Questions to understand the topic of the lecture

» Can any singular matrix be positive definite?

» Can Cholesky decomposition be performed on matrices
which are not Hermitian?

» Why when testing positive definite matrices by Gaussian
elimination we cannot change the order of the rows?

» Do have negative definite matrices, i.e. Hermitian A,
s.t. Vx # 0 : x"Ax < 0, always a negative determinant?



Gram matrix

Theorem: Let V be an inner space and X = (vy,...,v,) its basis.
Then the so called Gram matrix A defined as a;; = (v;|v;) satisfies:

VYu,we V: (ulw) = [w]¥AT [u]x

Observe that when X is orthonormal then A = 1,,.

Proof: Denote [u]x = (a1,...,a0)", [wW]x = (B1,...,0n) ",
i.e. u= Z ajv; and w = Z Bjvj. Then we get
i=1 j=1
(wlw) = ( 35 o] 32 B = 35 - iB(wilvy) = [wIYAT [ulx
i=1 j=1 i=1j=1

Properties of every Gram matrix:
> As (vilvj) = (vj|vj), i.e. a;j = 3j;, the matrix is Hermitian
> As (u|u) > 0 for all u # 0, it also holds that [u]{/ AT [u]x > 0.



Positive definite matrices

Definition: If a Hermitian matrix A of order n satisfies
Vx € C"\ 0 : x"Ax > 0, then the matrix is positive definite.

Applications:

» Finding extremes of real function of more variables — if the
(Hessian) matrix obtained by the second order partial
derivatives is positive definitive, then it is a local minimum.

» Extension of optimization programs.

£ le: 1 2 ... but how the condition could
xampie- 1 g be verified for all x € C?\ 07

Exercise: Show that if A, B are positive definite of the same order
then A+ B and A~! are also positive definite.



Characterization of positive definite matrices

Theorem: For a Hermitian matrix A the following are equivalent:
1. Ais positive definite
2. A has all eigenvalues positive
3. There is a regular matrix U such that A= U"U

Proof: 1 = 2 : As A is Hermitian, it has all eigenvalues real.
Let x be a nontrivial eigenvector corresponding to an eigenvalue \.
Then 0 < x"Ax = AxHx = A{x|x). As (x|x) > 0, we get A > 0.

2 = 3: As A is Hermitian, there are unitary R and diagonal D
such that A = R"DR. Set a diagonal matrix D : d; = \/dj, and
U = DR. Now U"U = (DR)"DR = R"D"DR = R"DR = A.
U is regular since unitary and diagonal matrices are regular too.

3=1:1f xe C"\O0, then Ux # 0 because U is regular.
Now: x"Ax = x"" UM Ux = (Ux)" Ux = (Ux|Ux) > 0.



Cholesky factorization

Theorem: For any positive definite matrix A there is a unique upper
triangular matrix U with positive diagonal such that A = U"U.
The matrix U is called the Cholesky factorization.

Input: A Hermitian matrix A
Output: The Cholesky factorization U if A is positive definite

fori=1,...,n do
i—1
Ui = [4dii— > Uk iUk i
k=1

if ui; ¢ RT then STOP, A is not positive definite;
for j=i+1,....,n do

i—1
_ 1 T
Uij = 4 <a,-,j > UkJUkJ)

end
end



Example — Cholesky factorization

2 1 0 -1
1 2 3
. . 1 1
For a Hermitian matrix A ‘U 3
i S e
T 1 1 2 2 2 2
0 21 0 2 5 7
-13 1 3|-22 7 20
0 -1
2 i1 3
ujj = ? ujj = < *Z“TW,]) ?




Correctness of Cholesky factorization

Assume that the algorithm fails x
during the i-th iteration, i.e. a < ullu.
We have and a — U"u.

Let x| =

Now x" Ax =

x+xMa+a'%x+a

~Utu)f (— U u)—|—

—U )P (U )+ (O" ) (— 0 tu) o
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—vlu—uvlu+a=a—-u'u<o0
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Hence A is not positive definite.
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A recursive condition ol

Theorem: A block matrix A = A is positive definite
a

if and only if @ > 0 and the matrix A — éaaH is positive definite.

