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A countable random graph has vertices {1,2, ...} and edges are chosen independently with probability %

There exists graph R such that with probability 1 a countable random graph is isomorphic to R.

Graph G has the extension property if for every finite disjoint set of vertices A and B there exists vertex v
connected to every vertex in A and no vertex in B.

With probability 1, a countable random graph has the extension property.

Any two countable graphs with the extension property are isomorphic.



The following graph is isomorphic to R:
® Vertices are all integers.
® For x < y we put x ~ y if the binary expansion of y has on x-th position 1.
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Constructions

The following graph is isomorphic to R:
® Vertices are all integers.
® For x < y we put x ~ y if the binary expansion of y has on x-th position 1.

Let M be a countable modes of set theory (which exists by Skolem paradox).
Then the following graph is also isomorphic to R:

® Vertices are all sets of M.
® A~ Bifeither Ac Bor B € A.
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Constructions

The following graph is isomorphic to R:
® Vertices are all integers.
® For x < y we put x ~ y if the binary expansion of y has on x-th position 1.

Let M be a countable modes of set theory (which exists by Skolem paradox).
Then the following graph is also isomorphic to R:

® Vertices are all sets of M.
® A~ Bifeither Ac Bor B € A.



R is universal for the class of all countable graphs: R contains every countable graph as an induced subgraph.



Structure (graph) is homogeneous if every isomorphism of its two finite substructures (induced subgraph) can be
extended to an automorphism.
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R is homogeneous.




R is indivisible: if vertex set of R is partitioned into a finite number of parts, then the induced subgraph on one of
these parts is isomorphic to R.



R is indivisible: if vertex set of R is partitioned into a finite number of parts, then the induced subgraph on one of
these parts is isomorphic to R.

Can we find more objects like R?



Language L consists of relational and function symbols each associated with arity.
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@ Relation Ry C A2ty(R) for every relational symbol
RelL;

® Function F:r"y(F) —» Afor every function symbol
Fel.
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Language L consists of relational and function symbols each associated with arity.

L-structure A has vertex set (or domain) A © Graphs
equipped with: )
. . . ® n-uniform hypergraphs
@ Relation Ry C A2ty(R) for every relational symbol ) :
Rel: ® Graphs with colored vertices and/or edges

® Function Fﬁ'“y(F ) . Afor every function symbol (0 TS sp.aces
Fel, © Permutations
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(Model-theoretic) structures

Language L consists of relational and function symbols each associated with arity.

Defintion (-struture) [Exampie

L—structure A has vertex set (or domain) A © Graphs
equipped with: _
Relation Ra C A2tY(R) f lational bol ® n-uniform hypergraphs
° ReeaLK-)n A MESA LSS ® Graphs with colored vertices and/or edges
@ Function F2™F) _, Afor every function symbol () LHEiTE spaces
Fel © Permutations
0 Groups

Definition (Homomorphism of L-structures)

A homomorphism f: A — B is a mapping f: A — B such that:
© For every relational symbol R € L: (x1, X2, - - -, Xaity(r)) € Ay = (f(x1), f(X2), - . ., {(Xarity(r))) € Rg:
@® For every function symbol F € L: f(Fa(X1, X2, - - -, Xarity(F))) = Fa(f(x1), f(X2), - - -, F(Xarity(F)))-
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Definition (Homomorphism of L-structures)

A homomorphism f: A — B is a mapping f: A — B such that:
© For every relational symbol R € L: (x1, X2, - - -, Xaity(r)) € Ay = (f(x1), f(X2), - . ., {(Xarity(r))) € Rg:
@® For every function symbol F € L: f(Fa(X1, X2, - - -, Xarity(F))) = Fa(f(x1), f(X2), - - -, F(Xarity(F)))-

Monomorphism, embedding and isomorphism can be defined analogously as on graphs.
Substructures are always induced.



By Age(A) we denote the class of all L-structures isomorphic to some (induced) substructure of A.



By Age(A) we denote the class of all L-structures isomorphic to some (induced) substructure of A.

