following holds:

Aq =ck B and A, =ck B> implies A1+ A =ck B1 + By

A similar Kleisli law k4,4, : Ex(A1 + A2) = ExA; + Ex Az can be defined
for Ex and other comonads important in finite model theory [66].
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7.5 Heteromorphisms

In this section we assume that we have a Kleisli law x: DH = HC, for
a functor H: d — 9B, which gives rise to an extended Kleisli lifting
H: EM(C) — EM(D) as in Theorem 7.3.4:

EM(C) — 1 EM(D)

re] [

o B

In Chapter 8 we study the question of when X = Y implies HX = HY
and for that we have to understand path embeddings of the form
P > HX. To this end, we give an elementary description of morphisms
in EM(D) of the following form.

(B,B) — H(A, a) (7.6)

In fact, we show that these morphisms have a simple description that
can be stated using just the category 9.

Given (A, a) in EM(C) and (B, g) in EM(D), a morphism f: B — HA is
said to be a (Kleisli) heteromorphism’

f:f—ca
if the following diagram commutes.
B ! HA
p l lH a

Df K
DB —— DHA —— HCA

In order to show that heteromorphisms are in a bijection with morphisms
of the form (7.6), by the universal property of equalisers, it is enough
to show that heteromorphisms are in a bijection with morphisms of
D-coalgebras g: (B, ) — FP(HA) which equalise (7.4), i.e. such that the
following diagram commutes in EM(D).

FP(x) - P

(B,B) —2— FP(HA) FP(HCA) (7.7)

FP(Ha)

First, we show that we can translate between the two types of mor-
phisms.

Lemma 7.5.1 Given a morphism g: (B, ) — FP(HA) such that (7.7)
commutes, the composite

uP a
B L% D(HA) — HA

in 9B is a heteromorphism of the type p — a.
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of the categorical formalisation of bimor-
phisms, i.e. bilinear maps from linear
algebra, see [65].



Proof. For simplicity we denote by ¢ the underlying morphism of the
coalgebra morphism g. Then:

k-D(eg)-p=x-De-0-g (g is a coalgebra morphism)
=x-e-0-g (a comonad law)
=e-Dx-6-g (naturality of €)
=¢-DHa) g (commutativity of (7.7))

=Ha-¢e-g (naturality of ¢)

O

Conversely, we translate in the opposite direction as follows.

Lemma 7.5.2 Given a heteromorphism f: p — «, the composite

D
B — pB 2L DHA)

is a morphism of coalgebras (B, B) — FP(HA) such that (7.7) commutes.

Proof. We first observe that Df - § is a coalgebra morphism by:
D*f-DB-p=D%f-6-f=06-Df -B.
Further, it equalizes FP(Ha) and FPx - §, as:

D(Ha)-Df -p = Dx-D*f - D()-p
=Dx-D’f-6-B
=Dx-6-Df-B d

Finally, we check that these two translations are inverse to each other.

Proposition 7.5.3 Operations g +— ¢-Ug and f — Df -B, from the
previous two lemmas, establish a bijection between heteromorphisms f —
and coalgebra morphisms (B, B) — F D(HA) such that (7.7) commutes.

Proof. Given a coalgebra morphism g: (B, ) — FP(HA) which makes
(7.7) commute. Since it is a morphism of coalgebras we get that Dg - =
60 , -8 and so D(eg)p = D(¢)6g = g. Conversely, given a heteromor-
phism f: B — @, bynaturality of ¢, wehavee -Df-f=f-e-=f. O

In order to obtain a bijection between heteromorphism and morphisms
of the form (7.6), we introduce a special type of morphism. Given a
C-coalgebra (A, ), by u, (or just u) denote the following composite.

—_~ D D
e = UP(H(A, @) ) UPFP(HA) = DHA -4 HA  (7.8)

In other words, u, is the conjugate (1,)” with respect to the adjunc-
tion UP -4 FP.
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Theorem 7.5.4 There is a bijection between coalgebra morphisms
(B,p) — H(A, a)
and heteromorphisms
p—na

mapping a coalgebra homomorphism h to the heteromorphism ug - uPt(n).

Proof. By the universal property of equalisers, the mapping i + t, - UP (h)
establishes a correspondence between coalgebra morphisms (B, ) —

H(A, a) and those of the form (B,p) — FP(HA) which make (7.7)

commute.

On the other hand, by Proposition 7.5.3, the mapping g + ¢ g establishes
a bijection between coalgebra morphisms (B, 8) — FP(HA) which make
(7.7) commute and heteromorphisms  — a.

Therefore, the composition of the two, i.e. the mapping
hioe- UD(La) ) UD(h) =Ug - UD(h)
establishes the desired bijection. O

In fact, the above allows us to obtain the following interesting fact that
explains the character of the morphisms u,.

Proposition 7.5.5 (Universality of u,) For a C-coalgebra (A, at), the
morphism u,: UP(H(A, a)) — HA is a heteromorphism

ﬁ(a) — Q.

Furthermore, for any heteromorphism f: B — « there is a unique coalgebra
morphism f: (B, B) — H(A, ) such that the following diagram commutes.

UP(H(A, 2)) —~> HA
ut f]
B

f

Proof. The fact that u, is a heteromorphism follows from Lemma 7.5.1
since 1y = €-UP(1y) and t4: FI(A,a) — FP(HA) is a coalgebra mor-
phism. The required universal property of u, follows directly from
Theorem 7.5.4. O

As the last result of this section we show that the morphism u,, for @ which
is a cofree coalgebra has a nice explicit description. This is absolutely

essential later on.

Lemma 7.5.6 For &« = FP(HA), we have that u, = k4.
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to the unique g: (B, ) — H(A, a) such
thatg=1-g.



Proof. Recall from (7.8) that upp(4) = €nca - UID(LFID(HA)) and also, by
Lemma 7.3.3, tpp () = FP(x)-nP. Therefore:®

MFD(HA) = EHCA" UIDFID(KA) . UID(T][D)
= ¢nca-D(ka) 0Ha (by definitions)
= KA ¢DHA OHA (naturality of ¢P)
=K (a comonad law)
O

We can use heteromorphism to better understand extended Kleisli liftings
arising in our examples.

Example 7.5.7 Consider the Kleisli law (comonad morphism) x: ExId =
Id Py, mapping [a1,...,a,] — [(1,41),...,(n,a,)], as defined in Ex-
ample 7.2.4. The corresponding extended Kleisli lifting is a functor
Id: EM(Px) — EM(Ex). Note that, for a P¢-coalgebra (A, a), the coalge-
braId(4, ) is a subobject of FF¥(A), by being an equaliser as in (7.4).

Recall from Example 2.10.1 that sequences [a1, ..., a,] € Ex(A) are in
one-to-one correspondence with path embeddings e: (P, ) > F Ex(A),
for P with induced order p1 <5 -+ <y .

As follows from Proposition 7.5.3, e: (P, 1) > FFx(A) factors via the
inclusion t,: Id(A, @) = FF(A) if and only if ¢ - e is a heteromorphism
T = a, i.e. iff the following commutes.

P £e A
Ex(e-e) K
ExP ExA PLA

Note that ¢ -e: P — A is the mapping p; — a; and so we ask that:

E-e

pit aj
Ia

n [(p1,a)), -, (Pm,ap)]

N |
[, opil B (a0 — [(1,a1), ..., (1, a0)]

In other words, if we view (A, @) as the forest-ordered structure (A,C, p)
with a pebble function, as in Section 2.5, then IT:I(A, a) consists of the
sequences [a1,...,a,] from FEx(A) such that a; C aj iff i < j and
such that the pebble function satisfies p(a;) = i. Alternatively, we can
identify IEI(A, a) with the sub-forest of (A, C,) consisting of x € A such
that p(x) = ht(x) + 1.

In view of the above analysis, consider the Kleisli law Exld = IdE4
from Example7.2.4. We see that the corresponding extended Kleisli lifting
Id: EM(Ek+1) — EM(Ey) sends a forest-orderer structure of height <k +1
to a forest-orderer structure of height <k, simply by discarding the
vertices of height k + 1. Similarly, consider the Kleisli law PyId = IdPy4
which sends a forest-ordered structure with a k + 1-pebble function to

7 Lifting theorems | 143

8: Alternatively, one obtains the same
result by realising that u is the conjugate
(tpp (g A))b with respect to the adjunction
UP 4 FP. Then, simply (FP (k) - ‘r][D)b =
1<~(7]'D)b =x-id = k.



that with a k-pebble function simply by restricting to those branches
where the pebble k + 1 does not appear.

Example7.5.8 Asin Example?7.2.5 we define a version of the Ehrenfeucht-
Fraissé comonad [E; on 8tr.(0) and then a Kleisli law x: M;Id = IdE;.
First, Ex(A, ap) is defined as the substructure of Ex(A) on sequences

[a1,...,a,] where a; = ap and 1 < n. The designated point of Ex(A, ag)

R R
is the length 1 sequence [ao]. Then, x: M Id = IdEx sends ag = a =

RS Rn
a; — ... — a, to the sequence [ay, ..., a,].

As in Example 7.5.7, we obtain that e: (P, 1) > FMk(A) factors via the
inclusion Id(A, &) < FMx(A), for some Ex-coalgebra (A, @), if and only
if the following commutes.

P £L A
nl la
Mg (e -e) K
M P M A EyA

Now, we set (A, @) to be the path, described using the its forest-ordered
structure (A, E) (cf. Proposition 7.5.3) as follows. We set A = {ay, a1, 42}
wherea; C a i iff i < j and the relational structure in signature with two
binary relations ¢ = (R, S) is shown on the left below.

ar ar ar
R _ R R[
(A @) = a1 DR Id(A, a) = ay a
<[ls A
ap ap

Then, the My-coalgebra IEI(A, @) is the structure on the right above.
Remarkably, Id sends a path to a non-path.

Example 7.5.9 Following a similar procedure as above for the Kleisli law
KA, Ay : E3(A1 + Ap) — E3A; + E3Ap from Example 7.4.2, and analysing
path embeddings (P, 7t) »> (A1, a1) ¥ (A2, @2) as heteromorphism

P £e A1+ A

T lal +an

EsP 299 Ey(A) + Ay) — F34; + E3A,

we see that (A1, a1) F (A, an) is the subtree of FE3(A; + Ay) consisting
of sequences w = [ay, ..., a,] such that the restriction of this sequence
tow; = [aiy,...,ai,], where iy, ..., i, is the enumeration of all indices i
where 4; € Aj, is a branch in (A1, 1) i.e. w1 = a1(a;,) and, similarly,
the restriction of w to wy defined dually must be a branch in (A, 7). In
other words, (A1, a1) ¥ (A2, ay) is the interleaving of branches of both
forests.

For example, for (A1, 1) and (A, a2), without any relations, as shown
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in the following diagram

as
‘ bl bz
(A, 1) = o4 (A2, ) = \ /
| :
ap
we obtain that:
ap 4ap by a by
] | \\/ \\ N\ | /"
(A1, 1)+ (A2, a2) = p, b,

N \/

bo

7.6 Lifting adjunctions

It is very common in the theory of game comonads that we have a Kleisli
law DH = HC for H which has a left adjoint. It is a standard fact that
such law induces an EM law in the opposite direction and, hence, a
lifting of the adjoint functor to H. We study the consequences of this fact,
with special focus on extended Kleisli liftings from the point of view
heteromorphism.

Remark 7.6.1 In this section we often assume to have an adjunction with
comonads on each end, as shown below.

L

CCsﬁ L %DID

R

Then, three different counits interact in our proofs. Therefore, we explicitly
denote ¢©: C — Id and ¢P: D — Id the counits of the two comonads

and write simply just ¢: LR — Id for the counit of the adjunction L 4 R.

We start with the following observation which shows the correspondence
between EM laws and Kleisli laws, in the presence of an adjunction. Note
that item 2 and item 3 are the same statement, only rephrased in two
different ways for ease of reference.

Proposition 7.6.2 (Theorem 9 in Street [118])

1 If A: HC = DH is an invertible EM law, then the in-
verse A™': DH = HC is a Kleisli law.

2. If we have an adjunction L 4 R, with unit n: Id = RL and
counit €¢: LR = Id, A: LC = DL is an EM law if and only if
its mate:

DR
A*: DR =5 RIDR X2, reLr 255 Re
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7 Lifting theorems

is a Kleisli law.

