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Abstract. This paper considers various formulations of the sum-product problem. It is shown
that, for a finite set A C R, |[A(A+ A)| > \A|%+ﬁ7 giving a partial answer to a conjecture of Balog.
In a similar spirit, it is established that |[A(A+ A+ A+ A)| > %7 a bound which is optimal
up to constant and logarithmic factors. We also prove several new results concerning sum-product
estimates and expanders, for example, showing that |A(A + a)| > |A|3/2 holds for a typical element
of A.
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1. Introduction. Given a finite set A C N, one can define the sum set, and
respectively the product set, by

A+A:={a+b:abe A}
and
AA:={ab:a,be A}.
The Erdés—Szemerédi [6] conjecture states that, for all € > 0,
max {|A + A|, |AA]} > |A]?~,

and it is natural to extend this conjecture to other fields, particularly the real numbers.
In this direction, the current state-of-the-art bound, due to Solymosi [22], states that
for any A C R

|A|4/3

1.1 A+ Al |AA —.
( ) max{| + |7| |}>> (10g|A|)1/3

When looking to construct a set A which generates a very small sum set A + A, one
needs to impose an additive structure on A, and an additive progression is an example
of a highly additively structured set. Similarly, if A has a very small product set, it
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must be to some extent multiplicatively structured. Loosely speaking, the Erdos—
Szemerédi conjecture reflects the intuitive observation that a set of integers, or indeed
real numbers, cannot be highly structured in both a multiplicative and an additive
sense.

In this paper, we consider other ways to quantify this observation. In particular,
one would expect that a set will grow considerably under a combination of additive
and multiplicative operations. Consider the set

A(A+ A) :={a(b+c):a,bce A}

The same heuristic argument as the above leads us to expect that this set will always
be large. Indeed, any progress towards the Erdés—Szemerédi conjecture immediately
yields a lower bound for the quantity |A(A + A)|. To see this, let us assume for
simplicity that 0,1 € A. This implies that AA and A + A are subsets of A(A + A),
and therefore, Solymosi’s result (1.1) implies that

413

(1.2) AU+ A > o

The expectation that |A(A + A)| is always large was formalized by Balog® [1], who
conjectured that, for all € > 0,

|A(A + A)| > |AP>.
Note that if A =1{1,2,..., N}, then
A(A+ A) C {nm:n,m € [2N]}.

This set obviously has cardinality O(N?), and in fact it is known that the product
set determined by the first N integers has cardinality o(N?).2 Therefore, we cannot
expect to prove anything stronger than this conjecture.

It is worth pointing out that Balog’s conjecture is also close to being sharp in the
dual case where A is a geometric progression. Indeed, A(A + A) C AA+ AA, and if
AA has cardinality O(|A]), then |AA + AA| = O(|A]?).

By attacking the problem of establishing lower bounds on |A(A + A)| directly (as
opposed to applying Solymosi’s sum-product estimate rather crudely), it is possible
to obtain quantitatively improved results. Using a straightforward application of the
Szemerédi-Trotter theorem,® one can show that

(1.3) |A(A + A)| > |APP2.

The original aim here was to improve on this lower bound, which we do by proving*
that

(1.4) |A(A+ A)| 2 |A|ZH T,

L This conjecture was made as part of a talk at the conference “Additive Combinatorics in Paris.”
A similar conjecture was made in [1] for the set A + AA.

2See Ford [7] for a precise statement concerning the size of this product set.

3To the best of our knowledge, a proof of this does not appear in the existing literature. Exercise
8.3.3 in Tao and Vu [26] observes that |AA + A| > |A|3/2, and this proof can easily be adapted to
show that |A(A + A)| > |A|3/2. These simple proofs are similar to those of the earlier sum-product
estimates of Elekes [5].

4The rough inequality % is used here to suppress logarithmic and constant factors. See the
forthcoming notation section for a precise definition of the meaning of this symbol.
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Although the method leads only to a small improvement for this problem, it turns
out to be much more effective when more variables are involved. To this end we prove
the following result:

A7

(1.5) AMA+ A+ A+ A) >

Observe that this bound is tight, up to logarithmic factors, in the case when A is
an arithmetic progression. Indeed, the aforementioned work of Ford tells us that
some logarithmic factor is necessary here. The set A(A + A + A + A) has similar
characteristics to A(A + A), and inequality (1.5) proves a weak version of Balog’s
conjecture.

The main tool in this paper is the Szemerédi—Trotter theorem, although its appli-
cation is a little more involved than the straightforward application which gives the
bound |A(A + A)| > |A|*/2. To be more precise, we use an application of the Sze-
merédi—Trotter theorem to establish our main lemma, Lemma 2.5, which bounds the
cardinality of A(A+ A) in terms of the multiplicative energy of A. The multiplicative
energy, denoted E*(A), is the number of solutions to the equation

(16) ai1az = azaq,

such that aq, a9, as,aq € A. This quantity has been an important feature in some of
the existing bounds for the sum-product problem (see [22] and [23]).

Of particular importance in this paper is the forthcoming Lemma 2.5, which
gives an improvement to (1.3) unless the multiplicative energy is almost as large as
possible. However, in the case where the multiplicative energy is very large, the
Balog—Szemerédi-Gowers theorem implies the existence of a large subset A’ C A with
the property that the ratio set® A’ : A’ is small. We can then use a sum-product
estimate from [15] to get an improvement to (1.3). This gives a sketch of the proof
of (1.4).

Another variation of the sum-product problem is to consider product sets of ad-
ditive shifts, which we might expect to be large. It was shown by Garaev and Shen (8]
that for a finite set A C R, one has |A(A+1)| > |A]>/4, and this bound was improved
slightly in [12]. Note that the value 1 is not important here, and these results hold if
1 is replaced in the statement by any nonzero value. The problem of determining the
best possible lower bound for the size of A(A + 1) remains open.

We will prove several bounds which relate to this problem, as well as the problem
of finding better lower bounds for |A(A + A)|. For example, in the forthcoming
Theorem 2.9, it will be established that, for at least half of the elements a € A, we
have

(1.7) |A(A + a)| > |APP/2.

Note that this result reproves the bound (1.3), but using two variables as opposed to
three.

