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Parallel computing

48 Years of Microprocessor Trend Data
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Original data up to the year 2010 collected and plotted by M. Horowitz, F. Labonte, O. Shacham, K. Olukotun, L. Hammond, and C. Batten
New plot and data collected for 2010-2019 by K. Rupp
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Computational model

Definition (Circuit)
Circuit is defined by:
© Alphabet ¥
® Pairwise disjoint set of vertices / (input), O (output) and H (gate).
@ Acyclic directed multi-graph (V, E) with E = /U O U H.
© Mapping F which assign every gate g € H of arity a(g) a function F(h) : ¥a9) — 5.
® Mapping z : E — N which maps every edge to a gate to index which argument it represents.
Satisfying:
@ In-degree of vertices in /is 0.
® In-degree of vertices in O is 1 and out-degree is 0.
@ In-degree of every gate corresponds to its arity. Out-degree of every gate is at least 1.
@ Every input of every gate is assigned.



Computation happens in steps (clocks):

@ step 0: All inputs and constants gets assigned value.

® step i + 1: Assign value to all gates and outputs for which all inputs are determined at step /.
Computation ends once all vertices have value assigned.

Layer i consist of all vertices whose value is determined in step /.

Layer is also maximal distance from some input.

Time of the computation of a given circuit is determined by the number of layers.

Space of the computation is determined by the number of gates in the circuit.



Program is a sequence of circuits for individual sizes of inputs.

Remarks:
@ It is necessary to restrict types of allowed gates (or their arity) and . Otherwise every problem can be
solved by a single gate.
® Typically we want network for a given size to be generated by an effective non-parallel algorithm.
We will typically consider boolean circuits where X = {0, 1} and arity is at most 2.



¥ consists of values being sorted.
Comparators are “gates” with two inputs and two outputs.



¥ consists of values being sorted.
Comparators are “gates” with two inputs and two outputs.
Example: Bubble sort



¥ consists of values being sorted.

Comparators are “gates” with two inputs and two outputs.
Example: Bubble sort

Example: Insert sort



Ken Batcher



Sequence xp, X1, - . ., Xp_1 iS purely bitonic if it can be split at some position k such that xg, X1, . . . , X iS growing
and Xy, Xk+1, - - -, Xp—1 is decreasing.



Sequence xp, X1, - . ., Xp_1 iS purely bitonic if it can be split at some position k such that xg, X1, . . . , X iS growing
and Xy, Xk+1, - - -, Xp—1 is decreasing.

Sequence is bitonic if it is created as a rotation of a purely bitonic sequence.




An separator of degree n is a comparator network S, with inputs xg, X1, . .., X,_1 and outputs yo, ¥1, ..., ¥n_1. If
it is given a bitonic sequence it produces its permutation with the following properties:
© Yo, Y1, Yns2—1@nd Yp/2, Ynj2+41, - - - Yn—1 are bitonic sequences;

@ y; < yjwhenever0 <i<n/2<j<n.



An separator of degree n is a comparator network S, with inputs xg, X1, . .., X,_1 and outputs yo, ¥1, ..., ¥n_1. If
it is given a bitonic sequence it produces its permutation with the following properties:
© Yo, Y1, Yns2—1@nd Yp/2, Ynj2+41, - - - Yn—1 are bitonic sequences;

@ y; < yjwhenever0 <i<n/2<j<n.

For every n there exists a separator Sy of constant depth with ©(n) comparators.

Will show this later
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sequence of length n.

For every n = 2k there exists a bitonic of depth ©(log n) and with ©(nlog n) comparators.
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Merging network of degree n is a comparator network M, with 2n inputs and 2n outputs. Given two sorted
sequences on input it merges them to output.

For every n = 2k there exists a merging network of depth ©(log n) and with ©(nlog n) comparators. If it is given
two sorted sequences it produces results of their merge.
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For n = 2K there exists comparator network T, of depth ©(log? n) with ©(nlog? n) comparators.

We will apply:

For every n = 2k there exists a merging network of depth ©(log n) and with ©(nlog n) comparators. If it is given
two sorted sequences it produces results of their merge.

We need log n layers of merging networks. Network on layer i has depth i.
©(1 +243+---+logn) = O(log2)



An separator of degree n is a comparator network S, with inputs xg, X1, . .., X,_1 and outputs yo, ¥1, ..., ¥n_1. If
it is given a bitonic sequence it produces its permutation with the following properties:
© Yo, Y1, Yns2—1@nd Yp/2, Ynj2+41, - - - Yn—1 are bitonic sequences;

@ y; < yjwhenever0 <i<n/2<j<n.

For every n there exists a separator Sy of a constant depth with ©(n) comparators.
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Separator works on purely bitonic sequences.

ro w1 w2 w3 wxa x5 T X7 @ Denote by m the index such that x, is maximum of

| the sequence. WLOG assume that m < n/2.

@ Let k= min{i: X; > Xy /24}-

© Observe thatfori=k,...,n/2 — 1 the
comparators will always swap.

@ Left subsequence is increasing sequence
Xo, - - -, Xk—1 merged with decreasing sequence
Xnj2+ks > Xn—1-
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Separator works on purely bitonic sequences.
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@ Denote by m the index such that x, is maximum of
the sequence. WLOG assume that m < n/2.

