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Properties

» Easy to compute and interpret
» Maximal symmetric tolerance

» But: small and loss of information
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Wondolowski's individual tolerances

Definition

Let x2 € R’ . Then 0=,0% ¢ R’ are tolerances if Dx < d holds
* - A i * + A

for elvery for very x such that X — 5J- Xt < X < X+ 5j X,

j=1,...,n.

Theorem (Wondolowski, 1991)

We have

. . *
= o, gD

i=1,...m; |D..|x2>0,d;>0  |Dj.|x
— . d,' — D,'.X*
0. = inf ———A

I i=1,,m DL x>0, dj<0 | Dj|x

Properties

» Easy to compute and interpret

» Not maximal
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Optimal individual tolerances

Basic idea

» Repeat Wondolowski's method until all inequalities are fill up

Properties

» Number of iterations at most min(m,2n)

» Tolerances are maximal and proportionally determined



Optimal individual tolerances — an algorithm

1. 1:={1,. m}a =1 a =1Vj=1....nm
2. whlle/;é(Z)andEIJ (+ lora; =1)do
3. Rii=d—Dix"— Z dix0r+ Y duxor, Viel;
Ji dij>0, af =0 Ji dj<0, af =0
4. 5= Z d,-jxjA — Z de Viel,
J; dii>0, 01721 J; d;j<0, aj_fl
5. forall j € {1,...,n} do
Ri
i ot — +._ : i
6. if of =1thend; := e S,-IQ(];, 450 5
o _ . R;
7. if a7 =1then¢; := e Sgg 4, <0 ?
8. forallie/ do
9. W D"+ D dixidf + Y duxid, = d; then
k; diy>0 k; dy<0
10. F=1\{i}
11. forall j € {1,. n} do
12. if dj >0 then a =0;

13. if dj <0 then o :=0;
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Example
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Linear programming issues

Consider a linear programming problem

T

min ¢’ x subject to Ax= b, x >0,

where A € R™" b c R™ and c € R".
Let x* be an optimal solution.
Invariacies

» optimal basis invariancy
> support set invariancy

» optimal partition invariancy



Objective function coefficients

Optimal basis invariancy
Let B C {1,...,n} be an optimal basis and N :={1,...,n}\ B.

Invariancy: How much can ¢ perturb such that B remains optimal
basis.

The invariancy region is described by
cN — (AEIAN)TCB > 0.
» It is linear inequality system w.r.t. variables ¢

» Tolerance approach can be directly applied
» Related to simplex method
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Support set invariancy

Support for x* is defined as o(x*) := {i | x* > 0}.

Invariancy: How much can ¢ perturb such that there is optimal
solution x° such that o(x°) = o(x*).

Optimal partition invariancy
Optimal partition of {1,...,n} into disjoint sets

B :={i| x; > 0 for some optimal x},
N :={i| ¢ — ALy >0 for some dual optimal y}.

Invariancy: How much can ¢ perturb such that the optimal
partition remains the same.
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Objective function coefficients

Properties

» It is linear inequality system w.r.t. variables ¢
» Tolerance approach can be directly applied

» Support set invariancy region is maximal region where x*
remains optimal

Theorem (Hladik, 2008)

Let x2 := e and 0* be the maximal (Wendell's) symmetric

tolerance for the support set invariancy. Then checking whether
0" <1 is NP-hard.



Objective function coefficients
Sketch of Proof.

Maximal tolerance 0* is computed by
max & subject to v x* <~Tx ¥Yx € X Vy:|y—c| < de,
or, equivalently
inf § subject to v x* >~Tx, xe X, |y —c| < de.
Substitute z := x — x* and simplify to
inf & subjectto c’z—de'|z| <0, Az=b— Ax*, z > —x".

Construct a polynomial reduction from the NP-hard problem of
testing solvability of

IMx| < e, e|x| > 1.



Right-hand side coefficients

Optimal basis invariancy

Let B C {1,...,n} be optimal basis. Then the invariancy region is
described by

Ag'b > 0.

Support set and optimal partition invariancy

Let P := o(x*) and suppose that {y | ALy =0} = {0}.

Let hy, k € K', are all extremal directions of {y | A}y < 0}.
Then the support set invariancy region is described by

hlb<0, keckK.

The optimal partition invariancy region is the same as long as x* is
strictly complementary optimal solution.



Linear programming issues

Conclusion
Optimal basis vs. support set and optimal partition invariancy:

» Objective function coefficients:
» Optimal basis invariancy region is smaller.
(particularly for degenerate optimal solution)
» Right-hand side coefficients:
» Optimal basis invariancy region is larger.
(particularly for degenerate optimal solution)
» But: Optimal basis invariancy applicable only for basic
solutions.



Last slide

The End.



