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Definition. A finite set X in some Euclidean space Rn is Ramsey if for every
positive integer k there exists a positive integer d such that whenever Rd is k-colored
it must contain a monochromatic subset congruent to X.

Examples

• (the vertex set of an) n-dimensional regular simplex

• any (non-degenerate) triangle [Frankl, Rödl, 1986]

• any (non-degenerate) simplex [Frankl, Rödl, 1990]

• any trapezoid [Kř́ıž, 1991]

• if X ⊂ Rn, Y ⊂ Rm are Ramsey, then X × Y is Ramsey [Erdős, Graham,
Montgomery, Rothschild, Spencer, Straus, 1973]

• {0, 1, 2} is not Ramsey

Theorem. [Erdős et al., 1973] Every Ramsey set must be spherical (a subset of a
sphere in some Rm).

Conjecture. [Graham, 1994] ($1000) Every finite spherical set is Ramsey.

Theorem. [Kř́ıž, 1991] Every finite set with transitive solvable group of isometries
is Ramsey. (It is enough if the set is transitive and has a solvable group of isometries
with at most two orbits).

Definition. A set is transitive if its symmetry group acts transitively (”every point
looks the same”).

Observation. Every transitive set is spherical.

(Meta)Observation. All known proofs that some set X is Ramsey use an embed-
ding of X into some (higher-dimensional) transitive set.

Main conjecture

Conjecture A. A finite set X ⊂ Rn is Ramsey if and only if it is (congruent to) a
subset of a finite transitive set.

Theorem. [Leader, Russell, Walters, 2010] Let x, y, z and w be four distinct points
lying on a circle such that

w = z + α(x − z) + β(y − z),

where α 6= 1 and β is transcendental over Q(α). Then xyzw does not embed into a
transitive set.

Corollary. [Leader, Russell, Walters, 2010] The cyclic quadrilateral with vertices
(−1, 0), (1, 0), (a,

√
1 − a2), (a,−

√
1 − a2), where a is transcendental, does not em-

bed into any transitive set.



Five equivalent conjectures

Definition. Y ⊂ Rd is k-Ramsey for X if any k-coloring of Y yields a monochro-
matic subset congruent to X.

Conjecture B. (”stronger”) Let X ⊂ Rm be a finite transitive set. Then, for any
k, there exists an n such that some scaling λXn of Xn ⊂ Rmn is k-Ramsey for X.

Definition. Let G be a group, n a positive integer and I ⊂ [n]. Suppose g =
(g1, g2, . . . , gn) ∈ Gn and h ∈ G. We write g×Ih for the word (k1, k2, . . . , kn) ∈ Gn

where ki = gi if i /∈ I and ki = gih if i ∈ I.

Conjecture C. (”removing geometry”) Let G be a finite group. Then for any
positive integer k there exist positive integers n and d such that whenever Gn is
k-colored there exists a word g ∈ Gn and a set I ⊂ [n] with |I| = d such that the
set {g×Ih; h ∈ G} is monochromatic.

Definition. A block permutation set in [m]n is a set B formed in the following
way. First, select pairwise disjoint subsets I1, . . . , Im ⊂ [n] and elements ai ∈ [m]
for each i /∈

⋃m

j=1
Ij . For each π ∈ Sm, define aπ ∈ [m]n by (aπ)i = π(j) if i ∈ Ij and

(aπ)i = ai otherwise (if i /∈
⋃m

j=1
Ij). Now set B = {aπ; π ∈ Sm} ⊂ [m]n.

If
∑m

j=1
|Ij| = d then we say that B is of degree d. We refer to the sets Ij as

blocks.

Conjecture D. (”removing groups”) Let m and k be positive integers. Then there
exist positive integers n and d such that whenever [m]n is k-colored it contains a
block permutation set of degree d.

Definition. A template over [m] is a non-decreasing word τ ∈ [m]ℓ for some ℓ. Let
S be a set of all rearrangements of τ . A block set with template τ in [m]n is a set B
formed in the following way. First, select pairwise disjoint subsets I1, . . . , Iℓ ⊂ [n]
and elements ai ∈ [m] for each i /∈

⋃ℓ

j=1
Ij . For each π ∈ S, define aπ ∈ [m]n

by (aπ)i = π(j) if i ∈ Ij and (aπ)i = ai otherwise (if i /∈
⋃ℓ

j=1
Ij). Now set

B = {aπ; π ∈ S} ⊂ [m]n.
As before, if

∑ℓ

j=1
|Ij | = d then we say that B is of degree d and we refer to the

sets Ij as blocks. The block set is uniform if all blocks have the same size.

Conjecture E. (”arbitrary patterns”) Let m and k be positive integers and let τ be
a template over [m]. Then there exist positive integers n and d such that whenever
[m]n is k-colored it contains a monochromatic block set of degree d with template
τ .

Conjecture F. (”uniform patterns”) Let m and k be positive integers and let τ be
a template over [m]. Then there exist positive integers n and d such that whenever
[m]n is k-colored it contains a monochromatic uniform block set of degree d with
template τ .

Theorem. Conjecture E is true for m = 3 and templates of the form 1 . . . 12 . . . 23.

Corollary. For any distinct reals α, β and γ, the set X ⊂ Rr+s+1 consisting of
all those points x having r coordinates α, s coordinates β and one coordinate γ is
Ramsey.


