Orthogonality

Definition: Vectors u, v from an inner space are orthogonal if
(u|lv) = 0. We denote orthogonal vectors as u L v.

Observation: A set of nontrivial pairwise orthogonal vectors is

linearly independent.
k

Proof: Assume uy, ..., uyx are orthogonal, but uy = Z aju; # 0.

Then: k k i=1
0 # (uwp|up) = <Za,u, u0> Za;(u;\u()}:Za,--O:O

i=1 i=1

Definition: A basis Z = {v1,...,v,} of an inner space V is
orthonormal, if vi L vj, when i # j; and ||v;|| = 1 for each v; € Z.

Observe that the matrix whose columns are vectors of an
orthonormal basis of C" (with standard i.p.) is unitary: A"A = I,,.



Example — an orthonormal basis in R3
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Examples — orthonormal systems of real functions

For the standard inner product (f, g) = fol f(x)g(x)dx the usual
basis (1, x, x?) is not an orthonormal basis of the space of real
polynomials of degree at most two on the interval (0, 1):

1= /1 1dx = /g = 1 |
HXH:\/folx-xdx:\/[%xﬂ(l):é#l 08
I1X2]| = \/fOIXZ'XQdX: \/[%XS]% R

1
(1x)= [y 1-xdx =[3x*§ = 3#0 il
1
(1x?) = [y 1-x?dx = B3R =%#0

1
(xx?) = fo x P dx = [3x*]g = 3 # 0



It is necessary to take another basis, e.g.

(1,/3(2x — 1),/5(6x% — 6x + 1)):

1] = /o 1-1ax = VIE =1

IV3x 1)l = /) 3857 — 4+ 1) o =
= J3le -2+ xlh =1
1V/5B(6x2 — b6x + 1)|| =
\/fo (36x4 — 72x3 + 48x2 — 12x + 1) dx =
— \/5[%5 —18x* +16x3 — 6x2 + x]§ = 1

(1]v/3(2x — 1)) fo 3(2x —1)dx =V3[x>—x]§ =0
(1]v/5(6x2 — 6x + 1)) fo 5(6x% — 6x + 1) dx =
=/5[2x3 — 3x2 +X]0—0
(v/3(2x — 1)|V/5(6x% — 6x + 1)) =
= [ V15(12x3 — 18x + 8x — 1) dx =
= V15[3x* —6x> +4x2 —x]§ =0




An orthonormal system of periodic functions

Functions sin(ix) and cos(jx) are orthogonal on (—m,7), for i,j € N.
(sin(ix)] sin(jx) f [cos((/ —j)x) = cos((i + j)x)] dx =

) =

2[— sin((i — j)x) — m sin((i +j)x)]~, =0 fori#j
)
(i

feos(i)] cos(j)) = [ Beos((7 ~j)x) + cos((i + j)x)] o =
2[— sin((7 — _])X) + m sin((F +/)x)]. =0 for i # j

(sin(ix)| cos(jx)) = ["_sin(ix) cos(jx) dx = 0
We use the fact that sin(km) = 0 for an integer k.
In the last case we integrate an odd function on a symmetric interval.
|['sin(ix)|[> = 7 3[1 — cos(2ix)] dx = 3[x — 2, Lsin(2ix)]", =7
|| cos(ix)[|? = [™_L[1+ cos(2ix)] dx = 3[x + £ sin(2ix)]", =7

.. after a normalization by @ we would get an orthonormal system.

We use formuli:

sinasin 8 = 1[cos(a — ) — cos(a + B)]
cos acos 8 = 3[cos(a — 3) + cos(a + )]
sinacos 8 = 3[sin(a — B3) + sin(a + )]

sin(x) L cos(5x) sin(x) L sin(5x)



Properties of an orthonormal basis

Proposition: Let Z = {v1, ..., v,} be an orthonormal basis of an
inner space V. Then for any u € V: u = (ulvi)vi + - - + (u|vp) v,.
The coefficients (u|v;) are called the Fourier coefficients.

n
Proof: Ifu—Za,v,, (ulvj) = <Za,v, vj> Za;(v,-\vj>:aj

i=1 i=1

Coordinates of the vector u = (3,3,3)7 w.r.t. the basis Z = {/ , v, v3}
T

are: [u]z = (<u| ), (u|va), <U|V3>) = (5,1,-1)T . o

(ulv)=3-2+3-143.2= '

(ulv) =3-(-3)+3-3+3-3=1 |
(wlv) =3+ (~1) 43 (-3) +3:3 = 1 | |
Test: 5 - +1-V2+(—1)~V3: s 22y

=5 ) #r (433 e (1) =3y -



Properties of an orthonormal basis

Proposition: Let Z = {v1, ..., v,} be an orthonormal basis of an
inner space V. Then for any u € V: u = (u|vi)vi +-- -+ (u|vp) v,.
The coefficients (u|v;) are called the Fourier coefficients.

n
Proof: Ifu_Za,v, (ulvj) = <Za,v, Vj> —Za;<w\"j> = 3

i=1 i=1

Theorem: Let Z be an orthonormal basis of an inner space V.
Then for any u, w € V holds that: (u|w) = [w]%[u]z.

Proof: We know that u = Z(u\v;)v; and w = Z(w[w)vj
i=1 j=1
(ulw) = <Z<urw>w > (wlyv > 52 ulvi) (wl (uly)
i=1 j=1 i=1j=1

— Z<U|VI>W = [W]E[U]Z