@ Let k= min{i: X; > Xy /24}-

© Observe thatfori=k,...,n/2 — 1 the
comparators will always swap.

@ Left subsequence is increasing sequence
Xo, - - -, Xk—1 merged with decreasing sequence
Xn/2+k> -

® Right subsequence is decreasing sequence

ey Xpn—1.

Xn/2, -+ Xn/24k—1 Merge with increasing
sequence X, . .., Xm_1 and decreasing sequence
Xmy ooy Xpj2 — 1.

Observe that both sequences are bitonic



Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.

Put:
O L =(X0,--, Xk—1)
QL= (Xn/2+k7 s Xn_1)

e R< = (Xk7-~-:Xm—1)
© R> = (Xm,. .., Xn/24k—1)



Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than
right.

Put:
O Lo = (X0, Xk—1)
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4] R> = (Xma o »Xn/2+k—1)
Check:
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Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.
Put:
O L =(X0,--, Xk—1)
® L = (Xp/24k:-- -1 Xn1)
© Re = (X, Xm—_1)
0 R> = (Xm, .., Xn/21k—1)
Check:

©® L. < R<: Formerly increasing sequence
0 L. <A



Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.
Put:
O L =(X0,--, Xk—1)
® L = (Xp/24k:-- -1 Xn1)
© Re = (X, Xm—_1)
0 R> = (Xm, .., Xn/21k—1)
Check:

©® L. < R<: Formerly increasing sequence
(2] L< < R>: max L< = Xk—1 < Xn/2+k—1 = min P>
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right.
Put:
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Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.
Put:
O L =(X0,--, Xk—1)
® L = (Xp/24k:-- -1 Xn1)
® Ac = (X, -, Xm—1)
0 R> = (Xm, .., Xn/21k—1)
Check:

©® L. < R<: Formerly increasing sequence

@ Lo <RAs:imaxle = X1 < Xpj24k—1 = min P>
© L> < R<imaxls = Xp/214 < Xk = min Pc

O L. <AR.:



Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.
Put:
O L =(X0,--, Xk—1)
@ L> = (Xpj24ky > Xn—1)
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Separator works on purely bitonic sequences.

It remains to check that left sequence is smaller than

right.
Put:
O L =(X0,--, Xk—1)
@ L> = (Xpj24ky > Xn—1)
® Ac = (X, -, Xm—1)
O R> = (Xm,..., Xn/21k-1)
Check:
©® L. < R<: Formerly increasing sequence
@ Lo <RAs:imaxle = X1 < Xpj24k—1 = min P>

® L> < R<:maxls = Xnjo+k < Xk = min P<
O L. < R-: Formerly decreasing sequence
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For every n there exists a separator Sy of a constant depth with ©(n) comparators.

We proved Lemma for purely bitonic sequences. To see that separator works on bitonic sequence observe that it
is symmetric for rotation. If input sequence is rotated by r to right, still same values are compared. Output bitonic
sequences will also be rotated by r.




For every n there exists a separator Sy of a constant depth with ©(n) comparators.

If a comparison network transforms the input sequence
Xo, - - -y Xn—1 into the output sequence yy, . .., Yn_1, then
for any nondecreasing function f, the network
transforms the input sequence f(Xo), . . ., f(x,—1) into
the output sequence f(yo), ..., f(Yn—1)-
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the output sequence f(yo), ..., f(Yn—1)-

If a sorting network works correctly when each input is
drawn from the set {0, 1}, then it works correctly on
arbitrary input numbers.



For every n there exists a separator Sy of a constant depth with ©(n) comparators.

If a comparison network transforms the input sequence
Xo, - - -y Xn—1 into the output sequence yy, . .., Yn_1, then
for any nondecreasing function f, the network
transforms the input sequence f(xg), . . ., f(Xp—1) into
the output sequence f(yo), ..., f(Yn—1)-

If a sorting network works correctly when each input is
drawn from the set {0, 1}, then it works correctly on
arbitrary input numbers.

{0, 1}-sequence is bitonic if it contains at most two
changes between 0 and 1.
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Bitonic separators: alternative proof

Lemma (On separators)

For every n there exists a separator Sy of a constant depth with ©(n) comparators.

hitial sifuation Application of Resulf
Lemma comparator nefwork
If a comparison network transforms the input sequence 0 g1 0 g1 0 g1
Xo, - - -, Xn_1 into the output sequence yy, . . ., Yn_1, then } } }HHHH} } } %‘-’;
for any nondecreasing function f, the network n n-l z wl z wl
transforms the input sequence f(xg), . . ., f(Xp—1) into 2
the output sequence f(yg), .-, f(¥n_1)- | | S RN | |
[ | IEEEZEEERE] [ |
Corollary (Zero-one principle)
If a sorting network works correctly when each input is I I I LI H I I
drawn from the set {0, 1}, then it works correctly on
arbitrary input numbers.
[ | I [ |
[ | EAXEILEL] [ |

Observation

{0, 1}-sequence is bitonic if it contains at most two
changes between 0 and 1.
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Bitonic sort
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