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Uloha dvouiroviiové optimalizace (BP)

maxy,y f(x, v)
za podminek (x,y) € X
y € 5(x)

kde S(x) = argmax, gxy)

za podminek (x,y) €Y
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Mathematical Programs with Optimization Problems

in the Constraints
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This paper considers a class of optimization problems characterized by con-
straints that themselves contain optimization problems. The problems in the
ousirant otnbo lneer propraeu, oatisas rogrsss, o twe-sidd optiza-
tion problems, including certain types of games. The paper presents theory
dealing primarily with properties of the relevant functions that result in convex

It gives

progrumming problems, and discusses interpretations of this theory.
ion with linear programs in the constraints, and discusses computa-

Sontymetnods for Solving the problems.

HE STANDARD mathematical program can be stated as finding a vector
(@, +++,20) tO
‘minimige / (z) )
subject to
PRGETS (i=1,-,m) @)

where the functions £(-) and g(-) are real-valued, and r= (r, -+, ) is & specified
veetor of sealars is a convex function and g:(-) s a concave function for
=1, -, m, then tho problem given by (1) and (2) is called a convex program.

Usually the right-hand-side veetor 1 is considered 0 be a specifid constant
Mars govrsly, tia vetor can be taken Lo be a parameteimtion of the natte
For the olass of problems trotad hrci, the votor * il be &
In general,

R.

matical program.
Variale usod 10 ik & nesod Horarchy .,: umllu-muumll programs,
the vector rwill be confined to some set of v interest, denoted by

The consraint et given i (3) ean be more gencraly deined, For any ref, as

1oy m) @)

S(r)=z:g:(z, 1) 20, i
The mathematical programming problem can be restated as one of finding a veetor
2 in the set S(r) that minimizes (z). The vector r, then, parameterizes the pro-

1973: Dvouulrovnovy opt. model
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Aplikace BP: Interdiction problem

minCTy
a’x<b
X € X
xi€ {0,1}, i €N,
y € argmax{c'y:
yi<1—Xxj, I€N,
yevY}




Aplikace BP: Pricing problem

mgx ZP:‘)/U
i\J
Yy € arg max { Z(I’,‘j = p,—)yU :
i
D,
i
yij = 0}

rij — rezervacni cena zakaznika j na produkt i
p; — prodejni cena produktu i
yij — mnozstvi produktu i zakoupeneé zakaznikem j



Stackelbergovy hry

- sekvenéni hra dvou hracd (lze zobecnit i na vice hraca)

- v 1. tahu se rozhoduje vidce, ve 2. tahu se poté rozhoduje
nasledovnik, ktery reaguje na volbu vidce

- cilem vldce je maximalizace zisku, nasledovnik voli
nejlepsi reakci na strategii viidce

- vidce voli optimalni strategii vzhledem ke znamé reakéni
funkci nasledovnika



Stackelbergovy hry: Model

max ZR“X' 3
X,q — L Iq]
1,)

i

xi € [0,1]
g € arg max ZC,JX,Q

Zr,_1

ri€[0,1]}
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Linearni dvouiroviova optimalizace

ming, c'x+d'y
za podm. Ax+By=>a
y €5(x)

kde S(x) = argmin, fTy
za podm. Cx+Dy>b

IR (Inducible Region) = {(x,y) : Ax+By = a,y € S(x)}



Linearni BP: Priklad |

41
miny y Y 371
Y € argmaxy {y : 5
X+y<5,
—X+y<2, 14
X,y =0} e
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Linearni BP; Priklad Il

miny y Y

y<3

y € argmaxy {y :
X+y<5,
—X+Yy=<2,
X,y =0}

n



Optimistickeé vs. pesimisticke reseni

Optimalni feseni tlohy nasledovnika nemusi byt jednoznacné!

- Optimistické reseni:
Zvolime optimalni feseni, které je pro vidce nejlepsi.

- Pesimisticke reseni:
Zvolime optimalni fesent, které je pro vidce nejhorsi.
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High-point relaxace

High-point relaxace: Relaxujeme podminku optimality na nizsi
Grovni, ale zachovame pfipustnost (zahodime Gcelovou funkci
nasledovnika).

