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Abstract

This is a contribution to solvability of linear interval equations and
inequalities. In interval analysis we usually suppose that values from dif-
ferent intervals are mutually independent. This assumption can be some-
times too restrictive. In this article we derive extensions of Oettli-Prager
theorem and Gerlach theorem for the case there is a simple dependence
structure between coefficients of an interval system. The dependence is
given by equality of two submatrices of the constraint matrix.
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1 Introduction

Coefficients and right-hand sides of systems of linear equalities and inequalities are
rarely known exactly. In interval analysis we suppose that these values vary in some
real intervals independently. But in practical applications (for instance electrical
circuit problem [5, 6]) they are sometimes related. General case of parametric de-
pendences has been considered e.g. in [7, 9], where various algorithms for finding
inner and outer solutions were proposed. Linear interval systems with more specific
dependencies were studied e.g. in [1, 2]. There were derived basic characteristics
(shape, enclosures, etc.), especially for cases where the constraint matrix is supposed
to be symmetric or skew-symmetric. But any explicit condition such as Oettli-Prager
theorem [8] (for linear interval equations) or Gerlach Theorem [4] (for linear interval
inequalities) has never appeared.

In this paper we focus on weak solvability of linear interval systems with a simple
dependence structure and derive explicit (generally nonlinear) conditions for such a
solvability.

Let us introduce some notation. The i-th row of a matrix A is denoted by A; .,
the j-th column by A.;. The vector e = (1,...,1)T is the vector of all ones. An
interval matrix is defined as

A'=[AA]={A€R™"|A<A <A}



where A < A are fixed matrices. By
1,— 1
A“= (A +A), AD = S(A—A)
we denote the midpoint and radius of A!, respectively. The interval matrix addition
and subtraction is defined as follows
AT+B’ = [A+B,A+B],
Al -B' = [A-B,A-B|

A vector x € R” is called a weak solution of a linear interval system Alx = bl if
Ax = b holds for some A € A, b € b’. Analogously we define a term weak solution
for other types of interval systems (cf. [3]).

2 Generalization of Oettli-Prager theorem

In this section we generalize the Oettli-Prager [8] characterization of weak solutions
of linear interval equations to the case where there is a specific dependence between
some coefficients of the constraint matrix.

Lemma 1. Given s1, So, pi, ¢ € R, i = 1,...,n. Let us denote the function
flur,ug) = s1ur + squa + > iy |piur + qiug|. Then the problem
min {f(u1,u2); (u1,u2) € R*} (1)

has an optimal solution (equal to zero) if and only if
n
Z |qZ| > |82|a
i=1

n
> lakpi — aipkl > larst —prsel VE=1,...,n
=1

holds.

Proof. The objective function f(u,uz) is positive homogeneous and hence the prob-
lem (1) has an optimal solution iff f(uy,us) > 0 holds for u; = £1, uy € R and for
u1 = 0, ug = £1. Let us consider the following cases:

(i) Let w1 = 1. Then the function f(1,u2) = s1 + saug + Y1y |pi + giua| of one
parameter represents a broken line. It is sufficient to check nonnegativity of this
function in the breaks and nonnegativity of the limits in +co. The breaks are —%,
g #0, k=1,...,n. Hence we derive

Vk=1,...,n, Qk#OZsl—@SQ—szi—@inO. (2)
Ok pot a:

To be limy, oo f(1,u2) > 0, it must the inequality Y " ; |g;| > —s2 hold and to be
limy,——oo f(1,u2) >0, it must > |gi| > s2 hold. We obtain next condition

> lail > [sal. (3)
=1



(ii) Let u; = —1. Then analogously as in first paragraph we obtain for the
function f(—1,u2) = —s1 + sau2 + > | — pi + giuz| the condition

n
szl,,n, qk#o _31+pi82+z’_pz+&qz
qk =1 qk

> 0, (4)

S lal = sal- (5)
i=1
All the conditions (2), (4) can we written in one

n
VE=1,....,n: > |pige — prail > |s1qx — prsal. (6)
i=1

The assumption g # 0 is not necessary, for in the case g = 0 the inequality (6) is
included in (3).

