Mathematics++

Classwork 1 — Harmonic analysis
February 21st, 2023.

Definition 1. Set T = {z € C: |z|| = 1}. Let G = (G, +,0) be a finite abelian
group. We say that a function x: G — T is a character of G if it is a group
homomorphism. Let G be the set of all characters of G.

A Hilbert space H is an n-dimensional vector space over C with inner product
(-,-y: Hx H— C. If vy, ..., v, is an orthogonal basis then for f € H we have that

f= Y G
Let G = (G, *,1) and H = (H,+,1") be two groups, a function f: G — H is a group
homomorphism is f(1) = 1" and f(a *b) = f(a) *" f(b).

1. If z € T, then 27! = z.
2. If x is a character of GG, then 1/x is a character of G.

3. If x: G — C\ {0} group homomorphism, then x is character of G.

—

4. Show that @?:1 G; and @?:1 G, are isomorphic as groups.

5. Let Ly(Z/nZ) = {f: Z/nZ — C} with inner product given by (f,g) =
e f(0)g ().
(a) Verify that it is interior product.

(b) Show that Ly(Z/nZ) is an n-dimensional vector space over C with basis
consisting of dy, ..., 0,1 where ¢;(j) = 1 if i = j and 0 otherwise.

(c¢) Show that ¢;’s form an orthonormal basis of Lo(Z/nZ).

(d) Since d;’a form orthonormal basis we can write any f € Lo(Z/nZ) as
flx) = 3200 6;(x) f(i). Show that T': Ly(Z/nZ) — C" given by T(f) =
(f(0),..., f(n—1)) is a vector space isomorphism.

6. Let f:{0,1}" — {0,1}. The influence of the k-th variable on f is defined by

Infy (f) = Prle € Z3: f(x) # fx + ).

Compute the k-th influence of the following functions:

(a) f(z) = 1.
(b) f(x) = Z?zl z; mod 2.

7. Show that T and R/Z isomorphic as groups.

Webpage https://kam.mff.cuni.cz/~dbulavka/teaching/ss2223/mathpp.html