3. If we have an adjunction L 4 R, with unit n: Id = RL and
counit €: LR = Id, x: DR = RC is a Kleisli law if and only
if its mate:

LD 2% 1ore 25 rrer <5 cr

is an EM law.

In the following lemma we show that there is a correspondence between
heteromorphisms and morphisms from the images of the EM lifting.

For the following, fix an adjunction L 4 R and a Kleisli law x: DR = RC.
Recall that the EM lifting L™ : EM(D) — EM(C) of L: 3 — d, corre-
sponding to the mate x* of x (cf. Proposition 7.6.2), sends a D-coal-
gebra (B, B) to (LB, k*Lp).

Lemma 7.6.3 A morphism f: B — RA in d is a heteromorphism f — a
iff f*: LB — A is a coalgebra morphism L™(B, ) — (A, ).

Proof. By unpacking the definitions, we ask that the diagram on the left
below commutes if and only if the diagram on the right below commutes.

15— A
B / RA 1)
gl | R DB a
DB —L. DRA — RCA el

cLB - ca

Recall that by rules of conjugation, (Ra - f)” = a- f’. Hence, for the
equivalence, it is enough to show that y = x* where

DB —2 DRA —&

x =B RCA

is the bottom-to-right composition in the left diagram above and

y=L1B -2 DB — cLB - ca

is the bottom-to-right composition in the right diagram above.

However, using the fact that f = R(f")-n and naturality of x and ¢,
the morphism x* = ¢ - L(x) can be rewritten according to the following
commutative diagram.

L(B)

LB) = 1oB) 2% LDRL(B) =% LRCL(B) %% CL(B)

M lL[DRf" jLRCf" l@fb

LDR(A) —4 LRC(A) —4— C(A)

Taking into account that ¥* = ¢-LkxL-LDrn, we see that y = x¥, as
requested. O
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The following is the main result that relates the two types of lifts that
arise in our setting. This theorem appeared first in Johnstone’s note [69,
Theorem 2]. However we state it differently to emphasise that what might
appear as an ad-hoc construction is actually a natural consequence of the
facts that we have established for heteromorphisms.

Theorem 7.6.4 Assume we have an adjunction L 4 R and a Kleisli law
x: DR = RC. Further assume that EM(D) has equalisers of coreflexive
pairs.

Then, L*™ 4 R where

» L™ is the EM lifting of the mate k™ of x, as in Theorem 7.1.1, and
» R is the extended Kleisli lifting of k, by Theorem 7.3.4.

Proof. The result follows as a composition of natural bijections between

» coalgebra morphisms L™() — «a,
» heteromorphisms  —, @, and

» coalgebra morphisms f — R(a).

The bijection between the latter two types of morphisms is described in
Theorem 7.5.4 and the former bijection is Lemma 7.6.3. O

Observe that item 1 of Proposition 7.6.2 also allows to lift left adjoints,
which recovers an old theorem of Johnstone [69, Theorem 4].

Theorem 7.6.5 Let A: HC = DH be an invertible EM law of H: dd — 9B,
as in Theorem 7.1.1. If H has a right adjoint then so does the EM lifting H™
of A.

See also [121] for a discussion when a lifted endofunctor is again a
comonad, and related facts about tensors of (co)algebras.

On compositions of conjugations

In this section we prove a theorem that the author of this text believes
to be folklore but could not find a reference for it in the literature. The
statement says that all conjugations of adjoints induced by our extended
Kleisli lifting and EM lifting commute with each other.

Let us fix an adjunction L 4 R and a Kleisli law «: DR = RC inducing
an adjunction between the Kleisli categories according to Theorem 7.6.4,
as shown in the diagram below.

LEM

EM(C) ~+  EM(D)

”°<*>pc R uD<4>FD (7.9)

R

~

Here, L™ denotes the EM lifting of the mate x*: LD = CL of our Kleisli
law x: DR = RC. The consequence of Theorem 7.1.1 and Theorem 7.3.4
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is that the diagram made solely of the left adjoints commute and similarly
for the right adjoints, that is,

UCoL™=LolUP® and FPoR = RoFC.

To further simplify our reasoning we fix a special notation for each type
of conjugation that the four adjunctions introduce. Namely we have the
following pairs of natural bijections:

(- )b hom(- R( )) — hom(L(-), -) and its inverse (-)*

(- )b hom(- R( )) = hom(L™(-), -) and its inverse (- )#
(-)*: hom(- ,FC( )) = hom(U®(-), -) and its inverse (-)*
(-)*: hom(-, F(-)) — hom(UP(-), -) and its inverse (-)P

vvyyvyy

Next we show that these commute with each other, which is an important
fact in later chapters.

Theorem 7.6.6 Given the situation as in (7.9) and a morphism f: T — A
in o such that T = US(L™(X)) = L(UP(X)) for some X from EM(D).
Then:

f#)[D fC)#
Consequently, we also have the converse

(Y = ()

for h: X — Y in EM(D) such that Y = FP(R(A)) = E(FC(A))for some A
ind.

Proof. Given X = (B, ) and f: US(L™(X)) — A we show that f* =
(«( f#)'D)". First, we calculate f c By the definition of the adjunction
UC 4 FC, the morphism f€ is calculated as

LEM(X) FCUCLEM(X) FC(A)

where the underlying morphism of the unit 7;ew(x) of the adjunction
UC 4 FC is given by the coalgebra structure of L®(X). By the definition
of EM liftings, 17 em(x) is precisely the following morphism in o.

L) 2% LDB ﬁ> CL(B)
—18) L tpB) 2, LDRL(B) 2 LREL(B) 22 cL(B)

Here 17 and ¢ are the unit and counit of the adjunction L 4 R, respectively.

We have the following simplification:

US(f€) = Cf-ecyp) - Lxip-LDnp- LB

ea-LRCf - Lxrp-LDng - LB (naturality of ¢)
ea-Lxa-LDRf-LDnp-LB (naturality of k)
ea-Lxa-LD(f*) LB (definition of f*)

7 Lifting theorems
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Next, we calculate ((f #)'D)B. Observe that the underlying morphism of
(f9)P: X — FP(RA) is simply just

B Df*
B— DB — DR(A).

The heteromorphism corresponding to this morphism is:

#
85 pB 25 DROA) 22, RC(A)
Dt

=B —> DB — DR(A) — RC(A) (by Lemma 7.5.6)

Finally, by Theorem 7.5.4 and Lemma 7.6.3, the underlying morphism
of ((fHP)"s L(X) —
above morphism, i.e.

FC(A) is computed as the (-)” conjugate of the

UC(((f#)D)E) = ep-L(ka-Df*-B) = ea-Lxa-LDf* - LB

which is the same morphism as f©. The result follows by the fact that

(-)g and (-) are inverse to each other. O

Remark 7.6.7 Note that the result of Theorem 7.6.6 simply says that the
composition of the two adjunction induce the same adjoint structure on
the composite of functors.’

Right adjoints versus extended Kleisli liftings

An interesting observation made already by Meyer is that right adjoints
to EM liftings are automatically the extended Kleisli liftings, in sense of
Theorem 7.3.4.

Theorem 7.6.8 (Lemma 3.1in [90]) Assume L H Rand A: LD = CL is
an EM law. If L™ has a right adjoint then the right adjoint is an extended
Kleisli lifting R of R.

Furthermore, Meyer also observed that in most cases extended Kleisli
liftings are given by the procedure we outlined above.

Theorem 7.6.9 (Theorem 3.4 in [90]) Let H : EM(C) — EM(D) bea lifting
of H: sl — B which commutes with cofree functors, as in Theorem 7.3.4. If
the functor H preserves equalisers then it is given by the equaliser formula (7.4)
for some Kleisli law x: DH = HC.

Note that in our usual situation when H is the lifting of the identity
functor, that is, our Kleisli law is in fact a comonad morph1sm A:D = C,

we have that H automatically has a left adjoint and so H preserves not
only equalisers but in fact all limits.

Comonad morphisms

In this section we focus on the properties of liftings arising from comonad
morphisms D = C which, by definition, are both EM laws of the type
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9: More precisely, it is a standard fact
that that whenever we have three adjunc-

tions

Ly

i s—
Ry
Ry Ls
Ly R3

o
and conjugation operations
bi: hom(Li(-),-) — hom(-,R;(-)),
for i = 1,2,3, then by = by-by iff

n3 = R2qiz . 172.

This precisely corresponds to the
situation that the adjunction L3 4 Rz is
defined as the composition of the other
two.
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IdC = DId and Kleisli laws of the type DId = IdC. Since this is a
common situation, see e.g. Examples 7.1.3, 7.1.4, 7.2.4, etc., we wish to
summarise the consequences of our findings for this particular situation
here.

Recall from Section 6.5 that a comonad morphism A: D = C, for comon-
ads D and C over the same base category 9, is a natural transformation
which satisfies:

DA —2— CA
D—2—¢C |
He& /SC |D2A o
Id /\l

cDA -2 24

By being both a Kleisli and EM law, A induces both the Kleisli lifting A"

(Theorem 7.2.1) and the EM lifting A™ (Theorem 7.1.1).10 10: In case when we are lifting the iden-

. . . . tity functor, we prefer to emphasise the
If EM(D) has equalisers of coreflexive pairs, A also induces the extended  name of the comonad morphism in the

Kleisli lifting A. Furthermore, since Id + Id, the EM lifting and the  notationrather than the name of the func-
extended Kleisli liftings are adjoint to each other (Theorem 7.6.4). In tor-
pictures we have the following situation.

A
EM(D) @ EM(C)

/\EM
FPut (7.10)
ub FC
o

Note that A commutes with the free functors and A® commutes with the
forgetful functors.

Furthermore, the following is a special case of Theorem 7.6.6.

Proposition 7.6.10 [n1 (7.10), let f : T — B be a morphism in s, for some
X € EM(D) and T = UPX = U%(A™X). Then, the conjugation

f —» X—F’B
and the double conjugation via EM(C)
f - A™X>F°B +— X — A(F®B)=FPB

give the same results.

Proof. Follows simply by naturality of A: D = C as, in the notation of
Theorem 7.6.6, (f&)* = u - (f¥)P =« - (f#)P. O

Furthermore, we recall the following interesting and well-known fact.
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Theorem 7.6.11 The functor A*™ from (7.10) is comonadic.

Proof. Just observe that UP = U® o A® and UP and U® are comonadic.
Furthermore, we assumed that EM(D) has coequalisers of coreflexive
pairs, which entails that it has all equalisers [82], therefore, [31, Corol-
lary 4.5.7] applies. O
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Preservation theorems and logic

In Chapter 7 we reviewed the theory of Eilenberg-Moore and Kleisli
laws whilst presenting many examples of these in the setting of game
comonads. In particular, we showed that Eilenberg-Moore liftings intro-
duced by the former laws yield theorems of preservation of combinatorial
properties (Section 7.1) and Kleisli liftings introduced by the latter lead
to preservation of equivalence with respect to the counting fragments
(Section 7.2).

In this chapter we focus specifically on the aspect of Kleisli laws as a
tool for comparing logical fragments. Apart from the previously studied
preservation of equivalence with respect to the counting fragment, we
describe conditions for extended Kleisli liftings ensuring preservation of
logical equivalences with respect the other studied fragments. The result
is an essential tool in the study of game comonads which allows one to
compare strengths of different logic fragments.

The motivating example is an old theorem of Mostowski [94], which
shows that, for structures A, B:

A1 =ro B1 and Az =ro B2 1mp1y Al X Az =ro Bl X Bz
This result was later generalised by Feferman and Vaught [49] to coprod-
ucts (disjoint unions) and products of arbitrary arity. In particular, they
showed that:

A1 =ro B1

and A, =g B> 1mp1y A1+ Ay =pp B1 + B>

In this section we prove a general type of Feferman-Vaught-Mostowski
(FVM) preservation theorems, also known as the composition method in finite
model theory. These theorems, for a given n-ary (functorial) operation H
and logic fragments &, ..., £, 41, state that:

Ay = By Ay =%, By

imply

H(Al/ e /A?’l) Egnﬂ H(B1/ cecy Bn)

In fact, we mainly focus on the question of preservation of logical
equivalence by unary operations since extending these to n-ary operations
follows automatically, similarly to Section 7.4. Therefore, given a functor
H: o — % between categories with comonads C and D, we wish to

establish conditions under which

A =4c B implies H(A) =4p H(B),
A =3¢ B implies H(A)=3+p H(B),
A=.,c B implies H(A)=.p H(B), (8.1)
A=3c B implies H(A)=3p H(B), and

A=c B implies H(A)=p H(B).