Class C is an amalgamation class if it is
@ closed under isomorphism,
@ closed under taking induced substructures,
® contains only countably many non-isomorphic structures, and,
© has the amalgamation property.
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Definition (Age of structure L-structure A)
By Age(A) we denote the class of all L-structures isomorphic to some (induced) substructure of A.

Definition (Amalgamation class)
Class C is an amalgamation class if it is
@ closed under isomorphism,
® closed under taking induced substructures,
@ contains only countably many non-isomorphic structures, and,
@ has the amalgamation property.

Definition (Recall: Homogeneous structure)

Structure is homogeneous if every isomorphism of its two finite substructures can be extended to an
automorphism.

Theorem (Recall: Fraissé 1953)

(a) A class C of finite (relational) structures is the age of a countable homogeneous structure H
if and only if C is an amalgamation class.

(b) If conditions of (a) are satisfied then the structure H is unique up to isomorphism.
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and > : A — By, there exists C € C and embeddings g;: By — C and g-: B, — C such that fig; = 9.
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Amalgamation property

Definition (Amalgamation property)

A class C of finite structures has the amalgamation property if, given A, By, B> € C and embeddings f;: A — B4
and f, : A — By, there exists C € C and embeddings g;: By — C and g-: B, — C such that f;g; = fog.

Examples:
@ Class of all finite graphs
@ Class of all finite triangle-free graphs
@ Class of all finite linear orders
@ Class of all finite partial orders
@ Class of all finite metric spaces

Theorem (Fraissé 1953)

(a) A class C of finite (relational) structures is the age of a countable homogeneous structure H
if and only if C is an amalgamation class.

(b) If conditions of (a) are satisfied then the structure H is unique up to isomorphism.

It is easy to see that Age(H) is an amalgamation class.
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Definition (Amalgamation property)

A class C of finite structures has the amalgamation property if, given A, By, B> € C and embeddings f;: A — B4
and f, : A — By, there exists C € C and embeddings g;: By — C and g-: B, — C such that f;g; = fog.

Examples:
@ Class of all finite graphs
@ Class of all finite triangle-free graphs
@ Class of all finite linear orders
@ Class of all finite partial orders
@ Class of all finite metric spaces

Theorem (Fraissé 1953)

(a) A class C of finite (relational) structures is the age of a countable homogeneous structure H
if and only if C is an amalgamation class.

(b) If conditions of (a) are satisfied then the structure H is unique up to isomorphism.

It is easy to see that Age(H) is an amalgamation class.
Lets prove the other direction.



Suppose C is a class of finite L-structures. An increasing chain Ag C Ay C Ap C A3 C --- of structures in C is
rich sequence if:

@ for all A € C there is some i < w and a embedding e : A — Aj;
@ forallBeC, f: A; — Bthereis k > janda g : B — A, such that g(f(a)) = aforall a € A;.
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Suppose C is a class of finite L-structures. An increasing chain Ag C Ay C Ap C A3 C --- of structures in C is
rich sequence if:

@ for all A € C there is some i < w and a embedding e : A — A;;
@ forallBeC, f: A; — Bthereis k > janda g : B — A, such that g(f(a)) = aforall a € A;.

Proof of the Fraissé theorem:
@ Every amalgamation class C contains a rich sequence.
® A Fraissé limit of C is an L-structure which is the union of a rich sequence of substructures.
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Rich sequences

Definition (Rich sequence)

Suppose C is a class of finite L-structures. An increasing chain Ag C A; C A, C Az C --- of structures in C is
rich sequence if:

@ for all A € C there is some i < w and a embedding e : A — Aj;
@ forallBeC,f: A; — Bthereis k > janda g : B — A, such that g(f(a)) = aforall a € A;.

Proof of the Fraissé theorem:
@ Every amalgamation class C contains a rich sequence.
® A Fraissé limit of C is an L-structure which is the union of a rich sequence of substructures.
@ The Fraissé limit has the extension property: for every A C B € C and embedding e : A — M there exists
embedding f : B — M extending e.



© Urysohn universal metric space (Urysohn).
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® All homogeneous graphs was classified by Lachlan and Woodrow.



© Urysohn universal metric space (Urysohn).
® All homogeneous graphs was classified by Lachlan and Woodrow.
® All homogeneous digraphs was classified by Gregory Cherlin.
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