(iii). Let u; = 0. Then the condition f(0,41) > 0 is included in the condition
(3). O

Theorem 1. Let Al ¢ R™*" B! C! ¢ R™** bl ¢! ¢ R™. Then for certain
AcAl, BeB!,CeC!, beb!, cec! vectors x,y € R", z € R" form a solution
of the system
Ax+Bz = b, (7)
Ay+Cz = c (8)

if and only if they satisfy the following system of inequalities

A2x|+B2z[+b% > |ry], 9)
APly|+ CPz|+c® > |y, (10)

B2 |z|ly|" + C2z||x|T + b2 |y|" + 2 [x|T
+AAxy?T —yxT| > |ry” — x|, (11)

where ry = —A°x — Bz + b®, ro = —A% — Cz + c°.

Proof. Denote a! = AZI’,, b! = Bl{_, c = Cl{_, gl = blI, = clI. Consider the [-th
equations in systems (7)—(8) and denote them by

ax+bz=0, ay +cz =1, (12)

where a € al, b € b, c € ¢!, g € B!, v € yI. Suppose that the vector a € a’ in
demand has the i-th component in the form a; = af + aiaiA for a; € (—1,1). The
condition (12) holds iff for a certain e € (—1,1)" relations

n
a’x + Zaiafxi +b € (B°— Dbz - 2,5+ bAz| + 2,
i—1

n
a’y + Y aialyi+cz € (- cPlz| =722+ Bz +97)

i=1



hold. Equivalently, iff the following problem

n n
T A A
maX{O a; — § aarx; < —rp + B, § ajarxi <rp+ B,
i—1 i1

n n
=Y ety < —ra+ B, Y ialy; <o+ B,
i=1 i=1
a<le —a< e}
has an optimal solution for r; = —a®x — bz 4 3¢, ry = —ay — c‘z + ¢, [ =

B2 + b2z|, B2 = 7™ + c¢®|z|. From duality theory in linear programming this
problem has an optimal solution iff the problem

min {(Tl + Br)ut + (r1 4 Br)ug + (—r2 + Ba)us + (ro + B2)ug + Z(Ui + w;);

i=1
A A A A .
—a; T;ul + a; Tiu — a; Y;uz + a; yiug +v;, —w; =0V =1,...,n,
UL, U, U3, Ug, Vi, w; > 0 Vi = 1,...,n}

has an optimal solution. After substitution @y = uo — u1, U3 = ug — u3z We can rewrite
this problem as

n

min {(7“1 + B1)ar + 261u1 + (ro + B2)us + 202us + Z(Ui + w;);
i=1

aiA:riﬂ1+aiAyiﬂg—|—w—wi =0Ve=1,...,n,

up > _ala us > _a37 Uy, U3, Vi, W; > 0Vi= 17"'7”}'

For optimal v;, w;, u1,uz we have uy = (—iiy) ", uz = (—u3)*, and v; +w; = |aP w01 +
aiAyiﬂ3| (since one of v;, w; is equal to zero). Hence the problem can be reformulated
as

min {(7’1 + B1)ar + 261 (=) T + (ro + Bo)iis + 262(—13) "

n
—i—Z |aiA$¢ﬁ1 + aiAyiﬂ3|; Uy, Uz € R}.
i=1

The positive part of real number p is equal to p™ = %(p—&- |p|) and the problem comes
in the form

n
min {Tlfu + Buliia| + rofis + Boliia| + Y _ |afmitiy + afyiis|; iia, i3 € R} (13)
i=1

Now we use Lemma 1 with u; replaced by w1, us replaced by ug, n by n + 2, and
next s = 11, 5o = 1o, pi = alw; (i = 1,...,n), pup1 = B1, Pry2 = 0, ¢ = afy;



(i=1,...,n), gnt1 =0, ¢nt2 = (2. Hence the problem (13) has an optimum iff
n
ZaiA|$i’ +5/ = |l
i=1
n
> allyl + 82 = Iral,
i=1

n
Bilyrl + Bolwkl + Y aflywwi — wrysl > Jyrs — apra| Ve =1,...,n
=1

holds, or, equivalently iff
a®[x| + bz + g~ =1

>
ally| +cPz| +4° > rol,
>

b2 zlly|” + B2y [" + c?zllx|” + 42 x|T + a|xy” — yxT| T

|r1yT — 79X

holds. These inequalities represents the [-th inequalities from systems (9)—(11), which
proves the statement. ]

In the case that x = y we immediately have the following corollary.