8.1 Preservation of equiv-
alence with respect to
counting and positive

existential fragments . . . 153
8.2 Preservations of the other

fragments . . . .. ... .. 154
8.3 Preservations of open

morphisms . ........ 155
8.4 Preservations from mini-

mal decompositions ... 156

Preservation of the back-

and-forth relation . . . .. 157

Preservation of (open)
pathwise-embeddings . . 159
Simplifying the axioms . . 159

8.5 Strong path functors . . . 160
Path embeddings and
conjugations . ....... 160
All assumptions together 162
Preservation of paths . . . 163

8.6 Logic extensions and
Kleisli liftings . . ... .. 164

8.7 Beyond unary operations 167

8.8 Product preservation
theorems for free .. ... 168



8 Preservation theorems and logic

As our main tool we use the categorical toolkit from Chapter 7. It
turns out that the applicability of our general preservation results goes
way beyond just the original FVM theorems. Our general theorems are
an essential tool in the setting of game comonads, e.g. for comparing
logics and transferring logical equivalences and types. For the latter,
see Chapter 9.

8.1 Preservation of equivalence with respect to
counting and positive existential fragments

In Examples 7.2.4 and 7.2.5 we observed that the existence of a Kleisli
law guarantees preservation of logical equivalence with respect to the
counting fragments, simply because the Kleisli law induces a lifting
which commutes with cofree functors.

The following statement is obtained by extracting the general method
from these examples to arbitrary comonads. As it turns out, functoriality
also implies preservation of the positive existential fragments.

Corollary 8.1.1If H: dd — B admits a Kleisli law DH = HC then
A =3¢ B implies H(A) =3+p H(B)

and
A =yc B implies H(A) =4p H(B).

Proof. By the existence of a Kleisli law and Theorem 7.2.1, there exists a
Kleisli lifting, as shown below.

KI(C) 24 Ki(D)

r] Ir

oA B

Assume that A =3+¢ B, i.e. thatsome f: Fc(A) — Fc(B) exists. Then, by
commutativity of the above diagram, we have that H¥(f): H“(Fc(A)) —
H"(F¢c(B)) is a morphism Fp(H(A)) — Fp(H(B)), i.e. a witness for
H(A) =3+c H(B).

Similarly, if we have that A =4c B, ie. that Fc(A) = Fc(B), then
H"(Fc(A)) = H(Fc(B)) which gives us that H(A) =4p H(B) by functori-
ality of H" since Fp(H(A)) = H"(Fc(A)) = H“(Fc(B)) = Fp(H(B)). O

Remark 8.1.2 Observe that for the former implication in Corollary 8.1.1
above we only need a collection of morphisms {DHA — HCA} scop(s),
without necessarily requiring naturality or the other conditions of Kleisli
laws.

Example 8.1.3 Recall from Example 6.7.6 that the comonad Cos on
graphs, defined as the discrete density comonad Dy of the class A of
cycles, expresses cospectrality with the equivalence =gcos. It is not difficult
to observe that Py restricts from the category Str(c), where ¢ contains
one binary relation, to the category of graphs, i.e. o-structures which
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are anti-symmetric and loopless. Moreover, we can define a comonad
morphism Cos = [P3 in graphs which, by Corollary 8.1.1, recovers a result
in [43] showing that equivalence in 3-variable counting logic implies
cospectrality. For details, see [66, Example 4.7].

8.2 Preservations of the other fragments

Recall from Section 3.1 that all but the first two logical refinements and

equivalences mentioned in (8.1) are expressed using the EM categories

of coalgebras. We show that, in order for a functor H: s — 9 between

categories with comonads C and D to preserve these logical refinements

and equivalences, it is enough if H has an extended Kleisli lifting! H, 1 Cf Theorem?734,
making the following diagram commute,

EM(C) — EM(D)

FCI TPD

a—H . x

and, moreover, the lifting H has to preserve the structure that defines
these logical refinements and equivalences. Furthermore, in the case
of the standard fragments, we can lean on the fact that =¢c has many
different characterisations, cf. Section 4.8.

Proof. Ttems 1-3 follow by the definition of relations =3¢, =+c and =¢.
For example, assume that H preserves pathwise-embeddings. Then,
A =3¢ B implies that there is a pathwise-embedding f: F¢(A) —
F€(B). By our assumption ﬁ(f) ﬁ(FC(A)) — ﬁ(FC(B)) is a pathwise-
embedding too. Consequently, H(A) =3p H(B) since H (FE(A)) =
FP(H(A)) and similarly for B.
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The penultimate item follows from the fact that X = Y iff X ~ Y in EM(C),
by Proposition 4.8.2. Then, since H preserves open pathwise-embedding,
ﬁ(X) ~ ﬁ(Y) which implies that ﬁ(X) = ﬁ(Y) by Proposition 3.4.4, i.e.
H(A) =p H(B).

The last item follows from the penultimate and Theorem 3.4.8 together
with Theorem 4.3.2. O

As we see, it is imperative to understand when a functor X — Y between
elementary path categories X and %Y satisfies the assumptions for H
in the above theorem, i.e. when it preserves the b&f equivalence, open
morphisms, open pathwise-embeddings, etc. We explicitly focus on this
question in the following sections.

Notice that extended Kleisli liftings H often have a left adjoint, in partic-
ular if they arise from a comonad morphism, cf. Subsection”Comonad
morphisms” on page 149. Therefore, special care is given to this situation
which leads us to the notion of strong path functors, in Section 8.5 below.

8.3 Preservations of open morphisms

We focus on the situation when a functor between elementary path
categories preserves open morphisms,? which is one of the essential
assumptions appearing in Theorem 8.2.1.

We rephrase an observation due to Colin Riba that shows that preservation
of open morphisms is automatic in the presence of left adjoints which
preserve paths.?

Proposition 8.3.1 Let L 4 R be a pair of adjoint functors between elementary
path categories. If L sends paths to paths then R preserves open morphisms.

Proof. Given a commutative square where P, Q are paths and f is open.

P —— RX

L

Q — RY
By conjugation, we obtain the following commutative diagram.

LP — X

b

LQ — Y

Now, since L preserves paths and f is open, there is a diagonal filler
d: LQ — X. The conjugate Q — RX of d is then a diagonal filler of the
original diagram. O

The above and Theorem 3.4.8 immediately imply that the right adjoint
preserves bisimilarity and behavioural equivalence. Furthermore, if R is a
functor between arboreal categories then it also preserves b&f equivalence
because that is in fact the same as bisimilarity (cf. Proposition 4.8.2).

2: Cf. Subsection”Open morphisms a la
Joyal-Nielsen—-Winskel” on page 56.

3: Note that Riba’s observation is in-
spired, in turn, by the notion of strong
functors, which we describe in Section 8.5.
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Corollary 8.3.2 Let L 4 R be a pair of adjoint functors between elementary
path categories with (M) and (P-,) such that L sends paths to paths. Then,

1. X ~ Y implies RX ~ RY
2. X € Y implies RX < RY

Furthermore, if L 4 R is a pair of adjoints between concrete arboreal categories
with binary products,

1. X = Y implies RX = RY.

The above situation is quite common in our setting and allows us to go
very far. In fact, checking that L (i.e. some EM lifting, Theorem 7.1.1)
preserves paths is usually quite simple. Recall that L is computed simply
as the composition of the coalgebra map with the EM law.

Example 8.3.3 Observe that the EM lifting arising from the comonad
morphisms described in Examples 7.1.3,7.1.4 and 7.2.5 preserves paths.
For example, the comonad morphism A: Ex = Pk sending [a1, ..., a,]to
(1, an),...,(n,a,)] induces an EM lifting A™ which sends a path (P, <)
of EM(Ey), in the induced forest order (cf. Section 2.5), to the path (P, <, p)
of EM(Px), with the pebble function given by p(x) = ht(x) + 1.

8.4 Preservations from minimal decompositions

In some cases our extended Kleisli lifting might not have a left adjoint,
see e.g. Example 7.2.6 or situations where H corresponds to an n-ary
operation (Section 7.4). To this end, we introduce weaker axioms for a
functor between elementary path categories to still ensure that it preserves
the b&f equivalence, to fulfil the assumptions of Theorem 8.2.1.

In the following we fix a functor
H:X—->Y

between elementary path categories. Furthermore, we assume that the
following two conditions are met.

(§1) H preserves embeddings.

(82) Any path embedding e¢: P »» HX has a minimal decomposi-
tion as e¢p: P — HP’ followed by He’: HP’ — HX, for some path
embeddings e’: P’ »> X.

Where the property of being minimal means that whenever e decomposes
as mo: P — H(Q) followed by H(m): H(Q) — HX, for some path
embedding m: Q > X then there is a (necessarily unique embedding)
d: P — Q such that:

N

X

156



8 Preservation theorems and logic

Observe that from this we also get that the following diagram commutes
by (S1) and the fact that embeddings are monos.

HP

N
P Hd HX
k‘ A

HQ

Remark 8.4.1 Observe that all morphisms in the above diagram are
automatically embeddings.

We postpone the question of how axioms (S1) and (S2) can be checked
until Subsection”Simplifying the axioms” on page 159 where we develop
a transparent method in the language of heteromorphisms.

Preservation of the back-and-forth relation

In this subsection we show that axioms (S1) and (S2) guarantee preserva-
tion of the b&f equivalence =. We fix some X, Y € X and a b&f system §
between X and Y in I, witnessing X = Y.

In order to construct a b&f system 8’ between HX and HY in ¥, wit-
nessing HX = HY, we first define 8 as the collection of minimal
decompositions of path embeddings HX << P »» HY where the cor-
responding pair X << P; > Y from the minimal decomposition is
inS.

Formally, S is the collection of tuples (eo, €1, Mg, m1) such that for some
path P in % and path P in &

(i) eo: P > HPy, mg: P »» HP; are embeddings in ¥,
(i) the pair of e;: P; > X and my: P; > Y belongs to S,
(iii) eg and ey, and mg and m; constitute the minimal decompositions
of H(e1)ep and H(m;)my, respectively.

Then, the desired b&f system is defined as:

8’ = {(H(e1)eo, H(mz)my) | (eo, e1,mo, m1) € S}

Observe that by (S1) this is a collection of path embeddings of the right
type. Next we check that it also satisfies the axioms of b&f systems.

Lemma 8.4.2 8’ is a b&f system.

Proof. We only check (forth) and not (back) since it follows the same lines.
Fix a pair (e, m) € 8’ and e’ such that e < e’. We need to find some m’
such that m < m’ and (¢/,m’) € §’.

From (e, m) € §’ there is some (e, 1, Mg, m1) and P, P; satisfying (i)—(iii)
above. Then, by (S2), ¢’ splits as He] - ¢/, for some minimal e : P] »> X.
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By minimality of He; - e there is some h’: P; — P such that e; = e]h’

such that
P h P’
e l l e(’)
HP, HK HP]
PA A{
HX

where h: P — P’ is the morphisms witnessing e < e’. Since (e1, m1) € §

and e; < ey, there is some m; such that m; < m{ and (ej, m;) € S.

We set

’

, , 9 , Hm
m’:= P’ —— HP] —— HY (8.5)
and check that e;, m; are the minimal decomposition of m’. Observe that
this is enough for (ej, €], 5, m7) € S, to validate that (¢’, m’) € §".

Let go: P’ > HQ and g1: Q > Y be the minimal decomposition
of (8.5). In particular m’ = H gy - go. Minimality implies that there is some
r: Q — P] such that g, = mjr.

Since e(’) = Hr-go, as Hm{ is a monomorphism, we can consider a
different decomposition of e’ given by:

He!

P2 HQ F Hp) —5 HX

Then, by minimality of ej, e], there is some s: P] »> Q such that
e; =ejrs

from which it follows that rs = id since ei is a mono. But then

r _ ’ _
m; =mirs = g1s

which gives us minimality of (8.5).

Finally, we check (forth-init) and, again, leave out the symmetric case
of (back-init). Assume there is some e¢: P > HX and take its minimal
decomposition e = Hey - e for some e1: P; »> X. By (forth-init) for S,
there is some m1: P; > Y such that (e1, m;) € . Finally, we verify that
(eg, e1,e9,m1) € S following exactly the same lines as above, which gives
us that (H(e1)eg, H(my)ep)isin 8. O

Since the choice of X and Y above was completely arbitrary, we obtain
the following result.

