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Introduction

Separation of polyhedral sets

Introduce two convex polyhedral sets (A € R™*" C € R**™ b € R™,d € R):

M ={x e R" | Ax < b}, (1)
My ={x e R" | Cx <d}. (2)

e \\Weak separation of M1, Mo
exists a hyperplane R = {x € R" | r'x = s} such that
My Cl{xeR |rix<s}, Mo C{xeR*|rix > s}
e Strong separation of M7, M
M, Mo are weak separable and dim M{ = dim My = n.

Theorem 1. Convex sets M1, Mo C R"™ are strongly separable if and only if
dim My = dim My = n, and int My Nint My = (.



Introduction

Separation theorems
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Theorem 2. Suppose that dim M1 = dim My = n, int My Nint Mgy = (.
Let (u,v,v;11) € Q% ul' A # 0%, andn € (0, v;41) is arbitrary. Then

R={xeR"|ul'(Ax —b) =7} (3)

represents a separating hyperplane of the convex polyhedral sets M1, M. Con-
versely, any separating hyperplane R of M1, M5 can be expressed in the form of
(3) for acertain (u, v,v41) € Q*, ul' A # 0%, andn € (0, v141).

Theorem 3. Let dim My = dim Mo = n. Then the convex sets M, My are
strongly separable if and only if Q* #£ ().



Introduction

Interval matrices, iquations and inequalities

Interval matrix is defined as M! = {M € R™" | M < M < M}. Next
introduce

1 1
M* = _.(M + M), M-~ = 5 (M —M).

The system of interval linear inequalities

Mix < m!

e is strongly solvable, if Mx < m is solvable foral M € M!, m € m/.

0 I

A vector xY is a strong solution, if Mx? < m holdsforall M € M/, m € m’.

e is weakly solvable, if Mx" < m holds for a certain vector x! and M € M,

0

m € m! (such a vector X" is called a weak solution).



Separation of interval convex polyhedral sets

Separation of interval convex polyhedral sets

Let us consider two families of convex polyhedral sets

Mi = {x eR" | Alx < b’} (4)
ML ={xeR"|Cx <d}, (5)

Assuptions for /\/l{ (similarly for /\/lé):
e no matrix A € Al contain the zero row

e dim M = n holds for all M € /\/l{

(i.e., the interval system Alx < blis strongly solvable or, equivalently, the
system Ax! — Ax? < b, x!,x% > 0 s solvable)
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Separability for some realization

According to Theorem 3, there exists two convex polyhedral sets My € M,
My € /\/lé which are strongly separable if and only if the interval system

(ADHT (cHT o u 0 u
bHT (@HT 1 v | =10, v | 20. (6)
17 17 0 V141 1 Ul+1

is weakly solvable. From Oettli-Prager Theorem we have that interval system (6) is
weakly solvable if and only if the system
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IS solvable.
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Separability for all realizations

To verify whether all convex polyhedral sets M1 &€ ./\/l{ My € /\/lé are strongly

separable, it is equivalent to verify whether interval system (6) IS strongly solvable.

I

Theorem 4. An interval system Mix =m , X > 0 is strongly solvable if and only

the system

(M€ — diag(z)M=)x = m® + diag(z)m=, x>0

is solvable for each z € {£1}™.

Theorem 5. Let N/ C R»*?2n Checking strong solvability of the interval system
I
N'x=0,x=0 (7)

Is an NP-hard problem.



Separation of interval convex polyhedral sets

Separabillity for all realizations (2)

Sufficient condition: Each two convex polyhedral sets M1 € M1, My € MY are

strongly separable, if convex hulls conv (UMleM{Ml) , CONV (UM26M§M2>
are strongly separable. From Gerlach Theorem it follows that a vector x € R" is a

weak solution of Afx < b! if and only if the vector X solves
(A° — A®diag(z))x < b

for some z € {+1}". Hence

) Mi= |J {xeR"|(A°— A%diag(z))x < b}.
M1€M{ ze{+1}"
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Separation of interval convex polytopes

Convex polytopes M1, M are described by the lists of their vertices as follows

M has vertices aj,...,a,, € R", m > 1,

M has vertices ¢1,...,¢c; € R", [ > 1.

Denote as A € R™*™ such a matrix, for which A;. = a’,i € {1,...,m} and
analogously C € R!*™ is such a matrix for which C;; . = cf,j c{1,...,1}.
We will also use the more transparent notation M1 = M1(A), Mg = M5 (C).

The convex polytopes M1 (A ), M3 (C) are weakly separable if and only if

{(r,s) e R (_2 _1> <r> <0, r;éO} #+ 0.

For interval analysis assume that A € A!, C € CI.
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Separability for some realization

The convex polytopes M1 (A), Mo (C) are weakly separable for some A € A,
C € Clifand only if the interval system

Al 1 r

o <0, r#0 (®)
— S

Is weakly solvable. But according to Theorem 6 this is NP-hard problem.

Theorem 6. Given an interval matrix M! C R™*™. Checking weak solvability of

an interval system
M!ix <0, x#0

iIs NP-hard problem.
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Separability for some realization (2)

For checking (with exponential complexity) weak solvability of (8) we can use Theo-

rem?/.

Theorem 7. An interval system M!x < 0, x # 0 is weakly solvable if and only if

the system
(M¢ — M?diag(z))x <0, x # 0

is solvable for some z € {+1}".
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Separability for all realizations

The convex polytopes M (A), Mo (C) are weakly separable for all A € A’ and
C € Clifand only if the interval system

is strongly solvable. If the interval system (9) has a strong solution (r, s), then
simply (9) is strongly solvable and for the hyperplane R = {x € R" | rl'x = s}

we have
Mi(A)C R ={xeR"|rl'x <s} VA eAl
My(C)Cc RT ={xeR"|rlx>s} VCeC

Theorem 8. Let dim M1(A) = dim My(C) = nforall A € Al, C € C!.

Then the interval system (9) has a strong solution iff (9) is strongly solvable.
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Separabillity for all realizations (2)

® The interval system (9) has a strong solution if and only if the system

is solvable. Moreover, if (r!, r?, s) solves (10), then the vector (r! —r?, s) is

the required strong solution of the interval system (9).

o Compute Up a7 M1(A), UcecrM2(C) and check their weak separability.
Denoting by a}, ¢ € {1,...,m}, j € J (|J| = 2™), vertices of AZ{, we have

U M1(A) = conv U U {ag}

AcAl ie{l,....m} j€J
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