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COMPLETELY POSITIVE MATRICES




QUADRATIC FORMS

Quadratic forms:
BEQR" R
B Q(Xq,...,Xp) =X Qx = 321 QiXiX;
> Qe R™" xeR"
m Special classes of forms:
1. positive semi-definite forms (PSD)
mVYxecR":x'Qx >0
2. forms with non-negative coefficient (NNC)
B x'Nx = i NijXiX;
| Vl,j :n; >0




COMPLETELY POSITIVE FORMS

|
Q(x) := x"Ax is completely positive, if
1. 3B e R™M: A = BB,
2. B Z Onxm.

B B>O0pxm = A=BB" >0pxp
m x"Ax = x"BB'x = (B"x)"(B"x) = >_I",(B'X)? > 0

Completely positive forms are

1. (PSD) positive semi-definite forms

2. (NNC) forms with non-negative coefficients




ALTERNATIVE CHARACTERISATION OF CP FORMS

m Q(x) = x"Ax = x"BB"x = (B"x)"(B"x) = >_I", (B"x)?
m i-th coordinate of (B"x):
> (BTX)I' = ZZ=1 Bﬁexk = ZZ=1 BriXr
> Li(X) == > k_, BriX ... form with non-negative coefficients
m linear form

m Q(x) = 3T, L (x)
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ALTERNATIVE CHARACTERISATINO OF CP FORMS

m Q(x) = x"Ax = x"BB'x = (B'x)"(B"x) = >, (B"x)?
m i-th coordinate of (B"x):

> (B™X); = Yy BlXe = Yy BriXe
> Li(x) == > "p_, BgiXg ... form with non-negative coefficients
m linear form

m Q(x) = T, L (%)

Characterisation of CP forms

A form Q(x) is completely positive if and only if thereism € N :

Q(x) = Z L2 (x),

where L;(x) fori =1,...,m are non-negative forms.




MATRIX REPRESETATION OF L;(X)

Q(x) = i, LF(x)
2 2 n i
| L’- (X) = (Zj:1 ]Xj> = Ei,j:1 giij,'Xj =X L,'X

> L= AN
> (N)j =4

BA=Li+ - +Lln=YT N
u Q( ) ZI 1XT)‘ )\TX—Z, 1(/\Tx)( ) ZI 1()‘TX)




COMPLETELY POSITIVE FORMS

Characterisation of CP forms

A form Q(x) = x"Ax is completely positive if and only if there is
meN:

m Q(x) = i, L7 (%)

m Q(x) =37, x" A\ x
where L;(x) for i =1,...,m are non-negative forms and \;\; their
matrix representations.

m How bigis m?

m — cp-rank of A:

m minimal m € N such that
1 3L(X), ..., Lm(%) - Q(x) = >, L2(x)
2. 3, A A= NN
3. 3B R"™ ™M : A= BB"



CONE OF COMPLETELY POSITIVE FORMS

m CP" = {Q(x): R" — R | Q(x) if completely positive}
Properties of CP":

Qy(x) € CP" = Q53(x) := Q4(x) + Qx(x) € CP"
(x) = X7, L7 (x)
( ) = 27 M3 (%)
X) = Q(X) + Qa(x) = 37 LF(x) + 35 M3 (x)
j) =

1(X) ~ A = BB", Q;(x) ~ C = DD"
i(X) ~ B.iy Mj(x) ~ C,j

=BBT+DDT=A+C
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CONE OF COMPLETELY POSITIVE FORMS

m CP" = {Q(x): R" — R | Q(x) if completely positive}

Properties of CP":

1. Qi(x), Qx(x) € CP" = Q3(X) == Q4(X) + Qx(x) € CP"
2. Q4(x) € CP",a >0 = Qy(X) :=aQ4(x) € CP"
> Q,(x) = x"Ax = x"BB"x
> Q,(x) = x"aAx = x"aBB"x = x"(,/aB)(B"/a)x
mb=.a
m B, —./aB

CP" Is a convex cone

CP" forms a closed convex cone.