Observation: The Gaussian elimination of the first column by the

a aH a aH

first row in a Hermitian matrix yields: S a1y
al A 0|A—;aa

Example:

4120 -1 412 0 -1
2122 2 012 3
0|25 7 025 7
-1/2 7 20 0/2 7 2



A recursive condition ol

Theorem: A block matrix A = -
al A

if and only if @ > 0 and the matrix A —

is positive definite

Laaf is positive definite.

Corollary: Positive definite matrices can be recognized by Gaussian
elimination, but columns should be eliminated in the top to
bottom manner by subtracting appropriate multiples of the pivot
rows from the rows below, i.e. the order of the rows must not
change nor the rows can be multiplied by a scalar.

If the resulting upper triangular matrix has positive diagonal, then

the original matrix was positive definite.

Example:

~ i~

2



A recursive condition ol

Theorem: A block matrix A = -
al A

is positive definite

if and only if @ > 0 and the matrix A — éaaH is positive definite.

Corollary: Positive definite matrices can be recognized by Gaussian
elimination, but columns should be eliminated in the top to
bottom manner by subtracting appropriate multiples of the pivot
rows from the rows below, i.e. the order of the rows must not
change nor the rows can be multiplied by a scalar.

If the resulting upper triangular matrix has positive diagonal, then
the original matrix was positive definite.

Example:

4 20 -1 420 -1 4
2 222 012 2 0
0 25 7 025 7 0
-127 20 037 2 0

OO~ N

0 -1 420 -1
2 3. o123
12 001 2
2 Z 000 ¥



A recursive condition ol
Theorem: A block matrix A = A is positive definite
a
if and only if @ > 0 and the matrix A — éaaH is positive definite.

Proof: <= Let x € C"\ 0, denote x = ,x1 €C,xeCrt.

«a aH X1 ~
xHAx =z &M [+ = aX1XT~|—x1)"(Ha+xTaH)"<+)"<HA)?
al A| x 1 Ha <H_ Hg
Hx —l— x aa''x

 XH(A— Laat)x + (e + xMa)(yam + ke

Both summands are nonnegative: A— aaH is positive definite;
and the next is the standard inner product of a vector with itself.
At least one is strictly positive as otherwise x = 0. Thus x" Ax > 0.

= For X € C"~1\ 0 we choose x; = —éaH)? and x™ = .

By our choice: \/ax; + %aH)? =0.
Now 0 < x"Ax = xH(A — Laa)x+0-0
Hence A — &aa” is positive definite.

Also
el"Aael =a > 0.



Sylvester condition

Theorem: A Hermitian matrix A of order n is positive definite if
and only if the matrices A1, ..., A, have positive determinants,
where A; uses the first / rows and columns of A.

Example: 4 2 0 -1

2 2 2 2
Al =]As|=|, 5  7|=38>0
-1 2 7 20
4 2 0
A3|=]2 2 2|=4>0
0 2 5
4 2
‘AQ’ =15 ) ‘ =4>0

Ay| = det(4) = 4 > 0

All determinants are positive, thus the matrix A is positive definite.



Sylvester condition

Theorem: A Hermitian matrix A of order n is positive definite if
and only if the matrices A1, ..., A, have positive determinants,
where A; uses the first / rows and columns of A.

Proof: Use Gaussian elimination A ~ --- ~ A’ to test whether A is
positive definite. Let a4, ..., a, be the elements on the diagonal of
the resulting upper triangular matrix A’.
Since we have eliminated rows in the top-to-bottom manner,
we have det(A;) = det(A}) = [[ o = det(A;_1)a;.

j<i

A is positive definite < aq, .. Lap >0
< det(A1),...,det(A,) > 0.
Example:

4 270 -1 [ 20 -1 [F2[0] -1 B 20| -1
A |22 2| 2 012 3| Jou2 3| jo12f 5|A
A flo 25/ 7| Jo25 7| 001 2[ oo 1] 2[A]
As -1 27 20 057 2] Joo2 Z| jooo0 YA




