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Cheeger’s Inequality
• conductance of a subset S od vertices of a d-regular graph is given by

Φ(S) :=
|E(S, S̄)|

dmin{|S|, |S̄|}

• conductance of a graph G is
Φ(G) := minS∈V Φ(S)

• Cheeger’s inequality says: for the normalized Laplacian matrix L := I − 1
dA and its eigenvalues

0 = λ0 ≤ λ1 ≤ . . . ≤ λn ≤ 2 holds:
1

2
λ2 ≤ Φ(G) ≤

√
2λ2

Improved Cheeger’s Inequality

Φ(G) = O(k)
λ2√
λk

Definitions & Notation Used
• weight function w : E → (0,∞)

– F ⊆ E: w(F ) :=
∑

e∈F w(e)

– v ∈ V : w(v) :=
∑

u∼v w(u, v)

• volume of S ⊆ V : vol(S) :=
∑

v∈S w(v)

• Dirichlet conductance of S ⊆ V is:

Φ(S) :=
w(E(S, S̄))

min{vol(S, S̄)}

• threshold set for f ∈ Rn is t ∈ R, Vf (t) := {v : f(v) ≥ t}

• volume on an interval I is volf (I) := vol(Vf (t))

• Dirichlet conductance of funciton f is:

Φ(f) := mint∈RΦ(Vf (t))

• for t1, t2, . . . tl ∈ R, let ψ : R→ R be:

ψt1,t2,...tl(x) := argminti |x− ti|

• ρ− Lipschitz with respect to f is a function g if

|g(u)− g(v)| ≤ ρ|f(u)− f(v)|

Improved Cheeger’s Inequality we Prove

Φ(f) = O(k)
λ2√
λk



Some Spectral Theory
• l2(V,w) is the Hilbert space of functions f : V → R with inner product < f, g >w:=

∑
v∈V w(v)f(v)g(v),

norm ||f ||2w :=< f, f >w

• adjacency operator: Af(v) :=
∑

u∼v w(u, v)f(u)

• diagonal operator: Df(v) := w(v)f(v)

• combinatorian Laplacian: L := D −A, normalized Laplacian: LG := I −D− 1
2AD−

1
2

• Rayleigh quotient: let f and g be functions fulfilling g = D−
1
2 f , then

RG(f) :=

∑
u∼v w(u, v)|f(u)− f(v)|2

||f ||2w
=
< g,LGg >

< g, g >

• eigenvalues of LG: λk = minf1,...fk∈l2(V,w)maxf 6=0{R(f) : f ∈ span{f1, . . . fk}}, where f1, . . . fk are independent

Lemmas, Claims & Notation used for the Proof
Lemma. 2.1 There ∃ two disjointly supported functions f+, f− ∈ l2(V,w) such that
f+ ≥ 0 and f− ≤ 0 and R(f+) ≤ λ2 and R(f−) ≤ λ2.

Corollary. 2.2 There ∃ a function f ∈ l2(V,w) such that f ≥ 0, R(f) ≤ λ2, supp(f) ≤ vol(V )
2 and ||f ||w = 1.

Lemma. 2.3 For any k disjointly supported functions f1, f2, . . . fk ∈ l2(V,w) we have:

λk ≤ 2max1≤i≤kR(fi).

Lemma. 2.4 For ∀ non-negative h ∈ l2(V,w) such that supp(h) ≤ vol(V )
2 holds:

Φ(h) ≤
∑

u∼v w(u, v)|h(u)− h(v)|∑
v h(v)w(v)

.

Lemma. 3.1 There ∃ a 2k + 1-step approximation of f , call it g, such that

||f − g||2w ≤
4R(f)

λk
.

Lemma. 3.2 For ∀ 2k + 1-step approximation of f with ||f ||w = 1, call it g, holds:

Φ(f) ≤ 4kR(f) + 4
√

2k||f − g||w
√
R(f).

• µ : R→ R, µ(x) := |x− ψt0,...t2k(x)|

•

h(v) :=

∫ f(v)

0

µ(x)dx.

Claim. 3.3 For ∀v ∈ V :
h(v) ≥ 1

8
f2(v).

Claim. 3.4 For ∀u, v ∈ V :

|h(v)− h(u)| ≤ 1

2
|f(v)− f(u)|(|f(u)− g(u)|+ |f(v)− g(v)|+ |f(v)− f(u)|).
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