Theorem 8.4.3 Assuming that H: X — Y satisfies (51), (S2) then, for
any X, Y € X,
X =Y implies HX = HY.

Note that this theorem, when applied to the extended Kleisli lifting,
implies the preservation of the =¢ relation, by item 3 of Theorem 8.2.1.
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Preservation of (open) pathwise-embeddings

It turns out that the same axioms also guarantee preservation of =3¢
and = .¢, in case tree bijections are preserved too.

Theorem 8.4.4 Any functor between elementary path categories satisfying
(§1) and (S2) preserves pathwise-embeddings and open pathwise-embeddings.

Proof. The proof of the first part follows precisely the same steps as [67,
Lemma 5.15] and the second part is proved as in [67, Theorem 5.17]. The
proofs therein are written for functors arising as extended Kleisli liftings
but this assumption is never used. O

In a similar vein to Corollary 8.3.2, we also have the following consequence
of Theorem 8.4.4 and Theorem 8.4.3.

Corollary 8.4.5 Let H be a functor between elementary path categories
satisfying (S1) and (S2). Then,

1. X ~ Y implies HX ~ HY,
2. X e Yimplies HX < HY, and
3. X =Y implies HX = HY.

Simplifying the axioms

Axioms (S1) and (S2) give us sufficient conditions for functors between
arbitrary path categories to preserve open pathwise-embeddings and
b&f equivalences. In our case the elementary path categories of interests
are categories of coalgebras for our game comonads and the functor in
question is typically an extended Kleisli lifting H of some functor between
the base categories. In this subsection we describe more elementary
conditions, written in terms of heteromorphisms, that imply axioms (S1)
and (S2).

As in Section 8.2, we assume to have a functor H: of —>A% between
the base categories which has an extended Kleisli lifting H: EM(C) —
EM(D).

Proposition 8.4.6 ([67, Proposition 6.5]) If H preserves embeddings then
so does H.

Finally, we state a condition ensuring that (S2) holds, which can be
checked directly in the base categories, since it is specified using hetero-
morphisms.

Proposition 8.4.7 ([67, Proposition 6.7]) The axiom (S2) is implied by the
following axiom:

(S2) For a path (P, ) in EM(D) and coalgebra (A, a) in EM(C), every
heteromorphism 7 —, « has a minimal decomposition through

H(e): H(P') — H(A)
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for some path embedding e: (P', ") > (A, a).

Example 8.4.8 Recall from Example7.2.6, the Kleislilaw x4 : Ex(AXB) —
(ExA) x B for the operation H(A) = A X B. It is clear that the functor H
preserves embeddings of Str(c). What is left to check is (S2'). Let (P, 7t) be
a path and (A, a) some coalgebra in EM(Ey), i.e. these are forest-ordered
structures with respect to the induced forest order C, cf. Section 2.5.

Assume that we have a heteromorphism © — a, as depicted below.

p / AXB

nl laxidg

EcP —L% EL(Ax B) —— (ExA)x B

IfPisoflengthn,ie. P = (x1 <z -+ <g X,), we denote by (a;, b;) = f(x;)
the pairs in the image by f. Since 7t(x;) = [x1, ..., x;], the bottom-to-right
composition gives us k(Ex(t(x;))) = ([a1, ..., ai], bi) where [a4, ..., a;]
is some branch of the forest (A, E,). We see that f factorises via H(e) of
the path embedding e: (P’, ") > (A, @) where P’ represents the branch
a) <g -+ <q aypin (A, Cy).

Example 8.4.9 The same strategy applies to show that our significant
examples (such as those arising from comonad morphisms, cf. Subsec-
tion“Comonad morphisms” on page 149) and more satisfy (S1) and (S2)
too, see e.g. [64] and [66, 67].

8.5 Strong path functors

In this section we look at a special type of functors X — Y which
combine features of the functors studied in Sections 8.3 and 8.4. We dub
this type of functors strong functors, and we view them as the notion of
morphism between elementary path categories which guarantees strong
preservation properties. Strong functors often arise from comonad mor-
phisms between game comonads, as discussed in Subsection“Comonad
morphisms” on page 149.

Path embeddings and conjugations

To this end, let us fix an adjunction between elementary path categories,
as shown below.

Recall that any morphism f: Y — RX decomposes via the unitny: Y —
RLY and the R-image of the conjugation f”: LY — X.

As we show next, this decomposition validates (S2) assuming conjugation
(-)" preserves path embeddings, i.e. whenever f: P »» RX is a path
embedding then so is f.*

4: Observe that the last condition re-
quires two things at the same time. It
requires that LP is a path and, also, that
the transposed morphism e” is an em-
bedding.

Note that in [67] it is shown that functors
satisfying (S1) and (S2) are a type of para-
metric right adjoints and so, having an
actual left adjoint is indeed a strengthen-
ing of the situation.
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Proposition 8.5.1 If, for every path embedding e: P >» RX, the conjugate
e’: LP — X is a path embedding then R satisfies (S2).

Proof. We first show that a decomposition exists. Let e: P > R(X) be a
path embedding. By our assumptions e”: L(P) > X is a path embedding
too. Then,

e= (L(P) , L(P) —>)# p 4 R(L(P)) R, R(X)

which proves that e factors through R(e?).

Next, we show that the decomposition above is minimal. Let f: Q »> X
be a path embedding such that e equals to R(f) fo for some fy: P > RQ
and fy: Q > X. We need to show that e” factors through f,i.e. e’ = fg
for some g: LP — Q. This is satisfied for g = fob since

# _ 0 Rf
(L(P) Q X)"=P > R(@Q) — RX)=e
and, since (-)* and (-)" are inverse to each other, f fob = eb. O

The next natural question is when the assumption that conjugation
preserves embeddings is attained in our examples. In fact, we can often
see this directly by checking the following simpler condition on the base
category of our comonads.

Lemma 8.5.2 Let C and D be reqular comonads on categories A and B
with proper factorisation systems, respectively. Furthermore, let there be an
adjunction L 4 R: d & B and a Kleisli law 1: DR = RC, such that

1. L™ sends paths to paths, and
b
2. the conjugation (B i> RA) — (LB iC—> A) preserves embeddings, and

3. « is a collection of embeddings.

If the extended Kleisli lifting R exists (as in Theorem 7.6.4) then , for every path
embedding T > R(a), its conjugate L*(1t) — o (with respect to L* 4 R)
is a path embedding.

Proof. Consider a path embedding m: 7 > R(a), for some C-coalgebra
(A, @). Recall from the proof of Theorem 7.6.4 that the underlying

morphism of m®: L™(n1) — ais computed as

m 5 Lo €RA
P " R(a) —“> D(RA) —*45 RA

For the following we denote by e the composite of the first two morphisms,
i.e. e = 1, -m. Recall that ¢, is an embedding, by Lemma 2.9.3 for the
lifted factorisation system (Lemma 2.9.6), since it is an equaliser, and so
e is an embedding too.
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Furthermore, recall that eP-e = u,-m isa heteromorphism m —y «,
hence the solid morphisms in the diagram below commute.

D

P £ D(RA)
oL _-7 !

bid 7 1id Ra

D L/ID D '

DP — D?*[RA) —— D(RA) —— R(CA)

RA

Since e is a composite of two [D-coalgebra morphisms, the left trapezium
in the diagram above commutes. Therefore, we have that

2.5
Ra's'D-e:K'DSD'De-n:K'Dsm'(SD'e(:)K-e.

Using that x is an embedding we obtain that the right-hand side is an
embedding. Consequently, also ¢ - ¢ = ¢ - 1, - m is an embedding too.
Finally, we use our first two assumptions, to obtain that m” is a path

embedding. O

Remark 8.5.3 Observe, in the proof above, the assumption that « is a
collection of embeddings could be replaced by the requirement that,
for every path embedding e: m >> FP(RA), the composite ¢ - e is an
embedding, and the same proof would still go through.

This observation together with Proposition 8.5.1 allows us to quickly infer
that our extended Kleisli lifting satisfies (52) in many of our examples.

Example 8.5.4 Checking that L™ in our examples® sends paths to paths
is usually immediate since its action on coalgebras is computed as a
simple composition L™(nt) = A - L7t where A is the mate of k according to
Proposition 7.6.2. See e.g. Example 7.1.3, Example 7.1.4 and Example 7.1.5.

Whatis left to discuss is when the components of our comonad morphisms
are embeddings. The following are examples of comonad morphisms or
Kleisli laws where this is the case:

» The comonad morphisms Ex = Ejiy1, Pk = Pryr, My = M.

» The comonad morphism E; = Pk.

» The Kleisli law E U = U[E”;SO, where [E”IESO is the comonad for
interpreting MSOL, on two-sorted structures, from Example 2.8.1
and U: Str(c*) — Str(o) the forgetful functor, which throws away
the second sort and the extra relations I and e. It is easy to see that
U has a left adjoint.

On the other hand, neither the comonad morphism My = P, nor My =
Ex from Example 7.2.5 and Example 7.5.8 satisfy the assumptions of
Lemma 8.5.2 above since these are merely collections of monomorphisms,
not embeddings.

All assumptions together

Apart from satisfying the assumptions of Lemma 8.5.2 above, we no-
tice that in our examples one further property is true. We often (but
not always®) have that the extended Kleisli lifting preserves paths, cf.
Example 7.5.7. Therefore, we consider this as our final assumption when
specifying strong functors.

5: And also A®M, in case of a comonad
morphisms A, cf. Subsection”Comonad
morphisms” on page 149.

6: Cf. Example 7.5.8.



8 Preservation theorems and logic

We call a functor R: X — %Y between elementary path categories a
strong path functor if

» R preserves embeddings,”
» R sends paths to paths,
» R has a left adjoint L such that (-) preserves path embeddings.

These functors play a crucial role for preservation of equivalences of
types, cf. Section 9.5 below. Since (S1) and (52) are automatically satisfied
for strong path functors, by Proposition 8.5.1, the following variant of
Corollary 8.4.5 also holds for strong path functors.

Corollary 8.5.5 Let R be a strong path functor between elementary path
categories, then

1. X ~ Y implies RX ~ RY,
2. X < Y implies RX < RY, and
3. X = Yimplies RX = RY.

Preservation of paths

We finish our detour of laying down the foundations for strong path
functors by observing that the requirement that they preserve paths
could be checked by examining properties of their left adjoint.

Lemma 8.5.6 Let L 4 R be an adjunction X & Y between elementary path
categories such that (-)° preserves path embeddings. If L: Y — X is a full
functor and if paths in X are given implicitly® then R sends paths to paths.

Proof. We need to show thatif e: P > RQ and m: S > RQ are path
embeddings then either ¢ < m or m < e. Consider the conjugates
e’: LP »» Q and m": LS »» Q. Since both are path embeddings and Q
is a path, its subobjects are linearly ordered. Therefore, either e” < m" or
m" < e’. Without loss of generality we assume the former. Then, there
is some h: LP — LQ such that e’ = m" h. Since L is full there is some
f: P — Qsuchthat Lf = h. Then, e = (e?)* = (m" - Lf)* = m f, which
shows that e < m. O

Furthermore, achieving that the left adjoint is a full functor is again quite
simple, since this is usually an EM lifting.

Lemma 8.5.7 Let A: HD = CH be an EM law. If all components of A are
monomorphisms and H is fully faithful then the EM lifting H™ of A is fully
faithful.

Proof. Recall that for EM coalgebras a: A — DA and : B — DB,
H™(A, o) is defined as (A, A Ha). If we have a morphism of coalgebras
f:+ H™A, a) > H™(B, B) then, since H is fully faithful, there is a unique

7: Equivalently, it satisfies (S1).

8: Cf. Section 4.1.
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h: A — B such that H(h) = f. Furthermore, since f is a coalgebra
morphism, the following diagram of solid arrows commutes.

HA ", HpB

ol

HDA 2" HDB

/\l l}\

cHA I cHB

From the fact that A is a natural transformation, the bottom square
in the above diagram commutes. Now, because A: DB — CB is a
monomorphism also the top diagram commutes. Finally, since H is
faithful, H(B-h) = HB-Hh = HDh-Ha = H(Dh-a) implies B+ h =
Dh-a,i.e. h is a morphism of coalgebras (A, &) — (B, B). O

Remark 8.5.8 A corollary of the above lemma is that if L 4 R is a
coreflection and the mate LD = CL of a Kleisli law DR = RC consists
of monos then L™ - R is a coreflection too. In particular, this follows
anytime when we have a monomorphic comonad morphisms D = C.

