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Solving combinatorial games

• Many combinatorial games have been weakly solved (Connect4, Gomoku,
Checkers, Othello, etc.).

• Outcomes based on exhaustive search of game trees (Alpha-beta search,
Proof-number search).



Sprouts game (Conway and Paterson, 1967)

A combinatorial game with simple rules:

• Starts with n initial spots.

• Players alternate in connecting spots by curves (cycles are allowed).

• Curves cannot cross.

• A new spot is added along a newly drawn curve.

• Each spot can be incident to at most three curves.

• The first player with no move loses.



Sprouts properties

• The game trees of Sprouts grow extremely fast.

• Famous Sprouts conjecture: n-spot position is winning n ≡ 3, 4, 5 (mod 6).



Reducing game tree complexity

• Independent subgames of Sprouts can be analyzed separately using combinatorial
game theory (Sprague-Grundy Theorem).



Proof-number search

• Alpha-beta pruning can easily get stuck in difficult subtrees.

• Using Proof-number search, a best-first search algorithm focusing on potentially 
shortest proofs:
• Each node N is associated with a proof number pn(N) and a disproof number dn(N).

• Initialized heuristically in leaves.

• Aggregated from children in expanded nodes.

• Expand the most-proving node (MPN) and update.



Our contribution

• We adapted dfpn (the standard variant of 

Proof-number search) for impartial games.

• We developed a new well-scaling parallel 

Proof-number search variant:

• Targets large distributed-memory environments.

• Shares results among workers.

• Two-level parallelization.

→ A much faster solver SPOTS that allowed us 

to compute many new outcomes for Sprouts.



Resulting solver

• SPOTS roughly 2800x faster (480 cores) than Glop.

→ 1 day of SPOTS ≈ 8 years of Glop

• Outcome of 47 n-spot positions known until now.

→ We compute 42 new outcomes!
• The largest proof is 1000x larger than the largest so far

(took 24 days to compute ≈ 280,000 CPU hours).

• The Sprouts conjecture remains open.



Future work

Thank you for your attention.

• Extend obtained results for other combinatorial games (Cram, Breakthrough).
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