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1. Efficient independent dominating set = 1-perfect code



1. Efficient independent dominating set = 1-perfect code

Dominating set always exists, minimizing the size is NP-hard

Independent dominating set always exists (any maximal independent 
set is dominating), minimizing the size is NP-hard

1-perfect code does not always exist, deciding its existence is NP-hard



1. Dominating sets

Many variants – independent dominating set, 2-fold dominating set, 
distance 2 dominating set …….

[Haynes, Hedetniemi, Slater: Fundamentals of Domination in Graphs 
(1998)]

Secondary domination – (1,k)-domination

[Hedetniemi, Hedetniemi, Knisely, Rall: Secondary domination in graphs 
(2008).]



2. Perfect (1,2)-dominating sets

Introduced in [Bednarz, Pirga: (1, 2)-PDS in graphs with the small 
number of vertices of large degrees (2025)]

- D is nontrivial (D  V(G))

- Every vertex outside D has exactly one neighbor in D

- Every vertex outside D has at least one vertex at distance 2 in D
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2. Perfect (1,2)-dominating sets

Perfect (1,2)-dominating set does not always exist

[Bednarz, Pirga (2025)] classified graphs with perfect (1,2)-dominating 
sets which have large maximum degree. 

[Bednarz, JK, Michalski, WALCOM 2026]:

Theorem 1: Every connected subcubic graph with at least 5 vertices 
contains a perfect (1,2)-dominating set.

Theorem 2: Deciding the existence of a perfect (1,2)-dominating set in 
a 4-regular graph is NP-hard. 



3. Subcubic graphs

K1, K2, K3, K4, K4
̶ do not contain perfect (1,2)-dominating sets, every 

other connected graph of maximum degree 3 does.



4. Max-degree 4 graphs

Plausible conjecture: Again a finite number of “bad graphs”, every other has a 
perfect (1,2)-dominating set.



4. Four-regular graphs

Plausible conjecture: Again a finite number of “bad graphs”, every other has a 
perfect (1,2)-dominating set.

NO! Infinitely many minimal 4-regular graphs with no perfect (1,2)-dominating set.



4. Four-regular graphs

Plausible conjecture: Again a finite number of “bad graphs”, every other has a 
perfect (1,2)-dominating set.

NO! Infinitely many minimal 4-regular graphs with no perfect (1,2)-dominating set.

Observation: If a 4-regular graph has the property that no edge belongs to more 
than 2 triangles, then it contains a perfect (1,2)-dominating set if and only if it 
contains a non-empty induced 3-regular subgraph.

Proof: V(G) – D induces a 3-regular subgraph.



4. Four-regular graphs

Proof: V(G) – D induces a 3-regular subgraph.                     

An induced 3-regular subgraph gives a perfect (1,2)-DS. 
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4. Four-regular graphs

Is it NP-hard to decide if a 4-regular graph contains a nontrivial induced 3-regular 
subgraph? 



AI entertainment

July 2, 2025: Google AI said that the problem is NP-complete because deciding 
existence of 3-regular subgraph in a graph of maximum degree 4 is NP-complete. 



AI entertainment

July 2, 2025: Google AI said that the problem is NP-complete because deciding 
existence of 3-regular subgraph in a graph of maximum degree 4 is NP-complete.

NOT induced subgraph

NOT 4-regular input graph

And it provided a reference: [Plesník: A note on the complexity of finding regular 
subgraphs. Discrete Mathematics (1984).]
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AI entertainment
Asked Petr Golovach, July 2, 2025:

Hello Petr,

I noticed you have done some work on finding regular subgraphs. So 

you may know an answer to the following question:

Is existence of a (nonempty) induced 3-regular subgraph in a 4-

regular graph known to be NP-complete?

ChatGPT tells me that yes, but the references it gives either make 

no sense, or relate to looking for non-induced cubic subgraphs.

Jan



AI entertainment
Asked Petr Golovach, July 2, 2025:

Hello Petr,

I noticed you have done some work on finding regular subgraphs. So 
you may know an answer to the following question:

Is existence of a (nonempty) induced 3-regular subgraph in a 4-
regular graph known to be NP-complete?