Corollary 1. Let Al ¢ R™", B! Cl c R™*" bl ¢! ¢ R™. Then for certain
AcAl, BeB!, CeCl/,bebl, ccc! vectors x € R, z € R form a solution
of the system

Ax+Bz = b, (14)
Ax+Cz = c (15)

if and only if they represent a weak solution of the linear interval system

Alx+Blz = bl (16)
Alx4+Clz = d, (17)
Blz-Clz = bl —cl. (18)

3 Generalization of Gerlach theorem

Now we generalize the Gerlach [4] characterization of weak solutions of linear interval
inequalities to the case where there is a specific dependence between some coefficients
of the constraint matrix.

Theorem 2. Let AT ¢ R™", Bl C! c R™*, bl ¢! ¢ R™. Then for certain
AcAl, BeB!, CecC!, bebl!,cec! vectors x,y € R*, z € R" form a solution
of the system

Ax+Bz < b, (19)
Ay+Cz < c (20)



if and only if they satisfy the system of inequalities

A%x| +B2z|+b > A°x+ Bz, (21)
Ally|+ CAlz|+€ > Afy+CCz, (22)
rllyk|+r2|xk|+AA|yk.x—:zky| > 0 Vk=1,....,n:zy, <0, (23)

where r; = b — A°x — B¢z + B2z, ry =¢ — A°y — C°z + C?|z|.

Proof. Denote al = A{_, b/=B!/,c/=Cl/, B =bl,y = clI. Let us consider the
[-th inequalities in systems (19)—(20) and denote them by

ax + bz < 3, ay +cz < v, (24)

where a € al, b e b!, cec!, p e p!, v € 4. Let us consider the vector in demand
a € al in the form with the i-th component a; = aj + oziaiA, a; € (—1,1). The
condition (24) holds iff for a certain o € (—1,1)" we have

n

acx—i—ZaiaiAxi—kbcz < B+b?|z,
i=1
n

aCy—i—ZaiaiAyi—i—ccz < F+cPz

=1

or, equivalently, iff the following problem

n n
max {OTa; E aiaiAmi <r, E OéiaiAyz’ <ry, a<e, —a< e},

i=1 i=1

where 7] = f—a’x —b°z+b?|z|, 1y = 7 —a®y — c®z+c?|z|, has an optimal solution.
From the duality theory in linear programming this problem has an optimal solution
iff the same holds for the problem

n
min {rlul + roug + Z('Uz + wz‘);
i=1

aiAaciul —i—aiAyiuQ +v;—w; =0, wup,ue,v,w; >0 Vi= 1,...,n}.

For optimal solution v;, w; the relation v; +w; = |aiAa:iu1 + aiAyiuQ| holds. Hence we
can the linear programming problem rewrite as

n
min {nm + roug + Z |afziug + af yiual; ui, up > 0}-
=1

Since the objective function f(ui,u2) = rui + roug + Y iy |aiAa?iu1 + aiAyiuQ\ is
positive homogeneous, it is sufficient (similarly as in the proof of Lemma 1) to check
its nonnegativity only for special points:

(i) If ug = 0, ug = 1, then f(0,1) > 0 is equal to 75 +a®|y| > 0, which is the I-th
inequality from the system (22).



(ii) Let uy = 1, ug > 0. The function f(1, uz) represents a broken line with breaks
in us =0 and in ug = —% >0, yr # 0. For the first case the condition f(1,0) >0
is equal to r1 4+ a®|x| > 0, which is the I-th inequality from the system (21). In the
second case, for the breaks of the objective function f(1,us) we obtain the following
inequality

n
rT+ro— + E a;
Ye =

Since —“5—’“ = ‘ — i—: , the inequality is equal to (w.l.o.g. assume zy,yr # 0, for

otherwise we get redundant condition)

T
—Yi
Yk

z; — >0 Vek=1,...,n: 2y <0, yp #0.

rilyk| + rolek] + alypx — apy| >0, Vk=1,...,n: 2y <O,
which is the I-th inequality from the system (23). O

Note that the system (23) from Theorem 2 is empty if x = y, or if x,y > 0.
Hence from Theorem 2 two corollaries directly follow.

