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Notation and useful matrix classes

N, R, IR

F+, TS

IE‘an’ ]Fn

Let n € N, then [n] ={1,2,...,n}.

Let A€ F™" Then Vi € [n]: ;" = max{0, a;]j # i}.

Definition 1.1 (Z-matrix)

Let A€ R™". We say that A is a Z-matrix, if all its off-diagonal elements are
non-positive.
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Notation and useful matrix classes

Definition 1.2 (circulant m

Let A € R™". We say that A is a circulant matrix, if all its rows are each cyclic
permutations of the first row with offset equal to the row index minus one, hence if it

takes the following form:

<0 1 +° Ch—2 Cp-1
Ch—1 Qo " Cp—2

&) . a

1 & - Cp—1 <
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P-matrices

Definition 1.3 (P-matrix)

Let A € R™". We say that A is a P-matrix, if all its principal minors are positive.
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P-matrices

Definition 1.3 (P-matrix)

Let A € R™". We say that A is a P-matrix, if all its principal minors are positive.

Definition 1.4 (Linear complementarity problem)
Let M € R™" and q € R". Then the linear complementarity problem, denoted
LCP(M,q), is a task to find a vector z which satisfies the following:

e z>0

®* Mz+q>0

* zT(Mz+q)=0
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Interval analysis

Definition 1.5 (interval matrix)

An interval matrix A, denoted by A € TR™*", is defined as
A— [A,Z] :{AeRmX"|AgAgZ},

where A, A are called lower, respectively upper bound matrices of A.
We can as well look at A as matrix, which has entries from IR, hence
vi € [m],v) €[] : ay = [ay,75).
If we define matrices A€ = % (Z + A) and A® = % (Z - A), then we can define A
alternatively as
A= {ACiAA] - [AC —AA,AC+AA] .
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Real B-matrices

Definition 2.1 (B-matrix)

Let A€ R™". Then we say that A is a B-matrix, if Vi € [n] the following holds:
a) Z ajj > 0
j=1

b) Vke[n]\{i}: %Za,-j>a,~k
=1
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Real B-matrices

Definition 2.1 (B-matrix)

Let A€ R™". Then we say that A is a B-matrix, if Vi € [n] the following holds:

n
Za;j >0
j=1

b) Vke[n]\{i}: %Za,-j>a,~k
=1

NE

aj>n-r" >Z< —a,J>
J#i

-,
I
-
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Interval B-matrices

Theorem 2.2

Let A€ IR™". Then A is an interval B-matrix if and only if Vi € [n] the following two
properties hold:

n
a) Zéfj >0
j=1

b) kel \{i}: Y ay>(n—1)-3m
JF#k
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Interval B-matrices

Theorem 2.2

Let A€ IR™". Then A is an interval B-matrix if and only if Vi € [n] the following two
properties hold:

n
a) Zéfj >0
j=1

b) kel \{i}: Y ay>(n—1)-3m
JF#k

a) Y a;>0 b) Vke[n\{i}: a;—3u > (3 —2y)
j=1 J#i
J#k
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Interval B-matrices - Characterization through reduction

Matyas Lorenc Faculty of Mathematics and Physics, Charles university

Special classes of P-matrices in the interval setting



B-matrices
[eleleY Yolole}

Interval B-matrices - Characterization through reduction

Proposition 2.3

Let A € IR™" and let A; be matrices defined as follows:

Amym, ifmy #£i,my =i,

3mym, Otherwise.