ChatGPT tells me that yes, but the references it gives either make 
no sense, or relate to looking for non-induced cubic subgraphs.

Jan

Answer from Petr Golovach, July 2, 2025:

Dear Honza, 

No, I don’t know whether it was proved. I also tried ChatGPT, and 
it claims that you proved it in 1994 :)

Petr



AI entertainment

March 4, 2026:



AI entertainment

July 30, 2026:



AI entertainment

July 30, 2026:

Moser, Thilikos: Parameterized complexity of finding regular induced subgraphs, 
Journal of Discrete Algorithms 2009

Asahiro, Eto, Ito, Miyana: Complexity of finding maximum regular induced 
subgraphs with prescribed degree, Theoretical Computer Science 2014



AI entertainment

September 28, 2026:



4. Four-regular graphs – the proof 

[Plesník: A note on the complexity of finding regular subgraphs. Discrete 
Mathematics (1984).] does not claim anything about induced 3-regular subgraphs, 
but the proof therein DOES work for induced subgraphs as well (without any 
modification).



4. Four-regular graphs – the proof 

[Plesník: A note on the complexity of finding regular subgraphs. Discrete 
Mathematics (1984).] does not claim anything about induced 3-regular subgraphs, 
but the proof therein DOES work for induced subgraphs as well (without any 
modification).

Exact cover (X,C)  G

If (X,C) does not admit an exact cover, then G does not have a nontrivial 3-regular 
subgraph  

If (X,C) admits an exact cover, then G has a nontrivial induced 3-regular subgraph  



4. Four-regular graphs – the proof 

[Plesník: A note on the complexity of finding regular subgraphs. Discrete 
Mathematics (1984).] does not claim anything about induced 3-regular subgraphs, 
but the proof therein DOES work for induced subgraphs as well (without any 
modification).

The graph constructed in the reduction has vertices of degrees 3 or 4 only. And the 
number of vertices of degree 3 is even. Pair these vertices and attach an auxiliary 
graph to each pair

Claim: Any induced 3-regular subgraph is

disjoint with {1,2,3,4,5,6,7,8}  
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4. Four-regular graphs – the proof 

Example of case analysis. Suppose 1D, 2D.
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4. Four-regular graphs – the proof 

Example of case analysis. Suppose 1D, 2D. Then 3,4,7 D.
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4. Four-regular graphs – the proof 

Example of case analysis. Suppose 1D, 2D. Then 3,4,7 D. Hence, 5,6,8 D.

And 7 is not dominated at all.
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Theorem 3: Deciding the existence of a non-trivial induced 3-regular subgraph in a 
4-regular graph is NP-complete. Even for planar 4-regular graphs on the input.
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4. Four-regular graphs – the proof 

Theorem 3: Deciding the existence of a non-trivial induced 3-regular subgraph in a 
4-regular graph is NP-complete. Even for planar 4-regular graphs on the input.



5. Induced k-regular subgrahs in d-regular graphs

Theorem 4: For every k and d such that k2d/3, deciding the existence of a 
nontrivial induced  k-regular subgraph in a d-regular graph is NP-complete.



5. Induced 3-regular subgrahs in d-regular graphs

Question 1: For every d >3, does there exist a d-regular graph which does not 
contain a non-trivial induced 3-regular subgraph?

Question 2: For which d >3 is deciding the existence of a non-trivial induced 3-
regular subgraph in a d-regular graph NP-complete?



5. Induced 3-regular subgrahs in d-regular graphs

Question 1: For every d >3, does there exist a d-regular graph which does not 
contain a non-trivial induced 3-regular subgraph?

Yes for d=4 (see above), 5, 6, 8 (found by generative AI), open for 7, 9, 10, …

Question 2: For which d >3 is deciding the existence of a non-trivial induced 3-
regular subgraph in a d-regular graph NP-complete?

For d=4 (see above), and for d=5 (found by generative AI), open for all others 
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Dziękuję bardzo!


