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Introduction to the Domain

The conventional game theory is concerned with how rational individuals
make decisions when they are faced with known payo¤s. In the real
world, however sometimes the payo¤s are not known and have to be
estimated, and sometimes the payo¤s are only approximately known.
Hence, outcomes of a matrix game may not be a �xed number.
Therefore, interval matrix whose entries are closed intervals by suggested
by many researchers to model under uncertainty.
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The most comprehensive work dealing with interval analysis was carried
out by Moore (1979). Moore (1979) �rstly developed an order relation
for discrete intervals by generalizing the order relation of real numbers.
Then, Ishibuchi and Tanaka (1990) de�ned two partially ordered
relations, Sengupta et al. (1997), Sengupta and Pal (2000) ordered
intervals by using acceptability function.
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In applications, interval analysis provides rigorous enclosure of solutions
to model equations. Moreover, Li (2011) developed a simple and an
e¤ective linear programming method for solving matrix games in which
the payo¤s are expressed with intervals. Li formulated a pair of auxiliary
linear programming models to obtain the upper bound and the lower
bound of the value of the interval-valued matrix game by using the upper
bounds and the lower bounds of the payo¤ intervals, respectively.
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In other respects, in�nite games play an impotant role in game theory
literature. Marchi (1967) found a necessary and su¢ cient condition for
an in�nite matrix game to have a value. And Tijs (1975) introduced
various mixed extensions for these games and tackle the problem of the
existence of values. Naya (2001) considered in�nite matrix whose
de�ning matrix is bounded and such that each row converges to the same
real number β and each column to the same real number α . Others
results about the existence of a value in in�nite two-person zero-sum
games obtained by Gomez (1988), Cegielski (1991) and Naya (1996).
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Interval Matrix Games

Assume that SI = fI1, I2, ..., Img and SII = fII1, II2, ..., IIng are sets of
the pure strategies for the players I and II respectively. If the player I
adopts any pure strategy Ii 2 SI and the player II adopts any pure
strategy IIj 2 SII , then the payo¤ of the player I is expressed with an
interval egij = [gijL, gijR ] and G concisely is expressed in the matrix form
as follows:

G =

II1 II2 � � � IIn
I1
I2
...
Im

26664
[g11L, g11R ] [g12L, g12R ] � � � [g1nL, g1nR ]
[g21L, g21R ] [g22L, g22R ] � � � [g2nL, g2nR ]

...
... � � � ...

[gm1L, gm1R ] [gm1L, gm1R ] � � � [gmnL, gmnR ]

37775
Li, D.F., 2016. Linear Programming Models and Methods of Matrix

Games with Payo¤s of Triangular Fuzzy Numbers, Springer-Verlag Berlin

Heidelberg.
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Interval matrix games and their solutions

Sets of mixed strategies for Players I and II are denoted by X and
Y , where

X =

(
x = (x1, x2, ..., xm)

����� m∑i=1 xi = 1, xi � 0 (i = 1, 2, ...,m)
)

and

Y =

(
y = (y1, y2, ..., yn)

����� n∑j=1 yi = 1, yj � 0 (j = 1, 2, ..., n)
)

respectively.

Li, D.F., et al. 2012. Interval programming models for matrix games with

interval payo¤s, Optimization Methods and Software, 27(1), 1-16.
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Without loss of generality, the payo¤ matrix for Player I is concisely
expressed in the interval form as follows:

G = (egij )mxn .
Then, a matrix game with interval payo¤s is expressed with the triplet as
follows:

IG = fX , Y , Gg .
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Interval matrix games and their solutions

The expected payo¤ of Player I can be computed as follows:

h(x , y) =
m

∑
i=1

n

∑
j=1
eaij xi yj =

"
m

∑
i=1

n

∑
j=1
aijL xi yj ,

m

∑
i=1

n

∑
j=1
aijR xi yj

#
,

which is an interval.

Li, D.F., et al. 2012. Interval programming models for matrix games with

interval payo¤s, Optimization Methods and Software, 27(1), 1-16.