5The ratio set A : A determined by A is the set of all pairwise ratios, that is, the set {a/b :
a,be A}.
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Structure of this paper. The rest of this paper is structured as follows. We
conclude this introductory section by explaining some of the notation that will be
used. In section 2, we give a full list of the new results in this paper. Section 3 gives
proofs of the main preliminary results, all of which follow from the Szemerédi—Trotter
theorem. Section 4 provides proofs of the main results, including (1.4) and (1.5). In
section 5, we prove several other results concerning growth of sets under additive and
multiplicative operations; this includes (1.7) and several results in a similar spirit. It
will be necessary to call upon some results from earlier works, such as the Szemerédi—
Trotter theorem and the Balog—Szemerédi—-Gowers theorem; any such results will be
stated as and when they are needed.

Notation. Throughout the paper, the standard notation <, > and, respectively,
0, is applied to positive quantities in the usual way. Writing X > Y or X = Q(Y)
means that X > ¢Y for some absolute constant ¢ > 0. We write X ~ Y if both
X > Y and X < Y. The notation g is occasionally used to suppress both constant
and logarithmic factors. To be more precise, we write X Z Y if there exist positive
constants C' and ¢ such that X > cﬁ. All logarithms in this paper are to base 2.

Let A, B C R\ {0} be finite sets.® We have already defined the sum set A + B
and the product set AB.

The difference set A — B and the ratio set A : B are defined by

A-B={a—b:acAbe B} and A:B={a/b:ac Abec B}.

Given z € R, we use the notation r 41 p(z) to denote the number of representations
of = as an element of A+ B. To be precise,

ra+p(z) :=|{(a,b) e AXx B:a+b=uz}|

This notation will be used flexibly throughout the paper to define the number of
representations of x as an element of a given set described in the subscript. For
example,

ras+c)() = {(a,b,c) € Ax BxC:a(b+c) =z}

In a slight generalization of the earlier definition, the multiplicative energy of A
and B, denoted E*(A, B) = E5(A, B), is defined to be the number of solutions to the
equation

a1b1 = a2b2

such that a; € A and b; € B. This quantity is also the number of solutions to

b

ag_bl
and

M _ 22

by by

6Note that the assumption that 0 ¢ A is added merely to avoid the inconvenience of the possibility
of dividing by zero, and simplifies matters slightly. All of the bounds in this paper are unaffected;
we may simply start all proofs by deleting zero and apply the analysis to A’ := A\ {0}, with only
the implied constants being affected.
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Observe that E*(A, B) can also be defined in terms of the representation function r
as follows:

E(4,B) = 27224:3(33)
- Z ra:a(2)rp: ()
- Z %5(7).

We use E*(A) as shorthand for E*(A4, A).
One of the fundamental basic properties of the multiplicative energy is the fol-
lowing well-known lower bound:

[AP?|B|?

(1.8) E(4.B) = S

The proof is short and straightforward, arising from a single application of the
Cauchy—Schwarz inequality. The full details can be seen in Chapter 2 of [26].

The above definitions can all be extended in the obvious way to define the additive
energy of A and B, denoted ET(A, B). So,

EN(A,B) =) 1% p(x).
xr
The third moment multiplicative energy is the quantity

E5(A4) =) rhala).

x

and similarly, the third moment additive energy is defined by
ES(A) =) ri_alx).

In recent years, third moment energy has played an important role in quantitative
progress on various problems in arithmetic combinatorics. See, for example, [12], [15],
[18], [19], [20], [21], and [26].

We will use the Katz—Koester trick [13], which is the observation that

A+ AN (A+A=—s)[>]A+ Al
and
(A-A)N(A-A=-s5)[=]A-(AN(A+9))],
where A, = AN (A —s). We also need the following identity (see [22, Corollary 2.5]):

(1.9) ST 1A £ A = (A x A) £ AA)],

where

A(A) ={(a,a) : a€ A}.
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2. Statement of results.

2.1. Preliminary results—Applications of the Szemerédi—Trotter
theorem. The most important ingredient for the sum-product—type results in this
paper is the Szemerédi-Trotter theorem [25].

THEOREM 2.1. Let P C R? be a finite set of points and let L be a collection of
lines in the real plane. Then

I(P,L) :=|{(p,]) e Px L:pel} < |P*3LP*?+|L|+|P|

Here by I(P,L) we denote the number of incidences between a set of points P
and a set of lines L. Given a set of lines L, we call a point that is incident to at least
t lines of L a t-rich point, and we let P; denote the set of all ¢-rich points of L. The
Szemerédi—Trotter theorem implies a bound on the number of ¢-rich points.

COROLLARY 2.2. Let L be a collection of lines in R?, let t > 2 be a parameter,
and let Py be the set of all t-rich points of L. Then

L | |L]
Pl < —+—.
1Pl < T+ 3
Further, if no point of Py is incident to more than |L|Y/? lines, then
L
|P| < 5

This result is used to prove the main preliminary results in this paper, which give
us information about various kinds of energies.

LEMMA 2.3. Let A, B, and X be finite subsets of R such that | X| < |A||B|. Then

> ET(A,xB) < |AP?BP2 X2,
rzeX

Note that ET(A,zB) > |A||B| for all x, so the condition |X| < |A||B] is necessary.
Bourgain formulated a similar theorem (“Theorem C” of [2]) for subsets of fields with
prime cardinality. Bourgain’s theorem is closely related to the Szemerédi-Trotter
theorem for finite fields [4, 10].

This result works in the same way with the roles of addition and multiplication
reversed.

LEMMA 2.4. Let A, B, and X be finite subsets of R such that | X| < |A||B|. Then

D> Ef(A,z+ B) < |AP2|BP2| X|V2.
rzeX

A similar method is used to establish the following important lemma, which will
be applied several times in this paper.
LEMMA 2.5. For any finite sets A, B,C C R such that |A|,|B| > 4, we have

A1"IBllc|

* 2
E(AIAB + )P > T

Some condition on the sets A and B is needed in order to rule out pathological
cases. For example, the above estimate does not hold if A = {0}, or if B = {a} = —C.
The condition that |A|,|B| > 4 is added in order to rule out these unusual cases.
We remark that Lemma 2.5 is optimal, up to logarithmic factors, in the case when
A=B=C={1,...,N}.
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2.2. Main results. The next two theorems represent the main results in this
paper. Although they were mentioned in the introduction, they are restated here for
the completeness of this section.