A = (amlmg); Amimy =

Then A is an interval B-matrix if and only if Vi € [n] : A; is a B-matrix.
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Interval B-matrices - Z-matrices

Theorem 2.4

Let A € IR™ " be an interval Z-matrix. Then the following is equivalent:

® A is an interval B-matrix,
n
QViE[n]: Zﬁij>07
j=1
@ Vviec[n]: a;>> |3l
J#i

O A is a B-matrix.
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Interval B-matrices - Closure properties
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Interval B-matrices - Closure properties

Proposition 2.5

Let A € TR™" be an interval B-matrix and o € IR™ be an interval, such that:

] Eo_éij
3 < .
g/a > max Jajz—a" RS [n]
jiage0 ”
Z —§,~J~-|-(n— 1) '5,'/(
Jj:2;<0
ud L7 ienlkeln\{it:ax>0
Z N
Jj:a3;>0

J#k

Then matrix o - A is also an interval B-matrix.
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Interval B-matrices - Closure properties

Proposition 2.6

Let A € IR™" be an interval B-matrix and o = |a¢ + o®| € IRT, such that:

af . _#Zkéij—(”—l)'sik
- ;('éiﬂ‘f'(n— 1) - [ai] i€ [n], ke [n]\ {7}

Then matrix o - A is also an interval B-matrix.
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Real doubly B-matrices

Definition 3.1 (doubly B-matrix)

Let A € R™". Then we say that A is a doubly B-matrix, if Vi € [n] the following holds:

a) aj> riJr

b) Wi [\ i} + (an—i7) (a5 = 77) > (X2 (7 =) | | 22 (5 — o)

Kkt i k£j
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Circulant matrices

Theorem 3.2

Let A € R™" be a circulant matrix. Then the following are equivalent:
® A is a B-matrix.
® A is a doubly B-matrix.

©®a1—n >3 (rfr—alj>
J#1
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Interval doubly B-matrices
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Interval doubly B-matrices

Theorem 3.3

Let A € IR ". Then A is an interval doubly B-matrix if and only if the following two
properties holds:

a) Vie[n: a;>max{0,3;]j # i} and
b) Vi,j€lnl.j#i,Vk,I €[n],k#il#]:
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Interval doubly B-matrices

a) Vie[n]: a; > max{0,3;|j # i} and
b) Vi,j € [n].j # i, Wk, 1 € [n],k #7,1# j :
O (2; —3au)(2; —31) >

max< 0, > (3 — ajm) max § 0, 3= (3j1 — 2jm)
m#i m#j
(2] éii(éjj _gjl) > <max {07 -2 aim}) max 0, > (Ef’ _éfm)
m##i m#j
m#/
© a3 3> (max {0,— > 3;m}> <max {0’_ 2 afm})
m##i m#j
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Interval doubly B-matrices - Characterization through reduction
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Interval doubly B-matrices - Characterization through reduction

Proposition 3.4

Let A € IR™" for n > 4 and let us define A 1) ;) € R"™" as follows:

Aik if(ml,mg) = (I'7 k),
A(i,k),(j,/) = (amlmz); am1m2 - 5_]/ if(m17 m2) - (jy I)7
am,m, Otherwise.

Then A is an interval doubly B-matrix if and only if
Vi,j € [nl,j > i,Vk,I €[nl,k#i,1%j: A, i @ doubly B-matrix.
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Interval doubly B-matrices - Characterization through reduction

Proposition 3.5

Let A € IR"™" and let us define A(; i) (+,1) and Al € R"™*" as follows:

Aik if(ml, m2) - (Ia k)7
A et) = (Bmume) i amyme = Bmy i mp = 1A my PN m Z 1,
@mm, Otherwise.
pen oy e i Inm i
(1) mimy) ! mymz émlmz otherwise.

Then A is an interval doubly B-matrix if and only if Vi, | € [n] : (,A(. ) is a doubly
B-matrix A Yk € [n]\{i} : Ajx),(x1) is @ doubly B-matrix).

Matyas Lorenc Faculty of Mathematics and Physics, Charles university

Special classes of P-matrices in the interval setting 20 / 37



Doubly B-matrices
000000e0

Interval doubly B-matrices - Sufficient conditions

Theorem 3.6

Let A € TR™ " interval Z-matrix. Then A is an interval doubly B-matrix if and only if
A is a doubly B-matrix.