(Joint work with Aykut OR) Çanakkale Onsekiz Mart University / TURKEY



Interval matrix with saddle point

The position (k, r) of the interval payo¤ matrix G was de�ned as a
saddle point of the interval matrix game G if

VL = max
1 � i � m

min
1 � j � n

f[aijL, aijR ]g

VU = min
1 � j � n

max
1 � i � m

f[aijL, aijR ]g

exist and equal, i.e.,

[akrL, akrR ] = VL = VU

Li, D.F., 2011. On Notes "Linear Programming Tecnique To Solve

Two-Person Matrix Games With Interval Payo¤s, Asia Paci�c J of

Operation Research, 28(6), 705-737.
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Example

Let�s consider the 2x2 interval matrix game with the interval payo¤
matrix as follows

II1 II2

G1 =
I1
I2

�
[�1, 1] [1, 3]
[0, 2] [�2, 0]

�
Obviously,

max
1 � i � 2

min
1 � j � 2

f[aijL, aijR ]g = [a11L, a11R ] = [�1, 1]

Nayak, P.K. and Pal, T.K., 2009. Linear Programming Tecnique To Solve

Two-Person Matrix Games With Interval Payo¤s, Asia Paci�c J of

Operation Research, 26(2), 285-305.
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Example (Continue)

min
1 � j � 2

max
1 � i � 2

f[aijL, aijR ]g = [a21L, a21R ] = [0, 2] .

Hence,

max
1 � i � 2

min
1 � j � 2

f[aijL, aijR ]g 6= min
1 � j � 2

max
1 � i � 2

f[aijL, aijR ]g .

Therefore, the interval matrix game G1 has no saddle point in pure
strategies.
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Interval matrix games and their solutions

Assume that Player I is a maximizing player and Player II is a minimizing
player. That is to say, Player II is interested in �nding a mixed strategy
y 2 Y so as to minimize h(x , y), denoted by

min
y2 Y

h(x , y).

Hence, Player I should choose a mixed strategy x 2 X that maximizes
min
y2 Y

h(x , y) of Player II , that is,

_
υ
�
= max

x2 X
min
y2 Y

h(x , y)

which is called Player I�s gain-�oor.
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Similarly, Player I is interested in �nding a mixed strategy x 2 X so as
to minimize h(x , y), denoted by

max
x2 X

h(x , y).

Thus, Player II should choose a mixed strategy y 2 Y that minimizes
max
x2 X

h(x , y) of Player I , that is,

_
ω
�
= min

y2 Y
max
x2 X

h(x , y)

which is called Player II�s loss-ceiling.

Li, D.F., et al. 2012. Interval programming models for matrix games
with interval payo¤s, Optimization Methods and Software, 27(1),
1-16.
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Interval matrix games and their solutions

De�nition
Let

_
υ = [υL, υR ] and

_
ω = [ωL, ωR ]

be two intervals on the real number set R. Assume that there exist
strategies x� 2 X and y � 2 Y . If for any strategies x 2 X and
y 2 Y ,

�
x�, y �,

_
υ,

_
ω
�
satis�es both

x�G yT �
_
υ and x G y �

T �
_
ω

then
�
x�, y �,

_
υ,

_
ω
�
is called reasonable solution of the interval

matrix game G .

Li, D.F., 2011. On Notes "Linear Programming Tecnique To Solve

Two-Person Matrix Games With Interval Payo¤s, Asia Paci�c J of

Operation Research, 28(6), 705-737.
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_
υ and

_
ω are called reasonable values for Players I and II ,

respectively; x� and y � are called reasonable strategies for
Players I and II , respectively. However, the reasonable
solution is not the solution of the interval matrix game. So
the concept of the solution of the interval matrix game is
given in the following de�nition.

Let U and W be the sets of reasonable values
_
υ and

_
ω for

Players I and II , respectively.
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De�nition

Assume that there exist two reasonable values
_
υ
� 2 U and

_
ω
� 2 W . If there do not exist reasonable values

_
υ
p 2 U and

_
ω
p 2 W such that they satify both

_
υ
p �

_
υ
�
and

_
ω
p �

_
ω
�

then
�
x�, y �,

_
υ
�
,
_
ω
��
is called a solution of the interval matrix

game G ; x� is called an optimal stretagy for Player I and y � is
called an optimal strategy for Player II ;

_
υ
�
and

_
ω
�
are called Player

I �s gain-�oor and Player II �s loss-ceiling, respectively.

Li, D.F., 2011. On Notes "Linear Programming Tecnique To Solve

Two-Person Matrix Games With Interval Payo¤s". Asia Paci�c J of

Operation Research. 28(6). 705-737.

(Joint work with Aykut OR) Çanakkale Onsekiz Mart University / TURKEY



Theorem

Both
_
υ
�
= max

x 2 X
min
y 2 Y

n
xGyT

o
and

_
ω
�
= min

y2Y
max
x2X

n
xGyT

o
exist

and the following inequality is valid

_
υ
� �

_
ω
�
.