THEOREM 2.6. Let A C R be a finite set. Then

AA + )] 2 |AF .
THEOREM 2.7. Let A C R be a finite set. Then
A2
log |A|
We also prove the following suboptimal result, which is closely related to Theo-

rems 2.6 and 2.7.
THEOREM 2.8. Let A C R be a finite set. Then

(2.1) JA(A+ A+ A)| 2 |A[Ft =1,

JAA+ A+ A+ A)>

2.3. Products of additive shifts. We will prove a family of results bounding
from below the product set of translates of a set A. One may observe a familiar
gradient in this sequence of results: the bounds improve as we introduce more variables
and more translates. It was proven in [12] that, for any finite set A C R and any
value z € R\ {0},

| A|24/ 19
(log [A[)2/19°
As mentioned in the introduction, we will prove the following theorem, which shows

that we can usually improve on (2.2) in the case when x € A.
THEOREM 2.9. Let A C R be a finite set. Then there exists a subset A’ C A such

that |A’| > % and, for all a € A',

(2.2) |[A(A+ )| >

|A(A + a)| > |APP/2.

Adding more variables to our set leads to better lower bounds:
THEOREM 2.10. Let A C R be a finite set. Then there exists a subset A" C A

with cardinality |A’| > @ such that, for all a € A’,
|A|5/3
A+ A)(A _—.
(A A+ > i

Theorem 2.10 is similar to the result of Theorem 2.6, especially if we think of the
set A(A+ A) in the terms (A4 0)(A+ A). This result tells us that we can usually do
better than Theorem 2.6 if 0 is replaced by an element of A.

The next theorem is quantitatively worse than Theorem 2.10 but is more general,
since it applies not only for most a € A, but to all real numbers except for a single
problematic value.

THEOREM 2.11. Let A C R be a finite set. Then, for all but at most one value
r €R,

|A|11/7
(log |A])*/7°

Unfortunately, this does not lead to an improvement to Theorem 2.6, since the
single bad x that violates (2.3) may be equal to zero.

(2.3) [(A+ A)(A+2)| >
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2.4. Further results. Finally, we formulate a theorem of a slightly different
nature.
THEOREM 2.12. Let A, B C R be finite sets. Then

* 4
[BIE*(4) _ __ [A[|B]

3
4 AT B> T AT Z TAAT log AT
and
12
(2.5) |B + AA]P > |B|IA]

(E5(A))?|AA~" log [A]

Let us say a little about the meaning of these two bounds. If we fix A = B,
then (2.4) tells us that |AA| is very large if |A 4+ A| is very small. Similar results are
already known; for example, a quantitatively improved version of this statement is a
consequence of Solymosi’s sum-product estimate in [22]. The benefit of (2.4) is that
it also works for a mixed sum set A + B.

One of the main objectives of this paper is to study the set A(A + A), and
inequality (2.5) considers the dual problem of the set A + AA. As stated earlier, it
is easy to show that |A + AA| > |A]3/2. If we fix A = B in (2.5), then this bound
gives an improvement in the case when E}(A) is small. We hope to carry out a more
detailed study of the set A+ AA in a forthcoming paper.

3. Proofs of preliminary results.

Proof of Lemma 2.3. Recall that Lemma 2.3 states that for | X| < |A||B|,

> ET(AxB) < |AP?BP2 X2,

xeX
Note that
(3.1) Y ET(AzB) =Y > rh.p).
reX zeX vy

We will interpret ra4.p(y) geometrically and use Corollary 2.2 to show that there
are not too many pairs (z,y) for which the quantity rai,p(y) is large.
Claim. Let Ry = {(x,y) : Ta+25(y) > t}. Then for any integer ¢t > 2,

[A]?|BJ?
(3.2) |R:| < —5
Proof of Claim. Define a collection of lines
L:={lyp: (a,b) € Ax B},

where I, is the line with equation y = a + bz. Clearly, |L| = |A||B].

Since 744+, p5(y) counts the number of solutions (z,y) to y = a + bz, we see that
7a+5(y) is the number of lines of L that are incident to (x,y). Thus every pair (z,y)
in Ry is a t-rich point of L. Further, because

rasen(y) < min {|A}, |Bl} < (|A]|B])'/?,
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there are no pairs (z,y) such that 74, .5(y) > (|A||B|)'/?; that is, there are no points
incident to more than |L|'/? lines of L. It follows from Corollary 2.2 that

IL? _ |AP|B?

R < |P| < i

which proves the claim. a
Now we will interpolate between (3.2) and a trivial bound. Let A > 1 be an
integer to be specified later. The sum in (3.1) can be divided up as follows:

(3.3) Y _ET(AzB)=> Y ri.pW)

rzeX zeX y
(34) S Z Z T124+wB (y) + Z T124+1B (y) .
z€X y:ratan(y)<A (z,y):Tatan(Y)>D

To bound the first term in (3.4), observe that

(3.5) > Yo Thes® <AY Y raven®)

reX y:raten(y)<A zeX y
(3.6) =AJA[|B| > 1
reX
(3.7) = |A[|B|AX].

To bound the second term in (3.4), we decompose dyadically and then apply (3.2)
to bound the size of the dyadic sets we are summing over:

(3.8) > Phaan(®) = Y > WS (7)

(@.y) :rayan(y)>0 J21 (z,y): A2 <rayap(y)SA2
[AI?|BI?
3.9 < (N7
(3.9) > Ty (02
_ APBP?
(3.10) — Z o
j>1
[AI*|BI?
3.11 =
(3.11) -
/ / / /
For an optimal choice, set the parameter A = PAI‘lxj‘lill 2—‘ = IAI;X2|‘1€2I1 ’ 1.
1/2 1/2
The approximate equality here is a consequence of the assumption %

Combining the bounds from (3.7) and (3.11) with (3.4), it follows that

> ET(A,2B) < [AP| B X2,
reX

as required.