STANDARD QUADRATIC PROGRAMMING

Standard quadratic programming:

min x' Qx
st. e'x=1,
X > 0.

m NP-hard optimization problem
» reduction of max-clique graph problem
m x'Qx = Qxx” = tr(Q"xx") = (Q,xx")¢
> minx"Qx — min(Q, xx" )¢
mex=1- (ee’ xx")p =1
> (ee” xx")r = tr ((ee")"(xx")) = tr (e(e"™x)x") =
> =Y (ex);=>ex; =elx=1
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STANDARD QUADRATIC PROGRAMMING

Special CP programming:

min (Q,xx")f
st. (ee’ xx")p =1,
X > 0.

m NP-hard optimization problem
» reduction of max-clique graph problem
m x"Qx = Qxx" = tr(Q"xx") = (Q,xx")f
> minx’Qx — min(Q, xx" )¢
me'x=1- (ee’ xx")p =1
> (ee” xx")r = tr ((ee")"(xx")) = tr (e(e"™x)x") =
> = (ex); = ex;=e'x=1



STANDARD QUADRATIC PROGRAMMING

Special CP programming:

m NP-hard optimization problem
» reduction of max-clique graph problem
m x'Qx = Qxx” = tr(Q"xx") = (Q,xx")f
» minx’Qx — min(Q, xx")¢
me'x=1- (ee’ xx")p =1
> (ee”,xx")r = tr ((ee”)"(xx")) =tr (e(e"x)x) =
> = Zi(exT),-,- = Zi eX; = e'x=1




STANDARD QUADRATIC PROGRAMMING

CP relaxation:

min (Q,X)r
st. (ee’ X)p =1,
X e CP"

m NP-hard optimization problem
» reduction of max-clique graph problem
m actually xx”,x > 0 — X € CP" is not a relaxation
> CP" = conv{xx" | x € R}
> linear cost function + convex set = optimum attained in a
vertex




COMPLETELY POSITIVE PROGRAMMING

Completely positive programming:
min (C,X)F
st. (A, X)r=b;,
X € CP",
i=1...,m

Lagrangian dual:

m
max E b,'y,'
i=1
m

st C—) (A X)r=1,
=1
X € CP!

m CP? ... dual cone



FROBENIUS INNER PRODUCT AND DUAL CONE

| <A7 B>F = tr(ATB) = sz:1 Cl,'jb,'j
m CP" = {A c R"™" | (A,B)f > 0,VB € CP"}
> B =xx'
mxeR]
B b; = XX
> 0< <A, B>F = E?’j:_l Cl,‘jb,'j = 27}:1 Cl,'jX,‘Xj = x"Ax




FROBENIUS INNER PRODUCT AND DUAL CONE

| <A, B>F = tl’(ATB) = Zﬂj:1 Cl,'jb,'j
m CP" — {A € R"™" | (A,B)f > 0,VB € CP"}
> B=xx"
B xcR|
| ] b,‘j = XiXj
> 0< <A, B>F = Z?,j=1 a,-,-b,-,- = ZZ}-=1 QjjXiX; = x'Ax

]
Q(x)=x"Ax is copositive (constrained positive), if

vx € R7 :x"Ax >0

m AcCP! — Ais copositive

m Copositive forms form a closed convex cone:
> x"(A+B)x=x"Ax +x'Bx >0
> b>o0:x"(bA)x=bx"Ax >0




FROBENIUS INNER PRODUCT AND DUAL CONE

m A is copositive = Ac CP"
> (A,xx") >oforxeR"
> B= E:m:1 X,-X,T
> (A,B) = (A3 xxl) = XL (A xx]) > 0




FROBENIUS INNER PRODUCT AND DUAL CONE

m A is copositive = Ac cpP"
> (Axx") >oforxeR"
> B= Z:m:1 X,-X’.T
> (A,B) = (A, 27;1 X,‘X’T> - 27:1 (A,X,‘X’T> >0

Duality of cones of CP and COP

The convex cones of completely positive forms and copositive
forms are duals under Frobenius inner product.




CHARACTERISATIONS OF CP MATRICES

m still not properly answered
m sufficient and necessary conditions
» through connection of CP to graph theory




CP AND GRAPH THEORY

m G=(V,E).. graph
> V.. vertices
> E..edges

m B c RIVIXIEl _ incidence matrix
1, if

. Bve = ’ ! v E e’
o, ifvéde.

| V7 w e V . (BBT)VW = <b\/*, bW*>

> (BBT)VW — lei1 Bveng — Z|E|1 bvebwe

e=

1, ifv£w, {v,w} €E,
m (by.,bws) =< 0O, if v#£w, {v,w} ¢E,

deg(v), ifv=w.

m A —diag(A) ... adjacency matrix of graph G



A SUFFICIENT CONDITION OF CP

m Ais diagonally dominant if vi : a;; > >, ; a;

Sufficient condition of CP

Let A be a non-negative diagonally dominant symmetric matrix.
Then A € CP".