Li, D.F., 2011. On Notes "Linear Programming Tecnique To Solve

Two-Person Matrix Games With Interval Payo¤s". Asia Paci�c J of

Operation Research. 28(6). 705-737.
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In�nite Matrix Games

Thus far we have dealt with �nite games, i.e., games in which each
player has a �nite number of strategies. Let�s us consider now a
generalization to in�nite games. Such a games the players have
countably many pure strategies. As in the case of �nite games, if Player
I chooses his i th pure strategy, while Player II chooses his j th pure
strategy, then Player I receives payo¤ aij in which aij is the entry of i th
row and j th column of matrix.

A mixed strategy for I , in this case, will be a sequence (x1, x2, ...)
satisfying

∞

∑
i=1
xi = 1, xi � 0.

Owen, G., 1995. Game Theory Third Edition Academic Press.
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A mixed strategy for II will be a sequence (y1, y2, ...) de�ned
similarly, The payo¤ function for the mixed strategies (x , y) will be
de�ned as follows

h(x , y) =
∞

∑
i=1
xi aij yj .

Owen, G., 1995. Game Theory Third Edition Academic Press.
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In�nite interval matrix game

In�nite interval matrix game is the interval generation of classical
in�nite matrix games. Let G = (egij ) be an in�nite interval matrix
with upper bound

K = supfjegij j : i , j 2 Ng

Let

S = fx 2 RN :
∞

∑
i=1
xi = 1, xi � 0, 8i 2 Ng

is the set of strategies of both players.

Owen, G., 1995. Game Theory Third Edition Academic Press.
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De�nition
If the �rst player chooses mixed strategy x while the second player
chooses mixed strategy y , then the expected payo¤ can be written
as

h(x , y) = xGyT , 8 (x , y) 2 S � S
�
VL = sup

x2X
inf
y2Y

h(x , y)
�
VU = inf

y2Y
sup
x2X

h(x , y)

to be lower and upper value of in�nite interval matrix game,
respectively.

Naya, L.M., 2001. On The Value Of Some In�nite Matrix Games.
Math. of Operations Research,.26(1). 82-88.
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Interval Vectors

An n-dimensional interval vector is an ordered n-tuple of intervals,

ex = (ex1,ex2, ...,exm) = ([x1L , x1R ] , [x2L , x2R ] , ..., [xnL , xnR ])
Let ex = [xL , xR ] 2 eRn, where eRn be the set of n-dimensional
interval vector, then the absolute value of interval is de�ned as
follows:

jex j = maxfjxL j , jxR jg.
If jex j = 0, then ex is said to be a zero interval. If the absolute value
of each element of ex is zero, then ex is a zero interval vector is
denoted by e0.

Chiao, K.P., 2002. Fundamental Properties of Interval Vector Max-Norm,

Tamsui Oxf J Math Sci 18(2):219-233.
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Sequence of Interval Numbers

De�nition

The sequence of intervals (exn) is convergent to a bounded intervalex = [xL , xR ] if
lim
n!∞

xnL = xL and lim
n!∞

xnR = xR (1)

(1) is equivalent to
lim
n!∞

exn = ex
Chiao, K.P., 2002. Fundamental Properties of Interval Vector Max-Norm,

Tamsui Oxf J Math Sci 18(2):219-233.
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Suppose (exn) is convergent sequence of real numbers with limit x ,
then it is easy to verify that

lim
n!∞

xn = x , lim
n!∞

jxn � x j = 0 (2)

(2) can be extended for the sequence of intervals.

Theorem

Let (exn) be a convergent sequence of intervals with limit interval ex
then

lim
n!∞

exn = ex , lim
n!∞

jexn � ex j = 0.
Chiao, K.P., 2002. Fundamental Properties of Interval Vector Max-Norm,

Tamsui Oxf J Math Sci 18(2):219-233.
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Concluding Remarks

Let G = (egij )i ,j 2 N
be a bounded in�nite interval matrix, so

Ti = inf
m�1

sup
j�m

egij , 8j 2 N ve T = (Ti )i2N

Kj = sup
m�1

inf
i�m

egij , 8i 2 N ve K = (Kj )j2N

Now, we can give the following outcomes which characterize the
value of the in�nite interval matrix game.

(Joint work with Aykut OR) Çanakkale Onsekiz Mart University / TURKEY



(1) Let G = (egij ) be a bounded in�nite interval matrix. If
G = (egij ) has a value then

inf
j 2 N

Kj � sup
i 2 N

Ti

(2) If G = (egij ) is a bounded in�nite interval matrix such that its
sequence of rows converge to an interval number eα and its
sequence of columns converge to the interval number eβ, then ifeα = eβ, G = (egij ) has a value and eα = eβ = ev .
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