This completes the proof of Lemma 2.3. d

The proof of Lemma 2.4 is essentially the same, with the roles of addition and
multiplication reversed. For completeness, a full proof is provided.
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Proof of Lemma 2.4. Recall that Lemma 2.4 states that for | X| < |A||B|,

> EY(A,B+ax) < |AP2|BPR x|V
rzeX

Define a set of lines L := {l,p : (a,b) € A x B}, where [, now represents the
line with equation y = a(b + x). These lines are all distinct, and so |L| = |A||B].
Since 7 4(B44¢)(y) is the number of such lines incident to a point (z,y), we can apply
Corollary 2.2 and argue as before to show that

Al?|B|?
(312) {@0) t raen(®) 2 1) < AL

for any integer ¢t > 2.
Next, we use the bound (3.12) in the following calculation, which holds for any
integer A > 1:

SEAB4D) =YY i, ®)

TET zeX y
< Z Z 7"124(B+x)(y) + Z 7’,24(B+z)(y)
TEX YT A(B+a) (W) SA (2,9) T A(B4a) (Y)>A
< Z A ZTA(B+r)(y) + Z Z "By (Y)
reX Y 721 (z,y) : A9 <r A (B o) () SA27
a2 AP B2
A||B||X|A 2i 2 ACIBE
<ABIXIA +) (@A) 557
Jj=>1
[A]?|B[?
= |A||B||X|A + ———.
ANIBIIX|A +
If we set A := PAI‘l;EzIW] ~ ‘A‘ll)/;“lew > 1, the proof is complete. O

We observe the following corollary of Lemmas 2.3 and 2.4. Equation (3.13) is
sharp when A is an arithmetic progression, which shows that Lemma 2.3 is sharp
when A and B are the same arithmetic progression, for a suitable choice of X.

COROLLARY 3.1. For any A C R, we have

A—A
(3.13) ‘A_A‘ > AP,
(3.14) HM ial,GQ,bl,bQGAH>> A%,
a1 — ag
A—A 1/2

Proof. Let X (u) denote the indicator function on X. The statements of Lemmas
2.3 and 2.4 can be written as

(3.16) D racal@raca)X(z/y) < AP X2
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and

azbs — a1by 3 1
1 X|— AP|IX |2
(3.17) > x (TR < lapix

al,ag,bl,bgeA a1
respectively, provided that |X| < |AJ]>. Putting X = (A — A)/(A — A) into (3.16)
proves (3.13). Similarly, putting

by —a1b
X = {wial,ag,bl,bQEA}

ap — a2

into (3.17), we obtain (3.14).
Write D = A — A. Taking A = D, X = D/D, summing just over z,y € D in
(3.16), and using the Katz—Koester trick as well as identity (1.9), we get

A-A
— 3. _—
|A— Al ‘A_A

1/2 2 2
> <Z rDD(w)> > (ZIA—A1|> = [(Ax A) = A(4)]%,

zeD xeD

which coincides with (3.15). O

Inequality (3.13) can also be deduced from Beck’s theorem, which states that a
set of N points in the plane which does not have a single very rich line will determine
Q(N?) distinct lines. See Exercise 8.3.2 in [26]. A geometric result of Ungar [28],
concerning the number of different directions determined by a set of points in the
plane, also yields (3.13) as a corollary. Although the result here is not new, it has
been stated in order to illustrate the sharpness of Lemma 2.3. Similar results to (3.14)
were established in [11]; it seems likely that (3.14) is suboptimal.

Proof of Lemma 2.5. Recall that Lemma 2.5 states that

A1"IBllc|

* 2
B (AAB + O)P >

Let S* denote the number of solutions to the equation
(3.18) a1(by 4+ c1) = az(ba+¢c2) #0

such that a; € A, b; € B, and ¢; € C. This proof uses a familiar strategy: in order
to show that a given set is large, show that there cannot be too many solutions to a
particular equation. The easy part is to bound S* from below, using an elementary
application of the Cauchy—Schwarz inequality. First note that

Z ra+o)(x) = [A||B||C].
z€A(B+C)

There are at most |A||B N —C| + |B||C| solutions to a(b + ¢) = 0. The assumption
that [A| > 4 implies that |B||C| < LB Similarly, since |B| > 4, we have
|A[|BN —C| < |4]|c| < BIZICL 1t follows that

1
raB+c)(T) > §|A||B||C|~
c€ A(B1O)\ {0}
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Now we apply the Cauchy—-Schwarz inequality:

1
(3.19) Z(IAIIBIIOI)2 < Y rasro(@)
z€A(B+C)\{0}
(3.20) <|AB+O) D ripio (@)
x#0
(3.21) = |A(B + C)|5.

The rest of the proof is concerned with finding a satisfactory upper bound for the
quantity S*. We will eventually conclude that

(3.22) S* < E*(A)Y2BP21C1P2 (log |A|) /2.

If this is proven to be true, one can combine the upper and lower bounds on S*
from (3.22) and (3.21), respectively, and then a simple rearrangement completes the
proof of the lemma.

It remains to prove (3.22). To do this, first observe that (3.18) can be rewritten

in the form
ai ba + c2
—_— =z =

as b ter

Note that we can divide by by 4+ ¢; because we excluded 0 in (3.18). If we set Q =
(B+C)/(B+ C) and

’I”Q(Z) = |{(b1,b2,61,62) €EBxBx(Cx(C:z= (bQ +Cg)/(b1 +Cl)}|,

then
St= > raa(2)rela).
z€(A:A)NQ

Applying Cauchy—Schwarz, we have

1/2 1/2 1/2
(3.23) S* < ( > ri:A(z)> (Z rg(z)> = E5(A)/? < > @@)) .

ZEA:A ZEA:A ZEA:A

We will bound the right-hand side of (3.23) using the following distributional
estimate on r¢(z).

Claim. Let Z, = {z: rq(z) > t}. Then, for all t > 1,
|BP|CP?
|Z:| < o

If we assume this claim, then by dyadic decomposition,

[log |A:A[] 4
dre) = Y 2|2
z€A:A j>1
[log |A:A[] 3 3
25 1BI°|C] 313
< ; 29— < 2ABPICP log|4].
Jj=
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Combining this with (3.23) yields the desired bound on S*:
S < E3(A)2|BI2 (01 (log | A2,

This concludes the proof of Lemma 2.5, pending the claim. O

Now we will prove the claimed estimate for the distribution of r¢(z).