Recall that extended Kleisli liftings of operations which preserve em-
beddings also preserve embeddings, by Proposition 8.4.6. This holds, in
particular for extended Kleisli liftings of the identity functor by comonad
morphisms. With that in mind, our results in this section give us the
following.

Theorem 8.5.9 Let A: D = C be a morphism of reqular comonads on a
category with a proper factorisation system. If

» A™ sends paths to paths,
» A consists of embeddings, and
» paths in EM(C) are given implicitly,

then the extended Kleisli lifting A( if it exists) is a strong path functor.

Proof. First, we observe that the assumptions of Lemma 8.5.2 are sat-
isfied when instantiated with the adjunction Id 4 Id. In particular, the
conjugation of the adjunction Id + Id trivially preserves embeddings.
Therefore, the conjugation of the lifted adjunction® A A preserves
path embeddings.

Next, by Lemma 8.5.7, A™ is fully faithful, since all embeddings are
monos. Therefore, by Lemma 8.5.6, A sends paths to paths. Finally, the
fact that A preserves embeddings follows from Proposition 8.4.6 since Id
trivially preserves embeddings. O

8.6 Logic extensions and Kleisli liftings

Recall from Section 2.8 that a powerful way to capture further logic
fragments is by using translation functors. From this point of view a logic

9: Cf.Subsection”Comonad morphisms”
on page 149.
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is given by a pair (C, t) shown below
€ —— o 3 C

where t: € — dl is a (translation) functor and C a comonad on .

In this chapter we have described the conditions under which a functor
between base categories H: dl — 9 preserves logical equivalences and

refinements, i.e. satisfies assumptions of Corollary 8.1.1 and Theorem 8.2.1.

Next we take a look at how to adapt these results so that they still apply
to logics parameterised by a translation functor.

Preserving =4c and =3+c. As discussed in Section 8.1, without the
presence of translation functors, we only require a Kleisli law between
the two comonads which, by functoriality of their Kleisli lifting, gives us
the preservation theorems.

Given logics specified by pairs (C,t) and (C’,t’), observe that if there
is a pair of functors F, H such that the diagram of solid arrows below
commutes

€ —— o -5 KI(C)

I
Fl H 1 gK
v

@ = a - wo)
and such that there is a Kleisli law C'"H = HC then
tA =4c tB implies t'F(A) =4p t'F(B)
or, equivalently, that
Fc(tA) = Fe(tB) implies Fp(t'F(A)) = Fp(t'F(B)).
Indeed, by Theorem 7.2.1, there is a Kleisli lifting H*: KI(C) — KI(D)
giving us H¥(Fc(tA)) = Fp(t'F(A)) and similarly for B.

The argument for preservation of = 3+¢ follows similar lines.

Example 8.6.1 Consider the functor V': Str(c Ut) — Str(o) which sends
a 0 U t-structure to its o-reduct. It is immediate to see that the collection
of identity functions induces a Kleisli law «: ExV = V[Ej where the first
instance of Ey is with respect to o-structures and the second with respect
to 0 U t-structures. Consider the following situation

(-)! I Fe,
Str(c Ut) —— Str(c' Ut) —— KI(Ey)

| o e

A\ F
Str(o) — 2 Str(o!) —2 KI(Ey)

where (-)! are the “translation functors’ extending the signature with a
fresh binary relation, which they interpret as equality, as in Section 2.8,
and W computes the o/-reduct out of a 6! Ut-structure. As a consequence,
we obtain the trivial fact that A =3+Fo; B implies VA =3+Fo; VB.
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Preserving =c. When considering preservation of the standard frag-
ments, the situation adapts accordingly. In fact, we can weaken some
of the assumptions slightly by assuming a natural transformation w, as
shown in the diagram below, instead of strict commutativity.

€ — o -FLL Em©)

| i

@ —s 9 -5 EM(D)

In order to apply our results from Section 8.4 assume that we have a
Kleisli law x: DH = HC such that the extended Kleisli lifting H exists
and that it satisfies (S1) and (S2).

Observe that, if F?(w,) is an open pathwise-embedding for every A € d,
then we recover that

tA =c tB implies t'F(A) =p t'F(B)
or, equivalently, that

FC(tA) = FE(tB) implies FP(t'F(A)) = FP('F(B)).

To see that, recall that H preserves b&f equivalence =, by Theorem 8.4.3.
Therefore, from tA =¢ tB we have the following situation

FP(H(tA)) = H(FS(tA)) = H(FE(tB)) = FP(H(tB))
F(on)| | Fen)
FP(t'F(A)) FP('F(B))

where the vertical morphisms are open pathwise-embeddings by our
assumptions. Then, by Lemma 3.4.2, each of these morphisms induces a
bé&f equivalence witnessing FP(t'F(A)) = FP(H(tA)) and similarly for B.
Since b&f equivalences compose (Lemma 3.3.4) we obtain the required
fact that FP(t'F(A)) is b&f equivalent to FP(t'F(B)).

Example 8.6.2 Building on Example 8.6.1, since the extended Kleisli
lifting W* of W exists, we have the following commutative diagram.

I
Str(o UT) -2 Str(o! UT) —25 EM(E)

v| , [w e

Str(o) — 2L str(o!) —= EM(E)

Checking axioms (S1) and (S2) using tools from Subsection”Simplifying
the axioms” on page 159 is immediate, which gives us the other trivial
fact that A =ro; B implies VA =ro; VB.

A similar approach can be used to show that =yso= implies =po= using
the Kleisli law ExU = UE constructed in Example 8.5.4.
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8.7 Beyond unary operations

Recall from Section 7.4 that an n-ary operation'® H: []; f; — % is the
same as an unary operation from the product category. Therefore, the
following is just a rephrasing of Corollary 8.1.1.

Incase H: [1; X; — ¥ is a functor where each {; and Y are elementary
path categories, in order to be able to reuse the conditions for unary op-
erations under which functors preserves the back-and-forth equivalence,
we must specify the elementary path structure of product categories.

To this end, define the embeddings of []; X; to be the tuples of mor-
phisms (f;); where each f; € X; is an embedding and define paths
of [T1; X; to be tuples of objects (A;); such that each A; is a path in %;.1!

Unpacking Theorem 8.4.3 for operations of arbitrary arity yields the
following, where we implicitly assume that categories X; and Y are
elementary path categories.

Finally, Corollaries 8.7.2 and 7.4.1 together with Propositions 8.4.6
and 8.4.7 give the following conditions which are easy to check. As
before, we implicitly assume that the categories of coalgebras EM(C;)
and EM(D) are elementary path categories.

10: In fact, the arity of H need not even
be finite.

11: Observe that even if the paths in
each X; are given implicitly then this
is no longer the case for [1; X;.
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Then, . .
(Viel, Ai=c, Bi) implies H(A;) =p H(B;).

Example 8.7.4 We use Corollary 8.7.3 to recover the original Feferman—
Vaught theorem about coproducts, which we rephrase for the fragment
of restricted quantifier rank:

Aq =Fo, By and A =Fo, B, implies A1+ Ay =Fo, B1 + B>

To this end, denote by +: Str(g) X Str(c) — Str(o) the operation of
taking the binary coproduct (disjoint union) of o-structures. Recall
from Example 7.4.2 that we have a Kleisli law k4, 4,: Ex(A1 + A3) —
ExA1+ErAz sendingaworda = [ay, ..., a,] tothesubword [a;,, ..., a;,]
where i;’s list all the positions of letters in @ that are from the same side
of the coproduct A; + A; as a,,.

We know that EM(Ey) has equalisers of all pairs (in fact, it is complete)
and it is immediate to observe that the operation + preserves embeddings.
What is left to check that morphisms from paths decompose via minimal
path embeddings. Consider a bimorphism © — (@1, a2) as shown
below.

P A+ A

T(l la]+(12

E
ExP —Ls Ep(Ay +Ar) —— (ExAr) + (ExAy)

As in Example 7.5.9 we see that, if P is a chain (x; < -+ < x,) then
f selects out some sequence @ = [ay,...,4,] where the subwords
lai,,...,ai,] and [aj,...,a;] of @ restricted to the positions where
a letter is either from A; or A, respectively, form branches of (A1, Cp,)
and (A, C,,), respectively. Hence, f factors via e; + e, where each
er: (P1,m) » (A1, a1) is the path inclusion of the branch given by
lai,,...,ai,]and, similarly, for e5: (P2, 12) = (A2, a2) and [aj,, ..., a;,].

8.8 Product preservation theorems for free

For checking of preservation of products (and hence also the original
Mostowski theorem) we device an even simpler procedure.

Fix an arbitrary comonad C on a category o with products. Observe that,
for a family of objects {A;}; of o, indexed by a set I, we have morphisms
C(n;): C(IT; Ai) = C(A;) for each i € I and, by the universal property
of products, also the morphism

Kz C([ [, 40— [ ], CA.

One can show that « is a Kleisli law [67, Lemma 8.2], hence we automati-
cally have the following by Corollary 8.1.1.

Corollary 8.8.1 For collections of o-structures { A;}icr and {B;}icr, indexed
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One can check that products preserve embeddings [67, Lemma 8.4] and,
furthermore, that also (52’) is automatically satisfied if we have (P_,).
Hence, we obtain the following generalisation of Mostowski’s theorem.

Recall that if a comonad C on Str(o) or Str.(o) preserves embeddings
then EM(C) is complete (Proposition 2.9.9). Moreover, any time EM(C)
is arboreal then it also satisfies (P_,) (Theorem 4.3.2). The following are
examples of this situation.

Example 8.8.3 We have that
(Viel, Aj=¢ Bj) implies [1; A; =« [1;B;.

for & = FOr, K, FO',‘l , ML by instantiating the above theorem with comon-
ads Eg, P, Pk,n, My where FO’,‘l is the fragment of FO, consisting of
k-variable formulas of quantifier rank < .
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Model-Theoretic Types

In this chapter we give a categorical treatment of model theoretic types,
using the machinery we built in the previous chapters. To do so we
define an abstract notion of variable assignment which allows us to lift
comonads to structures with constants, define types, formulas and prove
preservation theorems for logical equivalences of assignments, similar to
the theorems Theorem 8.4.3. Our approach relies on the machinery of
strong path functors introduced in Section 8.5.

9.1 Motivation

Recall that, for a fragment & of first-order formulas (and not just sentences),
and for a structure A and an n-tuple a € A, the set of formulas tp(a) =
{p(x) € Z | A |= p(a)} is the n-type of a (with respect to &). Types are
an important notion not only in finite model theory [47, 80] but also in
classical model theory [36, 60].

For example, let £ = FO;’ [11] be the set of formulas (with equality) of quan-
tifier rank < k, with free variables among x1, . . ., x,,, then the n-type tp(a)
encodes all properties of @ expressible with formulas from FO; [n]. Now

consider a different n-tuple b of some structure B. When is tp(@) = tp(b)?
This is precisely when the structures A, B extended with constants!
assigned to @ and b, respectively, are FO; [n]-equivalent, i.e. whenever
(A7) =ro=[n] (B, b). Using the same reasoning as in the proof of Theo-
rem 2.1.1, the latter is precisely when Duplicator has a winning strategy
in the k-round Ehrenfeucht-Fraissé game where, after playing the addi-
tional k moves a1, ..., ap+k and b1, . . ., byik, the mapping a; — b;
(fori e {1,...,n + k}) defines a partial isomorphism.

We see that the equivalence of types of 4 and b can be expressed as the
b&f equivalence of subtrees of the Ehrenfeucht—Fraissé comonad Ej.,.
Indeed, the n-tuple @ can be viewed as an element of Exy,(A), as
the sequence (a3, ...,a,]. Then, the possible moves a,41, ..., 44k in
the game correspond to extensions @’ of 7, i.e. sequences of the form
[a1,..., 44,8041, ..., 8n+k] Of Exyn(A). To this end, we view tp(a) as a
subtree of E¢., (A), in the prefix order, consisting of all extensions of . No-
tice that tp(a) with the induced structure from [Ej,(A) is forest-ordered
structure and, hence, is an object of EM(Ej.,,).2

We see that the n-types of @ and b are equal, in the model-theoretic
sense, iff we have tp(z) = tp(E) in EM(E+x) o1, equivalently, using
the simplification operation (-)/~ on EM(Ek+,) from Theorem 4.8.8, iff
tp(a)/~ = tp(b)/-.

