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Definition 1 (Recovering pair).

Given a finite set X and two families A,B C 2%, we say that (A, B) is a recovering pair
over X if for all Ay, Ay € A and By, B, € B,

Al\Bl = AQ\BQ — Al = Ag
Bl\Al = B2\A2 — B = Bs.

Example 1.
Fir SC X, take A={A:S C A}, and B={B: B C S}. Then, the pair ({A°: A € A}, B)

18 recovering pair over X.

Conjecture 1 (The Sandglass Conjecture (posed by Ahlswede and Simonyi in 1994).
If (A, B) is a recovering pair over [n], then |A||B| < 2™.

Definition 2 (Optimal rate).
firee = lim max{(|A||B])"" : (A, B) is a recovering pair over [n]},
n—oo

fean = lim max{(|A||B)"™ : (A, B) is a cancellative pair over [n]}.

Theorem 1 (Main Theorem).
Let (A, B) be a recovering pair over [n], then

|A||B] < max{2.2499, 0% - pl-}"

where o« = 0.27 and 0 = 2.222.

Corollary 1 (New upper bound (as a corollary of the Main Theorem)).
If (A, B) is a recovering pair over [n], then |A||B| < 2.2557".

Definition 3 (Cancellative pair and k-uniform pair).

Given a finite set X and two families A, B C 2%, we say that (A, B) is a cancellative pair
over X if for all Ay, Ay € A and By, By € B,

Al\Bl = Ag\Bl — Al = A2
Bl\Al = Bg\Al — B = Bs.

We say that a pair (A, B) over a set [n] is k-uniform if |A| = |B| = k for every A € A and
every B € B.



Lemma 1.

Suppose that for all n, k € N with k < n, every k-uniform recovering pair over n-element ground
set satisfies |A||B| < u™ for some constant pn > 0. Then the same inequality holds for any (not
necessarily uniform) recovering pair.

Definition 4 (Filtered pair).
For the two familes A, B C 2%, and for given P C S C C C X, the filtered pair (Acs.p, Bc.s)
of the pair (A, B) is defined such that

Acsp ={A\C: A€ A, ANS = P},
Bes ={B\C:Be€B,C\B=S}.
Proposition 1.

Let (A, B) be a cancellative pair over a set X. Then for any sets P C S C C C X such that
there is B € B with S = C\B, the filtered pair (Acs,p,Bc,s) satisfies

(Acspl =) HA\C:Ac A ANS=P} =|{AcA:ANS =P},
(IBes| =) |{B\C:BeB,C\B=S}=|{BeB:C\B=2S5}|
Proposition 2.

Let (A, B) be a recovering pair over a set X. Then for any sets P C S C C C X, the filtered
pair (Acs.p,Bes) is cancellative over X\C.

Define 7, ={F € F:i€ F}, F, ={F € F :i ¢ F} for a family F of subsets of X and
i € X and we denote the size of each restriction by a; = | A;|/|Al, a} = |A%|/|A|, bi = |B:|/|B],
b = |B's|/|B|.
Proposition 3 (Ac g p is reasonably sized).

Let (A, B) be a recovering pair over X and let S C C C X be such that S = C\B for some
B € B. Then there exists a subset P C S such that

logy (| Acs.pl/|A) = = h(a),
ies
where h(p) = —plogp — (1 — p)log(1 — p).
Proposition 4.
Let (A, B) be a k-uniform recovering pair over X and suppose that there exists a constant 0
such that for every A € A, B € B and P C A\B we have | A a5.p||Bas| < 67| A|B.
Then we have
log, [A] < f(ai,b;,0),
ieX
where f(x,y,t) = x(1 —y)h(z) + h(x(1 —y)) — xlog, t.

Corollary 2.

Let (A,B) be a k-uniform recovering pair over X and suppose that there exists a constant
0 such that for every A € A, B € B and for every P, C A\B and P, C B\A we have
[ Aaag.p[Baasl < 07| A||B|, and |Bp,p\a,p || A pal < 07| A||B|. Then

10g2 ‘AHB‘ S Zg(aia biv 9)7
eX
where g(x,y,t) = f(x,y,t) + f(y,z,t).

Claim 1.
For z,y € (0,1) and 0 = 2.222 we have g(z,y,0) < log,(2.2499).