Proof of claim. First we will get an easy estimate for | Z;| from Markov’s inequality.
Since”

1z < > ro(z) <> re(z) = [BP|CI%,

z€Zt Z2€Q

we have

B 2 2
04 < 22
Note that if |Z;| > |B||C|, then it follows from (3.24) that ¢t < |B||C|. But then

|BP’IC]> _ |B]’IC]?
<
t - 2

so we have proved the claim in the case |Z;| > |B||C|.

Now we will prove the claim when |Z;| < |B||C| using Lemma 2.3. To do this
we make a key observation, which is inspired by the Elekes—Sharir set-up from [16]:
every solution of the equation

byt
b1 + 1

is a solution to the equation
by —zcp =2by —co=y

for some y. Thus

Y

By the arithmetic-geometric mean inequality, we have

r2p_c) +15_.c(y)
2 9

Tzch(y)Tszc(y) S

hence it follows that

+ _ + _
ro(z) < E+ (2B, 0)-;E (B, —=C)

Now if |Z;| < |BJ|C|, we can sum over Z; and apply Lemma 2.3:

HZi| < ) rlz) < 5 Z E*(zB,—C) + Z ET(B, —2C) < |B]*?|C|3/?| z,|"/>.

2€Z¢ ZGZt zeZt

77“Q(z) is supported on @, so if t > 1, we have Z; C Q.
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Rearranging yields the estimate

310713
2] < —|B|tlc| :
as claimed. d

We remark here that this is not the only proof we have found of Lemma 2.5 during
the process of writing this paper. In particular, it is possible to write a “shorter” proof
which is a relatively straightforward application of an upper bound from [16] on the
number of solutions to the equation

(a1 —b1)(e1 — di) = (a2 — b2)(c2 — d2)

such that a; € A,...,d; € D.

Although this proof may appear to be shorter, it relies on the bounds from [16],
which in turn rely on the deeper concepts used by Guth and Katz [9] in their work on
the Erdés distinct distance problem. For this reason, we believe that this proof is the
more straightforward option. In addition, this approach leads to better logarithmic
factors and works over the complex numbers (see the discussion at the end of the
paper).

The following corollary gives an analogous result for third moment multiplicative
energy; however, unlike Lemma 2.5, this result does not appear to be optimal.

COROLLARY 3.2. For any finite sets A, B,C C R with |A|,|B| > 4, we have

[Al°|BI?|C?

Ex(A)|AB+CO)* > og [ A]?

Proof. By the Cauchy—Schwarz inequality,

ST rale) =A@ @)

x

1/2 1/2
< <Z 7“%4(@) <Z TA:A($)>

= (E5(A))"/? 4],

so that (E*(A))? < E5(A)|A|%
8 2 2
Meanwhile, Lemma 2.5 gives (E*(A))?|A(B + C)|* > %. Comparing
these two bounds gives the desired result. 0

4. Proofs of main results. The first task in this section is to prove Theo-
rem 2.6. This will require an application of the Balog—Szemerédi-Gowers theorem.
Following the conventional notation, G represents a group, whose operation here is
written additively,® and E*(A) has the same meaning as was given in section 1. We
will need the following result.

THEOREM 4.1. Let A C G be a set, K > 1, and ET(A) > %, Then there is
A" C A such that

14]

Az
4122

8For our purposes the role of G will usually be played by the set of nonzero real numbers under
multiplication.
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and
|43

Y URE ]
A A|zK|my

We remark that the first preprint of the current paper used a different version of
the Balog—Szemerédi-Gowers theorem, due to Schoen [17]. Shortly after uploading
this, we were informed by M. Z. Garaev of a quantitatively improved version of the
Balog—Szemerédi—Gowers theorem in the form of Theorem 4.1. This leads to a small
improvement in the statement of Theorem 2.6, since our earlier result had an exponent
of % + ﬁ. The proof of Theorem 4.1’s result is short, arising from an application of
Lemmas 2.2 and 2.4 in [3]. It is possible that further small improvements can be made
to Theorem 2.6 by combining more suitable versions of the Balog—Szemerédi-Gowers
theorem with our approach.

We will also need a sum-product estimate which is effective in the case when the
product set or ratio set is relatively small. The best bound for our purposes is the
following® (see [16, Theorem 1.2]).

THEOREM 4.2. Let A C R. Then

|A: A|10|A + A|9 Z |A|24.
Proof of Theorem 2.6. Recall that Theorem 2.6 states that
[A(A+4)| % |42,

Write E*(A) = I’;‘(IS. Applying Lemma 2.5 with A = B = C, it follows that

AP A4 + 4P 2 |4p
K ~
and so
(4.1) |A(A + A)| Z |APPKY2.

On the other hand, by Theorem 4.1, there exists a subset A’ C A such that

ns Ml
(4.2) A > =
and
3
/. < 4|AI|
(4.3) M.A|NK|mf

Now, Theorem 4.2 can be applied, and this states that
|A/ . A/|1O|A/ +A/|9 % |A/|24.
Applying (4.3), it follows that

|A/|30
|A|20

K4O|A/ +AI|9 Z |A/|247

9n the notation of [15], we apply this bound with C' = —f(A) and f(z) := logx.
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so that after rearranging and applying the crude bound |A’| < |A|, we obtain

|A|20

K4O|A/+A/|9 % |A/|6 > |A|14.
Using another crude bound, in the form of
(4.4) [A(A+ A)| > |A+ Al > |A + A
yields
A|14/9
(4.5) [A(A+ A)| £ |K|4—0/9.

Finally, we note that the worst case occurs when K ~ |A|s. If K > |A|55, then (4.1)
implies that

|A(A+ A)| Z |APPKY? > (A5t

whereas, if K < |A|®, one can check that (4.5) tells us

| A|14/9 5, 1
|A(A+ A)| % 704079 > |A|2+178.
We have checked that |A(A + A)| > |A|2* s holds in all cases, and so the proof of
Theorem 2.6 is complete. d

Let us show that the main result can be refined to obtain

(4.6) |A(A + A)| > |A|z T teo,

where €9 > 0 is an absolute constant. To do this we need an asymmetric version of
the Balog—Szemerédi-Gowers theorem; see [27, Theorem 2.35].