In fact, one can view tp(a)/~ as the genuine representation of the model-
theoretic n-type of a, since it fully encodes the information about the
type without any redundancy. However, in the setting of elementary
path or arboreal categories we prefer to work with the full subtree of all
extensions of @ as this is technically easier.
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9.2 Assignments

In this section we abstract away from the concrete representation of types
as sequences and, instead, we define types in any path category & which
satisfies (PEmn) and (PEy/).

Observe that the role of sequences @ = [a3,...,4,] in Section 9.1 is
to represent assignments for free variables x1,...,x;, i.e. mappings
v:{x1,...,04} — A.Incase of E¢.,-coalgebras, picking such sequence @
is equivalent to picking a morphism P — FEx(A) from a path P of height .
However, sequences of length 7 are in a bijection with morphism P —
F ;{E - (A) in EM(Eg+,) if and only if P is discrete as a o-structure. Indeed,
ife.g. RP(x3, x1, x5) holds in P, then morphisms P — F Er(A) correspond
to the assignments v: {x1,...,v,} — A where R4(v(x3), v(x1), v(x5))
in A.

Although it is possible to specify paths that are discrete within an
elementary path category,® it bears no technical advantage for us here.
Therefore, we parametrise assignments by an arbitrary path P in X.

An assignment is a morphism
x:P—X

in X from a path P, representing a sequence of free variables.* By (PE\/) we
define the type given by the assignment x as the subobject (embedding)

tp(x) —2s X

where tp(x) is the colimit of path embeddings P’ »» X such that x
factorises as a composition P — P’ > X.

Extensions of sequences. To see that tp(x) indeed represents the
subtree of X consisting of the paths extending x, as in Section 9.1,
consider the minimal path-embedding factorisation of x, by (PEpn).

X0 €x

x= P2, p ~—2,X 9.1)

The path embedding e, above can be viewed as the position in the
back-and-forth game, induced by the assignment x.

We see that ey : Py > X is one of the path embeddings in the diagram
defining tp(x). Moreover, ey is the least such path embedding. Consider
any other decomposition of x into some f: P — Q followed by an
embedding m: Q > P. Then, by minimality of ey, there is a unique
(embedding) n: Py — P’ such that the triangle on the right below and,
therefore, also the diagram on the left below, commutes.

9.2)

=

VN

=

>

N A

Q «--
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3: E.g. we say that P is discrete if it is
projective with respect to quotients, i.e.
whenever f: P — Y and there is a
quotient g: X —» Y then there is some
f': P — Xsuchthat f =q-f".

4: Notice that we do not require x to be
an embedding nor do we require any-
thing about X, although in our usual ex-
amples X is of the form F C(A) for some
A and some comonad C.



Remark 9.2.1 The above shows that tp(x) can be equivalently defined
as the colimit of path embeddings P’ >» X such that e, factorises as a
composition Py > P’ > X.

The coreflection

Observe that there is a morphism x1: P — tp(x), intuitively representing
the enumeration of the variables given by P in the type tp(x). The
morphism x' is defined as the composition of xo: P — Py from (9.1) with
the colimit inclusion i: Py — tp(x) corresponding to ey: Py > X.In

other words, the inclusion i is the unique morphism such that e, = iy -1i.

Consequently, we obtain that x also factorises as follows.
. .
x = P —— tp(x) —— X (9.3)

The equation (9.3) exposes the coreflective nature of the construction
of types. We can view the construction of types as an operation on the
comma category P | X. On objects, this operation sends an assignment
x: P — X toanew assignment x1. Furthermore, i, isamorphism xT — x
in P | . In the following lines we show that this is a coreflection.

First, we show that the operation (-)is idempotent, i.e. that applying
the same construction twice yields an isomorphic objectin P | X.

Lemma 9.2.2 Given an assignment x, the morphisn i,1: tp(xT) > tp(x)
is an isomorphism.

Proof. Formally, the diagram &, that defines tp(x) consists of triples
(f,Q,m), with Q a path and m an embedding, such that x decomposes
as follows.

pLQLx

Also, morphisms of triples (f,Q,m) — (f’,Q’,m’) are morphisms
h: Q — Q’ such that m = m’h, which also implies that f’ = h f since m
is a monomorphism and mf = x = m’f’.

By definition, tp(x) is the colimit for the functor that projects out the path
(f,Q,m) — Q. The definition of the diagram @, that defines tp(xT) is
similar, it consists of triples (f, Q, m) where

A= Pl 0 ).

We show that the two diagrams defining tp(x) and tp(xT) are the same. As
the map @1 — Dy wesend (f, Q, m)to(f, Q,v,,)wherev,,: Q — tp(x)
is defined as the colimit inclusion, satisfying the following.

Q —— X
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The commutativity of the above diagram gives us that v, is an embedding.

Therefore, the mapping @& — 9, is well-defined. The fact that this is

functorial follows from the fact that inclusion morphisms form a cocone.

Conversely, we define a mapping %, — @1 by mapping (f, Q,m) to
(f,Q,iym). This is clearly functorial by definition.

We now check that these two maps are inverse to each other. Starting
from (f, Q,m) in &1, by mapping it to @, and back to P;, we obtain
(f,Q,ixv) which is equal to (f, Q, m) by the above triangle.

Conversely, for (f, Q, m) in @, and mapping it to @1 and back, we obtain
(f, Q,vi,m). The commutativity of the above triangle for v;_,, gives us
that iy -vi,, = ixm which by the fact that i, is a monomorphism gives
us the intended equality, i.e. that v; ,, = m. O

Finally, we define
Xp

as the full subcategory of P | X on assignments x which satisfy that i,
is an isomorphism.

Theorem 9.2.3 Assume that X is an elementary path category with (PE,;;,)
and (PEv)). Then, (-)' is a coreflection of P || X onto Xp, with the counit of
the coreflection given by i.).

Proof. We want to show that the inclusion of Xp into P | X has a left
adjoint. Given an assignment x : P — X, i.e. an object of P | &, the
morphism i, is a morphism xT — x. Moreover, the previous lemma
implies that i, is an isomorphism, giving us that x is in Xp.

What is left to show is that for any morphism f : x — yin P | &, with
x € Lp, there is a unique morphism f* : x — y such thati, f* = f.

Let us assume that the codomain of x is X and the codomain of y is Y.

We define f* by the universal property of iy. Assume that there is a
factorisation of x via a path embedding as follows.

p-2.0-".X%

where Q is a path. We take the least factorisation of fm, by (PEmy), as

follows
km v
——

Q Qu —— Y

where v, is an embedding. Since we have a morphism k,, g of type
P — Qu, by the universal property of tp(y), there is a morphism
Pm : Qm > tp(y) such that v,, = 1y pp.

Assume that there is another path embedding m’ : Q’ »» X and g’ :
P — Q' and a morphism e : Q > Q’ such that m = m’e. Then, we have
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a commutative diagram

k
Q——Qn
X\ (m
f
e B ——
ml
Om!
’ ’
Q T Qm/

where v, is an embedding. Therefore, by minimality of v;,, there is an
e’ : Qm — Q,, making the arising square and triangle commute.

Next, we observe that e’ commutes with the embeddings into tp(y), that
is, pre’ = pm. This follows by a simple diagram chase and the fact that
iy is a mono. Indeed, we have:

iypm=m=m'e=1i,pme
As a result, we have the following commutative diagram.

km

Q——=Qn
w\
e ¢ tp(y)
Pm’
Q = Qv

Since iy: tp(x) > X is an isomorphism, X is the colimit of the diagram
of m : Q » X through which x factors. Furthermore, we showed above
that this diagram is a cocone over tp(y) as well. Therefore, there is a
unique f*: X — tp(y) such that p,, k,, = f*m.

What is left to show is that i, f* = f and that f* is a morphism x — y!
in P | &. The latter is immediate by construction and for the former,
observe that for every m : Q »» X through which x factors, we have

iyf'm=1iypmkm =omkn = fm

and so i, f* = x by the fact that i, is an isomorphism. O

Elementary path category structure of Xp

In Subsection“Equivalence of types” on page 176 below we use the
category Xp as the main tool to express logical properties of structures
with constants. In order to be able to talk about b&f equivalences,
bisimulations and so on, in the sense of Chapter 3, we need to equip
Xp with the structure of an elementary path category. To this end, we
define the paths of Xp to be the assignments x: P — X where X is a
path. Similarly, embeddings of &p are the morphisms f: x = yinP | X
whose underlying morphism is an embedding of &.

The following observation due to Luca Reggio is easy to verify.
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Lemma 9.2.4 The category Xp is an elementary path category. Moreover,
if X is a representable arboreal category then so is Lp.

Proof. The fact that Xp is an elementary path category is immediate.

Let X = Ar(®) for some ®@: N’ — Pos, by Theorem 4.5.26. Given
x: (P,p) = (T,t) in Ar(®). Observe that tp(x) is given as the subtree
of T on the set im(x) U {y | Vi € P x(i) < y}, with the labelling
t': tp(x) — O given as the restriction of ¢ to tp(x). If ht(P) = n and the
top element of P is T, it follows that Xp = Ar(®’) where

'(m)={z€e®n+m)| Pn < (n+m))(z)=x(T)}. O

Related work

The following result, which also exposes the coreflective nature of types,
has been shown independently in the setting of arboreal categories.

Lemma 9.2.5 ([13, Lemma 5.12]) Given path embeddings m : P > X and
n : P >> Y in an arboreal category, if there is some f : X — Y such that
fm = n (ie. there is a morphism m — n in the comma category P | X)
then

1. thereis a unique g : tp(m) — tp(n) such that

tp(m) —— tp(n)

and, moreover,
2. gm' = nl, ie. g isamorphism m' — n' in the comma category
Pl

Notably, this construction is merely a technical tool in [13], without
exploiting the relationship with model-theoretic types. Moreover, the
same paper then constructs tp(x)/-, in the sense of our Section 4.8, see
the proof of Lemma 7.2 therein. Also, the space of O-types FFx(A)/~
appeared as a main technical tool in [30, Section 7] (under a different
name), when showing FPT decidability of FO formulas on classes of
bounded twin-width.

9.3 Structured and unstructured assignments

Typically, in applications, we have a path adjunction between some base
category o and an elementary path category X:
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We call any morphism of the form
x: U(P) - A.

where P is a path in X an unstructured assignment. This name is
justified since its conjugate with respect to the adjunction U 4 F, i.e. the
morphism

x*: P — FA

is an assignment, in the sense of Section 9.2. We refer to assignments of
the type P — FA as structured assignments. Recall that these precisely
describe the situation that inspires our categorical description of types,
cf. Section 9.1. Moreover, since conjugation is a bijection, the two types of
assignments represent the same information.

Equivalence of types

We say that assignments x : P — X and y : P — Y are of the same type,
and write

xX=y
if tp(x) = tp(y) in X, which represents that the model-theoretic types

of x and y are the same, cf. Section 9.1. In fact, in an arboreal category
x = y implies that P, = P,.
Then, given unstructured assignments x: U(P) - Aand y: U(P) — B
in o, we write

X=x Y

whenever x* = y*.

Example 9.3.1 For X = EM(Ej4,), we set P to be the discrete chain
(1 < --- < n) of length n. Due to discreteness of P, any choice of an
n-tuple @ = [ay,...,a,] corresponds to a choice of a homomorphism
x: U(P) — A where x(i) = a;, and vice versa.

Now, given n-tuples 7 and b in A and B, respectively, let x: U(P) — A
be x(i) = a; and, similarly, let y: U(P) — B be y(i) = b;. Then, x =g y
iff x* = y* iff tp(x) = tp(y) iff (A, @) =po,[n] (B, D), i.e.if @ and b realise
the same formulas with free variables x1, ..., x,,.

Adjunctions and comonads for structures with constants

The fact that x =g y corresponds to the equivalence in the fragment
of logic with free variables, where x and y interpret these variables as
constants appears repeatedly throughout this chapter.

In this section we make it more precise. We show how one obtains a
path adjunction for structures with constants (given by unstructured
assignments) from the original path adjunction (3.2).

First, we define the category of unstructured P-assignments

dp
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to be the comma category U(P) | d. For example, when o = Str(o)
and U (P) is discrete then olp is isomorphic with the category of pairs (A, @)
where A € Str(o) and 7 is an interpretation of constants.