Theorem 3.7

Let Ac IR™" Vi€ [n] : k; € argmax{3;|j # i} and Vi € [n] : k] € argmax{a;|j # i}.
Let us define A € TR™" as follows:

N Emlkml if my = km1;

A= (amlmz); Ammy = émlml Ifm2 = m,
min{am, m,> Ay ki }  otherwise.

IfVi € [n]: ays = 0 and A is a doubly B-matrix, then A is an interval doubly B-matrix.
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Interval "circulant” matrices

Theorem 3.8

Let A € IR™ " such that A and A are circulant. Then the following is equivalent:

® A is an interval doubly B-matrix
® A is an interval B-matrix
® It holds that

a) ap > _Zélj

j#1
b) Vke[n\{l}: ay — 3 > (3 — ay)
J#1
J#k
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Real BF-matrices

Definition 4.1 (BR-matrix)

Let A€ R™", Jet m € R" such that 0 < Z}’zl 7; <1 and let R € R" be a vector
formed by the row sums of A (hence Vi € [n] : R; =37/ a;j). Then we say that A is
a BR-matrix, ifVi € [n] :

a) R,'>0
b) VkE[n]\{i}: T, - Ri > aj

Matyas Lorenc Faculty of Mathematics and Physics, Charles uni
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Real BF-matrices

Proposition 4.

Let A € R™" be a square matrix with positive row sums and let R € R" be a vector
formed by the row sums of A (hence Vi € [n] : R; =37/ 4 a; > 0). Then there exists
a vector m € R" satisfying 0 < >.7_; m; < 1 such that A is a Bf-matrix if and only if

Zmax{% i;éj}<1.
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Interval BR-matrices
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Interval BR-matrices

Definition 4. mogeneous interval BR-matrix)

Let Ac IR™", m € R" such that 0 < 37 ;m; <1 and R € IR". Then we say that A
is a homogeneous interval BR-matrix, if VA € A: 3R € R such that A is a (real)
BR-matrix.
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Interval BR-matrices

Definition 4.3 (homogeneous interval BR-matrix)

Let Ac IR™", m € R" such that 0 < 37 ;m; <1 and R € IR". Then we say that A

is a homogeneous interval BR-matrix, if VA € A: 3R € R such that A is a (real)
BR-matrix.

Definition 4.4 ((heterogeneous) interval BR-matrix)

Let A€ IR™" and R € IR". Then we say that A is a (heterogeneous) interval
BR-matrix, if VA € A: 3R € R, 3w € R" such that 0 < Y°7_y m; < 1: Ais a (real)
BR-matrix.
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Homogeneous interval BR-matrices
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Homogeneous interval BR-matrices

Theorem 4.5

Let A€ IR™", let m € R™ such that 0 < Zf:l m; <1 and R € IR" be a vector of
intervals of the individual row sums in matrix A. Then A is a homogeneous interval
BR-matrix if and only if Vi € [n] the following properties hold:

a) Ri>0
b) Vke [n]\{i}:
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Homogeneous interval BR-matrices

a) R, >0
b) Vke[n\{i}:

m>1 = Z*’J (7_]')'5% A

i7#k

A\ O<m <1l = Z (7_1).31.’( A\

i7k
A =0 = 0 > ax N

A T <0 = ZBU (——1)-5,—;(

J#k
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Homogeneous interval BR-matrices

Theorem 4.6

Let A € IR™" be an interval square matrix with positive row sums intervals (hence
Vi€ [n]: i qa;>0). Then there exists a vector m € R" satisfying 0 < > 7 1 m; <1
such that A is a homogeneous interval BR-matrix if and only if

n —

ajj ajj .
E max { — , i#jp <l
= 3jj+ 2 aim aj+ 2 aim

m#j m#j
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Interval BR-matrix (heterogeneous)
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Interval BR-matrix (heterogeneous)

Theore

Let A € IR " be an interval square matrix with positive row sums intervals. Then A
is an interval BR-matrix if and only if 3n € R" such that 0 < > j=1m <1 and that A
is a homogeneous interval BR-matrix.
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Interval BR-matrix (heterogeneous)

Theorem 4.7

Let A € IR " be an interval square matrix with positive row sums intervals. Then A

is an interval BR-matrix if and only if 3n € R" such that 0 < > j=1m <1 and that A

is a homogeneous interval BR-matrix.

