
Po£et koster grafu � aplikace determinantu

G
1

2 3

4 5 6

Laplaceova matice

LG =



2 −1 −1 0 0 0

−1 3 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1



∣∣∣L1,1G

∣∣∣ =
∣∣∣∣∣∣∣∣∣∣
3 −1 −1 0 0

−1 3 0 −1 0

−1 0 2 −1 0

0 −1 −1 3 −1

0 0 0 −1 1

∣∣∣∣∣∣∣∣∣∣
= 11



Vlastnosti determinantu matice Li ,j

∣∣∣L1,1G

∣∣∣ =
3 −1 −1 0 0 II

−1 3 0 −1 0 III

−1 0 2 −1 0 IV

0 −1 −1 3 −1 V

0 0 0 −1 1 VI

= LG =


2 −1 −1 0 0 0

−1 3 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1



1 1 0 0 0 II + III + IV + V + VI

−1 3 0 −1 0 III

−1 0 2 −1 0 IV

0 −1 −1 3 −1 V

0 0 0 −1 1 VI

=

(−1) ·

−1 −1 0 0 0 I

−1 3 0 −1 0 III

−1 0 2 −1 0 IV

0 −1 −1 3 −1 V

0 0 0 −1 1 VI

= −
∣∣∣L2,1G

∣∣∣ = +
∣∣∣L2,2G

∣∣∣ = · · ·



Laplaceovy matice izomorfních graf·

LG =



2 −1 −1 0 0 0

−1 3 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1


G ′6

4 5

1 2 3

G
1

2 3

4 5 6

π LG ′ =



2 −1 0 −1 0 0

−1 3 −1 0 −1 0

0 −1 1 0 0 0

−1 0 0 3 −1 −1

0 −1 0 −1 3 −1

0 0 0 −1 −1 2



∣∣∣L1,1G

∣∣∣ = ∣∣∣L6,6G ′

∣∣∣ = ∣∣∣L1,1G ′

∣∣∣
∣∣∣∣∣∣∣∣∣∣
3 −1 −1 0 0

−1 3 0 −1 0

−1 0 2 −1 0

0 −1 −1 3 −1

0 0 0 −1 1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
2 −1 0 −1 0

−1 3 −1 0 −1

0 −1 1 0 0

−1 0 0 3 −1

0 −1 0 −1 3

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
3 −1 0 −1 0

−1 1 0 0 0

0 0 3 −1 −1

−1 0 −1 3 −1

0 0 −1 −1 2

∣∣∣∣∣∣∣∣∣∣
Matice L1,1G , L6,6G ′ se li²í jen zpermutováním °ádk· i sloupc· podle π.



K d·kazu v¥ty

κ(G ) = κ(G − e) + κ(G ◦ e) =
∣∣∣L1,1G−e

∣∣∣+ ∣∣∣L1,1G◦e

∣∣∣ = ??? =
∣∣∣L1,1G

∣∣∣
LG =


2 −1 −1 0 0 0

−1 3 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1


G

1

2 3

4 5 6

e

LG−e =


1 0 −1 0 0 0

0 2 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1


G − e

1

2 3

4 5 6

LG◦e =


3 −2 −1 0 0

−2 3 0 −1 0

−1 0 2 −1 0

0 −1 −1 3 −1

0 0 0 −1 1


G ◦ e1’ 2’

3’ 4’ 5’



K d·kazu v¥ty

κ(G ) = κ(G − e) + κ(G ◦ e) =
∣∣∣L1,1G−e

∣∣∣+ ∣∣∣L1,1G◦e

∣∣∣ = ??? =
∣∣∣L1,1G

∣∣∣
LG =


2 −1 −1 0 0 0

−1 3 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1

 L1,1G

LG−e =


1 0 −1 0 0 0

0 2 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1

 L1,1G−e

LG◦e =


3 −2 −1 0 0

−2 3 0 −1 0

−1 0 2 −1 0

0 −1 −1 3 −1

0 0 0 −1 1

 L1,1G◦e



K d·kazu v¥ty

κ(G ) = κ(G − e) + κ(G ◦ e) =
∣∣∣L1,1G−e

∣∣∣+ ∣∣∣L1,1G◦e

∣∣∣ =
∣∣∣L1,1G

∣∣∣
LG =


2 −1 −1 0 0 0

−1 2 + 1 −1 −1 0 0

−1 −1+ 0 3 0 −1 0

0 −1+ 0 0 2 −1 0

0 0 + 0 −1 −1 3 −1

0 0 + 0 0 0 −1 1

 L1,1G

LG−e =


1 0 −1 0 0 0

0 2 −1 −1 0 0

−1 −1 3 0 −1 0

0 −1 0 2 −1 0

0 0 −1 −1 3 −1

0 0 0 0 −1 1

 L1,1G−e

LG◦e =


3 −2 −1 0 0

−2 3 0 −1 0

−1 0 2 −1 0

0 −1 −1 3 −1

0 0 0 −1 1

 L1,1G◦e