Corollary 2. Let AT ¢ R™*", B! ,C! ¢ R™*" bl ,c! ¢ R™. Then for certain
AcAl, BeB!, CeC! beb!, cec! vectorsx € R*, z € R"* form a solution
of the system

Ax + Bz
Ax + Cz

b,

<
< c

if and only if x is a weak solution of interval system

b[

cl.

Alx + Bz <
Alx+Clz <
Corollary 3. Let Al ¢ R™", B! C! ¢ R™", bl ,c! ¢ R™. Then for certain
A e Al, Be B!, CeC! bebl, cec vetors x,y € R*, z € R" form
a nonnegative solution of the system

Ax+Bz < b,
Ay+Cz < ¢
if and only if x is a solution of the system
Ax+Bz < b,
Ay+Cz < c

Remark 1. Contrary to the situation in common analysis, in interval analysis it
is not generally possible to transform an interval system of equations Alx = b’
to the interval system of inequalities A’x < b!, —Alx < —b!. However, if the
interval system of inequalities is integrated with certain dependence structure, such
a transformation is possible. The interval system A’x = b/ is weakly solvable iff there
exist A € AL, b € b such that the system Ax+bx, 1 <0, A(—x)+b(—z,:+1) <0,



Zp41 = —1 is solvable. From Theorem 2 (with assignment y = —X, ¥p41 = —Zn41)
it follows the solvability of the system

A% x|+ b2 a1 > Ax 4 bCay,y,
AR = x|+ b2 = 2pp1] > A — Db,
(—A°x — bZpy1)| — 2i| + (AX 4+ b zppr) |2k + A20] > OVE=1,...,n+1,
Tpt1 = —1,

equivalently,
A%x| +b? > A% —be,

which is the statement of Oettli-Prager Theorem on solvability of Alx = b’.

4 Mixed equalities and inequalities

In previous sections we studied dependence structure for linear interval equations
and inequalities, respectively. Now we turn our attention to mixed linear interval
equations and inequalities with a dependence structure.

Theorem 3. Let AT ¢ R™", B/, C! ¢ R™", bl ,c! ¢ R™. Then for certain
AcAl, BeB!, CeC!/, beb!, cec! vectorsx,y € R?, z € R" form a solution
of the system

Ax+Bz = b, (25)
Ay +Cz < ¢ (26)

if and only if they satisfy the system of inequalities

A% x|+ B2z[ + b2 > |y, (27)
A%yl +r > 0, (28)
—r1y’ diag(sgnx) + ra|x|" + (b2 + B2 z|)[y|” + A% xy” —yxT| > 0, (29)

where r1 = b¢ — A°x — B¢z, ry =¢ — A%y — C°z + C2|z|.

Proof. Denote a! = AZI,, bl = BZI,7 c = CZI,7 gl = blI, v = clI. Let us consider the
[-th equality and inequality in the systems (25) and (26) and denote them by

ax + bz = 3, ay + cz < v, (30)

where a € al, be b!, ccc!, pe B!, y€~!. Let the vector a € a’ in demand have
its 4-th component in the form a; = af + aiaiA, where a; € (—1,1). The condition