We have functors:

Up

VRS
dp PlX
~_~7
F}
The first functor is defined by adjointness
Fo(a:U(P) > A)=a":P — F(A)
and the second is simply just the application of U

Up(x: P — FA) =U(x) : U(P) — UF(A)

Lemma 9.3.2 These two functors define an adjunction, with Uy, on the left
and F}, on the right.

Proof. We need to check that there is a bijection between morphisms
U} (x) — a and morphisms x — FJ,(a). However, this follows from the
rules for conjugation (cf. Subsection” Adjunctions” on page 20) and the
fact that (-)* establishes a bijection between UX — A and X — FA.
Indeed, a morphism U}, (x) — a gives us a triangle on the left below

u/(x)y \ / Y;p/(u)

UFX X—>FA

and the triangle on the right above is obtained from the one on the left
by conjugation, since a* = (f - U(x))* = f*- x. O

As a result, we obtain the adjunction

Up
VRS
dp Xp
~_ 7
Fp

as the composition of the adjunction U}, 4 F}, from Lemma 9.3.2 and the
adjunction between P | X and Xp, arising from the coreflection from
Theorem 9.2.3.

Moreover, this adjunction gives rise to the comonad
Cp: .Sﬂp — Sﬂp

on dp, i.e. on the abstraction for a category of structures with con-
stants. The comonad Cp is obtained as the composition of F/,, with the
coreflection which defines tp(-), followed by U7, ie’ 5: We leave it for future work to inves-

tigate when Up is comonadic, which is
also a common property in our examples.

Cp(a: UP — A) = U((@)).



Example 9.3.3 We start from a comonadic adjunction, e.g. dd S X
where o = Str(o) and X = EM(Eg4,) and P is a discrete Ey,-path of
height n, with elements {1, ..., n}. Then, as in Example 9.3.1, we see
that olp is equivalent to the category of o-structures with n constants
and Xp is the category of trees of height <n + k where each of their
branches extends P. Concretely, given an assignment a : U(P) — A,
corresponding to a choice of a word w = [ay,...,a,], by the above
description of Cp(A, @), we have (2)#: P — FEr(A) i.e. the mapping i >
[a1,...,a;]. Then, igy: tp(a") »> FEc(A) restricts the cofree coalgebra
to the lists comparable with w. Finally, U}, (F,(A, a)): U(P) — U(tp(a®))
can be viewed as the structure with universe tp(a”) and constants
[a1],[a1,a2], ..., w, i.e. a list representation of @. We see that, in this case,
the induced adjunction sfp & Xp is comonadic since Xp = EM(Cp).

A similar construction can be used to obtain a version of P for structures
with constants and the fragment ZX  [1] of the k-variable infinitary logic
of formulas with free variables among the fixed variables x1, ..., x,

of 2k [n].b

9.4 Formulas and quantification

Motivation. Let ¢ be a first-order sentence in signature . Observe
that the class of models Mod(¢) = {A € Str(c) | A |= ¢} of ¢ is closed
under =go. In fact, it is closed under =g, where k is the quantifier rank
of ¢.

Conversely, let A C Str(o) be a class closed under =go,. Since, up to
equivalence, FO;x consists of only finitely many sentences, Str(c) =
Ay U ---UA, is a finite disjoint union of equivalence classes of =g, .
Therefore, for each A; there is some ¢; such that A; = Mod(1;). Indeed,
1; is the conjunction of (representatives of equivalence classes of) x such
that A; |= x. Finally, we set ¢ to be the disjunction of those 1; such that
A; € A, and obtain that A = Mod(g).

This all shows that first-order sentences correspond to classes of structures
A C 8tr(o) closed under =gq, for some k.

Using the same reasoning, we obtain a representation of formulas as
classes of structures with constants. Namely, there is a correspondence
between first-order formulas ¢ (x) with 1 free variables x and quantifier
rank k and classes A of structures with n constants (A, a) which are
closed under =g, ;]

Synthetic reformulation. We use the above intuition to represent
formulas. To this end, we fix a path adjunction U 4 F, as in (9.4).

Given a path P in &, we define a P-formula A (with respect to U 4 F) to
be a class of unstructured assignments

ACUP) |

such that if x € A, for some x: UP — A and tp(x*) = tp(y*) for some
y: UP — B, then y € A. Equivalently, A is a P-formula if x € A and
x =g y implies y € A.
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are a subset of the k-variables used in
¢k, [n] for quantification. Therefore,
when quantifying with Jx; we lose ac-
cess to the constant originally assigned
to x;.
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Similarly, we say that A C ¢l is a sentence (with respect to U - F) if

A € Aand A =¢ B implies B € A7 7: Note that if X satisfies (Py), i.e. it has
) ) o the initial object 0, then being a sentence
The following follows directly from definitions. is the same as being a 0-formula.

Lemma 9.4.1 Given a class A € U(P) | o, it is a P-formula with respect to
U 4 F if and only if it is a sentence with respect to the adjunction Up -4 Fp
from Section 9.3.

Example 9.4.2 If P is a discrete chain of length 7 in Ej, then a class A is
a P-formula iff it is a class of structures with n constants which is closed
under logical equivalence =g, [].

Example 9.4.3 We say that a P-formula A is homomorphism closed if it
is a sub-functor
A C hom(U(P), -)

or, equivalently, whenever x: UP — Aisin A and f: A — B then
f-xeA.

Recall that each unstructured assignment x: UP — A corresponds to
a structure with constants (A, a). Then, being homomorphism closed
means thatif (A,4) € Aand f: (A,a) — (B, b)isa homomorphism of
structures with constants, i.e. f(a) = b, then (B ,E) €A

The Homomorphism Preservation Theorem (HPT) says that any sentence
which is homomorphism closed is equivalent to an existential positive
sentence. Then Abramsky and Reggio [13] show, using a similar represen-
tation of formulas as above, that the existential positive formula obtained
this way has the same quantifier rank as the original formula.

Example 9.4.4 Let A be a P-formula and let e : Q »> P be an embedding
of discrete paths in EM(Ey) whose height differs by one. For example, the
height of Q and P is n and n + 1, respectively.

Define the existential closure A7 by

A= {f-U(e)| f € A).

Then, A corresponds to a class of structures with 7 + 1 constants and A7
consists of such structures with n constants (A, @) such that there exists
a’ € A such that (A, aa’) is in A. By the definition of = it immediately
follows that A3 is a Q-formula too.

9.5 Preservation for assignments

In the following we wish to obtain preservation theorems for assign-
ments along strong path functors, akin to the preservation theorem
(Corollary 8.5.5) for bisimulations of objects. As a direct application,
we obtain a preservation theorem for formulas, using the definition of
formulas from Section 9.4.

In the following we fix a strong path functor® R: X — % between  8: Cf.Section 8.5.



elementary path categories. In particular, this implies that we have an
adjoint situation

where L is the left adjoint to R. We further assume that & and %Y satisfy
(PEmn) and (PEy/), in order to be able to define tp(-) and therefore also =
for assignments. Finally, we also assume that X and Y satisty (PEp).

We also fix a path v in Y, as our abstraction for a vector of variables,’
and assignments x: Lv.— X and y: Lv — Y in X or, equivalently,
x*: v —> RX and y*: v — RY in ¥. In the following we show that
x = y in X implies x* = y* in Y. This amounts to showing that
tp(x) = tp(y) implies tp(x*) = tp(y*). Recall that x decomposes as:

v 2, tp(x) X

In order to transfer the bé&f system witnessing x = y from X to Y, we
relate tp(x*) and R(tp(x)) via an open pathwise-embedding. Consider
the following situation

- R(ni)(x))
Rv
v /x; RX
o~k
G tp(at

where, for simplicity, we denote i, by v and i+ by w.

Construction of tp(x*) — R(tp(x)). We look at the cocone defining
tp(x*) as its colimit. Let e: P »> RX be a path embedding such that x*
is equal to ex, for some x,: v — P. By the definition of tp(x¥) there is
an inclusion morphism w, from P into the colimit tp(x*). We obtain the
following commutative diagram.

RX <o

o] \

tp(x?) —=< P« v

Next, we conjugate parts of this diagram and obtain the following
diagram of solid arrows

Lv —— tp(x)
o

where x is equal to both the right-to-top composition and top-to-right
compositions. The diagonal morphism v,: LP — tp(x) is the inclusion
into the colimit tp(x), which exists by fact that x factors through the path
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9: This time we use v instead of P to
denote the domain of our assignments,
to emphasise its different role from other
paths arising in the arguments below.



embedding e. Transposing the above diagram gives us

P— 5 RX
v,

% \ IRU (9.5)
Vo R(tp(x))

where 0¥ is an embedding since e is.

The construction we just described works for any e of the required type.
We obtain a collection of embeddings:

(P =5 R(tp(x)) | v = P s RX} (9.6)

In the next lines we show that this collection forms a cocone.

Lete: P >»> RX and m: Q »> RX through which x* factors and such
that e = mh for some h: P > Q. The relevant commutative diagram
with arrows arising as described above is the following.

P
e
/ Xe
We
R(tp(x)) —%s RX «—“— tp(x*) h v
Wi
\ XW
m
Q

Um

where the upper and lower left-most triangles commute by (9.5). By
diagram chasing we obtain that

Ro-vf -h=m-h=e=Ro-vf.

Finally, since Rv is an embedding, v¥ -k = 0¥ and hence (9.6) is a
cocone. As a result, by the universal property of tp(x¥), there is a unique
morphism

z: tp(x*) — R(tp(x))

such that, for every e: P »> RX through which x* factors, v¥ = zw,.
Lemma 9.5.1w = Rv -z or, equivalently, i+ = R(iy):z.

Proof. We use the universal property of tp(x*). Let e: P »> RX be some
path embedding through which x* factors. By the defining property
of inclusion morphisms w - w, = e. On the other hand, ¢ = Rv- vf =
Rv -z - w, where the first equality holds by (9.5) and the second equality
follows from the universal property of z, as stated above. O

The above lemma allows us to obtain a fundamental fact about the
morphism z constructed above.

Proposition 9.5.2 If R is a strong path functor, the induced morphism
z: tp(x*) — R(tp(x)) is an open pathwise-embedding.
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Proof. We first show that it is a pathwise-embedding. Let e: P » tp(x*)
be an arbitrary path embedding. By (PEp) for %, e = w, h for some
wer: P’ > tp(x*), with e’: P’ > RX such that x* factors through it.
Then, by the defining equations of z, stated above,

ze = zwy h = v' 1.

Observe that the right-hand side is a composition of two embeddings: (1)
h is an embedding since e = w,/ h and e is an embedding and (2) v, is
an embedding since ¢’ = Rv - v,» and e’ is an embedding. Consequently,
ze is an embedding too.

Next, we show that z is open. Consider the following commutative square

of path embeddings.

tp(x") —— R(tp(x))
5 [ 9.7)

p Q

By (PE¢p) for X, we find a decomposition of the conjugate m" into
mo: LQ »= Q" and vy Q° > tp(x) for some m’: Q' »» X through
which x: Lv — X decomposes. We obtain the following picture.

LQ ' tp(x) —— X

Om? ,
mo m

Ql

Conjugating the whole diagram back and glueing it onto (9.7) gives us
the following diagram on the left below.

tp(x*) —— R(tp(x)) —> RX R(tp(x))
l\L e TRm, 7 \Ri]
e m RQ’ tp(x*) @ RX
I y ka A'n’
P Q RQ’

Furthermore, Lemma 9.5.1 gives us the commuting top triangle in the
diagram on the right above. Finally, the fact that R is a strong path functor
implies that RQ’ is a path. Therefore, since x: Lv — X decomposes as
m’ - my, also x*: v.— RX decomposes as (m’-mg)* = Rm’-m} where
Rm’ is an embedding since R is a strong path functor. Therefore, there is
some wWgy,» making the bottom triangle in the diagram on the right above
commute.

Finally, upon setting d: Q — tp(x*) to wgry - m!, we obtain that

O/
w'e:Rv'z-e:Rm’-mg-h:w-d%

and, since w is an embedding, e = dh as required. For the second triangle
to commute we see that

Rv-m:Rm’-m§=w-mel-mg=Rv-z-d
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and, again, since Rv is an embedding, m = zd, which is the last condition
we needed to check. O

Preservation of = for assignments. Assume that x = y in X, i.e. that
tp(x) = tp(y) in . Since R is strong, by Corollary 8.5.5, we also have
that Rtp(x) = Rtp(y) in Y. Therefore, by Proposition 9.5.2, we have the
following situation.

tp(x*) tp(y*)

4 }:

R(tp(x)) =  R(tp(y))

Since OPEs induce b&f equivalences (Proposition 3.4.4) and these com-
pose (Lemma 3.3.4), we have that tp(x*) = tp(y¥), i.e. that x* = y#
in%Y.