THEOREM 4.3. Let A,B C G be two sets, |B] < |A], and M > 1 be a real
number. Let also L = |A|/|B]| and ¢ € (0,1] be a real parameter. Suppose that

|Al|BI?
(4.7) E(A,B) > u

Then there are two sets H C G, L C G and z € G such that

A
(4.8) (H+2)n B> M~%WL™B|, || <. MOE“)LEIl_H'I’
(49) |H _ H| <. Mos(l)LE . |H|’
and
(4.10) |A ﬂ(H + L) >. M‘Os(l)L_5|A|,

Proof of inequality (4.6). To get €9 we need to improve (4.4), that is, to show
|A(A+A)| > |A+A|**e, where e > 0 is some (other) absolute constant. Suppose not,
then E*(A, A+ A) > |A]?|A+A|, where M = |A|°. Using Theorem 4.3 with B = A,
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A = A+ A, we find, in particular, H C A such that |[H| >,/ |A| and |[HH | < |H].
Applying Theorem 4.2, we see that

|A(A+ A)| > |A+ Al > |H + H| > |AM°.

This completes the proof. a

As one can see, the number ¢¢ from (4.6) is a result of using the asymmetric
version of the Balog—Szemerédi—-Gowers theorem and thus is rather small.

Note that the sum-product estimates in [15] are quantitatively better when the
sum set is replaced by the difference set A — A. To be precise, it is proven in [15] that

|A:AIS|A— AP > A
' (log |A[)?
Therefore, the argument of the proof of Theorem 2.6 outputs a slightly better bound
for the set A(A — A). One can check that
(4.11) [A(A—A)| % |42 s,

Again, the asymmetric version of the Balog—Szemerédi-Gowers theorem can then be
used as above to prove that

|A(A = A)| > |2 F s+,
where £y > 0 is an absolute constant.
Proof of Theorem 2.7. Recall that Theorem 2.7 states that

A7

AA+A+A+ A .
|A(A+ A+ +)|>>log|A|

The essential step in Solymosi’s work [22] on the sum-product problem was to obtain
an upper bound on the multiplicative energy in terms of the sum set, as follows:

(4.12) E*(A) < |A+ A]*log |Al.

We mention this bound explicitly because it will now be used in the proof of
Theorem 2.7.
Apply Lemma 2.5 with B =C = A + A. This implies that

A+ APA)*
E*(A)|A(A+ A+ A+ A)? |7
(AU + A+ A+ 4 > S
Applying the upper bound (4.12) on E*(A) and then rearranging yields
[A(A+ A+ A+ A)| > Al
log |A|

Proof of Theorem 2.8. Recall that Theorem 2.8 states that
JA(A+ A+ A)| g |A] T,
For the ease of the reader, we begin by writing down a short proof of the fact that

|A|7/4

4.1 AA+A+A —
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First note that, since r4.4(x) < |A] for any z,

(4.14) E5(4) = > riale) <Al Y0 rhalz) = |AE"(4),

TEA:A TEA:A

so that (4.12) yields
(4.15) Ex(A) < |A||A+ A log |A].
Now, apply Corollary 3.2, with B = A and C = A+ A. We obtain

[AFF|A+ AP

EX(A)AA+ A+ A)f > L 1

Combining this with the upper bound on E%(A) from (4.15), it follows that

|A|7/4

A(A+ A+ A _—
AR AT DI Gog L

which proves (4.13).

Now, we will show how a slightly more subtle argument can lead to a small
improvement in this exponent. Apply (4.12) and Lemma 2.5, with B = A and C =
A+ A, so that

(4.16) |A|5|A+A| = E*(A)|A(A4—A+A)|2 = |A+A|2|A(A+A+A)|2,
and thus
(4.17) |A4—A||A(A+A+A)|2 Z |A|5.

Write E*(A) = ";‘f for some value K > 1. By the first inequality from (4.16), it
follows that

(4.18) JA(A+ A+ A)| Z |AIKY?|A 4 A]Y2,
Applying Solymosi’s bound for the multiplicative energy then yields
(4.19) |A(A4+ A+ A)| Z A4,

Now, by Theorem 4.1 there exists a subset A" C A such that

Al
n > 1Al
(4.20) 1A' 2 K
and

A/|3
4.21 A A SK4| .
(4.21) | S A2

By Theorem 4.2 and (4.21),

|Al|24 é |A/+AI|Q|A/ . A/|1O
|A/|30
|A|20

< |A+ APKY
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and then

9 [A* A
|f4 + f1| 5; |14/|6}{'40 - K40~

14/9
From the latter inequality we now have [A+ A| ‘1@—0/9. Comparing this with (4.18)

leads to the following bound:

A 16/9
(4.22) |MA+A+ANQ%%H§

The worst case occurs when K = |A|'/71. Tt can be verified that if K < [A|'/7!, then
JA(A+ A+ A)| % |AJit e

by inequality (4.22). On the other hand, if K > |A|*/™* then it follows from inequality
(4.19) that

JA(A+ A+ A)| g A5+,
Therefore, we have proved that (2.1) holds for all K (i.e., for all possible values of
E*(A)), which concludes the proof. O

5. Proofs of results on products of translates. We record a short lemma
which will be used in the proofs of Theorems 2.10 and 2.11.
LEMMA 5.1. Let A C R be a finite set. Then, for any x € R,

|A]°
[(A+x)(A+ A)||A+ Al > Tog | A]°
Proof. Note that for any x € R
(5.1) A+ AP = |(A+2)+ (A+2)
E*(A+2)

2 _—

(5:2) Tog 4]
Al6

(5.3) > 14|

[(A+z)(A+ A))P(log |A])*’

where (5.2) is an application of Solymosi’s bound (4.12) and (5.3) comes from Lemma
2.5. The lemma follows after rearranging this expression. a

Proof of Theorem 2.9. Recall that Theorem 2.9 states that
|A(A +a)| > |A]P/?

holds for at least half of the elements a belonging to A. Lemma 2.4 tells us that, for
some fixed constant C,