(24) holds iff for a certain o € (—1,1)" we have
a’x+ Y aaiwi+bz € (B°—DbPz| - B2, 5+ b2 z| + 52),
i=1

n
a’y + ) aialyi+cz < F+chz|
i=1



or, equivalently iff the following problem

n n
max {OTG; =Y iaita < =i+ P, Y ciadtn <+ B,
=1

=1

n
ZaiaiAyi <ry, a<e, —a< e}
i=1

has an optimal solution (for 71 = 3¢ — a®x — bz, 81 = B2 + b2 |z|, ro =7 — ay —
c’z + c?|z|). From the duality theory in linear programming this problem has an
optimal solution iff the problem

n

min { — (r1 = Br)ur + (r1 + Br)ug + raus + Z(Uz + w;);
i=1

—aiAmiul + aiAl‘iUQ + aiAyiug +v,—w; = 07

ul, g, U3, Vi, w; > 0 Vi = 1,...,n}

has an optimal solution. After substitution %, = us — uq we can rewrite this problem
as

n
min {(7‘1 + ,31)@1 + 2B1u1 + roug + Z(’UZ + wi);
=1

aiAa:iﬁl + aiAyiu;g +v; —w; =0,

ul Z —ﬂl, Ui, us, V;, W; ZO Vi = 1,...,n}.

For optimal solution v;, w;, w1 it must v; +w; = |aiAa:Z~111 —i—aZ-Ayiu;;\, up = (—uy)" hold.
Hence the problem is simplified to

n
min {(7“1 + B1)in + 261 (=) + rous + Y ozt + af yiug;

i=1

u1 € R, U320}.

Since the positive part of a real number p is equal to p™ = %(p + |p|), the linear
programming problem has the final form

n
min {7“1711 +roug + Pulin| + Y |afaitia + afyiusl; @ € R, ug > 0}-
i=1

The objective function f(u,u) = ri1 +rouz+ Siltn)|+ > iy laP 2ty + afyiug| of
this problem is positive homogeneous, thus it is sufficient (similar as in the proof of
Lemma 1) to check the nonnegativity only for some special points:

(i) If @y = 41, ug = 0, then f(41,0) > 0 is equal to +r + B +a®|x| > 0, or
equivalently 3; 4+ a®|x| > |r1|, which is the I-th inequality from the system(27).

(ii) Let us = 1. The function f(@j,1) represents a broken line with breaks in
11 = 0 and in @; = _%Z > 0, xp # 0. For the first case the function f(0,1) > 0



is equal to 7o 4+ a®|y| > 0, which is the I-th inequality from the system (28). In
the second case, for each nonzero break of the objective function f(a1,1) we obtain
inequality

Yk

— ;i +yi| 2 0.
Tk

n
—Yk _yk’ A
r—= 4 L a
L. +re+ 51 r +ZZ_: 5

This inequality can be expressed (since for zj; = 0 we get a redundant condition) as
—riyksgn(ey) + rolek| + Bilyel + a®|lyex — apy| >0, Vk=1,....n,
or in the vector form
—r1y" diag(sgnx) + ra|x|[" + Bily|" + a®|xy” — yx"| > 0,
which corresponds to the [-th inequality from the system (29). O

Putting x = y we immediately have he following corollary.

Corollary 4. Let Al ¢ R™", B! Cl c R™*" bl ,c! ¢ R™. Then for certain
AcAl, BeB!/,CeC!/, beb!, cecc! vectors x € R, z € R" form a solution
of the system

Ax+Bz = b, (31)
Ax+Cz < c (32)
if and only if they are a weak solution of the interval system
Alx+Blz = bl (33)
Alx+Clz < (| (34)
Clz—Blz < ! -bl. (35)

Proof. According to Theorem 3 vectors x € R", z € R" form a solution of the system
(31)—(32) iff they satisfy the system

A%[x|+ B2z +Db% > |ri,

A2 x|+ry > 0,

—r1x?diag(sgnx) + ra|x|T + (b2 + B2 z|)|x|T + A% |xxT —xxT| > 0.

From [3, Theorem 2.9 a 2.19] it follows that the first and second inequalities of this

system are equivalent to (33) and (34), respectively. The third inequality can be
rewritten as

—(b® — A% — Bz)|x7| + (€ — A — C¢z + C2|z|)|x|T
+(b2 + BT = 0. (36)

If x = 0, then the statement holds. Assume that x # 0. Then the inequality (36)
can be simplified to

—(b° — A% — BZ) + (€ — A% — C°z + C2[z]) + (b® + BAJz)) > 0,
and consequently to
C?|z| + B%|z| + € —b > C°2 — Bz