The following theorem summarises what we showed in this section.

Theorem 9.5.3 Let R: X — Y be a strong path functor between elementary
path categories satisfying (PE,;), (PEy/), (PEy,) and (Po). Then, given
assignments x: Lv — Xand y: Lv — Y in Y,

x=y implies x*=y"

Preservation of < for assignments. Alternatively, for assignments
x:Lv —» X and y: Lv — Y, assume that tp(x) < tp(y), i-e. there
is a cospan of OPEs tp(x) —e» Z «e— tp(y). Then, by the fact that
morphisms z from Proposition 9.5.2 are OPEs and the fact that strong path
functors preserve this property (cf. Proposition 8.5.1 and Theorem 8.4.4),
we have the following situation

tp(x¥) tp(y*)
R(tp(x)) R(tp(y))

where all depicted morphisms are OPEs. Since OPEs compose (Lemma 3.4.1)
the above situation is a cospan of OPEs between tp(x*) and tp(y¥), i.e.

tp(x*)  tp(y¥).

We summarise this in the following theorem, which is a version of
Theorem 9.5.3 with slightly milder assumptions, where b&f equivalence
of types is replaced by their behavioural equivalence.

RZ

Theorem 9.5.4 Let R: X — Y be a strong path functor between elementary
path categories satisfying (PE;.,), (PE\/) and (PEy). Then, given assignments
x:Lv—> Xandy: Lv—>Yin%Y,

tp(x) = tp(y) implies tp(x*) = tp(y").
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Comparing standard logic fragments and their formulas

Next, we consider the following familiar adjoint situation arising, for
example, from comonad morphisms, as in (7.10).

R
/\
y— T =X
L
Y u*

u F*

o/}

Preserving sentences. Let A C dl be a sentence with respect to the
path adjunction UY 4 FY, as in Section 9.4. Observe that A is also a
sentence with respect to U¥ 4 F*. Indeed, given A € Aand A =g B, i.e.
FYA = F¥B. Since R is a strong path functor, by Corollary 8.5.5,

F¥A =R(F*A) = R(F*B) = F¥B.

Consequently, from the fact that A is a sentence with respect to U¥ 4 F¥
we obtain that B € A.

Example 9.5.5 Given the comonad morphism Ex = P from Exam-
ple7.14, if A = Mod(¢) for some FOi sentence ¢ then A = Mod(¢’) for
some ZX  sentence ¢’. In other words, this gives us the trivial fact that

FOr C 2K,

The same statement holds for the logics related by comonad morphisms
which induces a strong path functor, as discussed in Section 8.5.

Preserving formulas. Theorem 9.5.3 allows us to extend the same
reasoning to formulas. Fix a path vin % and a formula A € U¥(v) | o
with respect to U¥ 4 F¥ as in Section 9.4, i.e. A is a class of objects in the
comma category such that x € A and x =y y implies y € A.

To this end, observe that, since U¥ (v) = U¥(Lv), we automatically have
thatalso A € U%(Lv) | s1. Therefore, in order to show that A is a formula
with respect to U 4 FX, we need to show that it is closed under =¢. To
this end, take assignments x, y: U*(Lv) — A where x € A and x =¢ Y,
thatis, x* = y¥ in X where x*: Lv — F¥ A denotes the conjugate of x
with respect to U% 4 F* and similarly for y* and y. By Theorem 9.5.3
we have that (x*)* = (y*), for the conjugates with respect to the L 4 R
adjunction. Finally, since x¥ = (x*)* where ¥ is the conjugation of
x: UY(v) = U¥(Lv) — A of x with respect to U” 4 F¥, we see that
x¥ = yY,ie. that x =¢ y. Therefore, since A is a formula with respect
to U 4 F¥ this gives us that y € A.

Example 9.5.6 Using the comonad morphism E; = P, as in Exam-
ple 9.5.5, we obtain that every FO formula ¢ (X) with n free variables X
of quantifier rank k is also a formula in the (k + n)-variable FO logic, i.e.

FO[n] € L&, [n].
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Glossary of Symbols

(-)* Left-to-right conjugation operation of an adjunction.
20

(-)° Right-to-left conjugation operation of an adjunction.
20

€ Counit of an adjunction. 20

n Unit of an adjunction. 20

€|C Comma category. 50
PIX Comma category of path embeddings. 51

Pos Category of posets and monotone functions. 73
Set Category of sets and functions. 28

o Finite and finitary relational signature. 9

ol Signature o extended with binary I(-, -). 12
F Category of forests. 66

Str.(o) Category of pointed o-structures. 23

Set Category of finite sets. 102

Str(o) Category of o-structures. 23

Strg(o)  Category of finite o-structures. 102

dp Category of unstructured assignments. 183
XLp A coreflexive subcategory of assignments. 180
J Category of trees. 65

C,D,etc. Comonads. 19

Co Induced forest order of a coalgebra. 30
=) Coextension operation of a comonad. 19
0 Comultiplication of a comonad. 19

€ Counit of a comonad. 19

EM(C) Eilenberg—Moore category of coalgebras. 22

0 Cofree coalgebra of a comonad. 22

uc Left adjoint from an EM category. 22

F¢ Right adjoint into an EM category. 22

FO First-Order logic without equality. 10

FO~ First-Order logic with equality. 10

Loow Infinitary First-Order logic without equality. 10

Lo Infinitary First-Order logic with equality. 10

C Counting extension of L. 14

Ck Restriction of C to sentences of quantifier rank 7. 14

ck Restriction of C to k-variable sentences of quantifier
rank n. 107

zk k-variable fragment of £. 15

I*z Positive existential fragment of £. 13

0x Least subpath. 54

- Embedding. 36

JM Embeddings. 35

>g Logical refinement relation. 13



Po Class of paths of .71

P Paths of an elementary path category. 47

PDiagy Canonical path diagram. 52

< Covering relation. 28

—» Quotient. 36

Q@ Quotients. 35

glm q is orthogonal to m. 36

X/~ Simplification of X. 93

Sub(X) Poset of subobjects. 63

TDiagy Canonical tree diagram. 71

0 Initial object. 49

KI(C) Kleisli category. 21

Ke Comparison functor. 23

. Kleisli composition. 21

Uc Left adjoint from a Kleisli category. 21

Fc Right adjoint into a Kleisli category. 21

~ Kleisli morphism. 21

H®™ Eilenberg-Moore (EM) lifting. 137

H* Kleisli lifting. 139

H Extended Kleisli lifting. 143

ARM Eilenberg-Moore (EM) lifting of a comonad mor-
phism. 157

A Extended Kleisli lifting of a comonad morphism. 157

—x Heteromorphism. 147

Cp Comonad on the category dlp, which is an abstraction
for a category of structures with constants. 184

Dm Density comonad. 113

Ex Ehrenfeucht-Fraissé comonad. 24

My Modal comonad. 25

Py Pebble comonad. 25

Pin Pebble comonad of restricted depth. 107

= Back-and-forth equivalence. 31, 53

S There exist morphisms in both directions. 48

= Behavioural equivalence. 57

~ Bisimilarity. 57

=q Equivalence = relative to F: o — X. 48

= Equivalence = relative to F: o — X. 48

=3+q Equivalence & relative to F: of — X. 48

E ELY There exists a morphism relative to F: o — X. 48

=>3g There exists a pathwise-embedding relative to F: o — X.
48

S A refinement relation for positive fragments. 49

=c The same as =gy (c). 49

=40 The same as =gep(c). 49

=g+ The same as =3+gy(c)- 49

S3+C The same as = 3+gm(c)- 49

=3c The same as =3gm(c). 49

>.ic The same as = gy (c)- 49

Ar(D) Arboreal category from a functor. 74



Dy

tp(x)

x!

Path functor. 64
Functor of paths. 73
Embedding part of a factorisation. 65

Subobject representing the model-theoretic type of an
assignment. 178
Factorisation of an assignment via its type. 179



Index

o-structure, 9 morphism, 22
forest-ordered, 30 number, 117
forest-ordered with pebble function, 30 colimit
homomorphism, 23 directed, 40
pointed, 16 tree, 64
pointed Kripke frames, 16 comonad
strong homomorphism, 36 classifies a class, 110

2-out-of-3 condition, 62 coextension, 19

coextension form, 19

adjunction comonoid form, 19
conjugation, 20 comultiplication, 19
counit, 20 counit, 19
path, 46 density, 108
unit, 20 discrete density, 110

assignment, 171 graded, 117
of the same type, 176 idempotent, 30
structured, 176 morphism, 116, 150
unstructured, 176 pointwise density, 109

regular, 38
coreflexive pair, 136
coSOPE, 55

basic proof rules, 126

category
Jt-well-powered, 40, 61 decomposition
arboreal, 65 k-pebble forest-decomposition, 30, 102
component-based, 112 depth, 102

combinatorial, 97 forest-decomposition, 30

comma, 48 dense subcategory, 66
componental, 111 designated point, 16
dgnse, 66 diagonal filler, 36, 54
discrete, 110 diagram
Eilenberg-Moore (EM), 22 canonical path, 50
elementary path, 45 canonical tree, 68
Kleisli, 21 path, 50
locally finite, 97 pushout square, 97
locally finitely presentable (Ifp), 41 tree, 64
of trees, 62
representable wooded path, 68 element
with a set of paths, 67 degenerate, 98
wooded path, 62 generic, 98
class essentially in a subcategory, 111
component-based, 113
homomorphism closed, 179 factorisation system
monotone, 115 orthogonal, 35
nowhere dense, 121 proper, 36
somewhere dense, 121 stable, 37
coalgebra, 22 factorises, 35
admitting, 31 forest, 28
cofree, 22 morphism, 28

concrete description, 30 root, 28



formula, 178
quantifier rank, 11
functor
comonadic, 23
comparison, 23
crates colimits, 35
dense, 125
finitary, 40
finite rank, 40
preserves heights, 79
strong path, 163

Gaifman graph, 34

game
back-and-forth k-pebble, 15
back-and-forth Ehrenfeucht-Fraissé, 9
bijective k-pebble, 15
bijective bisimulation, 17
bijective Ehrenfeucht-Fraissé, 14
bisimulation, 17
forth-only Ehrenfeucht-Fraissé, 13
relaxed Ehrenfeucht—Fraissé, 12
simulation, 17
unbounded, 12

graded modalities, 18

graph parameter, 117
standard, 117

graph property, 118

height
of a forest, 28
of an element, 28
of forest-ordering, 30
of path, 68

law
Eilenberg-Moore (EM), 130
Kleisli, 132
lifting
Eilenberg-Moore (EM), 130
extended Kleisli, 136
Kleisli, 132
logic
bounded modal depth, 18
bounded quantifier rank, 11
bounded variable count, 15
counting extension, 14
counting modal, 18
finitary first-order (without equality), 10
finitary first-order with equality, 10
infinitary first-order (without equality), 10,
12
infinitary first-order with equality, 10
modal, 17

positive existential fragment, 13
standard fragment, 27

mate, 145, 146
minimal decomposition, 156
morphism
embedding, 36, 45
embedding extension, 49
embedding-open, 53
heteromorphism, 140
lax, 71
open, 56
open pathwise-embeddings (OPE), 54
orthogonal, 36
path embedding, 48, 49
pathwise-embedding, 53
quotient, 36
semi-open, 56
strict, 72
strict quotient, 98
tree bijection, 64

object
component, 111
connected, 111
finitely presentable, 40
initial, 47
path, 42, 45
path generated, 64
rigid, 52
tree-connected, 64

partial
correspondence, 12
homomorphism, 13
isomorphism, 10

paths given implicitly, 60

pebble function, 30

primitive positive sentences, 126

relation
back-and-forth equivalence, 31, 51
back-and-forth system, 51
behavioural equivalence, 55
bisimilarity, 55
homomorphism indistinguishability, 96
logical refinement, 13
strong b&f equivalence, 89

sentence, 179
sequence
prefix, 24
signature
modal, 16
relational, 9



simplification, 90 root, 28

SOPE, 55 synchronisation, 30
tree, 28 type, 170, 171
labelling, 71

morphism, 28 winning strategy, 10
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