4 -
minyy Y
y<3
y € argmaxy {y:
X+y<5,
—X+y<2,

X,y =0}
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High-point relaxace

High-point relaxace: Relaxujeme podminku optimality na nizsi
Grovni, ale zachovame pfipustnost (zahodime Gcelovou funkci
nasledovnika).

minyy Y

y<3

X+y<5,
—X+y<2,
X,y20
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High-point relaxace Il

Vlastnosti IR a High-point relaxace pro linearni dvoutrovnove
programy (Bialas & Karwan, 1982; Bard, 1983):

- IR je sjednocenim stén High-point relaxace,

- IR je souvisla mnozina, pokud program neobsahuje
zadnou ,,coupling“ podminku,

- pokud je program pripustny, pak existuje optimalni reseni,
které je vrcholem High-point relaxace.
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Jednourovnova (nelinearni) reformulace

S vyuzitim duality v linearnim programovani mizeme
linearni BP formulovat jako jednolroviiovou (nelinearni)
optimalizacni tlohu:
ming, c'x+d'y
za podm. Ax+By=>a
y € {argmin, f'y: Dy > b— Cx}
l
Mminy, c'x+d'y
zapodm. Ax+By=>a, Dy>b—(x,
AD=c, A(Dy—b+Cx)=0, A=0
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Linearni BP: Slozitost

Véta (Hansen et al., 1992)
Problem linearni dvoutrovhiove optimalizace je silné NP-téZRy.

Problém KERNEL: Jadro orientovaného grafu G = (V, A) je podmnozina
vrchold W € V takova, Ze

- je-li(u,v)€eAaueW, pakvgWw,

- jestlize u € W, pak existuje v € W tak, ze (u, v) € A.
m)?xmyln {—Zyj:
j

Xj+Xp <1, V), R:(vj, V) €A,
yi<1—x, Vj
Vi £ 11— X, V), R (v), vk) €A,
X,y = O}



Binarni programovani a linearni BP

Prevod mezi Glohou binarniho programovani a Glohou
linearniho dvoulroviiového programovani (Audet et al., 1997):

x€{0,1} =y=0,yeargmax{y’ : vV <x, ¥ <1—x,y > 0}.




Celociselna
linearni dvoulrovnova optimalizace




CelocCiselné linearni BP (MIBLP)

ming, c'x4d'y

za podm. Ax+By=>aq,
xi€Z, Vj€],
y € 5(x),

kde S(x) = argmin, fly
zapodm. Cx+Dy=b
ye€Z Vje/.



Celociselné linearni BP; Priklad

Priklad (Moore & Bard, 1990):

min —x — 10y 41
X€EZ,
y € argmin{y’: 37
—25x + 20y’ < 30, 51
X +2y <10,
2x—y <15, 11

2x + 10y’ > 15,
v ezZ}. 1

N*
o9 L
il
o7 A
& -
L
6o -
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Celociselné linearni BP; Slozitost

Véta
Rozhodnout, zda plati (x*,y*) € IR pro Glohu (smiseného)
celociselného linearniho BP, je NP-tézRy problem.

Véta (Lodi et al., 2014)
Problém (smiseného) celoCiselného linearniho BP je Zzp—téz“/?f/.
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Celociselné linearni BP; Hodnotova funkce

Hodnotova funkce ¢(x) udava optimalni hodnotu Glohy
2. Urovné pro dané reseni x:

¢(x) =min{fly: Cx+Dy2 b,y € ZVj€e/}.

Pomoci hodnotoveé funkce miizeme formulovat Glohu MIBLP
nasledovné:

ming, ¢ x+d'y

za podm. Ax+By=a,

Cx+ Dy = b,
X, Ve €Z, Nj€jkRe/
fy < ¢(0).
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Celociselné linearni BP: Relaxace

Které podminky v MIBLP chceme relaxovat?

- Relaxace podminek celocCiselnosti — BLP.

ming, c'x+d'y
za podm. Ax+By=>aq,
Cx+Dy=b,
X,y €Z, Vj€j ke[,
fly < ¢(x).