According to [3, Theorem 2.19] this inequality is equivalent to (35). O

10



Theorem 4. Let A’ ¢ R™", B} ¢ R™", CI c R™" b/ c R™, ¢} c R™,

J
i=1,...,p, j =1,...,q. Then for certain matrices A € A, B; € B/, C; e CJI-,
b; ebl-], cj ecjl-,izl,...,p,j: 1,...,q vectors x € R, z € R form a solution
of the system

Ax+B;z = b;, Vi=1,...,p, (37)
Ax+Cjz < ¢, Vi=1,...,q (38)

if and only if they are a weak solution of the interval system

w
Ne)

N
—
S N N N

Alx+Blz = bl vi=1,....p

I I I .
AX+C]‘Z Cj? Vj—l,,q
(B! —=Bl)z = bl—bl, Vik:i<k

(Ci—Bj)z < cf—b], Vij.

IN

(
(
(
(

Proof. One implication is obvious. If for certain A € Al, B; € B{, C, e CJI, b; € bf,
cj € C]I~ vectors x € R, y € R” satisfy the system (37)-(38), then they represent a
weak solution of the interval system (39)-(42) as well.

To prove the second implication, denote a! = AZI’,, bl = (B, ., c]I. = (Cj[)l,.,
Bl = (bl), 'y][ = (cjl-)l, 1=1,...,p,7=1,...,q. Let us consider the [-th inequalities
in systems (37)—(38) and denote them by

ax+bjz = 0, i=1,...,p, (43)
ax+cz < v, j=1,...,q, (44)

where a € al, b; € b/, ¢; € c]I-, Bi € B, v € ﬂjl-. Denote r; = a°x + bz — 3

79
i=1,...,pand s; = ax+cjz—1j, j = 1,...,¢. Vectors x,z satisfy the system

(43)—(44) iff there exists a € (—a®x,a®x) for which we have

ri+al < bPla|+ 62, i=1,...,p,
sj+a < ch\zH-VjA, j=1,...,q

or equivalently

a < an,

a > —an,

a < —rbRz|+ 88, i=1,...,p,
a > —r;—b2z| 82, i=1,...,p,
a < —sj—i—ch|z|+7jA, j=1,...,q.

Such a number « exists iff the following four conditions hold

(i) First condition:
—m+bf\z| +BZ»A, i=1,...,p,
-7 —biA\z| — B2, i=1,...,p,

—aAX

a’x
or, equivalently

Iri| <blz|+ 82, i=1,...,p.

11



According to [3, Theorem 2.9] the first condition is equivalent to the condition that
vectors x, z represent a weak solution of the interval equation

I

1

alx +blz =

which corresponds to the [-th equation in the system (39).

(ii) Second condition:
A A A .
—a~x < —sj+cilz[+97, i=1,...,¢q

According to [3, Theorem 2.19] the second condition is equivalent to the condition
that vectors x,z represent a weak solution of the interval inequality

aIx+c§z < ’YJI-,

which corresponds to the [-th inequality in the system (40).
(iii) Third condition:

—ry, — b |z| — 8¢

—ri — bz — B

—ri+biA|z|+ﬁiA, Lk=1,...,p, i <k,
—rp + bz + 62, i k=1,...,p, i <k,

or, equivalently
Iri — 75| < (b2 +bR)|z| + B2 + 62, i k=1,...,p, i <k.

According to [3, Theorem 2.9] the third condition is equivalent to the condition that
vectors X, z represent a weak solution of the interval equation

(bf —bj)z =] - B, i,k=1,....p, i<k,

which corresponds to the I-th equation in the system (41).

(iv) Fourth condition:

—ri—biA]z\—ﬁiAS—sj—i—ch]z]—i—fyjA, i=1,...,p, j=1,...,q,

or, equivalently
S]’—’f’ig (b7,A+C]A)|z’+ﬂ'LA+'yJA7 izlv"‘7p7 j:177q

According to [3, Theorem 2.19] the fourth condition is equivalent to the condition
that vectors x,z represent a weak solution of the interval inequality
(CJI_bZI)ZSFYJI_ ! Z‘:L-'wp?j:l?"'aq?

)

which corresponds to the I-th inequality in the system (42). O

12
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