m ldea: Assigh Gto A

» incidence matrix of G = matrix Bs.t. A= BB’
m G(A) = (V,E)

> V=1{1,...,n}

> E={{i,j} |a;>o0}

m actually a multi-graph (i = j)

m B... incidence matrix of G(A)

» b, =1ifvee

| 4 I#](BBT)U:'I — G,’j>0

> i=j:(BBT); = deg(i) +1



A SUFFICIENT CONDITION OF CP

m Ais diagonally dominant if Vi : a;; > >~ ; a;

Sufficient condition of CP

Let A be a non-negative diagonally dominant symmetric matrix.
Then A € CP".

m ldea: Assign Gto A
» incidence matrix of G = matrix Bs.t. A = BB"
m G(A) = (V,E)
> V={1,...,n}
> E={{i,j}|a;>o0}
m actually a multi-graph (i = j)
m B’ ... modified incidence matrix of G(A)
» b, = /@ ifveelef=2andbj, =1,ifvecele =1
| 4 l#] . (BIBIT),'J' = G,‘j < G,‘j >0
> | :j . (B/B/T),',' = Zi;éj a,‘j +1




A SUFFICIENT CONDITION OF CP

m Ais diagonally dominant if Vi : a;; > >, aj;

Sufficient condition of CP

Let A be a non-negative diagonally dominant symmetric matrix.
Then A € CP".

m Idea: Assign Gto A

» incidence matrix of G = matrix B” st. A= B"B’'T
m G(A) = (V,E)

> V={1,...,n}

> E={{i,j}|a;>o0}

m actually a multi-graph (i = j)

m B’ ... modified’ incidence matrix of G(A)

> b’ :=1,ifveelel=2and by = a; -3 aif

vee el =1
> l#] : (B”B”T),'j = \/07,] <~ Q; >0
> i=j:(B"B"T)i =X 05+ Qi — X0 G = @




COMPLETELY POSITIVE GRAPHS

m G(A) ... a graph associated to A
> G(A) = (V,E)
mV={1...,n}
m £={{i,j}|a;>o0}

m A=AT ..arealisation of G

» A matrixAs.t. G(A) =G




COMPLETELY POSITIVE GRAPHS

m G(A) ... a graph associated to A
> G(A) = (V,E)
mV={1...,n}
m E={{i,j}|a;>o0}
m A=A" ... arealisation of G (or G(A))
> {i,jjeE = q;>0

Completely positive graphs

A graph G does not contain an odd cycle of length more than 3 if
and only if every realisation A of G is completely positive.

Application:
m G(A) does not contain the cycle — A € CP"




MODIFYING THE MATRIX

m M(A) ... a comparison matrix of A

> M(A); = {

aj, ifi=j,
—aj, ifi 751




MODIFYING THE MATRIX

m M(A) ... a comparison matrix of A

> M(A)jj = {

G,‘j, if i :j,
—aj, ifi 751

M(A) is PSD = A'is CP
For A= AT, M(A) is PSD = A'is CP.

Proof:
1. M(A) is M-matrix — Ais CP
» key element of the proof
2. M(A) is PD = M(A) is M-matrix
» Z-matrix is PD = Z-matrix is M-matrix
3. M(A)is PSD — M(A) is PD



M(A) 1s PSD < A IS CP

m When does the opposite inequality hold?
» we employ the graph G(A)




M(A) 1s PSD < A IS CP

m When does the opposite inequality hold?
» we employ the graph G(A)

M(A) is PSD < A is CP
For a graph G it holds for every matrix realisation A that
Ais CP — M(A) is PSD

if and only if G is triangle free.

?
Application:for A € CP™:
Hm 1. constructG
2. If Gis triangle free:

m M(A) is PSD = A € CP"
B M(A)isnot PSD — A ¢ CP"




SUMMARY

Completely positive forms
m Q(x) =X, Li(x)
» L;(x) .. non-negative forms
Completely positive matrices
m A=BBT"
> B e R[*™ ... non-negative matrices
> X; € R’ ... non-negative vectors




SUMMARY

Completely positive forms
= Q(x) = Y0, Li(x)
Completely positive matrices
m A=BB'
mA=>, xx'
CP" ... set of completely positive matrices
m closed convex cone
m dual to the cone copositive matrices

» studied in optimization
» NP-hard optimization (both primal and dual)

Characterisation of CP
m open problem
m sufficient and necessary conditions

» based on graphs G(A)
» based on comparison matrices M(A)



	Completely positive matrices