Definition 4.8 (interval BR-matrix)

Let A€ IR™" and m € R" such that 0 < 3°7_; m; < 1. Then we say that A is an
interval BR-matrix if it is a homogeneous interval BR-matrix.

Matyas Lorenc Faculty of Mathematics and Physics, Charles university

Special classes of P-matrices in the interval setting



B x-matrices
0000000e

Interval BR-matrices - Characterization through reduction
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Interval BR-matrices - Characterization through reduction

Proposition 4.9

Let A € IR™", let m € R™ such that 0 < Zf:l mj <1 and R € IR" be a vector of
intervals of the individual row sums in matrix A. Let Vi € [n] : A; € R"™" defined as
follows:

@ ifm; >1, then: Ai=A

ifm1 75 i, my = f,

. a
@ else if 0 < m; <1, then: Ai = (3mymy )i amym, = { mm2 otherise

ﬁml my

. a ifmy =i,
© else if m; <0, then: A; = (a ;oa = —mm .
! i = (amm,) mimz dmym, Otherwise.

Then A is an interval BR-matrix if and only if Vi € [n] : A; is a BR-matrix, where
R € R" is a vector of values corresponding to the row sums of A;.
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B-matrices
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B-matrices

Let neN. Let NN € R,N > n, N' > 2n — 1 arbitrary and let A € IR™" defined as

follows:
Y o [2n—1,N'] if i =,
A=(ag) a;= { [-1,1] if i £ .

Nl ifi=
A = (a)); a;= [n, 0
(ay) U { [-1, L] ifi#j.

"oy, "o [”7N] if i =J,
A= (ay); a,-,-—{[l 1] ifi#).

n—1>

Then A, A’ and A” are interval B-matrices.
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Doubly B-matrices

Matyas Lorenc Faculty of Mathematics and Physics, Charles university

ial classes of P-matrices in the interval setting



Generation
ooe

Doubly B-matrices

for k #i

forj#i:—Zgjm>0
m#j

forj£id#i0 Y (3 - 2) >0
m
m#l

__ (5s) .
—Z— + (-2 ~§k—Z§mS7H : ﬂ_z(gik_gim) fork#i,j#i: Zéjm>o
-N .

m#i Zjm mAi m#j
m#k m#j m+#k

< b 2i ik ) \ 253 _ for k£ iyj £ 1,1 # )t 5 —a o
(”‘J/))+(n—2) <Xk_mz#ixm<(a”z:a':)ﬂ(zm)zﬂ)_mzﬁ(afk_aim) or ij#i J :Zj(aﬂ ajm)>
e/ m7k m#j m+#k
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@ Conclusion
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Open problems

Definition 6.1 (Parametric interval matrix)

Let k,m,n €N, p € IR* and {Ao, A1,..., A} CR™*". Then we define parametric
interval matrix A(p) as follows:

k
A(p) = Ao+ > _ piAi
i=1

Matyas Lorenc Faculty of Mathematics and Physics, Charles univi
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Open problems

Definition 6.2 (Mime)

Let A€ R"™". Then we call A a mime, which stands for M-matrix and Inverse
M-matrix Extension, if for some s;,sp € R, Py, P> € ]R(J{HX", such that Ju € Rarn
which satisfies

Piu < siu and Pyu < syu,

it takes the form of
A= (s1ly — P1)(s2ln — P2) 7.

®5,=1,P,=0 — M-matrices

® 55=1,PL=0 — inverse M-matrices
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Theorem 6.3 ("The end is coming” theorem)

® This is the end.

® Everyone is already asleep by now.

@ Trivial.

® Look around. (If you are not sleeping, then sweet dreams.)
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