P(x) = myin{ny: Cx+Dy=b,yjezVje/}
2



Celociselné linearni BP: Relaxace

Které podminky v MIBLP chceme relaxovat?

- Relaxace podminek celocCiselnosti — BLP.
- Relaxace fTy < ¢(x) (High-point relaxace) — MILP.

ming, c'x+d'y
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Celociselné linearni BP: Relaxace

Které podminky v MIBLP chceme relaxovat?

- Relaxace podminek celocCiselnosti — BLP.
- Relaxace fTy < ¢(x) (High-point relaxace) — MILP.
- Relaxace celociselnosti v High-point relaxaci — LP.

ming, c'x+d'y
za podm. Ax+By=>aq,
Cx+Dy=b,
X,y €Z, Vj€j ke[,
fly < ().

() =min{fly: Cx+ Dy b,y €ZVj e/}
22



CelocCiselné linearni BP: (Ne)relaxace

Relaxace podminek celociselnosti v 2. Grovni obecné
nefunguje, protoze dostaneme tésnéjsi podminku fTy < ¢(x)’.

Priklad (Moore & Bard, 1990):

min —x — 10y b1 -2
X €L, 31
y € argmin{y’:
_ /< 21
25x 4+ 20y < 30, @
x+2y <10, N
2x—y' <15,

2x + 10y’ > 15, .
y' €Z}.
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Dvouurovnova optimalizace s intervaly




Maximum Minimum-Cost Flow: BP formulace

Cilem Glohy MMCF (Hoppmann, 2019) je nalézt hodnoty b, pro
zdroje (nabidka) a by, pro stoky (poptavka) takové, Ze prislusny
tok s minimalni cenou v dané siti bude nejdrazsi mozny.

A Bilevel Optimization Model for MMCF

MMCEF can be modelled as a linear bilevel optimization program. For details
on bilevel optimization we refer to the book by Dempe et al. [4].

max Z Lofa (1)
acA
s.t. by € [by, bu) YueVt (2)
bu € [by, bu] YweV™  (3)
min Z Lofa (1)
I acA

st S fam D Ja=ha VueVt  (5)

acst(u) acs—(u)
S Y fa=bu YweV-  (6)

aest (w) aes—(w)
S S Y fa=0 Yweve (1)

acdt(v) acs—(v)

Ja €10,¢4] Va € A. (8)

2%



Maximum Minimum-Cost Flow: ILP formulace

max Zlafa

aeA
s.t. by€[b,, bu], bw € [b,, bu] YueVvt,we Vv

n > lofs
aeA
Z fa Z fa by Yuevt

aedt(u a€d~
Z fa Z fa = by Vwe Vv

aedt(w a€d~
>, fa Z fa =0 Vv e o

aedt(v) aed—(v)

fa€0,cq] VaeA
25



Maximum Minimum-Cost Flow: ILP formulace

YueVt,weV™

Zlafa — Nejhorsi konecna optimalni hodnota ILP

aeA

Z fa— Z fa Yuevt
055*(“ aes—

Z fa— Z fa b, buw] YweVv-
aest(w) aes-

Z fa— Z fa =0 vve L
aedt(v) aed=(v)

0<fs<¢cq YaeA

25



Intervaloveé linearni BP

mingy  [c]'x+[d]y
za podm. [A]x + [Bly = [a]
y € 5(x)

kde S(x) = argmin, [’y
za podm. [C]x + [D]y = [b]

— rozsah optimalnich hodnot, mnozina optimalnich reseni, ...
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Intervaloveé linearni BP: Priklad

Pfiklad (Calvete & Galé, 2012): nQiyn [, 2]x + [=2, =]y

y € arg myin {1 2ly: (x,y) e M}

(3,3)
£ e£-4,o>

fe(o2]
(24)

SN WP 01O 00O

1234567 8910112
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DvouUrovnove linearni programovani je tézke.
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DvouUrovnove linearni programovani je tézke.

v

CelocCiselne dvoulrovnove linearni programovani jesté tezsi.

A co teprve s intervaly..?

Dakujem za pozornost!
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