D> E*(Aa+A) < CIA[.

acA

Let A’ C A be the set
A ={a€A : E"(Aa+A)<2C|AP,
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and observe that

2C|APPIAN A< Y E*(Aa+A) < CIA[?,
ac A\ A’

which implies that

A

A\ A'| < |—|
2

This implies that |A’| > %. To complete the proof, we will show that for every

a € A" we have |A(A+a)| > |A]*/2. To see this, simply observe that, for any a € A’,

Al

AT e A Ata) < AP
Ad 1o S FAA+a <A

The lower bound here comes from (1.8), while the upper bound comes from the
definition of A’. Rearranging this inequality gives

|A(A + a)| > |A]P/2,

as required. 0

We remark that it is straightforward to adapt this argument slightly—switching
the roles of addition and multiplication and using Lemma 2.3 in place of Lemma
2.4—in order to show that there exists a subset A’ C A such that |A"] > I‘%I, with the
property that

|A 4 ad| > AP/,

for any a € A'.

It is also easy to adapt the proof of Theorem 2.9 in order to show that, for any
0 <e<1andany A C R, there exists a subset A’ C A such that |A'| > (1 — ¢)|A],
and for all a € A’,

|A(A + a)| > |A]P/2.

In other words, the set A(A + a) is large for all but a small positive proportion of
elements a € A. The analogous statement for A 4+ aA is also true.

Proof of Theorem 2.10. Recall that Theorem 2.10 states that
| A|5/3

[(A+a)(A+ A)| > W

holds for at least half of the elements a belonging to A. This proof is similar to the
proof of Theorem 2.9. Again, Lemma 2.4 tells us that for a fixed constant C, we have

D E'(A+Aa+ A) <CIAP|A+ AP,

acA
Define A’ C A to be the set

A :={acA: E*(A+ A a+ A) <2C|A||A + AP/?},
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and observe that

2014 A+ APAN A< Y EY(A+ Ao+ A) < CIAPIA+ AP,
a€A\A/

This implies that |A\ A’| < I‘zil, and so

|A'] > 4
2

Next, observe that, for any a € A’,

[AP|A+ AP
[(A+a)(A+ A)

<E*(A+ A A+a) < |A||A+ AP

The lower bound here comes from (1.8), while the upper bound comes from the
definition of A’. After rearranging, we have

(5.4) I(A+a)(A+ A)| > |A]|A+ AY/?

for any a € A’. To complete the proof we need a useful lower bound on |A + A|. This
comes from Lemma 5.1, which tells us that for any a € R, and so certainly any a € A,

|A|3/2
(log [A[)1/2[(A + a)(A + A)[+/2

|A+ AY2 >

Finally, this bound can be combined with (5.4), to conclude that

|A|5/3
A A+ A —_—
[(A+a)(A+ )|>>(1Og| TR

as required. 0

Another upper bound on the multiplicative energy. Before proceeding to
the proof of Theorem 2.11, it is necessary to establish another upper bound on the
multiplicative energy. This is essentially a calculation, based on earlier work from [8]
and [12]. We will need the following lemma.

LEMMA 5.2. Suppose that A, B, and C' are finite subsets of R such that 0 & A, B,
and o € R\ {0}. Then, for any integer t > 1,

[(A+a)-CP|BJ?

Hs:rap(s) >t} < TolE

This statement is a slight generalization of Lemma 3.2 in [12]. We give the proof
here for completeness.

Proof. For some values p and b, define the line [, ; to be the set {(z,y) : y =
(pxr — a)b}. Let L be the family of lines

L:={l,p:pe(A+«a)C,be B}.
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Observe that, since « is nonzero, |L| = [(A + a)C||B|.1° Let P; denote the set of all
t-rich points in the plane. By Corollary 2.2, for ¢ > 2,

BPI(A+a)CP | |BIl(A+a)C

5.5 P,
(55) Pl < 2 T,

and it can once again be simply assumed that

[ BI?|(A+ o)CJ?
(5.6) |P| < BT —

This is because, if the second term from (5.5) is dominant, it must be the case
that

t > [(A+a)C|"?|B|'/? > min {|A],|Bl}.

However, in such a large range, |{s : rap(s) > t}| = 0, and so the statement of the
lemma is trivially true.

Next, it will be shown that for every s € {s:rap(s) >t} and for every element
ceC,

(5.7) (%5) cp,.

Once (5.7) has been established, it follows that |P;| > |C||{s : rap(s) > t}|. Com-
bining this with (5.6), it follows that
[BP[(A+a)-CJ?
|C|¢3

(5.8) Hs:rap(s) >t} <«

for all ¢ > 2. We can then check that (5.8) is also true in the case when ¢t = 1, since

B?|(A+ a)C|?
P o0 2 18214+ )01 2 14B] = [(s 5 ran(s) 2 1}

It remains to establish (5.7). To do so, fix s with rap(s) > t and ¢ € C. The
element s can be written in the form s = a1y = -+ = aby. For every 1 < ¢ <t we
have

s = aibi
=(a; +a—a)b;

which means that (%, s) belongs to the line l(4, 4a)c,p,- As @ varies from 1 to ¢ this is
still true, and it is also true that the lines l(4,1q)c,p, are distinct for all values of 7 in
this range. Therefore, (%, s) € P, as claimed. This concludes the proof. O

10Note that it is not true in general that |L| = [(A + &)C||B|. Indeed, if 0 € B, then lp 0 =l o
for p # p’, and so the lines may not all be distinct. However, we may assume again that zero does
not cause us any problems. To be more precise, we assume that 0 ¢ B, as otherwise 0 can be deleted,
and this will only slightly change the implied constants in the statement of the lemma. If 0 ¢ B,
then the statement that |L| = |[(A + «)C||B| is true.
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We use this to prove another lemma.
LEMMA 5.3. For any finite sets A and C in R, and any o € R\ {0},

. |(A+a)ClIAP?
E*(4A) <« e

Proof. Let A > 1 be a fixed integer to be specified later. Observe that

EN(A) =) rhale)= Y rAal@+ Y i)

z:ira.a(z)<A ziraa(z)>A

The first term is bounded by

Yo rha@) <A) raale) = AJAP.

z:rd ,(z)<A

For the second term, apply a dyadic decomposition and use Lemma 5.2 as follows:

Yo thal) =) > ()

z:ira.a(z)>A J o207 A<rg 4 (2)<29A
21 412
j 5 [(A+a)CP|A]
<2 Ry
_ [(A+a)CPlAP
a IC|A
This shows that
A+ a)C| AP
E*(A A|AP |(—
() < Al 4 ST
and we optimize by setting A = P(’ﬁg‘ 10‘/)20‘1 ~ |(‘|4€+|f‘/)2c|. This shows that
A C||A|?
e () < AT a)CIA

|C|1/2 )
as required. 0

Proof of Theorem 2.11. Recall that Theorem 2.11 states that
| A|11 /7

[(A+2)(A+ A)] > W

for all but at most one value x € R. Let a and b be distinct real numbers. We will
show that

| |11

. 2y AN
(5.9) (A4 a)(A+ A)P|(A+b)(A+ A > (og | A

Once we have established (5.9), the theorem follows, since this implies that for
any a,b € R with a # b, we have
| A|11 /7

(5.10) max {|(A+a)(A+ A),[(A+D)(A+ A)|} > (log [ADF/7
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and therefore, there may exist at most one value x € R which violates the inequality

|A|11/7
A A+ A —_—.
A+ o)A+ )] > i

It remains to prove (5.9). First, apply Lemma 5.3 with A = A+ a, C = A+ A, and
a=0b—a#0. This yields

[(A+a+(b—a))(A+ A)||A]?

(5.11) E"(A+a) < AT AL
5.12) A+ + A)AP
|A+ Al/?
Meanwhile, Lemma 2.5 informs us that
|A°

(5.13) E*(A+a) >

(A4 a)(A+ A)?log |A|’
and combining (5.12) and (5.13), we have

Al A+ A2
(5.14) |(A+a)(A+A)|2|(A+b)(A+A)|>>M.
log |A]
Finally, we apply Lemma 5.1, which tells us that

412
oz AN I(A +a) (A + A7

|A+ A2 >

Plugging this bound into (5.14) and rearranging, it follows that
[(A+a)(A+ A)P|(A+b)(A+ A)> > AP
(log [A])?
Thus we have established (5.9), which completes the proof. o

Proof of Theorem 2.12. Before we prove Theorem 2.12, we need some auxiliary
statements. First we note a corollary of the proof of Lemma 2.5.
COROLLARY 5.4. Let A, B, and C be finite subsets of R, and let

S* = |{(a,b,c,d’,b',¢') € (Ax BxC):alb+c)=d (b +)#0}.
Then

(5.15) S* =Y rhmro)(@) < E5(A)V2BPICP (log | A2,
x#0

Now recall a lemma from [20].
LEMMA 5.5. Let A be a subset of an abelian group, let P, be a subset of A — A,

and let Yy p |As| = n]A]?, where ) € (0,1]. Then
2( 416
n”|Al
A+ Al > :
=y

sEP,
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COROLLARY 5.6. Let A be a subset of an abelian group. Then

(5.16)  E(A+A)>[A— A YA x A+ A(A)? > |A? max{|A — A|,|A + A]},

(5.17) E(A—A)>[A- AT AXx A-A(A)]? > |AP|A - 4],
and
(5.18) Eaxa) > AT

' T E3(A)A - Al

Proof. We prove the statement for sums; the result for differences can be obtained
similarly. Put S = A+ A and D = A — A. By the Katz—Koester trick [13], we get

[(A+AN(A+A—3s)>]A+ A
and
(A= A) (A= A—s)|> A= (AN (A+8))].
Thus by the Cauchy—Schwarz inequality

E(S) > ri_s(s) > Y [A+ A > (D] <Z |A+Asl>

seD seD seD
= [D|7HA X A+ A(A)]? > |AP|A - A,

and, similarly,

E(S) > |D|"' A x A+ A(A)> > |D| ! <Z |A+ (AN (z - A))|> <Z |A+ AS|>

€S s€D
> [AP|A + A],

as required. Here we have used the fact that

[Ax A+ AA)] =D A+ A= |A+ (AN (z - A))],

seD zeS

which follows from the consideration of the projections of the set A x A+ A(A). More
precisely, one has A x A+ A(A) ={(a1+a,a2+a) : a,a1,a2 € A}. Whence, writing
s=(a1+a)—(as+a) =a;—az € D, we get as € A, a+ag € A+ A, and vice versa.
Similarly, putting © = a; +az € S, one gets az € AN(z—A), ataz € A+(AN(z—A))
and vice versa.

Further, by Lemma 5.5

|A|® <E3(A)) D(a)rs_s(x).

Applying the Cauchy—Schwarz inequality, we get

A" < ES(A)E(S)[D],
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and formula (5.18) follows. The result for the set D is similar. O

Finally, we can prove Theorem 2.12.

Proof of Theorem 2.12. We begin with the first formula of the result.

Take C' = A — B in Corollary 5.4. Note that r(4_py;p(a) > |B| for all a € A,
which implies that r4(p1c)(2) > raa(z)|B|. Thus by Corollary 5.4 we have!!

IBPE5(A) <Y riprc (@) < E5(A)Y?|BI2|A - BI**(log |A])"/>.
z#0

Rearranging and applying the Cauchy-Schwarz lower bound for E5(A) yields

[A[*|B| . 3
L] < IBIES(A) <14~ Bl log] 4]
as required.
Combining (2.4) with Corollary 5.6, we obtain (2.5). This completes the
proof. a

Concluding remarks—The complex case. We conclude by pointing out that
almost all of the results in this paper also hold in the more general case whereby A is a
finite set of complex numbers, since the tools we have made use of can all be extended
in this direction. Indeed, the Szemerédi—Trotter theorem was extended to points and
lines in C? by Toth [27]. More modern proofs have recently appeared due to Zahl [29)
and Solymosi and Tao [24], although the latter of these results has exponents which
are infinitesimally worse. The other main tool which has been imported to the current
paper is Solymosi’s bound [22] on the multiplicative energy (which we earlier labelled
(4.12)). This result was recently extended to the case when A C C by Konyagin and
Rudnev [14].
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